Geometrical interpretation of Benenti systems

Alexey V. Bolsinov^∗and Vladimir S. Matveev^†

Abstract

We show that the following two separately developed theories, the theory of Benenti systems in mathematical physics and the theory of projectively equivalent metrics in classical differential geometry, study essentially the same object. Combining methods and results from these two theories, one can prove the commutative integrability of projectively equivalent pseudo-Riemannian metrics and construct infinitely many new Hamiltonian systems, integrable in the classical and in the quantum sense

Keywords:Integrable systems, Benenti system, projectively equivalent metrics, geodesic equivalence, quantum integrability, Nijenhuis tensor MSC2000: 37J35, 70H06, 58J60, 53D25, 81S99, 53D50, 53B21, 70G45, 70H33

1 Introduction

1.1 Benenti systems

Let g = g_{ij} be a Riemannian metric on a smooth manifold M^n of dimension n.

Definition 1. A nondegenerate (1,1) tensor field L on M^n is called Benenti tensor field with respect to the metric g, if L is self-adjoint and satisfies the following conditions:

1. The Nijenhuis tensor of L is identically zero.

2. For the functions H^{def}=^1_2 g^{ij} p_ip_j , F^{def}= g^{iα}L^j_αp_ip_j , we have {H, F } = 2H · ( ∂ trace(L) ∂x^α g^{αβ} p_β ) , where { , } denotes the standard Poisson bracket on T^∗M^n and x^α, p_β are the standard coordinates on T^∗M^n.

∗Dept. of Mechanics and Mathematics, Moscow State University, Russia, bolsinov@mech.math.msu.su

†Mathematisches Institut, Universität Freiburg, Germany matveev@email.mathematik.uni-freiburg.de

Under these conditions, the geodesic flow of the metric g admits n commuting integrals of a certain form, see [2], [8]. If the eigenvalues of L are all different at least st one point of the manifold, then the integrals are functionally independent almost everywhere on the cotangent bundle to some neighborhood of the point. Below we will show that if the eigenvalues of Benenti tensor field L are all different at one point of the manifold then it is so at almost every point of the manifold; then the integrals are functionally independent almost everywhere and the geodesic flow of g is Liouville-integrable.

1.2 Metrics with the same geodesics

Definition 2. Two metrics g and ḡ on M^n are called projectively equivalent, if they have the same geodesics considered as unparameterised curves.

Metrics with the same geodesics is a very classical subject. They were already studied by Italian mathematical school of the 19th century. In 1865, Beltrami [1] found the first examples of projectively equivalent metrics and showed that any metric, projectively equivalent to the round metric of the sphere, is itself the round metric of the sphere. In 1869, Dini obtained a local description of projectively equivalent metrics on surfaces. In 1896, Levi-Civita found a local description of projectively equivalent metrics on manifolds of arbitrary dimension. Later, metrics with the same geodesics were considered by Weyl, Eisenhart, E. Cartan, Thomas, Lichnerowicz, Venzi, Voss, Pogorelov, Mikes, Aminova, Sinjukov, Solodovnikov. They found a lot of beautiful tensor properties of projectively equivalent metric, see the review paper [19] for details.

However, the global behaviour of projectively equivalent metrics is not understood. Most known global results on projectively equivalent metrics require additional strong geometrical assumptions. For example, for Einstein or (hyper)Kahlerian metrics beautiful results were obtained by Lichnerowicz [12], Venzi [23], Mikes [19] and Hasegawa and Fujimura [7].

An explanation for this is that Dini’s and Levi-Civita’s theorems describe the metrics in the neighborhood of the points where the eigenvalues of one metric with respect to the other do not bifurcate and it is not always the case: in [17], it is proved that if the manifold is not covered by the torus then projectively equivalent metrics must have points where the eigenvalues bifurcate. The nature of these bifurcations is very important for understanding the global behaviour of projectively equivalent metrics. In Section 4, we show that the eigenvalues behave quite regularly. In particular, if they are all different at some point, the multiplicity of any eigenvalue at any other point can not be greater than three.

2 Main results

Let g be a Riemannian metric on M^n, let ḡ be a (possible, pseudo-Riemannian) metric on M^n. Consider the (1,1)-tensor field L given by the formula

L^i_j^{def}= ( det(ḡ) det(g)

) 1_{n+1} ḡ^{iα}g_{αj} (1)

Remark 1. If ḡ is a Riemannian metric then the determinant det(ḡ) is positive and the tensor field L is well-defined. If n is even, n + 1 is odd and (det(ḡ))^{1n+1} is always well-defined. If n is even and det(ḡ) is negative, we can consider −ḡ instead of ḡ; this changes the sign of det(ḡ) and makes L well-defined. Later, we will always assume that the sign of ḡ is chosen so that (det(ḡ)/det(g))^{1n+1} is well-defined.

Theorem 1. The metrics g and ḡ are projectively equivalent, if and only if L is Benenti tensor field for the metric g.

As we already mentioned before, one of the most interesting features of metrics admitting Benenti tensor field is the integrability of the geodesic flow, see [2, 3, 8].

Corollary 1 ([13]). Let the metrics g, ḡ be projectively equivalent. For any parameter t, consider the (1, 1)- tensor field

S_t^{def}= det(L − t Id) (L − t Id)^{−1} . (2)

Let us identify the tangent and cotangent bundles of M^n by g. Consider the standard Poisson structure on T^∗M^n. Then for any t_1, t_2, the functions

I_{ti} : T M^n → R, I_{ti} (ξ)^{def}= g(S_{ti} (ξ), ξ) (3)

are commuting integrals for the geodesic flow of g.

Remark 2. Although (L − t Id)^{−1} is not defined for t lying in the spectrum of L, the tensor field S_t, and therefore the function I_t, is well-defined for any t. Moreover, as we will show in Section 4, S_t is a polynomial (in t) of degree n − 1 with coefficients being (1,1)-tensor fields.

The theories of Benenti systems and of projectively equivalent metrics are developed separately. Theorem 1 suggests to apply the methods of one theory in the other. We will formulate a few results of such application in Section 5.

