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Abstract

We discuss pseudo-Riemannian metrics on 2-dimensional manifolds such that the geodesic flow admits
a nontrivial integral quadratic in the velocities. We construct (Theorem 1) local normal forms of such
metrics. We show that these metrics have certain useful properties similar to those of Riemannian
Liouville metrics, namely:
e they admit geodesically equivalent metrics (Theorem 2);
e one can use them to construct a big family of natural systems admitting integrals quadratic in the
momenta (Theorem 4);
e the integrability of such systems can be generalized to the quantum setting (Theorem 5);
e these natural systems are integrable by quadratures (Section 2.2.2).

1 Introduction

Consider a pseudo-Riemannian metric g = (g;;) on a surface M?. A function F : T*M — R is called an
integral of the geodesic flow of g, if {H,F} = 0, where H := %gijpipj : T*M — R is the kinetic energy
corresponding to the metric. Geometrically, this condition means that the function is constant on the orbits
of the Hamiltonian system with the Hamiltonian H. We say the integral F' is quadratic in the momenta
if, in every local coordinate system (z,y) on M?, it has the form

a(x,y)ps + b(x, y)papy + c(z,y)p}, (1)

with (z,y,ps, py) canonical coordinates on T*M?2. Geometrically, formula (1) means that the restriction of
the integral to every cotangent space 77 M 2 = R? is a homogeneous quadratic function. Of course, H itself
is an integral quadratic in the momenta for g. We will say that the integral F' is nontrivial, if F' # const- H
for all const € R.

The main result of this paper is Theorem 1 below, which gives us a list of local normal forms of metric
of signature (+,—) whose geodesic flow admits a nontrivial integral quadratic in the momenta. For the
Riemannian case (and, therefore, for the signature (—, —)) such metrics are the well-known Liouville metrics.

Theorem 1. Suppose the metric g of signature (4, —) on M? admits a nontrivial integral quadratic in the
momenta. Then, in a neighbourhood of almost every point there exist coordinates x,y such that the metric
and the integral are as in the following table:

’ H Liouwille case \ Complez-Liouville case \ Jordan-block case ‘
g9 | (X(z) — Y (y))(dz® — dy?) S(h)dxdy (1+2Y"(y)) dwdy
X (z)p,—Y (y)p2 R(h Y
F T X@)-Y() pi - pf/ + Q%Mcpy Pi - 214_%%%1014

where h is a holomorphic function of the variable z :=x + 1 - y.
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Given a metric and the quadratic integral, it is easy to understand what case they belong to. Indeed,
for the integral (1) the matrix

can be viewed as a (2,0)-tensor: if we change the coordinate system and rewrite the function F' in the new
coordinates, the matrix changes according to the tensor rule. Then,

G; = Z gjaFm (2)

is a (1,1)-tensor. By direct calculation we see that G’;- has two different real eigenvalues in the first case,
two complex-conjugate eigenvalues in the second case and is (conjugate to) a Jordan-block in the third case.
This also explains our choice of the names for the normal forms of the metrics. Indeed, in the Riemannian
case, the tensor (2) always has two real eigenvalues. In particular, the normal form of the Riemannian metric
admitting an integral quadratic in the momenta, which is traditionally called Liouville form (or Liouville
metric), is very similar to the metric of our “Liouville” case. One can view our “Complex-Liouville” case
as the complexification of the standard Liouville metric: if in the expression

(X(2) = Y (y)(d2® + dy?)

we replace X by (a holomorphic function) h(z), Y by h(z), dz by dz, and dy by idz, we obtain the Complex-
Liouville metric up to the factor 8. The Jordan-block case has no direct analog in the Riemannian setting.

Remark 1. The corresponding natural Hamiltonian problem on the hyperbolic plane has recently been
treated in [23] following an approach used by Rosquist and Uggla [24].

