Geometric explanation of the Beltrami Theorem

Vladimir S. Matveev^∗

1 The classical Beltrami Theorem

Definition 1. Let g be a (smooth) Riemannian metric on a (differentiable) manifold M^n. A Riemannian metric ḡ on M^n is called projectively equivalent to g, if every geodesic of ḡ, considered as an unparameterized curve, is a geodesic of g.

In 1865, Beltrami [1] proved the following theorem for dimension 2. For dimensions n > 2, the theorem was proven by Lipschitz [7] and Schur [11].

Theorem 1 (The Beltrami Theorem). Let the Riemannian metrics g and ḡ on M^n be projectively equivalent. If g has constant sectional curvature, then ḡ has constant sectional curvature as well.

Note that the metrics of constant curvature are always locally projectively equivalent. It was first understood by Lagrange [6]. We will explain his example of a diffeomorphism from the halfsphere to a plane that sends the geodesics of the round metric (i.e., the segments of the great circles) to the geodesics of the Euclidean metrics (i.e., the straight lines).

The half-sphere is

S^2 := {(x, y, z) ∈ R^3 : x^2 + y^2 + z^2 = 1, z < 0},

and the plane is E^2 := {(x, y, z) ∈ R^3 : z = −1}. The mapping is the stereographic projection from the point O = (0, 0, 0). Recall that the stereographic projection f takes a point X of the half-sphere to the intersection of the straight line that goes through O and X with the plane, see the left-hand half of Figure 1.

Figure 1: Surfaces of constant curvature are projectively equivalent

∗Mathematisches Institut, Universität Freiburg, 79104 Germany matveev@email.mathematik.uni-freiburg.de

It is easy to see that f takes geodesics of S^2 to geodesic of E^2. Indeed, the geodesics of S^2 are the intersections of planes that go through O with S^2. Therefore, f takes them to the intersections of planes that go through O with E^2, which are geodesics of E^2.

The same construction works for the hyperbolic plane H^2, which could be viewed as one sheet of the standard two-sheeted hyperboloid,

H^2 := {(x, y, z) ∈ R^3 : x^2 + y^2 − z^2 = −1, z > 0}.

The Lorenz metric dx^2 + dy^2 − dz^2 induces a Riemannian metric of constant negative curvature on it. The geodesics of H^2 are intersections of planes that go through O = (0, 0, 0) with H^2. Consider the plane E^2 := {(x, y, z) ∈ R^3 : z = 1}. The stereographic projection f (which sends a point X ∈ H^2 to the intersection of the straight line that goes through O and X with E^2) takes the geodesics of H^2 to the straight lines on E^2, see the right-hand half of Figure 1.

These constructions of geodesic-preserving mapping between surfaces of constant curvature can be generalized for every dimension.

The proofs of Beltrami, Lipschitz and Schur are based on a complicated tensor analysis. The goal of the present paper is to give a geometric proof of the Beltrami Theorem using methods coming from mathematical physics. For dimension 2, it was done in [9].

Our proof has three steps. The last step (Corollary 1) is the observation that the spaces of Killing vector fields for projectively equivalent metrics have the same dimension. Therefore, since the dimension of the space of Killing vector fields for metrics of constant sectional curvature is maximal [5, 3] (we will explain this result after Corollary 1), a metric, projectively equivalent to a metric of constant sectional curvature has constant sectional curvature as well.

The proof of the observation is based on Theorem 2, which says that the existence of ḡ projectively equivalent to g allows one to construct an integral of a special form for the geodesic flow of g. By Noether’s Theorem, it is known that Killing vector fields are in one-to-one correspondence with integrals linear in velocities. If two metrics are projectively equivalent, their flows are orbitally equivalent, so that an integral of the geodesic flow for g immediately gives us an integral of the geodesic flow for ḡ. Using the integral from Theorem 2, we can make the integral for the geodesic flow of ḡ to be linear in velocities. Thus, a Killing vector field for g gives us a Killing vector field for ḡ.

We will also explain the geometric origin of the integral from Theorem 2: we will explain a construction that, given an orbit-preserving diffeomorphism between two Hamiltonian systems, produced integrals for them.