The paper is organised as follows. In Section 3, we prove the main theorem. In Section 4, we show that the eigenvalues of L behave quite regularly: they are globally ordered and the points of bifurcation of the eigenvalues are organised into nowhere dense closed subset of measure zero. In particular, if the eigenvalues of L are all different at one point of a connected manifold, then it is so at almost each point of the manifold and the geodesic flow is Liouville-integrable. In Section 5, we discuss projective equivalence of pseudo-Riemannian metrics, Topalov-Sinjukov hierarchy of Benenti systems with potential and quantum integrability.

3 Proof of main theorem

The main goal of this section is to prove Theorem 1. In order to do it, we first formulate necessary and sufficient condition for two metrics to be projectively equivalent.

Theorem 2. Let g be a Riemannian metric, L a non-degenerate self-adjoint operator. Consider the metric ḡ defined by ḡ(ξ, η) =^1_{det L} g(L^{−1}ξ, η). The metrics g and ḡ are projectively equivalent, if and only if the following relation holds for any three vectors u, v and w: g((∇_uL)v, w) = 1 2 g(v, u) · dθ(Lw) + 1 2 g(w, u) · dθ(Lv). (4) where ∇ is the Riemannian symmetric connexion related to the metric g and θ^{def}= ln det L.

Remark 3. Since ∇_uL is a self-adjoint operator, the condition (4) can be equivalently rewritten as g((∇_uL)v, v) = g(v, u) · dθ(Lv). (5) Proof of Theorem 2: Let γ(t) be a geodesic of the metric g parametrised by an arbitrary parameter t. The condition that γ(t) is a geodesic can then be formulated as follows: the covariant derivative of the velocity vector γ̇ along γ is parallel to γ̇. Analytically this means that (∇_{γ̇}γ̇) ∧ γ̇ = 0.

It is clear that g and ḡ have the same geodesics, if and only if

(∇_{γ̇}γ̇ − ¯∇_{γ̇}γ̇) ∧ γ̇ = 0.

Here ¯∇ is the symmetric connexion related to ḡ.

The difference between ∇ and ¯∇ can be considered as a vector-valued bilinear symmetric form which we denote by A(u, ξ)^{def}= ∇_uξ − ¯∇_uξ.

Thus, the projective equivalence of g and ḡ means that for any ξ A(ξ, ξ) ∧ ξ = 0, or, equivalently, A(ξ, ξ) is parallel to ξ. It is easy to see that this condition is satisfied if and only if A(ξ, ξ) = 2l(ξ)ξ or, since A is symmetric, A(u, ξ) = ∇_uξ − ¯∇_uξ = l(u)ξ + l(ξ)u. for a certain linear functional l.

The next step is to find the explicit form of the functional l. To this end, let us compute the difference between the divergences corresponding to g and ḡ. By using the above formula we get immediately

div_g ξ − div_ḡ ξ = (n + 1)l(ξ).

On the other hand, using the standard formula for divergence

div_gξ = ∑ i ( ∂ξ^i ∂x^i + ∂ln √ det g ∂x^i ξ^i )

we see that div_g ξ − div_ḡξ = 1 2 d ( ln det g det ḡ ) (ξ). Therefore, l =^1_{2(n+1)} d ( ln^{det g}_{det ḡ} ) =^1_2 dθ. Finally, the metrics g ad ḡ are projectively equivalent, if and only if

A(u, ξ)^{def}= ∇_uξ − ¯∇_uξ = 1 2 ( dθ(u)ξ + dθ(ξ)u ) . (6)

The projective equivalence of g and ḡ can be equivalent reformulated in terms of the covariant derivative ∇ḡ: We have

(∇_uḡ)(ξ, η) = (∇_uḡ)(ξ, η) − ( ¯∇_uḡ)(ξ, η) = ∇_u(ḡ(ξ, η)) − ¯∇_u(ḡ(ξ, η)) − ḡ(∇_uξ − ¯∇_uξ, η) − ḡ(ξ, ∇_uη − ¯∇_uη) = −ḡ(ξ, η) · dθ(u) − 1 2 ḡ(ξ, u) · dθ(η) − 1 2 ḡ(η, u) · dθ(ξ), so that (∇_uḡ)(ξ, η) = −ḡ(ξ, η) · dθ(u) − 1 2 ḡ(ξ, u) · dθ(η) − 1 2 ḡ(η, u) · dθ(ξ). (7) Here we use the fact that ∇_u(ḡ(ξ, η)) = ¯∇_u(ḡ(ξ, η)) since the covariant derivative of a scalar function coincides with the ordinary derivative along u.

Remark 4. In the tensor form, conditions (6,7) have been already known to Eisenhart, see [6]. Our proof is nothing else but an invariant reformulation of the original Eisenhart’s proof from [6].

Let us prove that the condition (7) implies the projective equivalence of g and ḡ. We need to show that the formula (7) implies A(u, ξ) = ∇_uξ − ¯∇_uξ = 1 2 ( dθ(u) · ξ + dθ(ξ) · u ) . (8)

To this end, we note that ∇_uḡ(ξ, η) = ḡ(A(u, ξ), η) + ḡ(A(u, η), ξ) Thus, Eisenhart’s formula (7) can be considered as a system of linear equations on A. The formula (8) obviously gives a particular solution. Therefore, it is sufficient to show that this solution is unique. Equivalently, this means that the homogeneous system ḡ(A(u, ξ), η) + ḡ(A(u, η), ξ) = 0 admits only trivial solutions.

Using the symmetry of A and this relation, we obtain the following sequence of relations:

ḡ(A(u, ξ), η) = −ḡ(A(u, η), ξ) = −ḡ(A(η, u), ξ) = ḡ(A(η, ξ), u) = ḡ(A(ξ, η), u) = −ḡ(A(ξ, u), η) = −ḡ(A(u, ξ), η). Therefore, ḡ(A(u, ξ), η) = −ḡ(A(u, ξ), η) = 0 or, equivalently, A ≡ 0. Thus, Eisenhart’s condition (7) is equivalent to the projective equivalence of g and ḡ.