Remark 2. A part, if not all credits for the results of the present paper should be given to Darboux, see [7,
§8592-594,600-608]. There is no doubt that Darboux was very close to Theorem 1, to the results of Section
2.2.2, and, to a certain extent, to Theorem 2 of our paper, and could get it if he would have been interested
in the pseudo-Riemannain metrics. More precisely,

e In [7, §593], Darboux gets the Riemannian Liouville metrics. Since he worked over complex coordi-
nates, his formulas can be interpreted as our Liouville and Complex-Liouville cases.

e In [7, §594], Darboux gets (a case that could be interpreted as) the Jordan-block case.

e The formulas of Section 2.2.2 of the present paper are similar to that of [7, §594].

However, Darboux was interested in the positive definite metrics only. Actually, in his time it was unusual
to consider indefinite metrics, since the applications of pseudo-Riemannian metrics to general relativity and
cosmology appeared much later. Darboux worked over complex coordinates z,y and explicitly remarks on
the transformation = u+iv, y = u —iv leading to the standard metric of the (+,4) case, with no mention
of a possible interpretation of x,y as real coordinates. The only exception is the Jordan-block case with
constant function YV (equations (24,25) of [7, §594]), where one can get the surfaces of revolution.

2 Applications

2.1 Applications in geometry: normal forms for 2-dimensional geodesically
equivalent metrics

Two metrics g and § on one manifold are geodesically equivalent, if every (unparametrized) geodesic
of the first metric is a geodesic of the second metric. Investigation of geodesically equivalent metrics is a
classical problem in differential geometry, see the surveys [1, 22, 20] or/and the introductions to [18, 19, 21].
In particular, normal forms for geodesically equivalent Riemannian 2-dimensional metrics were already
constructed by Dini [8]. An easy corollary of Theorem 1 is the following theorem which gives normal forms
of geodesically equivalent nonproportional metrics such that one of them has signature (+, —).



Theorem 2. Let g, § be geodesically equivalent metrics on M? such that g has signature (+,—), and
g # const- g for every const € R. Then, in the neighbourhood of almost every point, there exist coodinates
such that metrics are as in the following table:

’ H Liouville case \ Complez-Liouville case \ Jordan-block case ‘
9 | (X(z) - Y(y)(da? —dy?) S(h)dzdy (1+2Y'(y)) dzdy
)
_ (&) d1'2
S(h)Z4R(h)2 oy
| o) (g ) | o) | et
Y(y) X(z) X(z)  Y(v) (S(h)2+R(h) )2 +(1+ zY’(y))dyz)
S(h) d 2
+ (3(h)2+§]%(h)2) Y

where h is holomorphic function of the variable z ==z 41 - y.

Proof. We will use the next theorem which probably was already known to Darboux [7, §608]. For
recent proofs, see [13, 14, 15, 25].

Theorem 3. Let g be a metric on M? and h € T'(SaM?) be a symmetric nondegenerate bilinear form on

M?. Consider the following metric
_ (det(g)\?
9= <det(h)> h )

on M?. If g and § are geodesically equivalent, then the function

h:TM — R, h(g) = h(&,€)
is an integral for the geodesic flow of g.

Combining this theorem with Theorem 1, we obtain that, in a neighbourhood of almost every point,
geodesically equivalent metrics g and g are as in the table in Theorem 2 (we assume that g has signature
(+,—) and that g # const - g). Thus, in order to prove Theorem 2, we need to show that the metrics
from the table are indeed geodesically equivalent, which can be done by direct calculations. Indeed, it is
well-known, see for example [9], that two metrics are geodesically equivalent if and only if the difference of
their Levi-Civita connections has the form Y ;8; + Y10} for a one-form T = (T;). Direct calculation of the
Levi-Civita connections for the metrics shows that it is indeed the case: the form YT equals

LX), V)
2 (X(aa)d 0 dy)

for the normal forms of the metrics in the Liouville case,

for the complex Liouville case and };((5)) dy for the Jordan-block case. O

Corollary 1. Let g be a metric on M? and h € T'(SyM?) be a symmetric nondegenerate bilinear form on
M?. Then, g and the metric (3) are geodesically equivalent, if and only if the function

h:TM — R, h() = h(&,€)

is an integral for the geodesic flow of g.

