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The project “Nijenhuis Geometry” is new

▶ In this form, was initiated in 2018 by A. Bolsinov, A. Konyaev, M∼

▶ The initial plan was:
▶ Develop theoretical background of Nijenhuis Geometry

following the standard path in mathematics
(A) Local description
(B) Singular points
(C) Global properties

▶ Apply obtained results in differential geometry and
mathematical physics

▶ The plan has to be essentially modified.



The reason for modification: First theoretic results brought
too many immediate applications
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Concept of the course

▶ During each lecture I will introduce one concept of Nijenhuis
and study it theoretically

▶ I will apply the output of the theoretic study to problems
outside of Nijenhuis geometry
▶ 1st and 2nd lectures: projectively equivalent metrics
▶ 3rd and 4th lectures: integrable systems of PDEs



Plan of the Lecture 1

▶ Introduction

▶ Historic introduction.
▶ Definition of Nijenhuis operator.

▶ Simplest examples and local description in the diagonalisable case

▶ Application in the theory of projectively equivalent metrics

▶ How Nijenhuis operators appear in (metric) projective geometry.
▶ Why many applications and how it works in projective equivalence

▶ Proof of Levi-Civita Theorem 1896.

▶ Singular points of Nijenhuis operators

▶ Definition and first examples.

▶ Why study of singular points is necessary?

▶ Application: topology of manifolds admitting strictly
nonproportional projectively equivalent Riemannian metrics.

▶ Singular points which may appear in the context of projectively equivalent
Riemannian metrics.

▶ Dimension 2.

▶ Ideas leading to the proof in an arbitrary dimension.



Albert Nijenhuis

Albert Nijenhuis (November 21, 1926 – February 13, 2015),

Dutch-American mathematician who specialised in differential
geometry and the theory of deformations in algebra and geometry,
and later worked in combinatorics.

Alma mater: University of Amsterdam

Doctoral advisor: Prof. Jan Arnoldus Schouten

https://en.wikipedia.org/wiki/Albert Nijenhuis



Branches of modern differential GEOMETRY

Space, manifold Mn + Structure

Structure is usually
defined by means of
a tensor, like,
gij , ωij , or P ij

Naively, in coordinates, the geometric structure is defined by

means of a matrix A =
(
aij(x)

)
whose entries depend on

coordinates x = (x1, . . . , xn) and satisfy some algebraic and
differential conditions.



Example: Symplectic geometry

Symplectic structure is defined by means of a differential form

Ω =
(
ωij(x)

)
, tensor of type (0, 2) satisfying two algebraic and

one differential conditions:

▶ skew symmetry ωij(x) = −ωji (x);

▶ non-degeneracy detΩ ̸= 0;

▶ closedness dΩ = 0, or
∂ωij

∂xk
+

∂ωjk

∂x i
+ ∂ωki

∂x j
= 0 for all i , j , k.

Equivalently, we may say that on the tangent space TxM of every
point x ∈ M we have a skew-symmetric non-degenerate bilinear
(symplectic) form that is, in addition, closed.

The matrix Ω =
(
ωij(x)

)
depends on the choice of local

coordinates as a 2-form: Under a coordinate transform
(x1, . . . , xn) 7→ (y1, . . . , yn), we have

Ω 7→ J⊤Ω J

where J =
(
∂x i

∂y j

)
is the Jacobi matrix of this transform.



Other examples

We have geometries defined by the following types of “matrices”
(tensors)

symmetric bilinear forms on TxM 7→ Riemannian Geometry
skew-symmetric bilinear forms on TxM 7→ Symplectic Geometry
skew-symmetric bilinear forms on T ∗

xM 7→ Poisson Geometry
symmetric bilinear forms on T ∗

xM 7→ sub-Riemannian Geom.

Differential conditions.
▶ Vanishing of the Riemann curvature tensor (flat Riemannian

geometry. Weaker conditions: e.g., Einstein condition):

∇ξ∇η −∇η∇ξ −∇[ξ,η] = 0

▶ Closedness of Ω:

ξΩ(η, ζ) + Ω(ξ, [η, ζ]) + (cyclic permutation) = 0

▶ Jacobi identity:

{{f , g}, h}+ {{g , h}, f }+ {{h, f }, g} = 0

These are tensors of type (0, 2) and (2, 0). Why not (1, 1)?
Linear Operators are missing in the list!