Now let us rewrite (7) in terms of the tensor field L. We have

∇_uḡ(ξ, η) = ( ∇_u 1 det L ) · g(L^{−1}ξ, η) + 1 det L · g(∇_uL^{−1}ξ, η) = − d(det L)(u)

det L^2 · g(L^{−1}ξ, η) − 1 det L · g(L^{−1}(∇_uL)L^{−1}ξ, η) = − 1 det L ( d(ln det L)(u) · g(L^{−1}ξ, η) + g((∇_uL)L^{−1}ξ, L^{−1}η) ) . Substituting this expression in Eisenhart’s formula, we get

− 1 det L ( d(ln det L)(u) · g(L^{−1}ξ, η) + g((∇_uL)L^{−1}ξ, L^{−1}η) ) = − 1 det L ( g(L^{−1}ξ, η) · dθ(u) + 1 2 (L^{−1}ξ, u) · dθ(η) + 1 2 (L^{−1}η, u) · dθ(ξ) )

Taking into account that θ = ln det L, contracting by det L and replacing L^{−1}ξ and L^{−1}η by v and w, we finally obtain the relation (4). This completes the proof.

Proof of Theorem 1: Let g be a Riemannian metric, L a self-adjoint operator. Consider the metric ḡ defined by ḡ(ξ, η) =^1_{det L} g(L^{−1}ξ, η). Our goal is to prove that the metrics g and ḡ are projectively equivalent, if and only if the following two conditions hold:

(i) The Nijenhuis tensor of L vanishes, (ii) g(∇_uLu, u) = g(u, u)d trace L(u). It is easy to see that (ii) is equivalent to the second condition in Definition 1.

We first prove that conditions (i), (ii) imply the formula (5) and, consequently, the projective equivalence of the metrics g and ḡ. We need the following technical statement:

Lemma 1. If the Nijenhuis tensor of L vanishes then, for any vector u,

d traceL(u) = (d ln det L)(Lu).

Proof: We first notice that for any (1, 1)-tensor field L and vector field ξ the following identity holds:

(d ln det L)(ξ) = trace(L^{−1}L_ξ L), where L_ξ is the Lie derivative along ξ. Indeed,

trace(L^{−1}L_ξ L) = (L^{−1})^i_j ( ξ^k ∂L^j_i ∂x_k + L^j_k ∂ξ^k ∂x^i − L^k_i ∂ξ^j ∂x^k )

= (L^{−1})^i_j ξ^k ∂L^j_i ∂x_k + δ^i_k ∂ξ^k ∂x^i − δ^k_j ∂ξ^j ∂x^k = (L^{−1})^i_j ξ^k ∂L^j_i ∂x_k = 1 det L L̂^i_j ξ^k ∂L^{ji} ∂x_k = 1 det L ξ^k ∂ det L ∂x_k = L_ξ(ln det L).

Here L̂^i_j denotes the element of the co-matrix L̂.

Now suppose the Nijenhuis tensor of L vanishes. This means that for any vector field u: L_{Lu}L = LL_uL. It follows from this that d traceL(u) = L_utraceL = trace(L_uL) = trace(L^{−1}L_{Lu}L) = (d ln det L)(Lu). The lemma is proved.

Therefore, the formula (5) becomes g(∇_uLv, v) = g(v, u) · d trace L(v). To prove this identity, we represent g(∇_uLv, w) in the form g(∇_uLv, w) = 1 2 g(v, u) · d trace L(w) + 1 2 g(w, u) · d trace L(v) + B(u, v, w), (9) where B(u, v, w) is a certain tensor. We need to verify that B is actually zero.

Notice that B satisfies one natural symmetry condition B(u, v, w) = B(u, w, v). Besides, condition (ii) immediately implies B(u, u, u) ≡ 0. It is easy to see that, together with the symmetry condition, this identity simply means that B(u, v, w) + B(v, w, u) + B(w, u, v) = 0. Finally, let us use the identity N(L) = 0. It can be equivalently written as (∇_{Lu}L)v − L(∇_uL)v − (∇_{Lv}L)u + L(∇_vL)u = 0. From this we get 0 = g((∇_{Lu}L)v, w) − g(L(∇_uL)v, w) − g((∇_{Lv}L)u, w) + g(L(∇_vL)u, w) = g((∇_{Lu}L)v, w) − g((∇_uL)v, Lw) − g((∇_{Lv}L)u, w) + g((∇_v L)u, Lw).

Substituting the representation (9) into this formula, we see that the first two terms of (9) disappear and we obtain one more linear relation on B: B(Lu, v, w) − B(u, v, Lw) − B(Lv, u, w) + B(v, u, Lw) = 0. Thus, we have the following three linear relations on B: B(u, v, w) − B(u, w, v) = 0, B(u, v, w) + B(v, w, u) + B(w, u, v) = 0. B(Lu, v, w) − B(u, v, Lw) − B(Lv, u, w) + B(v, u, Lw) = 0. Since the metric g is positive definite, all eigenvalues of L are real. Then it is possible to diagonalise L at each point. It turns out that in the case when all the eigenvalues of L are distinct, this system of linear equations admits the zero solution only. More precisely, consider the basis e_1, . . . , e_n such that L(e_i) = λ_ie_i. Then, setting u = e_i, v = e_j , w = e_k, and using the symmetry with respect to the second and the third arguments of B, we obtain (λ_i − λ_k )B(e_i, e_j , e_k) + (λ_k − λ_j )B(e_j , e_k, e_i) = 0.

Making the cyclic permutation, we obtain two more relations: (λ_j − λ_i)B(e_j , e_k, e_i) + (λ_i − λ_k)B(e_k, e_i, e_j ) = 0. (λ_k − λ_j )B(e_k, e_i, e_j ) + (λ_j − λ_i)B(e_i, e_j , e_k) = 0.

Together with B(e_i, e_j , e_k) + B(e_j , e_k, e_i) + B(e_k, e_i, e_j ) = 0 we have a system of 4 homogeneous linear equations which obviously admits only trivial solutions if at least two of the eigenvalues λ_i, λ_j , λ_k are different.