Proof. In the direction ”=—" the statement coincides with Theorem 3. In order to prove in 7<="
direction, it is sufficient to check the statement in the neighbourhood of almost every point. Here, the
metrics g, g and the integrals h are given by Theorems 1,2 and are related precisely by formula (3). O



2.2 Applications in mathematical physics
2.2.1 Natural systems admitting an integral quadratic in the momenta

For a pseudo-Riemannian manifold (M, g), a natural Hamiltonian system is a Hamitonian system with
H:T*M — R of the foorm H := Hy +U = %gi-jpipj + U(z,y). We say that a natural Hamiltonian system
is quadratically integrable, if there exists a function F' of the form F' = F, +V = Fijpipj + V(x,y) such
that {H, F'} = 0 with F # const; - H + consty for all consty, consts € R.

Remark 3. In [23], the natural Hamiltonian system on the hyperbolic plane has been reduced to the corre-
sponding kinetic Hamiltonian system with conformal (Jacobi) pseudo-Euclidean metric.

Theorem 4. Let g be a metric of signature (+,—) on M?. Assume a natural Hamiltonian system with
Hamiltonian Hy + U be quadratically integrable with integral F = Fy, + V. Then, in a neighbourhood of
almost every point, there exists a coordinate system such that the metric g and the functions F,, U, V are
as in the following table:

’ H Liouwille case \ Complex-Liouville case \ Jordan-block case
g9 || (X(z) —Y(y)(da?® — dy?) S(h)dzdy (1+2Y'(y)) dzdy
X (2)p3 =Y (y)p3 R(h) Y (y)
Fg X(wJ)_Y(y) pi — p’lzl + 2%(h)p$py7 pi - 21+wyyl(y)pmpy
U 1 X(2)-Y(y) S(h) zY (y)+Ya(y)
2 X(z)=Y(y) S(h) (1)-5-7«'3”((1/))
Y(y)X(x)—X(z)Y SI(h Y] (y)+Ys
14 O R - R(h) | -y 220 4 v (y)

where h, hy are holomorphic function of the variable z :=x + 1 - y.

Proof. It is well known (see, for example, [3]), that the condition {H, F'} = 0 is in this case equivalent
to the following two conditions:

{Hgv FQ} =0 ’ (4)
2dUc G = dV, (5)
where G is given by (2). In tensor index notations, (5) is

LoU oV
2 o~ o ©)

Indeed, condition {H, F'} = 0 is equivalent to the following equation:
{Hngg} + {Hga V}i- {anU} =0.

Since {H,, F,} (vespectively, {H,,V} —{F,,U}) is a third degree-polynomial in the momenta (respectively,
first degree), the latter equation is equivalent to:

{Hy, Fy} = 0 (7)

{Fg’U} = {HQ’V}' (8)

We see that (7) coincides with (4) and (8) is equivalent to

L OU OV
ot O — gii €7
ozt ozt

which is equivalent to (6) and therefore to (5).

Condition (4) tells us that the function Fj is an integral quadratic in the momenta for the geodesic flow
of g. It is clearly nontrivial. Indeed, if F,; = const; - Hy, then condition (5) reads const, odU = dV implying
V = const; - U + consty. These in turn imply F' = const; - H + consto, which contradicts the assumptions.

Thus, F, is a nontrivial integral of the geodesic flow of the metric g. By Theorem 1, almost every point
has a neighbourhood with local coordinates (x,y) such that g and F; are as in the table. In order to prove



Theorem 4, it is sufficient to show that, for every column of the table, the functions U and V are complete
solutions of equation (5). Here we consider the three cases in detail.
Liouville case. Assume g, F; are as in the first column of the table. Then the form dU o G is

ou ou
Y(y)—dx + X(z)—d
(1) Gy + X (2) 5y
and condition (5) reads
YU  _ 10V
Xy _ 1oV (9)
ox - 20y -
Differentiating the second equation w.r.t. & and subtracting the derivative of the first equation w.r.t. ¥y, we
obtain 0 oU 0 8U 32 X Y(y)U
or oy oy rn 0x0y
implying X
1 X@) -V
2 X(x) =Y (y)

for certain functions X = X () and ¥ = Y (y). Substituting U in (9), we obtain

Y(y)X(z) - X ()Y (y)

