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Abstract

We give necessary and sufficient conditions on a smooth local map of
a Riemannian manifold M™ into the sphere S™ to be the Gaul map of
an isometric immersion v : M™ — R"™, n = m + 1. We briefly discuss the
case of general n as well
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1 Introduction

Isometric hypersurface immersions of a Riemannian manifold (M, g) with di-
mension m = n — 1 into Euclidean n-space are characterized by their first and
second fundamental forms, g and h. By a classical theorem going back to Bon-
net, the immersion exists and is uniquely determined by g and h up to Euclidean
motions provided that the pair (g, h) satisfies Gaufl and Codazzi equations.

In the present paper we ask what happens if we replace (g, h) by (g, v) where
v:M — S™is the Gaufl map. At the first glance the new problems seems more
rigid since h is obtained from the differential dv : TM — v'. However this
observation is true only after identifying 7'M with the complement of the normal
bundle, v*. This identification is precisely the differential of the immersion
which has to be constructed. In fact uniqueness might fail as it happens with
minimal surfaces: All immersions in the associated family of a minimal surface
have the same ¢ and v, but they are not congruent. A well-known example is
the deformation of the catenoid to the helicoid.

The first problem is to recover the second fundamental form h from the data.
In our approach, the third fundamental form k = (dv, dv) will play a major role
since it is obtained directly from our data and the second fundamental form is its
square root (using g, all 2-forms are viewed also as endomorphims). However,
the square root of a self adjoint positive semi-definite matrix is not unique,
and if repeated eigenvalues occur, there are even infinitely many solutions as
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it happens in the minimal surface case mentioned above. Moreover, in high
dimensions it might be very difficult to compute.

Fortunately, Theorems 2, 3 give other ways to recover h (using Gaufl equa-
tions). The defining equations (2) and (4) in theorems 1 and 2 have been known
already to Obata [O]. In the final chapter we extend these ideas to the case
of higher codimension where v takes values in the Grassmannian G,,_,,(R").
Again, uniqueness may fail in non-generic cases; examples have been provided
and classified by Dajczer and Gromoll [DG1]. However we will restrict our at-
tention to the generic cases. In this case, Theorems 4, 5 provide an algorithm
by which we may check if the data (g,v) are the metric and the Gauss map of
some immersion.

We assume that all objects are sufficiently smooth.

2 Main results

Let (M™, g) be a Riemannian manifold and v : M™ — S™ C R™*! be a smooth
mapping. We are interested in the question when the given data (g,v) are the
first fundamental form and the Gau map for an immersion v : M™ «— R™+1,
Such data (g,v) will be called admissible, and u will be called a solution for
(g,v). Our considerations are local, hence we may always assume that M is a
simply connected open subset of R™.

Let R= (Rijk) be the Riemann curvature tensor of the metric g, Ric =

TrR= (Rl.jl) the Ricci tensor, and s = TrRic = g% Ric;; the scalar curvature.

,

Let A = dv € Hom(TM,v*) and put
k(v,w) = (Av, Aw) = (A" Av, w) (1)

for all v, w € TM; this is a symmetric positive semi-definite bilinear form, which
will be referred to as the third fundamental form. We can raise the indices with
the help of g and consider both Ric and k as fields of operators on the tangent
bundle, denoting the result by the same letter.

Theorem 1 Let (M™,g) and v : M™ — S™ be given and assume that A =
dv : TM™ — vt is everywhere invertible. Let k be defined by (1). Then the
data (g,v) are admissible if and only if there is h € S*T*M with

h?* =k (2)

(here we identify symmetric forms with symmetric operators with the help of
g) such that the vector bundle homomorphism

U=—(A)"th:TM — vt (3)

1s isometric and parallel with respect to the Levi-Civita connection on T M and
the projection connection on v. In fact, the corresponding immersion u :
M™ — R™HL s determined by du = U, and h is the second fundamental form

of u, i.e. hij = (ui;,v).



The condition that the vector bundle homomorphism U is parallel with re-
spect to the Levi-Civita connection on T'M is equivalent to (8) below.

Since k is positive semi-definite, it has a symmetric square root h. However,
as explained in the introduction, (2) is often difficult to solve. Indeed, a general
solution requires finding the roots of a polynomial of the m* degree. For big m,
this is impossible to do explicitly. If & has multiple eigenvalues, the following
additional difficulty appears: at every point there are infinitely many solutions
of (2), so even if we found one solution of (2) such that (3) is not parallel,
there might exist another solution such that (3) is parallel Hence in many cases
Theorem 1 is useless unless we find a better method to compute A from the
data. This is achieved by the following statements:

Theorem 2 If the data (g,v) are admissible, then for any solution u, the second
fundamental form h and the (unnormalized) mean curvature H = Trh = hijgij
solve the following system

hH = Ric+k, H?*=s+Trk. (4)

Remark 1 Clearly, if s+ Trk > 0, the equations can be solved:

H=+4Vs+Trk, h:i\/s_:ﬁ(Ric—l—k). (5)

Moreover, as we explain in Remark 3, the sign of H and of h is not essential
for our goals.