Thus, the only case which needs some additional discussion is λ_i = λ_j = λ_k = λ. We will use the following general properties of linear operators with zero Nijenhuis tensor.

Proposition 1. Suppose L is a linear operator on T M^n diagonalisable at each point such that the multiplicities of its eigenvalues are constant in a neighborhood of a point P ∈ M. Suppose that the Nijenhuis tensor of L vanishes. Then the following two statements hold:

1. For each eigenvalue λ, the distribution U_λ of the eigenspaces related to λ is integrable.

2. Let v be an eigenvector corresponding to λ, and μ(x) be another eigenvalue considered as a function on M^n. Then the derivative of μ along v is zero.

Remark 5. In fact, the following stronger statement takes place. Under the above assumptions, there exist local regular coordinates x^1, . . . , x^n such that in these coordinates L = diag(λ_1, . . . , λ_n). Moreover, if λ_i ≠ λ_j then^{∂λi}_{∂xj} = 0.

This statement is well-known, although we did not find a good reference. We give a prove for self-completeness.

Proof of Proposition 1: 1) Let u, v ∈ U_λ be eigenvectors of L. Then using the standard definition of the Nijenhuis tensor as N_L(u, v) = [Lu, Lv] − L[Lu, v] − L[u, Lv] + L^2[u, v], we obtain the following algebraic relation 0 = [λu, λv] − L[λu, v] − L[u, λv] + L^2[u, v] = (L − λE)^2[u, v]. Then [u, v] is an eigenvector of L corresponding to the same eigenvalue λ.

Thus [u, v] ∈ U_λ and U_λ is, consequently, integrable.

2) Now consider two eigenvectors v, w corresponding to two different eigenvalues λ and μ, respectively. Then substituting v and w into the above formula for the Nijenhuis tensor, we get 0 = [λv, μw] − L[λv, w] − L[v, μw] + L^2[v, w] = (L − λE)(L − μE)[v, w] + (λ − μ)w(λ)v + (λ − μ)v(μ)w. Since L is diagonalisable, then neither v nor w (as well as none of its nontrivial linear combinations) belongs to the image of the operator (L − λE)(L − μE). Thus, w(λ) = 0 and v(μ) = 0, as was to be proved.

To complete the proof, we now need one more technical statement. As above, we assume that the multiplicity of λ is locally constant at a point P ∈ M. So we can locally consider the integral submanifold X_λ of the distribution U_λ (dim X_λ is equal to the multiplicity of λ).

Lemma 2. Assume that the assumptions of Proposition 1 are satisfied and, in addition, L is self-adjoint with respect to a Riemannian metric g on M^n. By ~∇ and L̃ we denote the Levi-Civita connexion on X_λ and the restriction of L onto T X_λ, respectively. Then the following statements are true:

1. For any three vectors u, v, w ∈ U_λ = T_P X_λ: g((∇_uL)v, w) = g(( ~∇_uL̃)v, w). 2. For any u ∈ U_λ = T_P X_λ:

dtrace L(u) = dtrace L̃(u).

Proof: It is well-known that the covariant derivatives ∇ and ~∇ are connected by the following relation: ~∇_uv = pr(∇_uv),

where u, v are vector fields tangent to X_λ and pr is the orthogonal projection onto the tangent space T_P X_λ = U_λ.

It follows from this that for any two vector fields u, v tangent to X_λ:

pr((∇_uL)v) = pr(∇_u(Lv) − L∇_uv) = pr(∇_u(Lv)) − L(pr∇_uv) = ~∇_u(L̃v) − L̃( ~∇_uv) = ( ~∇_uL̃)v.

Here we use that L is self-adjoint and therefore commutes with the orthogonal projection pr onto its eigenspace U_λ.

Finally, since g(a, w) = g(pr(a), w) for any a ∈ T_pM^n and w ∈ U_λ, we obtain g((∇_uL)v, w) = g(pr(∇_uL)v, w) = g(( ~∇_uL̃)v, w), as required.

2) The second statement immediately follows from the second statement of Proposition 1: If u is an eigenvector of L corresponding to λ, then for any other eigenvalue μ of the operator L, we have dμ(u) = 0. This completes the proof.

We now return to the proof of Theorem 1. Let u, v, w be eigenvectors of L related to the same eigenvalue λ. Then, according to the above statement, the relation (7) can be rewritten as follows: g( ~∇_uL̃v, w) = 1 2 g(v, u) · dtrace L̃(w) + 1 2 g(w, u) · dtrace L̃(v) + B(u, v, w). This means that without loss of generality we can restrict all our considerations to the submanifold X_λ and consider L as a scalar operator of the form L = λE. By putting v = u, w = u, we get g( ~∇_uL̃u, u) = g(u, u) · dtrace L̃(u), or g(( ~∇_uλE)u, u) = g(u, u) · kdλ(u) = dλ(u) · g(u, u) = g(u, u) · kdλ(u), where k = dim U_λ. It follows immediately from this that dλ(u) = 0 for any eigenvector u ∈ T_P X_λ (or k = 1, but this case has been already discussed above). In other words, λ is constant on X_λ.

Then for any u, v, w ∈ U_λ the relation (7) becomes trivial

0 = 0 + 0 + B(u, v, w).

It remains to notice that this is exactly the relation we wanted to prove. This completes the proof of the first part of Theorem 2.

Let us prove the converse statement. We need to show that Eisenhart’s formula (7) implies (i), (ii). Let us show first that Eisenhart’s formula (7) implies vanishing the Nijenhuis tensor of L.