VST X YW

Thus, in the Liouville case, U and V are as in the table.
Complex-Liouville case. In this case 2dU o G is equal to

(;R(h)aag—s(h)aa(])d +< (h)g—g+ aaU> dy
) U

R(h
_ (améz;)U_adéy) )dH (aﬁ}eéz v, %éx )dy

and condition (5) is equivalent to the following system of PDE:

MU (WU _ oV
ox [5] — Oz’

{ ORI os(U oV (10)
Oy ox - oy ¢

We see that these equation are precisely the Cauchy-Riemann condition for the function hy := R(h)U —V +
S(h)U. Thus,

and
S(hy)

V= RO = R) = R0 5

—R(hy).
We see that U and V are as in the table.
Jordan-block case. In this case the 1-form 2dU o G is

Y G+ (a5 Y5 )

and condition (5) is equivalent to the following system of PDE:

{ U+ e L= v)E — & 1D



The first equation in (11) is equivalent to V' = =Y (y)U + Y1 (y). Substituing this in the second equation,
we obtain

oU oU Y (yU

(1+2Y'(y) - — Y(y)afy = o Y1 (y)

which implies
o1+ zY'(y)U
Oz
and therefore (1 + zY'(y))U = xY{(y) + Ya2(y). Thus,

_ 2 (y) + Ya(y)
1+zY'(y)

=Y/ (y)

and ,
_y2Yi(y) + Yaly)

V= 1+ 2Y'(y)

+Yi(y).

O

2.2.2 Integration by quadratures of natural systems admitting an integral quadratic in the
momenta

Since the time of Jacobi is known that (in the 2-dimensional Riemannian case) nontrivial integrals quadratic
in the momenta are extremely helpful for the description of dynamics of natural systems: indeed, in this
case

e the Hamilton equations, which are a system of four ODE on T*M?, can be reduced to a parameter-
depending system of two ODE on M?2.

e Moreover, it is possible to construct a characteristic (= function constant on the solutions) of this
system by means of the integration of certain functions of one variable only.

See [4, 26] for details.

Classically, the second property is referred to as “the system is integrable by quadratures”. Both
properties are useful for exact solutions, for numerical analysis and for a qualitative description of (the
solutions of) the Hamilton equations. We are going to show that these nice properties persist in the pseudo-
Riemannian setting.

Liouville case. There is virtually no difference with respect to the Riemannian setting. Consider
H=Hy;+ U and F = F; +V such that g, F;, U,V are as in the first column of the table from Theorem 4.
Then, the first two Hamilton equations are

d, — O0H _ Da

dt - 9p, ~  X-Y>
d _ QP}{ . ___Dy (12)
ay = op, T TX-v°

Since the functions F' and H are constant on the solutions of the system, for every point (z,y, ps,py) of
the solution we have

1 Pap 1 X(2)=Y(y) _

XY@ T X0V = Ho,
X (x)pi—Y (y)p2 L Y@X@-X@Yw) _ g
X(@)—Y(y) X(@)—Y(y) - fo

This is a linear system on p2, pg, solving it w.r.t. p, and p, we obtain

{ Py = 2HoX(v)+ Fo — X(x), (13)
Py = 2HY(y)+Fo—Y(y).



Substituting these in (12), we obtain

d _ 2Ho X () 4+ Fo—X(z) .

El‘ = &1 X_v - = v, (14)
d _ 2Ho Y (y)+Fo=Y (y) ._

dty = 1<) X—v = V2.