Nijenhuis geometry is the only missed case

Geometric structure is defined by means of a linear operator L =
(
Li
j(x)

)
,

tensor of type (1, 1), satisfying one differential conditions:

▶ Nijenhuis identity NL = 0:

NL(ξ, ν) := L2[ξ, ν]− L[Lξ, ν]− L[ξ, Lν] + [Lξ, Lν] = 0. (1)

Here ξ and ν are arbitrary vector fields

Equivalently, on the tangent space TxM of every point x ∈ M we have an
operator L : TxM → TxM with vanishing Nijenhuis torsion. Such an operator
(tensor field of type (1,1)) is called a Nijenhuis operator. The left hand side of
(1) is called the Niejnhuis torsion of L and denoted by NL(ξ, ν).

The matrix L =
(
Li
j(x)

)
depends on the choice of local coordinates. Under a

coordinate transform (x1, . . . , xn) 7→ (y 1, . . . , yn), we have

L 7→ J−1 L J,
where J =

(
∂x i

∂y j

)
as before.

Nijenhuis Geometry studies manifolds equipped with Nijenhuis operators. No
other structure is a priori assumed. Of course, in some applications results
proved about Nijenhuis operators will be combined with other structures.



More about the Nijenhuis torsion NL.

Let L = (Lij(x)) be an operator (field of endomorphisms, tensor of type
(1, 1)) on a manifold M.

Definition. The Nijenhuis torsion of L is defined by

NL(ξ, η) = L2[ξ, η]− L[Lξ, η]− L[ξ, Lη] + [Lξ, Lη], (2)

where ξ and η are arbitrary vector fields on M.

Proposition (Nijenhuis 1951). NL is a tensor of type (1, 2). The
component (NL)

k
ij in a local coordinate system x1, . . . , xn takes the

following form:

(NL)
i
jk = Lsj

∂Lik
∂x s

− Lsk
∂Lij
∂x s

− Lis
∂Lsk
∂x j

+ Lis
∂Lsj
∂xk

.



Nijnehuis identity NL = 0 is the simplest nontrivial
geometric condition on (1, 1)-tensors

Theorem ( Puninskii 2014; follows from Kolar-Michor-Slovak
1993) The only nontrivial differentialgeometric (tensorial)
operation from (1, 1)-tensors to (1, 2)-tensors that is homogeneous
of degree 2 is the correspondence L 7→ const · NL.

Remark. “Trivial” operations of this type are just suitable
algebraic expressions in L, d trace L and d trace L2.

Remark. There is no nontrivial differentialgeometric operation
from (1, 1)-tensors of lower order.



Trivial examples of Nijenuis operators

Example 1. Constant operator L(x) =
(
Li j

)
∈ Rn×n is Nijenhuis.

Proof. In the formula

(NL)
i
jk = Lsj

∂Lik
∂x s

− Lsk
∂Lij
∂x s

− Lis
∂Lsk
∂x j

+ Lis
∂Lsj
∂xk

.

we differentiate constants and get zero.

Example 2. Let Id be the identity operator, Id =

1
. . .

1


and f : M → R be a (smooth) function.
Then, f · Id is a Nijenhuis operator.
Proof. If we substitute L = f · Id the formula

NL = L2[ξ, η]− L[Lξ, η]− L[ξ, Lη] + [Lξ, Lη]

everything cancels.



First nontrivial example: a description of Nijenhuis
operators with n different (real) eigenvalues

Theorem (Haantjes Theorem, Nijenhuis 1951) Suppose L is a
Nijenhuis operator on Mn such that at p ∈ Mn it has n different real
eigenvalues. Then, there exists a local coordinate system (x1, ..., xn) near
p such that

L = diag(f1(x
1), ..., fn(x

n)) =

f1(x
1)

. . .

fn(x
n)


where fi = fi (x

i ) are functions of one (indicated) variable.

Remarks.

▶ The functions fi have a clear geometric meaning: they are
eigenvalues of L. If every of them has nonvanishing differential, they
are functionally independent so one can take them as coordinates.
In this case, L = diag(x1, ..., xn).



Further remarks.