To do this, we compute g(N_L(u, v), w) for any three vectors u, v, w ∈ T_P M^n by using (7). We have g(N_L(u, v), w) = g((∇_{Lu}L)v − L(∇_uL)v − (∇_{Lv} L)u + L(∇_vL)u, w) = g((∇_{Lu}L)v, w) − g((∇_uL)v, Lw) − g((∇_{Lv}L)u, w) + g((∇_v L)u, Lw) = 1 2 g(v, Lu) · dθ(Lw) + 1 2 g(w, Lu) · dθ(Lv) − 1 2 g(v, u) · dθ(L^2w) − 1 2 g(Lw, u) · dθ(Lv) − 1 2 g(u, Lv) · dθ(Lw) − 1 2 g(w, Lv) · dθ(Lu) + 1 2 g(u, v) · dθ(L^2w) + 1 2 g(Lw, v) · dθ(Lu) = 0 Thus, the Nijenhuis tensor of L is identically zero.

The relation (ii) follows immediately from formula (5) and Lemma 1. This completes the proof of the main theorem.

Remark 6. One can see that we did not use the positive-definiteness of the metric g in proving that projective equivalence of g, ḡ implies that L is Benenti tensor field for g. Then this is true also for pseudo-Riemannian metrics. In fact, we used the positive-definiteness of g only once, to prove that the tensor B from (9) is zero.

4 The eigenvalues of the tensor L

The main goal of this section is to prove the following theorem:

Theorem 3. Let (M^n, g) be a geodesically complete connected Riemannian manifold. Suppose L is Benenti tensor field for g. At each point x ∈ M^n, denote by λ_1(x) ≤ λ_2(x) ≤ ... ≤ λ_n(x) the eigenvalues of L at the point x. Then, for any i ∈ {1, ..., n − 1}, for any x, y ∈ M^n: 1. λ_i(x) ≤ λ_{i+1}(y).

2. If λ_i(x) < λ_{i+1}(x) then λ_i(z) ≤ λ_{i+1}(z) for almost every point z ∈ M^n.

3. If λ_i(x) = λ_{i+1}(y) then there exists z ∈ M^n such that λ_i(z) = λ_{i+1}(z).

In a weaker form, Theorem 3 has been announced in [17] and proved in [18].

Corollary 2. Let (M^n, g) be a geodesically complete connected Riemannian manifold. Suppose L is Benenti tensor field for g. If the eigenvalues of L are all different at one point of M^n then they are all different at almost each point of M^n and the geodesic flow of g is Liouville-integrable.

For projectively equivalent metrics, this fact has been announced in [14] and proved (by a slightly different method) in [15], see also [18]. Proof of Theorem 3: By definition, the tensor L is self-adjoint with respect to g. Then, for any x ∈ M^n, there exists a basis in T_xM^n such that the metric g is given by the matrix diag(1, 1, ..., 1) and the tensor L is given by the matrix diag(λ_1, λ_2, ..., λ_n). Then the tensor (2) reads: S_t = det(L − tId)(L − tId)^{(−1)}

= diag(Π_1(t), Π_2(t), ..., Π_n(t)), where the polynomials Π_i(t) are given by the formula

Π_i(t)^{def}= (λ_1 − t)(λ_2 − t)...(λ_{i−1} − t)(λ_{i+1} − t)...(λ_{n−1} − t)(λ_n − t). Then, for any fixed ξ = (ξ_1, ξ_2, ..., ξ_n) ∈ T_xM^n, the function (3) is the following polynomial in t:

I_t = ξ^2_1 Π_1(t) + ξ^2 Π_2(t) + ... + ξ^2_nΠ_n(t). (10) Consider the roots of this polynomial. From the proof of Lemma 3, it will be clear that they are real. We denote them by t_1(x, ξ) ≤ t_2(x, ξ) ≤ ... ≤ t_{n−1}(x, ξ). Lemma 3.

1. For any ξ ∈ T_xM^n, λ_i(x) ≤ t_i(x, ξ) ≤ λ_{i+1}(x). In particular, if λ_i(x) = λ_{i+1}(x) then t_i(x, ξ) = λ_i(x) = λ_{i+1}(x).

2. If λ_i(x) < λ_{i+1}(x) then for any constant τ the Lebesgue measure of the set V_τ ⊂ T_xM^n, V_τ^{def}= {ξ ∈ T_xM^n : t_i(x, ξ) = τ}, is zero.

Proof of Lemma 3: Evidently, the coefficients of the polynomial I_t depend continuously on the eigenvalues λ_i and on the components ξ_i. Then it is sufficient to prove the first statement of the lemma assuming that the eigenvalues λ_i are all different and that ξ_i are non-zero. For any α ≠ i, we evidently have Π_α(λ_i) ≡ 0. Then I_{λi} = n∑ α=1 Π_α(λ_i)ξ^2_α = Π_i(λ_i)ξ^2_i .

Hence I_{λi} and I_{λi+1} have different signs and therefore the open interval ]λ_i, λ_{i+1}[ contains a root of the polynomial I_t. The degree of the polynomial I_t is equal n − 1; we have n − 1 disjoint intervals; each of these intervals contains at least one root so that all roots are real and the ith root lies between λ_i and λ_{i+1}. The first statement of the lemma is proved.

Let us prove the second statement of Lemma 3. Suppose λ_i < λ_{i+1}. Let first λ_i < τ < λ_{i+1}. Then the set

V_τ^{def}= {ξ ∈ T_xM^n : t_i(x, ξ) = τ},

consists of the points ξ where the function I_τ (x, ξ)^{def}= (I_t(x, ξ))_{|t=τ} is zero; then it is a nontrivial quadric in T_xM^n ≡ R^n and its measure is zero.

Let τ be one of the endpoints of the interval [λ_i, λ_{i+1}]. Without loss of generality, we can suppose τ = λ_i. Let k be the multiplicity of the eigenvalue λ_i. Then any coefficient Π_α(t) of the quadratic form (10) has a factor (λ_i −t)^{k−1}. Therefore, Ĩ_t^{def}= I^t (λ_i − t)^{k−1} is a polynomial in t and Ĩ_τ is a nontrivial quadratic form. Evidently, for any point ξ ∈ V_τ , we have Ĩ_τ (ξ) = 0 so that the set V_τ is a subset of a nontrivial quadric in T_xM^n and its measure is zero. Lemma 3 is proved.