We see that Hamilton equations can be reduced to a system of two ODE on M? depending on the parameters

Hy,Fh e Rand ¢; € {—1, +1}
Clearly, a function K (x,y) is a characteristic of the system (14) if dK vanishes on the vector field

v := (v1,v2). Since the form
B .= 81d$ _ Egdy
V2HoX(2) + Fy — X(2)  \/2HoY () + Fo — V()

vanishes on v and is closed, the function

_ P _ @ d¢ B v d€
K /”0 7 /””0 \/2H0X(f) +Fy— X(¢) " /yo \/QHOY(f) +Fy - Y (8

is a characteristic. We see that in order to find a characteristic, we only need to integrate two functions of

one variable each, i.e., the system is integrable by quadratures.
Complex-Liouville case. Consider H = H, + U and F = F; + V such that g, F;, U,V are as in the
second column of the table from Theorem 4. Then, the first two Hamilton equations are

no

P

<

$z = #Z 5
9 _ o S (15)
dt ~  Opy RION

Since the functions F' and H are constant on the solutions of the system, for every point (x,y, py,py) of
the solution we have

Papy 4 S(ha) —
0 S(h) ) = Hy,
pE— v+ R0 (255 + FL) —R() = Ro.
Subtracting the first equation times R(h) from the second, we obtain
{ prpy = Hog(h) — C\?(hl) B
pi—py = —(R(h)Ho—R(M))+ Fo.

From these, adding (respectively, substracting) to (respectively, from) the second equation the first equation
times i, we obtain

{ (pe—i-py)" = —(HoR(h) = R(M) — Fo) —i- (HoS(h) = S(h1)) = —Hoh+h +Fp,
(pe+1i-py)° = —(HoR(h) — R(h1) — Fo) +i- (HoS S(h1)) = —Hoh+hi +F.

Remark 4. Since %(pm — i -py) is the canonical momentum conjugate to z = = + i - y, these equations are
the complex analog of (13).

Then, p, = eR (V—Hoh + h1 + Fy) and p, = —eS (vV/—Hoh + hy + Fp) (the choice of the branch of the
square root is hidden in ¢). Substituting these in (15), we obtain

i —2S(VHhRAR)

Eﬂf = S(h) = Vi, (16)
i 2eR(VHATRTR)

awy = S(h) = 2.

We see that Hamilton equations can be reduced to a system of two ODE on M? depending on the parameters
Hy,Fp € R, and € € {—17+1}.



Consider the 1-form

%(\/—Hoh-f—hl + Fo) S(\/—Hoh'i-hl + Fo)

B:: x+
| — Hoh + h1 + Fp| | — Hoh + h1 + Fo|

The Cauchy-Riemann conditions for the holomorphic function /—Hgh + hy + Fy imply that the form is
closed. Clearly, the form vanishes on the vector field v = (v1, v2). Then, the function

p TR (V—Hoh + h1 + F Y3 (vV—Hoh + hi + E
K(p) ::/ B:/ (:/ 0 1 O)df—i-/ (:/ 0 1+ o)
Po o | H0h+h1+F0‘ Y | H0h+h1+F0‘

dg

0

is constant on the solutions of (16), i.e., is a characteristic of the system. It is easy to check by direct
calculations that in the complex coordinate z the form B is

2§R< dz ) .
V—Hoh + hi + Fj

Thus, the function K equals to

z dg
m( 2 \/—Hoh(§)+h1(§)+Fo> ’

i.e., the system is integrable by quadratures.
Jordan-block case. Consider H = Hy; +U and F' = F; + V such that g, F,,U,V are as in the third
column of the table from Theorem 4. Then, the first two Hamilton equations are

d, — OH _ __2py
dt - Ops - 1+zY "’ (y)
d _  O0H _ 2pw( ) (17)
ay¥ = op, T TFaY' ()"

Since the functions F' and H are constant on the solutions of the system, for every point (x,y, py,py) of
the solution we have