2 New proof of the Beltrami Theorem

Theorem 2 ([8, 10]). Suppose Riemannian metrics g and ḡ on M^n are projectively equivalent. Then, the function

I : T M^n → R, I(ξ) := ( det(g) det(ḡ)

)_{2/(n+1)} ḡ(ξ, ξ) (1)

is an integral of the geodesic flow for g.

Recall that a function I : T M^n → R is an integral for the geodesic flow, if for every geodesic γ parameterized by natural parameter the function I is constant on the orbit (γ(t), γ̇(t)) ⊂ T M^n of the geodesic flow.

Recall that a vector field v on M^n is called a Killing vector field for g, if the flow of v acts by isometries.

Given g and ḡ, consider the mapping G : T M^n → T M^n defined by the equality

g(ξ, η) = ḡ(G(ξ), η)

(for every x ∈ M^n and every ξ, η ∈ T_xM^n). The mapping G is linear on every fiber.

Corollary 1 (Knebelman [4]). Suppose Riemannian metrics g and ḡ on M^n are projectively equivalent. Then, if v is a Killing vector field for g, then

v̄ := (det(G))^{−1/(n+1)} G(v)

is a Killing vector field for ḡ.

Proof of the Beltrami Theorem assuming Corollary 1: Suppose g and ḡ are projectively equivalent. Let g have constant sectional curvature. Then, locally, the space of Killing vectors for g is^{n2 +n}_2 -dimensional. Indeed, every space of constant sectional curvature is locally isometric to the Euclidean space, to the hyperbolic space or to the round sphere, and the space of Killing vector fields on each such space is^{n2+n}_2 -dimensional. Then, by Corollary 1, the space of Killing vector fields for ḡ has dimension^{n2+n}_2 as well. Then, ḡ has constant sectional curvature.

The last statement is well-known (see, for example, [5] or §§27,71 of [3]), and it is easy to understand it geometrically. More precisely, assume the space of Killing vector fields for ḡ has dimension^{n2+n}_2 , where n is the dimension of the manifold, and let us show that for every two planes U^2_x ∈ T_xM^n and V^2_y ∈ T_yM^n there exists an isometry that sends the first plane to the second one. (And, therefore, the metric has constant sectional curvature by definition). It is sufficient to show this for sufficiently close x and y.

Take an arbitrary point x_0 ∈ M^n and consider the stabilizer of the point in the group of isometries. From one side, it is at most^{n2−n}_2 -dimensional, since it acts by orthogonal transformations on T_{x0} M^n, and the dimension of the group O(n) is^{n2−n}_2 . From the other side, it is at least

n^2−n

2 -dimensional, since we can choose a basis in the space of Killing vector fields such that the first^{n2−n}_2 =^{n2+n}_2 − n basis vector fields vanish at x_0, and, therefore, lie in the Lie algebra of the stabilizer. Finally, the stabilizer is precisely^{n2−n}_2 -dimensional, i.e., its connected component coincides with the connected component of the group of the orthogonal transformations of T_{x0} M^n.

Since the dimension of M^n is n, and since the dimension of the stabilizer is^{n2−n}_2 =^{n2+n}_2 − n, there exists a isometry that sends x to y. We denote by U_y ∈ T_yM^n the image of U_x under this isometry. Since the stabilizer of y contains the group of orientation-preserving orthogonal transformations of T_yM^n, there exists an isometry that preserves y and takes U_y to V_y. Thus, there exists an isometry that sends U_x to U_y. Finally, the metric has constant sectional curvature.

Proof of Corollary 1 assuming Theorem 2: The initial Knebelman’s proof of Corollary 1 uses a complicated tensor analysis. Note that the proof of Knebelman can be generalized for Killing tensors, as it was done in [2]. We present an alternative proof which is based on Theorem 2. This proof can also be generalized for Killing tensors.

Because of Noether’s Theorem (see, for example, §71 of [3]), v is a Killing vector field for g, if and only if the function F : T M → R, F (ξ) := g(v, ξ)

is an integral for the geodesic flow of g.