The first statement of Theorem 3 follows immediately from the first statement of Lemma 3: Let us join the points x, y ∈ M^n by a geodesic γ : R → M^n, γ(0) = x, γ(1) = y. Consider the one-parametric family of integrals I_t(x, ξ) and the roots t_1(x, ξ) ≤ t_2(x, ξ) ≤ ... ≤ t_{n−1}(x, ξ). By Corollary 1, each root t_i is constant on each orbit (γ, γ̇) of the geodesic flow of g so that t_i(γ(0), γ̇(0)) = t_i(γ(1), γ̇(1)).

Using Lemma 3, we obtain

λ_i(γ(0)) ≤ t_i(γ(0), γ̇(0)), and t_i(γ(1), γ̇(1)) ≤ λ_{i+1}(γ(1)).

Therefore λ_i(γ(0)) ≤ λ_{i+1}(γ(1)) and the first statement of Theorem 3 is proved.

Let us prove the second statement of Theorem 3. There exists a sufficiently small neighborhood U(γ(1)) of the point γ(1) such that the point γ(0) can be joined with any point of U(γ(1)) by a geodesic lying in a small tubular neighborhood of the geodesic γ. We assume that any two points of the neighborhood U(γ(1)) can be joined by a geodesic; for example we can assume that U is a small ball of radius less than the radius of injectivity. Suppose λ_i(y) = λ_{i+1}(y) for any point y of some subset V ⊂ U(γ(1)). Then by the first statement of Theorem 3, the value of λ_i is a constant (independent of y ∈ V ). Indeed, joining any two points y_0, y_1 ∈ V by a geodesic, we have

λ_i(y_0) ≤ λ_{i+1}(y_1) and λ_i(y_1) ≤ λ_{i+1}(y_0).

Denote this constant by C. Let us prove that λ_i(γ(0)) = λ_{i+1}(γ(0)) = C. Let us join the point γ(0) with every point of V by all possible geodesics. Consider the set V_C ⊂ T_{γ(0)}M^n of the initial velocity vectors (at the point γ(0)) of these geodesics.

By the first statement of Lemma 3, for any geodesic γ_1 passing through any point of V , the value t_i(γ_1, γ̇_1) is equal to C. Then, by the second statement of Lemma 3, the measure of the set V_C is zero and therefore the measure of the set V is also zero. The second statement of Theorem 3 is proved.

Let us prove the third statement of Theorem 3. Let λ_i(γ(0)) = λ_{i+1}(γ(1)) = λ for some i ∈ {1, ..., n − 1} and for some constant λ. We will assume that λ_i(γ(0)) < λ_{i+1}(γ(0)). Let us show that the geodesic γ consists of the points where either λ_i or λ_{i+1} (or both λ_i and λ_{i+1}) are equal to λ.

If t_i is a multiple root of the polynomial I_t(γ(0), γ̇(0)), or if there exists a point z ∈ M^n such that λ_{i−1}(z) = λ then the statement obviously follows from Lemma 3 and the first statement of Theorem 3. Suppose t_i is not a multiple root and λ_{i−1}(z) < λ for any z ∈ M^n.

Consider the function I_λ : T M^n → R. Suppose the differential dI_λ is zero at some point (z, ν) ∈ T M^n, ν ≠ 0. Let us show that then either λ_i(z) or λ_{i+1}(z) (or both λ_i(z) and λ_{i+1}(z)) are equal to λ.

Indeed, consider the coordinate system such that the metric g at the point z is given by the diagonal matrix diag(1, 1, .., 1) and the mapping L is given by the diagonal matrix diag(λ_1, λ_2, .., λ_n). Then the restriction of the function I_λ to the tangent space T_zM^n is given by n∑ α=1 ξ^2_αΠ_α(λ)

The partial derivatives^{∂Iλ}_{∂ξα} are ∂I_λ ∂ξ_α = 2Π_α(λ)ξ_α.

Then λ is equal to one of the numbers λ_1, ..., λ_n; by assumption it can be equal to either λ_i(z) or λ_{i+1}(z).

Now let us show that the differential dI_λ vanishes at every point (γ(τ), γ̇(τ)). Evidently the differential of any integral is preserved by the geodesic flow so that it is sufficient to prove that the differential vanishes at the point (γ(0), γ̇(0)).

By Lemma 3, we have

λ = λ_i(γ(0)) ≤ t_i(γ(0), γ̇(0)) = t_i(γ(1), γ̇(1)) ≤ λ_{i+1}(γ(1)) = λ

so that λ is a root of the polynomial I_t(γ(0), γ̇(0)) and I_λ(γ(0), γ̇(0)) = 0. By assumptions, the eigenvalue λ_i has multiplicity one in a small neighborhood of γ(0). Then it is a smooth function on this neighborhood, and the function I_{λi (z)}(z, ν) is also smooth on the tangent bundle to this neighborhood. Consider the function I_λ(z, ν) − I_{λi (z)}(z, ν). Its differential vanishes at the point (γ(0), γ̇(0)). More precisely, by assumptions, λ is a simple root of the polynomial I_t(γ(0), γ̇(0)) so that in a neighborhood of the point ( λ, (γ(0), γ̇(0)) ) ∈ R×T M^n the function I_t(z, ν) is a monotone function in t. But λ_i is no greater than λ.

Then the difference I_λ(z, ν) − I_{λi (z)}(z, ν) is either always non-positive or always non-negative in a small neighborhood of (γ(0), γ̇(0)). By assumptions, λ_i(γ(0)) = λ so that I_λ(γ(0), γ̇(0)) − I_{λi (γ(0))}(γ(0), γ̇(0)) is zero and therefore the function I_λ(z, ν) − I_{λi(z)}(z, ν) has a local extremum at the point (γ(0), γ̇(0)) and its differential vanishes at this point.

Now, the differential of the function I_{λi (z)}(z, ν) also vanishes at the point (γ(0), γ̇(0)). More precisely, as we have shown in the proof of Lemma 3, the function I_{λi} is either always non-positive or always non-negative. But I_{λi (γ(0))}(γ(0), γ̇(0)) is equal to I_λ(γ(0), γ̇(0)) and is zero. Then the point (γ(0), γ̇(0)) is an extremum of the function I_{λi} and therefore the differential of I_{λi} vanishes at the point (γ(0), γ̇(0)).