=Dy Ya(y)+2Y] (y) —
21-:;35’(3;) + 21-me/(L)y = Ho,
- Y- +mY1/
Adding the first equation times Y (y) to the second one, we obtain
{ P2 = HoY (y) = Yi(y) + Fo pe = ey HY(y) = Vily) + I,
v — (HoY' (y)—Y{ (y))+Ho—Y-
2pwpy _ x(HoY’(y) o Y{(y)) + Hy — Yg(y) py = %1( oY (y) 1(?!)) 0—Ya(y) ’

VHoY (y)=Y1(y)+Fo

where € € {—1,+1}. Substituting these in (17), we obtain

d _ m(HOY/(y)—Y{(y))‘f‘Ho—Yz(y) o
E‘r = ¢ = V1,
(14+2Y"(y)\/HoY (1) —Y1(9)+Fo (18)
d . 24/ HoY (y)—Y1(y)+Fo L
@y = € T+2Y"(y) R

We see that Hamilton equations can be reduced to a system of two ODE on M? depending on the parameters
Hyp, Fyp € R, and ¢ € {—1,+1}
Consider the 1-form

B o dx _ la(HoY'(y) —Y{(y)) — Ya(y) + Ho (19)
VHY () = YVi(y) + Fo 2 (HoY(y) — Yily) + Fo)*>
B T " 1 YQ(y) — Hy (20)

d VY (@) Vi) - Fo| | 2 (HoY(y) - Vi(y) + Fo) 2



By (20), the form is closed. By (19), the form vanishes on the vector field v = (vy,v2). Then, the

function
o . P Y2(§) — Ho
K0 = | P~ T rET e 1 e s

is a characteristic of the system (18), i.e. the system is integrable by quadratures.

dg

Po

2.2.3 Quantum integrability

Let g be a metric, and (F¥) € T'(S?M?) be a symmetric bilinear 2-form on T*M?. Consider the following
two linear partial differential operators Ay, F, : C* — C°°:

0
Ay = Z W axg det(9) 5,

0
F o= Z |det 83: \det(g)\gj

Remark 5. The first operator is the Beltrami-Laplace operator of the metric g; another way to write it down
is
=- Z A
4,

where V is the Levi-Civita connection of g. The second operator is a natural quantization of the function
> j FYp;p; and another way to write it down is

Fy=> ViFIV;.
4,J
In particular, both operators do not depend on the choice of the coordinates system.

Remark 6. The symbols of A, and of Fy are —2H := —2 37, . g pip; and > F'p;p;, respectively.

Theorem 5. Let F' = Z F pip; + V(z,y) be a quadratic integral of the natural Hamiltonian system
3 Ew 97pipj + U(z,y) on T*MQ. Then, the operators

H:=A,-2U
and
F=F,+V
commute: HoF = F oH.
Remark 7. The Riemannian analog of Theorem 5 follows from [16, 17, 6, 12].

Proof of Theorem 5. It is sufficient to check the statement at almost every point, i.e., for the metrics
and the integrals from Theorem 4. Direct calculations shows that in this case the operators A, and F, are
as in the following table:

’ H Liouwville case \ Complez-Liouville case Jordan-block case ‘
9 X(z)=Y (y) \ 022 Oy? S (h) 0z0y 14+z1Y’(y) 0zdy
1 82 82 82 82 §R(h) 82 Y( ) 82
Fo || xm—vm (X (@) 57 = Y ( )W) 922 ~ 02 T 23(h) oavy W 2 V() 5203

where h is a holomorphic function of z = x + i -y. It is an easy exercise in calculus to show that the
operators A, and F, from the (same column of the) table commute. It is then straightforward to verify
that the commutation is preserved if to the purely kinetic operators are added the functions —2U and V
given for each case in the table from Theorem 4. O



3 Proof of Theorem 1

3.1 Admissible coordinate systems and Birkhoff-Kolokoltsov forms

Let g be a pseudo-Riemannian metric on M? of signature (4, —). Consider (and fix) two vector fields Vi, Vo
on M? such that

o g(V1,V1) = g(V2, V) =0 and
b Q(V1,V2) > 0.