▶ The case when L is semi-simple (=diagonalisable) in a
neighbourhood of p is similar (Haantjes 1955). In this case, L
is blockdiagonal:

L = diag(f1(X1)Idm1 , ..., fk(Xk)Idmk
).

Here k is the number of eigenvalues, m1, ...,mk are their
multiplicities, and X ’s are blocks of the coordinates:
X1 = x1, ..., xm1 , X2 = xm1+1, ..., xm1+m2 ,... .

▶ The difficulties appear when L has Jordan blocks, we will
cover this case in further lectures.

▶ Theorem is “if and only if”, the operators
L = diag(f1(x

1), ..., fn(x
n)) and

L = diag(f1(X1)Idm1 , ..., fk(Xk)Idmk
) are Nijenhuis.



Where we are in our plan?

▶ Introduction is done
▶ Historic introduction
▶ Definition of Nijenhuis operator.

▶ Simplest examples and local description in the diagonalisable case

▶ Application in the (local) theory of projectively equivalent
metrics

▶ How Nijenhuis operators appear in (metric) projective geometry.
▶ Philosophy of applications and how it works in projective equivalence.

▶ Proof of Levi-Civita Theorem 1896.



How Nijenhuis operators appears in the theory of
projectively equivalent metrics

Two metrics (on one manifold) are projectively equivalent if they
have the same unparametrized geodesics.

It is a natural topic started by Lagrange, Beltrami and Levi-Civita.



Examples of projectively equivalent metrics

Lagrange example 1789: Radial projection
f : S2 → R2 takes geodesics of the sphere
to geodesics of the plane, because geodesics
on sphere/plane are intersection of planes
containing 0 with the sphere/plane.

The example of Lagrange survives for all signatures and for all
dimensions. In particular AdS3 geodesics discussed by Prof. Seppi in his
first lecture, are straight lines (but parameterised differently) in a certain
coordinate system: Beltrami-Klein-Hilbert model

For a given n-dimensional metric g of constant curvature, the space of

metrics projectively equivalent to g has dimension (n+1)(n+2)
2 . The space

of flat metrics projectively equivalent to g has dimension one less.

For example, in n = 2, the space of all projectively equivalent metrics is
6-dimensional, and the space of flat projectively equivalent metrics is
5-dimensional.



The equation for projective equivalence

▶ Of course projective equivalence can be written as a system of
PDEs of the first order on the components of the metrics g and ḡ .
The best way to write it down is as follows (Sinjukov
1966/Bolsinov-Matveev 2003):

▶ Geodesic compatibility condition: Lij is symmetric and

∇g
kLij = λigjk + λjgik ,

where

Lij =

∣∣∣∣det ḡdet g

∣∣∣∣
1

n+1
ḡ rsgrjgsi =

∣∣∣∣det ḡdet g

∣∣∣∣
1

n+1
gḡ−1g

and λi =
1
2dtraceg L

Convention. Above we used g for covariant differentiation ∇g ,
and below we use g for index manipulations.

▶ Many geometers viewed this system as a system for L with given g .
Let us now change the perspective and view this system as
the system for g with a given operator L = Lij . We will see
that it is linear in g :



The equation for g assuming L is given

Theorem (BMK 2023). An operator L and a metric g are geodesically
compatible if and only if L is g-self-adjoint and the following relation
holds

gkα
∂Lαj
∂x i

+

(
∂gik
∂xα

− ∂giα
∂xk

)
Lαj + (j ↔ k) = gik

∂ tr L

∂x j
+ (j ↔ k) (3)

Remark. We emphasize: (3) is a linear system of geometric PDEs on g
whose components are constructed by Lij .

Fact (Bolsinov-Matveev 2003). Compatibility conditions for this
system are NL = 0. In particular, two projectively equivalent metrics g
and ḡ immenently give us a Nijenhuis operator

Lij :=

∣∣∣∣det ḡdet g

∣∣∣∣
1

n+1
ḡ isgsj .



Why one expected that the Nijenhuis condition should
appear?

▶ The system on g (for a given L) is linear in g and is

overdetermined
( (n+1)n2

2 − n equations on n(n+1)
2 unknowns

)
.

The compatibility conditions are therefore nonempty and are
quadratic in coefficients.

▶ The systems is geometric so compatibility conditions are
tensorial.