Thus, the differential of the function I_λ is zero at the point (γ(0), γ̇(0)). Then it vanishes at each point of the curve (γ(τ), γ̇(τ)). Then at any point τ either λ_i(γ(τ)) = λ or λ_{i+1}(γ(τ)) = λ. Therefore, any point of the segment [0, 1] lies in one of the following sets:

Γ_0 = {τ ∈ [0, 1] : λ_i(γ(τ)) = λ}, Γ_1 = {τ ∈ [0, 1] : λ_{i+1}(γ(τ)) = λ}.

The subsets Γ_0, Γ_1 are evidently closed and non-empty. Then they intersect; at each point τ of the intersection we have λ_i(γ(τ)) = λ_{i+1}(γ(τ)) = λ. Theorem 3 is proved.

5 Pseudo-Riemannian metrics, Topalov-Sinjukov hierarchy for systems with potential and quantum integrability

In this Section we formulate the first results of combining the theory of Benenti systems and of projectively equivalent metrics. The formal proofs are rather lengthy and will appear elsewhere.

5.1 Commutative integrability for projectively equivalent pseudo-Riemannian metrics

Corollary 1 can be generalised for pseudo-Riemannian metrics:

Theorem 4. Let pseudo-Riemannian metrics g, ḡ be projectively equivalent. As in Section 2, consider the tensor field L given by (1). For any parameter t, consider the tensor field S_t given by (2). Let us identify the tangent and the cotangent bundles of M^n by g. Consider the standard Poisson structure on T^∗M^n. Then, for any t_1, t_2, the functions

I_{ti} : T M^n → R, I_{ti} (ξ)^{def}= g(S_{ti} (ξ), ξ)

are commuting integrals for the geodesic flow of g.

Sketch of the proof: The fact that the functions I_t are integrals for the geodesic flow of g follows from the construction of integrals for projectively equivalent Riemannian metric given in [21]. One can note that this construction does not use the positive-definiteness of the metrics.

The problem was to prove the commutativity of these integrals; the original proof in [21] essentially uses the local description obtained in [11] for simultaneously-diagonalisable metrics only.

To show that the integrals I_t commute, one can use the bihamiltonian formalism for Benenti systems developed in [8]. One can check that the results of [8] are also true for pseudo-Riemannian metrics so that if L is Benenti tensor for g then the functions I_t commute. Now, by Remark 6, if two pseudo-Riemannian metrics g and ḡ are projectively equivalent, the tensor field L is Benenti tensor field for the metric g so that the integrals I_t commute,

5.2 Topalov-Sinjukov hierarchy for Benenti systems with potential

In [20], Sinjukov suggested a construction that, given a pair of projectively equivalent metrics, produces another pair of projectively equivalent metrics. Here we formulate this construction in terms of Benenti tensor field:

Theorem 5 ([20]). Let g be a Riemannian metric. Suppose the tensor field L is self-adjoint and positive-definite. Denote by g_L the Riemannian metric given by g_{iα}L^α_j . (In invariant terms, the metric g_L is given by g_L(ξ, ν) = g(Lξ, ν).) Then L is Benenti tensor field for g_L if and only if it is Benenti tensor field for g.

In other words, given a metric admitting Benenti tensor field L, we can immediately construct another metric g_L such that L is Benenti tensor field also for it. We can apply the construction once more; it is natural to denote the resulting metric by g_L2 since it is given by g_L2 (ξ, ν) = g(L^2ξ, ν). We can go in other direction and construct the metrics g_L−1 , g_L−2 and so on: L is Benenti tensor field also for each of these metrics.

The oldest example of projectively equivalent metrics on the sphere is due to Beltrami [1]. In view of Theorem 1, this example gives us nontrivial Benenti tensor field for the metric of the round sphere. Strangely enough, Sinjukov did not apply his construction to the example of Beltrami. It has been done in [15], see also [22]. It has been shown that, consequently applying Sinjukov’s construction to Beltrami’s example, one can get the metric of ellipsoid (as the metric g_L) and the metric of the Poisson sphere (as the metric g_L−2 ).

In [2], Benenti formulated in invariant terms when it is possible to separate the variables in the Hamiltonian system with the Hamiltonian being the sum of kinetic and potential energy. Here we recall the part of this theory related to metrics admitting Benenti tensor fields:

Theorem 6 ([2]). Let g be a Riemannian metric on M^n, let L be Benenti tensor field for g. Let us identify the tangent and the cotangent bundles of M^n by g. Consider the standard Poisson structure on T^∗M^n. Consider the tensor fields S_t given by the formula (2). Suppose there exist a function V on M^n and a one-parametric family of functions V_t on M^n such that for any t

S_t(dV ) = dV_t. (11)

Then, for any t_1, t_2, the functions

I_{ti} : T M^n → R, I_{ti} (ξ)^{def}= g(S_{ti} (ξ), ξ) + V_{ti} (12)

are commuting integrals for the geodesic flows of the Hamiltonian system with the Hamiltonian H = g(ξ, ξ) + V .

It is easy to see that the integrals (12) are functionally independent if and only if the integrals (3) of the geodesic flow of g are functionally independent; in view of Corollary 2, this happens if and only if there exists a point of the manifold where the spectrum of L is simple.

Maybe the most famous example of such a situation is the so-called Neumann system: the motion on the round sphere in the quadratic potential. In this case, the kinetic energy of the system is given by the metric of the round sphere, which, in view of Theorem 1 and Beltrami’s examples, admits a non-trivial Benenti tensor field. It can be verified directly that the potential of the Neumann system satisfies condition (11), see [2]. Slightly less known example is a certain generalisation of Neumann system described in [4], see also [2].