Such vector fields always exist locally, (and since our result is local, this is sufficient for our proof). For
possible further use, let us note that such vector fields always exist on a finite (at most, 4-sheet-) cover of
M?2.

We will say that a local coordinate system (z,y) is admissible, if the vector fields % and 8% are
proportional to V7, V4 with positive coeflicient of proportionality:

0 0
% = )\1(.13,2/)V1($,y), aiy = )\2($,y)‘/2($,y), where )‘1 > 0.

Obviously,
e admissible coordinates exist in a sufficiently small point of every point,

e the metric g in admissible coordinates has the form

ds* = f(x,y)drdy, where f >0, (21)

e two admissibe coordinate systems in one neighbourhood are connected by

. AT pew AYnew
(xnew) = (m"e“’(aj"ld)) , where x >0, i > 0. (22)
Ynew Ynew (yold) dmold dyold

Lemma 1. Let (z,y) be an admissible coordinate system for g. Let F given by (1) be an integral for g.
Then,
1

1
By := ——d, <respec‘uively7 By = dy)
Vla(z,y)| le(z, )

is a 1-form, which is defined at points such that a # 0 (respectively, ¢ # 0). Moreover, the coefficient a
(respectively, c¢) depends only on x (respectively, y), which in particular implies that the forms By, Bs are
closed.

Remark 8. The forms By, B are not the direct analog of the “Birkhoff” 2-form introduced by Kolokoltsov
n [11]. In a certain sense, they are the real analog of the square root of the Birkhoff form.

Proof of Lemma 1. The first part of the statement, namely that

1

1
——dx, <respectively7 dy>
la(z, y)] (

le(z,y)]

transforms as a 1-form under admissible coordinate changes is evident: indeed, after the coordinate change
dTnew dTnew

(22), the momenta transform as follows: p,., = Drpew G Pigia = Pinew g Then, the integral F' in
the new coordinates has the form

2 2

dxnew ) 2 dwnew dynew (dynew ) 2
) Pt T OPre Py T ) P
( droia dyora = Y Ayora Yrew

Anew bnew Cnew

10



Then, the formal expression L dzo4 (respectively Ldyold) transforms into
’ Vlal " Vel

1 d 1 d
Lold AT mew <respectively, Yold_ ) ,

\/ |a| dxnew \/ |C‘ dynew Ynew

which is precisely the transformation law of 1-forms.
Let us prove that the forms are closed. If g is given by (21), its Hamiltonian is

PaDy

H:
2f 7

and the condition {H, F'} = 0 reads

PzP
0 = { ny , api + bpg;py + Cp;}
= pi(fay) "’pipy(faz + fby + 2fza + fyb) +pypi(sz + fey + fab+ ny) +p2(cmf) )
i.e., is equivalent to the following system of PDE:
ay, =
fa$+fby+2faca+fyb =
Jbo + fey + fob+2fyc =

Cy -

(23)

o O oo

Thus, a = a(x), ¢ = ¢(y), which is equivalent to state that By := ﬁdm and By := ﬁdy are closed
forms (assuming a # 0 and ¢ # 0). O
Remark 9. For further use let us formulate one more consequence of equations (23): if a = c¢=01in a
neighbourhood of a point, then bf = const, implying F' = const - H in the neighbourhood.

Assume a # 0 (respectively, ¢ # 0) at a point pg. For every p; in a small neighbourhood U of py consider

Tnew = / B, respectively, Ynew = / By |, (24)
v:[0,1] = U v:[0,1] - U

with v(0) = po,y(1) = p1.
Locally, in the admissible coordinates, the functions x,e, and y,e. are given by

z 1 Y 1
o (z) = / e = [ o (25)

The coordinates (pew, Yold), ((a:old,ynew), (Znew, Ynew ), respectively) are admissible. in these coordi-
nates the forms Bj, By are given by dZew, dynew implying that a = ¢ = £1 (more precisely: apew =
Sign(aold)7 Cnew = Sign(cold))~

3.2 Proof of Theorem 1

We assume that g on M? of signature (+,~) admits a nontrivial quadratic integral F' given by (1). Consider
the (1, 1)-tensor G given by (2). In a neighbourhood of almost every point, the Jordan normal form of this
(1,1)-tensor is one of the following:

A0
Case 1 <0 H)’ where A\, u € R.
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. Atip 0
Case 2 ( 0 )\_Zﬂ)’ where A\, p € R.
Case 3 Al here A € R
0 ) wher .