Theorem 3 If the data (g,v) are admissible with dv non-degenerate and m =
dim M > 3, then the second fundamental form h of any solution u solves the
homogeneous linear system

hET'R(Q) =2Qh, VQ€s0,(TM), (6)

where R is considered as curvature operator acting on A*TM = so,(TM).
Moreover the solution h of (6) is unique up to a scalar factor.

Remark 2 Note that the missing scalar factor in Theorem 3 can be easily found
using condition (2): if h is a nonzero solution of (6) then

Tr (iﬂ) -

h=+\—+%"h
Trk (")
Remark 3 The sign + in the formulas (5,7) does not affect the existence of a
solution w: If u is a solution for (g,v) with second fundamental form h (resp.

mean curvatrure H ), then —u is also a solution with second fundamental form
—h (resp. mean curvature —H ).

The above theorems give us an algorithm to check admissibility of (g, v):



1. Check if s+ Trk > 0.
2. Find h:

(a) If s+ Trk > 0, define h by (5).2

(b) If s+ Trk = 0 and m > 3, then for every x € M solve the linear sys-
tem (6) in T}, M := v*. Check whether there exists a (nondegenerate)
solution h. Consider the solution h given by (7).

(¢c) If s+ Trk = 0 and m = 2, verify the Gau$§ condition (Remark 6
below).

3. Check if h? = k (this together with 2 implies that h is symmetric).
4. Finally check if U = —(A*)~1h is parallel, i.e.
Oiuj — (Quj,v)v = Ffjuk (8)

where u; = Ue; and Pfj are the Christoffel symbols, the components of
the Levi-Civita connection: V;e; = I‘fjek.

The data (g,v) are admissible if and only if all checks are successful.

This answers a question raised in [E] which was discussed by the authors
during and after the 10" conference on Differential Geometry and its Applica-
tions.

Remark 4 Both Gaufl and Codazzi equations are hidden in the assumption that
U € Hom(T M, VL) is isometric and parallel. In fact this property is equivalent
to Codazzi equations while Gaufl equations follow from it, see Appendiz. The
claim that the Gauf8 condition is a differential consequence of the Codazzi con-
dition in the non-degenerate case is non-trivial. It shall be compared with the
known fact that under some conditions the Codazzi equations are consequences
of the Gauf$ equations [Al].

Remark 5 The uniqueness of recovering the isometric immersion u : M™ —
R™ Y with fized third quadratic form k was considered in [DG2]. This is similar
to recovering of immersions with fized Gaufs map in the case of hypersurfaces,
but not for higher codimension, see the last section.

Remark 6 The only case not covered by our theorems is m = 2 and H =
0, the case of minimal surfaces which is given by the well known Weierstraf
representation [L]; the only restriction for the metric g comes from the Gauf

equation
K+ /det(k) =0

and the Gaufi map v : M? — S? needs to be conformal. Any such pair (g,v)
1s admissible, and to each admissible pair there exists precisely a one-parameter
family of geometrically distinct isometric minimal immersions, the associated
family.

n fact, a bit more is necessary: s+Tr k needs to allow a smooth “square root”: a function
H with H? = s + Trk.
2The sign of H is arbitrary, see Remark 3.



3 Historical motivation

Two classical problems concern the embeddings
u: MM—R". (9)

The first is about isometric embedding, i.e. when a metric g on M can be
obtained as u*ds%, . for some u. In the PDE language this is equivalent to
solvability of the system

(ug, uj) = gij(x), 1<i4,7<m, u:(ul,...,u"):MmHR", (10)

The Janet-Cartan theorem [J, C] guarantees this locally in the analytic cat-
m(m+1)
2

where u; := %u

egory for n = , i.e. when the system (10) is determined. This was
improved by Nash [N], Gromov-Rokhlin [GR] and others [Gre, BBG], who re-
laxed analyticity to smoothness (for the price of increasing n or imposing some
non-degeneracy assumptions) and so proving that embedding is always possible.
Recent results include Giinter [Gy, Go|, Han—Hong [HH], and Andrews [An].

When n < LQLH) the system is overdetermined. Thus while rigidity
(uniqueness of solutions up to Euclidean motion) is clear in many cases, no
general criterion (existence) for local embedding is known (see [Gro] for details).