We see that condition (11) on the potential V does not depend on the metric g. Therefore, if L is Benenti tensor field for g with simple spectrum at least at one point, and if there exist functions V , V_t satisfying (11) then the Hamiltonian system with the Hamiltonian H_Lk^{def}= g_Lk (ξ, ξ)+V is also integrable. Thus, given a Hamiltonian system with the Hamiltonian satisfying the hypotheses of Theorem 6, we can construct a hierarchy of Hamiltonian systems; if the integrals (12) for the initial system are functionally independent, then any system from the hierarchy is Liouville-integrable. Thus, starting from the system of Neumann, one can construct infinitely many integrable Hamiltonian systems, whose kinetic energies include the kinetic energy of the motion on the ellipsoid and the kinetic energy of the motion on the Poisson sphere.

5.3 Quantum integrability for Benenti systems with potential

In [14], it has been shown that the “quantum” version of Corollary 1 is also true (we formulate this theorem in terms of Benenti tensor field):

Theorem 7 ([14]). If L is Benenti tensor field for the Riemannian metric g then, for any t_1, t_2, the operators I_{ti} : C^2(M^n) → C^0(M^n),

I_{ti} (f)^{def}= div(S_{ti} (grad(f)), (13) where tensor fields S_t are given by (2), commute and commute with the Laplacian of the metric g.

It appears that it is possible to include the potential from Theorem 6:

Theorem 8. Let g be a Riemannian metric on M^n, let L be Benenti tensor field for g. Consider the tensor fields S_t given by the formula (2). Suppose there exist a function V on M^n and a one-parametric family of functions V_t on M^n satisfying condition (11). Then, for any t_1, t_2, the operators

I_{ti} : C^2(M^n) → C^0(M^n), I_{ti} (f)^{def}= div(S_{ti} (grad(f)) + V_{ti} ,

commute and commute with the Laplacian of the metric g.

5.4 Acknowledgements

The second author is grateful to prof. Magri and prof. Falqui for attracting his interest to the papers [2, 3, 8]. The second author thanks the European Post- Doctoral Institute for financial support and the Institut des Hautes Études Scientifiques, the University of Warwick and the Isaac Newton Institute for Mathematical Sciences for hospitality. The paper was written when the first author was a guest professor at Freiburg University; the first author thanks Freiburg University for hospitality.

References

[1] E. Beltrami, Resoluzione del problema: riportari i punti di una superficie sopra un piano in modo che le linee geodetische vengano rappresentante da linee rette, Ann. Mat., 1(1865), no. 7.

[2] S. Benenti, Orthogonal separable dynamical systems, Differential geometry and its applications (Opava, 1992), 163–184, Math. Publ., 1, Silesian Univ. Opava, Opava, 1993.

[3] S. Benenti, Inertia tensors and Stäckel systems in the Euclidean spaces, Differential geometry (Turin, 1992). Rend. Sem. Mat. Univ. Politec. Torino 50 (1992), no. 4, 315–341 (1993).

[4] H. W. Braden, A completely integrable mechanical system, Lett. Math.

Phys. 6(1982), no. 6, 449–452.

[5] U. Dini, Sopra un problema che si presenta nella theoria generale delle rappresetazioni geografice di una superficie su un’altra, Ann. Mat., ser.2, 3(1869), 269–293.

[6] L. P. Eisenhart, Riemannian Geometry. 2d printing, Princeton University Press, Princeton, N. J., 1949.

[7] I. Hasegawa, S. Fujimura, On holomorphically projective transformations of Kaehlerian manifolds, Math. Japon. 42(1995), no. 1, 99–104.

[8] A. Ibort, F. Magri, G. Marmo, Bihamiltonian structures and Stäckel separability, J. Geom. Phys. 33 (2000), no. 3–4, 210–228.

[9] K. Kiyohara, Compact Liouville surfaces, J. Math. Soc. Japan 43(1991), 555–591.

[10] V. N. Kolokol’tzov, Geodesic flows on two-dimensional manifolds with an additional first integral that is polynomial with respect to velocities, Math. USSR-Izv. 21(1983), no. 2, 291–306.

[11] T. Levi-Civita, Sulle trasformazioni delle equazioni dinamiche, Ann. di Mat., serie 2^a, 24(1896), 255–300.

[12] A. Lichnerowicz, Sur les applications harmoniques, C. R. Acad. Sci. Paris Sér. A–B 267(1968), A548–A553.

[13] V. S. Matveev, P. J. Topalov, Trajectory equivalence and corresponding integrals, Regular and Chaotic Dynamics, 3(1998), no. 2, 30–45.

[14] V. S. Matveev, Quantum integrability of the Beltrami-Laplace operator for geodesically equivalent metrics, Russian Math. Doklady 61(2000), no. 2, 216–219.

[15] V. S. Matveev, P. J. Topalov, Quantum integrability for the Beltrami- Laplace operator as geodesic equivalence, Math. Z. 238(2001),833–866.

[16] Vladimir S. Matveev, Petar J, Topalov, Geodesic equivalence via integrability, accepted to Geom. Dedicata, preprinted at INIMS (NI00018-SGT).

[17] Vladimir S. Matveev, Commuting operators and separation of variables for Laplacians of projectively equivalent metrics, Let. Math. Phys., 119(2001).

[18] V. S. Matveev, The eigenvalues of Sinjukov’s mapping are globally ordered, submitted to Math. Notes.

[19] J. Mikes, Geodesic mappings of affine-connected and Riemannian spaces.

Geometry, 2., J. Math. Sci. 78(1996), no. 3, 311–333.

[20] N. S. Sinjukov, To the theory of geodesical mappings, Soviet Math. Dokl., 169(1966), no. 4, 770–772.

[21] P. J. Topalov and V. S. Matveev, Geodesic equivalence and integrability, Preprint of Max-Planck-Institut f. Math. no. 74(1998).

[22] P. Topalov, Hierarchy of integrable geodesic flows, Publicacions Matemàtiques, Vol. 44(1), 2000, 257–276.

[23] P. Venzi, Geodätische Abbildungen in Riemannschen Mannigfaltigkeiten, Tensor (N.S.) 33(1979), no. 3, 313–321.