Moreover, in view of Remark 9, there exists a neighbourhood of almost every point such that A # pu
in case 1 and pu # 0 in case 2. In the admissible coordinates, up to multiplication of F by —1, case 1
is equivalent to the condition ac > 0, case 2 is equivalent to the condition ac < 0 and, finally, case 3 is
equivalent to the condition ac = 0.

We now consider all three cases.

3.2.1 Case 1: ac > 0.

Without loss of generality we assume a > 0, ¢ > 0. Consider the coordinates (24). In these coordinates
a =1, ¢ =1 and equations (23) have the following simple form.

(fb)y +2fz = 0,
26
(s 20 (%)
This system can be solved. Indeed, it is equivalent to
{ (fo+2f)e + (F0+2f)y = 0, (27)
(fo—2f)s — (fb—2f), = 0,
which after the change of cordinates Tnew = T + ¥, Ynew = T — ¥y, has the form
28
{(fb—2f)y = o, (28)
implying fo+2f =Y (y), fb —2f = X(z). Thus,
FYW-X@) L X@) V()
4 ’ Y(y) — X(z)

Finally, in the new coordinates, the metric and the integral have (up to a possible multiplication by a
constant) the form

(X —Y)(da? — dy?), (29)

Py X (x) — p2Y (y)
X(z) =Y (y)

1 X(x)+Y
5 (pi - S 02 - p}) +p§) = (30)

3.2.2 Case 2: ac<0.

Without loss of generality we can assume a > 0, ¢ < 0. Consider the normal coordinates (24). In these

coordinates a = 1, ¢ = —1 and equations (23) have the following simple form.
31
Vi 2 oy

We see that these equations are the Cauchy-Riemann conditions for the complex-valued function fb+ 2if.
Thus, for an appropriate holomorphic function h = h(z 4 iy) we have fb = R(h), 2f = S(h).
Finally, in a certain coordinate system, the metric and the integral are (up to possible multiplication by
constants)
R(h)

2 2
S(h)dxdy and pl —p+ 2%]71]931 (32)
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3.2.3 Case 3: ac=0.

Without loss of generality we can assume a > 0, ¢ = 0. Consider admissible coordinates z,y, such that x
is the normal coordinate from (24). In these coordinates a = 1, ¢ = 0, and the equations (23) have the
following simple form.
(fb)y +2fz = 0,
33

This system can be solved. Indeed, the second equation implies fb = —Y (y). Substituting this in the first
equation we obtain Y’ = 2f, implying

Finally, the metric and the integral are

v T Y(y)
(Y(y) + §Y (y)) dedy and p2 — mpmpy. (34)

Moreover, by the change ynew = 8(Yora), equations (34) will be simply transformed to:

(V)8 +5Y'()) dedy and pg_?(ymﬁy%w@)pwy. (35)

Thus, by putting 8(y) = 170 ﬁdt, we can make the metric and the integral to be

Y(y)

T
1+ 2Y'(y)) dedy and p?— ——F5—
( +t3 (y)) vdy and Py = Ty

PzDy -

Moreover, after the coordinate change 7pe, = *¢¢ and multiplication of the metric by %, the metric and
the integral have the form from Theorem 1

(y)
/ 2 o, YY)
(1+2Y'(y))dedy and p;—2 T ,,(y)pzpy . (36)

Theorem 1 is proved.

Remark 10. Let us note that if dY # 0, then we can take Y as the coordinate y. Then, the metric and the
integral (34) will have the form

V() — & 2, Y
(Y(y) 2) dedy and p; + = ) — 2Py (37)
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