Suppose the metrics g and ḡ are projectively equivalent. Consider the mapping

m : T M^n → T M^n, m(ξ) := √ ḡ(ξ, ξ) √ g(ξ, ξ)

· ξ. (2)

If the vector ξ has length one in g, then m(ξ) is proportional to ξ and has length one in ḡ. Therefore, since the metrics g and ḡ are projectively equivalent, the mapping m takes the orbits of the geodesic flow of ḡ to the orbits of the geodesic flow of g.

Then, if F (ξ) = g(v, ξ) is an integral for the geodesic flow of g, the function

F̄ (ξ) := g(v, m(ξ)) = g ( v, √ ḡ(ξ, ξ) √ g(ξ, ξ) · ξ ) is an integral of the geodesic flow for ḡ. Using definition and linearity of G, we obtain

F̄ (ξ) = ḡ ( G(v), √ ḡ(ξ, ξ) √ g(ξ, ξ) · ξ ) = √ ḡ(ξ, ξ) √ det(G)^{−2/(n+1)}g(ξ, ξ)

· ḡ(det(G)^{−1/(n+1)}G(v), ξ).

The function √ ḡ(ξ, ξ) is the length of the velocity vector of the geodesic (in ḡ), and, therefore, is an integral of the geodesic flow for ḡ. The function √ det(G)^{−2/(n+1)}g(ξ, ξ) is an integral of the geodesic flow for ḡ by Theorem 2. Thus, the function ḡ(det(G)^{−1/(n+1)}G(v), ξ) is an integral of the geodesic flow for ḡ. Finally, v̄ := det(G)^{−1/(n+1)}G(v) is a Killing vector field for g. Corollary 1 is proven.

Geometric sense of the integral from Theorem 2: We will recall a construction that, given an orbit-preserving diffeomorphism between two Hamiltonian systems allows one to construct an integral of the system. The construction is essentially due to [13], see also [8]. Independently, it was discovered in [12].

Projectively equivalent metrics provide such diffeomorphism: the manifold is T M^n, the symplectic structures come from T^∗M^n via identification of T^∗M^n and T M^n by g and ḡ, and the orbit-preserving diffeomorphism is the mapping m given by (2). Applying this construction to this diffeomorphism gives the integral (1).

Let v and v̄ be Hamiltonian systems on symplectic manifolds (N^{2n}, ω) and (N̄^{2n}, ω̄) with Hamiltonians H and H̄, respectively. Consider the isoenergy surfaces

Q^{2n−1 def}= { p ∈ N^{2n} : H(x) = h } , Q̄^{2n−1 def}= { p ∈ N̄^{2n} : H̄(x) = h̄ } , where h and h̄ are regular values of the functions H, H̄, respectively. A diffeomorphism ϕ : Q^{2n−1} −→ Q̄^{2n−1} is orbital, if it takes the orbits (considered as unparameterized curves) of the system v to the orbits of the system v̄.

Given an orbital diffeomorphism, we can invariantly construct an integral for the system v. Denote by σ, σ̄ the restrictions of the forms ω, ω̄ to Q^{2n−1}, Q̄^{2n−1}, respectively. Consider the pull-back ϕ^∗σ̄ which is a skew-symmetric two-form on Q^{2n−1}.

Lemma 1. The flow of v preserves the forms σ and ϕ^∗σ̄.

Proof: Since v preserves Q^{2n−1} and ω, it preserves σ. Let us prove that v preserves ϕ^∗σ̄. We need to prove that the Lie derivative L_vϕ^∗σ̄ of the form ϕ^∗σ̄ along the vector field v vanishes.

By Cartan’s formula, the Lie derivative is given by

L_vϕ^∗σ̄ = d [ı_v ϕ^∗σ̄] + ı_vd [ϕ^∗σ̄] .

On the right-hand side both terms vanish. Indeed, the term ı_vd [ϕ^∗σ̄] vanishes since the form ω̄ is closed and, therefore, the form ϕ^∗σ̄ is also closed. Let us show that the term d [ı_vϕ^∗σ̄] vanishes as well. We will even show that ı_vϕ^∗σ̄ vanishes.

By definition of the vector field v̄, for any vector u we have ω(v̄, u) = dH̄(u). Then, the kernel of the form σ̄ coincides (in the space T_qQ̄^{2n−1} at each point q ∈ Q̄^{2n−1}) with the linear span of the vector v̄. Since the mapping ϕ takes orbits to orbits, the differential dϕ takes the vector field v to a vector field which is proportional to v̄. Therefore, v lies in the kernel of ϕ^∗σ̄, and ı_vϕ^∗σ̄ vanishes. Finally, the Lie derivative vanishes, and the form is preserved by v. Lemma 1 is proved.