▶ Theorem (Puninskii 2014; follows from
Kolar-Michor-Slovak 1993) Every nontrivial
differential-geometric operation from (1, 1)-tensors to
(1, 2)-tensors that is homogeneous of degree 2 is the
correspondence L 7→ const · NL.

▶ Remark. “Trivial” operations of this type are just suitable
algebraic expressions in L, d trace L and d trace L2.

▶ Thus, one expects that the condition NL = 0 should appear.



How Nijenhuis geometry helps in the study of projectively
equivalent metrics: proof of Levi-Civita theorem

(Tullio Levi-Civita, picture from Wikipedia)

▶ Levi-Civita is a famous Italian geometer; torsion-free
connection compatible with a metric carries his name.

▶ In his doctoral dissertation (written under supervision of Ricci,
1896) he described all pairs of projectively equivalent
Riemannian metrics.

▶ I will repeat the description and give a proof based on results
in Nijenhuis geometry discussed today.



A frameworks for this and other similar applications: work
in a coordinate system adapted to L

▶ Suppose we have a (geometric) system of PDEs whose
coefficient are constructed by a Nijenhuis operator L.

▶ Work in a coordinate system such that L has the most simple
form.



▶ In our case, the system is

gis
∂

∂xk
Lsj + gjs

∂
∂xk

Lsi −
(

∂gsk
∂xi

− ∂gik
∂xs

)
Lsj −

(
∂gsk
∂xj

−
∂gjk
∂xs

)
Lsi =

∂ trace(L)

∂xi
gjk +

∂ trace(L)

∂xj
gik .

▶ In the first part of the lecture we proved that (under some
nondegeneracy assumptions) L = diag(x1, ..., xn). Since L is
g -selfadjoint, also g is diagonal, g = diag(g11, g22, ..., gnn).

▶ If i ̸= j ̸= k ̸= i , the equation (25) is trivially fulfilled. Also if
i = j ̸= k , the equation is trivially fulfilled.

▶ In the only remaining case, j ̸= i = k , the equation reads

0 + 0−
(
0− ∂gii

∂x j

)
x j −

(
∂gii
∂x j

− 0
)
x i = 0 + gii ;

i.e., (x j − x i )∂gii
∂x j

= gii . which is equivalent to
∂
∂x j

(
gii

x j−x i

)
= 0

Then, 1
x j−x i

gii does not depend on x j implying

gii = α(x i )
∏

j ̸=i (x
i − x j).

Thus, g =
∑

i αi (x
i )
(∏

j ̸=i (x
i − x j)

)
(dx i )2. This is the

famous Levi-Civita Theorem 1896!



The form of the second metric

On the previous slide, we obtained the formula for the “first”
metric g :

g =
∑

i αi (x
i )
(∏

j ̸=i (x
i − x j)

)
(dx i )2.

We also know that Lij =
∣∣∣det ḡdet g

∣∣∣ 1
n+1

ḡ isgsj = diag(x1, ..., xn).

This implies that ḡ is diagonal with

ḡii =

 1

(x i )2

∏
j ̸=i

x i − x j

xj

 (dx i )2.

Generally, the pair (g , L) contains full information about ḡ and we
rather work with (g , L).



Let us summarize and comment on remaining cases

▶ The assumption that g is Riemannian implies that L has no
Jordan blocks. In the most nondegenerate case it has the
(only possible) form L = diag(x1, ..., xn) in the coordinate
system adapted to L. In this coordinate system, the equations
for projective equivalence can be immediately solved.

▶ In the general case, L = diag(f1(X1)Idm1 , ..., fk(Xk)Idmk
). We

again have a finite number of cases (determined by the
dimension of the blocks) and the case can also be solved
immediately (done by Levi-Civita in a special case).

▶ In the case of an arbitrary signature, the operator L may have
Jordan blocks and complex eigenvalues. We will see that also
in this case there is an explicit formula for L, and the system
(25) can be solved.

▶ The same trick: work in coordinate system where L
has the best form can be used in any such problem.



Where we are in our plan?

▶ Introduction is done
▶ Historic introduction
▶ Definition of Nijenhuis operator.