Since both forms are preserved by the flow, a function constructed invariantly by using these forms must automatically be an integral. The construction could be as follows. Take the eigenvalues of one form with respect to the other, (i.e., for every point p ∈ Q^{2n−1} take all λ ∈ C such that rank(σ − λϕ^∗σ̄) < 2n − 2). None of them are zero or infinite. The multiplicity of such λ is n − 1 −^1_2 rank(σ − λϕ^∗σ̄). Take the product of all such λ’s with multiplicities. It is a smooth real-valued function on Q^{2n−1}. Since its construction is coordinate-independent, and since the forms are preserved by v, the function is preserved by v as well, i.e., it is an integral of the Hamiltonian system v.

By direct calculation (which are not very complicated and can be found, for example, in [10]), one can see that this integral constructed for the orbital diffeomorphism (2) of the geodesic flows for projectively equivalent metrics is a power of the function I from Theorem 2. Thus, I is an integral.

Acknowledgements

I would like to thank E. Ghys for giving me an idea to write this paper, V. Bangert, S. Benenti, A. Bolsinov, A. Di Scala, A. Fomenko, P. Topalov and K. Voss for useful discussions, P. de la Harpe for grammatical and stylistic comments and DFG-programm 1154 (Global Differential Geometry) and Ministerium für Wissenschaft, Forschung und Kunst Baden-Württemberg (Eliteförderprogramm Postdocs 2003) for partial financial support.

References

[1] E. Beltrami, Resoluzione del problema: riportari i punti di una superficie sopra un piano in modo che le linee geodetische vengano rappresentante da linee rette, Ann. Mat., 1(1865), no. 7, 185–204.

[2] S. Benenti, Special Symmetric Two-tensors, Equivalent Dynamical Systems, Cofactor and Bi-cofactor Systems, Acta Applicandae Mathematicae 87(2005) no. 1–3, 33 - 91.

[3] L. P. Eisenhart, Riemannian Geometry. 2d printing, Princeton University Press, Princeton, N. J., 1949.

[4] M. S. Knebelman, On groups of motion in related spaces, Amer. J. Math., 52(1930), 280–282.

[5] N. H. Kuiper, K. Yano, On geometric objects and Lie groups of transformations, Indag. Math.

17(1955), 411–420.

[6] J.-L. Lagrange, Sur la construction des cartes géographiques, Novéaux Mémoires de l’Académie des Sciences et Bell-Lettres de Berlin, 1779.

[7] R. Lipschitz, Untersuchungen in Betreff der ganzen homogenen Functionen von n differentialen, J. Reine. Angew. Math. (Crelle) 70(1870), 1–34.

[8] V. S. Matveev, P. J. Topalov, Trajectory equivalence and corresponding integrals, Regular and Chaotic Dynamics, 3(1998), no. 2, 30–45.

[9] V. S. Matveev, P. Topalov, A metric on a sphere that is geodesically equivalent to a metric of constant curvature is itself a metric of constant curvature, Vestnik Moskov. Univ. Ser. I Mat. Mekh. 1998, no. 5, 53–55; translation in Moscow Univ. Math. Bull. 53(1998), no. 5, 31–33 (1999).

[10] V. S. Matveev and P. J. Topalov, Metric with ergodic geodesic flow is completely determined by unparameterized geodesics, ERA-AMS, 6(2000), 98–104.

[11] F. Schur, Ueber den Zusammenhang der Räume constanter Riemann’schen Krümmumgsmaasses mit den projektiven Räumen, Math. Ann. 27(1886), 537–567.

[12] S. Tabachnikov, Projectively equivalent metrics, exact transverse line fields and the geodesic flow on the ellipsoid, Comment. Math. Helv. 74(1999), no. 2, 306–321.

[13] P. J. Topalov, Tensor invariants of natural mechanical systems on compact surfaces, and the corresponding integrals, Sb. Math., 188(1997), no. 1–2, 307–326.