▶ Simplest examples and local description in the diagonalisable case

▶ Application in the (local) theory of projectively equivalent
metrics is also done
▶ How Nijenhuis operators appear in (metric) projective

geometry.
▶ Philosophy of applications and how it works in projective

equivalence.
▶ Proof of Levi-Civita Theorem 1896.

▶ Singular points of Nijenhuis operators
▶ Definition and first examples.

▶ Why it is necessary to study singular points?

▶ Application: topology of manifolds admitting strictly
nonproportional projectively equivalent Riemannian metrics.

▶ Singular points which may appear in the context of projectively equivalent
Riemannian metrics.

▶ Dimension 2



Regular and singular points of Nijenhuis operators

▶ The manifold Mn and the Nijenhuis operator L are always
assumed to be smooth, as smooth as we need for the proofs.

▶ Point p ∈ Mn is algebraically generic for Nijenhuis operator L
if the structure and number of Jordan blocks (the so-called
Segre characteristic) does not change in some sufficiently
small neighbourhood U(p); the eigenvalues may depend on
the point. Singular points and those which are not
algebraically generic.

Example. We consider the Nijenhuis operator

L = diag(x1, ..., xn) =

x1

. . .

xn

 .

Singular points for it are the points where certain x i equals certain
x j (with i ̸= j).



Two examples which will appear in our study of
projectively equivalent metrics today

L =

(
0 x1

x1 2x2

)
The matrix of L is symmetric so
it has two real eigenvalues x2 ±√

(x1)2 + (x2)2.
The contourlines of the eigenva-
lues are on the picture

L =

(
(x1)2 x1x2

x1x2 (x2)2

)
The matrix of L is symmetric so
it has two real eigenvalues, 0 and
(x1)2 + (x2)2.



A more complicated example (to be discussed in Lecture
2)

Let n = 2 and L =

(
x1 1
x2 0

)
. The characteristic polynomial

det(tId− L) = t2 − x1t − x2.
We see that at the points where D := (x1)2 + 4x2 ̸= 0 we have
two different eigenvalues. Under the parabola {D = 0} the
operator L has two complex-valued eigenvalues, above the parabola
two real, and on the parabola a Jordan 2× 2 block.



Why to study singular points?

▶ Informal motivations.
▶ In theory of differential equations, a half of modern papers are

on singular points
▶ In algebraic geometry, a half of papers are on singular points
▶ In topology, many results were proved or can be reproved using

functions with nondegenerate singularities (e.g. Morse
functions)

▶ Motivation that will be discussed and demonstrated in the
rest of this lecture: since on closed manifold we are expected
to have singular points, so to get “global” results you need to
path through singular points.



Where we are in our plan?

▶ Just done: Singular points of Nijenhuis operators.
▶ Definition and first examples.

▶ Why it is necessary to study singular points?

▶ Application: topology of manifolds admitting strictly
nonproportional projectively equivalent Riemannian metrics.

▶ Singular points which may appear in the context of projectively equivalent
Riemannian metrics.

▶ Dimension 2.

▶ Ideas leading to the proof in arbitrary dimension.



Main theorem of this section

Theorem (Matveev 2006). Suppose M is a closed connected
manifold with two projectively equivalent Riemannian metrics g
and ḡ . Assume that there exists a point at which the operator
ḡ sjgsi has n different eigenvalues. Then, the manifold can be
covered by a product of spheres.

▶ I will explain the proof in the 2-dimensional case (Spoiler:
singular points of Nijenhuis operators)



The torus T n has two projectively equivalent metrics

We slightly rewrite the formula for the metrics appearing in the Levi-Civita theorem:
The form we obtained is:

g =
∑
i

αi (x
i )

∏
j ̸=i

(x i − x j )

 (dx i )2, L = diag(x1, ..., xn)

and the form I will use is

g =
∑
i

∏
j ̸=i

(fi (x
i )− fj (x

j ))

 (dx i )2, L = diag(f1(x
1), ..., fn(x

n)) (4)

(by already proven Haantjes Theorem, L = diag(f1(x1), ..., fn(xn)) and our proof of
Levi-Civita Theorem can be easily generalised to the case of this L. Or change the

variables by the formula x inew (x
i
old ) =

∫ x iold
0

√
αi (ξ)dξ).

We use the formula (4) to construct projectively equivalent metrics on the torus:
Take the standard periodic coordinates x1, ..., xn ∈ S1 × · · · × S1 := T n, functions
f1(x1), ..., fn(xn) (periodic with the period 2π, i.e., well-defined on S1) with the
property that 0 < fi (x

i ) < fj (x
j ) for i ̸= j .

Then, the formula (4), provided αi ̸= 0, gives a well-defined pseudo-Riemannian
metric on the torus, and adjusting signs of αi gives us a Riemannian metric on the
torus. This metric admits a projectively equivalent metric.



Example on the sphere: Beltrami example 1865.

We consider the standard Sn ⊂ Rn+1 with the induced metric.

Fact. Geodesics of the sphere are the
great circles, that are the intersec-
tions of the 2-planes containing the
center of the sphere with the sphere.

Beltrami (1865) observed:

For every A ∈ SL(n + 1)
we construct−−−−−−−−→ a : Sn → Sn, a(x) := A(x)

|A(x)|

▶ a is a diffeomorphism

▶ a takes great circles (geodesics) to great circles (geodesics)

▶ a is an isometry iff A ∈ O(n + 1).

Thus, the pullback a∗(g) is projectively equivalent to g , and is
nonproportional to g if A ̸∈ R× On+1



Haantjes-Levi-Civita coordinates for the Beltrami example

As we have seen in Haantjes Theorem, if Nijenhuis operator L has
n = dimM different eigenvalues such that their differentials are not
zero, then one can take them as coordinates in which
L = diag(x1, ..., xn). In these coordinates the metric g is given by

a relatively simple formula g =
∑

i αi (x
i )
(∏

j ̸=i (x
i − x j)

)
(dx i )2;

the only freedom in the formula is the choice of the functions αi .



Please, compare two pictures

Example of Beltrami gives us projectively
equivalent metrics and therefore L. On the
picture we see the coordinate lines of the-
se coordinates (which are sometimes called
elliptic coordinates on the sphere, or ellipsoi-
dal coordinates). The picture corresponds to
the generic case, when the symmetric matrix
ATA (where A is from the Beltrami exam-
ple) has 3 different eigenvalues

We clearly see the similarity of the picture with the 3rd picture of the singular point:

L =

(
0 x1

x1 2x2

)
The matrix of L is symmetric so it has two
real eigenvalues x2 ±

√
(x1)2 + (x2)2.

The contourlines of the eigenvalues are on
the picture



Degenerate cases

Example of Beltrami gives us projectively
equivalent metrics and therefore L. On the
picture we see the coordinate lines of the-
se coordinates (which are sometimes cal-
led elliptic coordinates on the sphere). The
picture corresponds to the degenerate case,
when the symmetric matrix ATA has only 2
different eigenvalues

We clearly see the similarity with the 4th picture of the singular point:

L =

(
(x1)2 x1x2

x1x2 (x2)2

)
The matrix of L is symmetric so it has two
real eigenvalues, 0 and (x1)2 + (x2)2.



There is no other singularities.

Theorem (follows from Bolsinov-Matveev-Fomenko 1998). Consider two projectively
equivalent metrics g , ḡ in dimension n = 2 such that at least at one point they are
nonproportional. Then, the corresponding Nijenhuis operator L, near every point, by a
coordinate transformation and by addition of const Id, can be brought to one of the
following forms discussed above:

L =

(
f (x1)

f2(x2)

)
, L =

(
(x1)2 x1x2

x1x2 (x2)2

)
or L =

(
0 x1

x1 2x2

)
.

In other words, the coordinate picture of Haantjes coordinates is as follows:

Corollary (2 dim case of Theorem of 2006 announced above). In dimension 2, a
closed manifold admitting projectively equivalent metrics which are nonproportional at
least at one points is S2,T 2,K2 or RP2.

Proof. Just try to glue another closed surface with these puzzle pieces (or observe
that the index of the vector field generating red coordinate lines is always
nonnegative).



Conclusion and messages

▶ Nijenhuis operators appear in different subjects, especially in
the “covariant” (=coordinate-independent) setups.

▶ A possible way to solve a problem where Nijenhuis operators
appear is to work in a coordinate system adapted to a
Nijenhuis operator.

▶ This method also can be used near singular points and in
particular allows one to obtain global results.