The other important problem related to imbeddings (9) is to recover it from
the GauB map v : M™ — Gp_n(R"),  — T,M+ C R" (also known as
Grassmann map). This problem is unsolvable for hypersurfaces (n = m + 1)
unless the Gaufl map is degenerate. In general the problem can be rephrased as
solvability of the following PDE system

(uj,v*(x)) =0, m+1<a<n (11)

where v is an orthonormal basis of sections of TM* (no index for hypersur-
faces).

For 2m = n = 4, the system (11) is determined while for the other m < n—1
overdetermined. By the results of Muto, Aminov, Borisenko [M, Am, By, Bs)]
the embedding is locally recoverable upon certain non-degeneracy assumptions,
up to a parallel translation and homothety. However not any m-dimensional
submanifold of G,_,,(R™) is realizable as the image of a Gaufl map (except
for the case 2 in 4, when no obstruction equalities exist). The conditions of
realizability are not known so far (partial results can be found in [Bs]).

In this note we unite the systems (10)+(11) and ask when the data (g,v)
are realizable and what is the freedom. In many cases we get indeed rigidity, i.e.
an embedding is recoverable up to a parallel translation (this can be obtained
as a combination of the problems with the data g and the data v above, but
our conditions are wider; another approach to rigidity within the same problem
was taken in [AE, DG1, DG2]). However in addition to this we write the full
set of constraints, thus solving the problem completely.

Notice that as (n—m) grows, the amount of compatibility constraints coming
from g decreases while that for v increases, and there are always constraints for



(g,v). For the hypersurface case n = m+ 1, mainly treated here, the Gaufl map
alone bears no information (unless it is degenerate), making the problem for the
pair (g, ) more interesting.

4 Proof of the main results

We will work locally in M™. Given (M,g) and v : M™ — S™, we want to
understand whether there exists a smooth (local) map u : M™ — R™*! whose
partial derivatives with respect to a coordinate chart satisfy

(uiuj) = gij, (12)
(ug,vy = 0. (13)

This is a system of algebraic equations for the partial derivatives of u;. Once
we obtained an (algebraic) solution U = (u;)i=1,...m of (12),(13), there exists
a smooth mapping u = (u',...,u™) : M — R™ if and only if the integrability
conditions

Uij = Uji (14)

are fulfilled, where the second index means partial derivative: w;; := %ui.
J

Equation (14) splits into a tangent and a normal part. The tangent part (vt-

part) can be interpreted as follows. Equations (12), (13) mean that U is a bundle
isometry between TM and v*. Now the tangent part of (14) says that the
canonical connection (via projection) on v+ C M x R™ is torsion free when v+
and T'M are identified using U. Since the connection is also metric preserving,
it is Levi-Civita:

(uij)" = Tuy, (15)

where ()T denotes the tangent component (v'-component). In other words,
the tangent part of (14) under the assumptions (12),(13) says precisely that
U :TM — v* is parallel (affine, connection preserving).

The normal part (v-part) of (14), in view of (13), is equivalent to
hi]‘ = hﬂ
where
hij = <U7;j,l/> = —<U¢,Vj>7 h=—-A*U. (16)

Once we have got h, we obtain U = —(A*)~'h : TM — v+ from (16) and check
orthogonality (12) and parallelity (15).

Next we show that h? = k is necessary. If an immersion v : M — R"™ with
Gaufl map v is given, then h = —A*U where A = dv and U = du because
hij = (w;j,v) = —(u;,v;). Since h is self adjoint and U orthogonal, we have

h? = hh* = A*UU*A = A*A = k.



Now let us show that our assumptions are sufficient. Assuming h symmetric
with h? = k and choosing U = —(A*)"'h: TM — v, we obtain
UU* = (A*)7'h?A7 = (A") kA = (A") 1A A4~ =1,
thus U is an isometry. Moreover h = —A*U is symmetric, i.e.
(us, v5) = (u;,14).

L we have (u;,v) = 0 and hence

Since U takes values in v
(uij, v) = (i, v).

This is the normal part of (14). The tangent part is obtained from the parallelity

assumption (15), since the Christoffel symbols I‘fj are symmetric in (i7). Thus

the integrability condition (14) is proved and hence we obtain a map v : M — R”
with du = U. This finishes the proof of Theorem 1.

Theorem 2 is an obvious consequence of the Gauss equations
Rijre = hathjx — hachji. (17)
In fact, taking the trace over jk, i.e. multiplying by ¢/* and summing we obtain
Ric=h-H -k, (18)
Taking again the trace on both sides,
s=H*-Trk (19)
This shows (4). Theorem 2 is proved.
In order to prove Theorem 3, we transform equations (17) into its curvature
operator form
R(Q) =2-hQh, ie, RY,QM =2.hi0"n]
(which must be fulfilled for every Q € A2TM = so,(TM)). Multiplying by
h=2 = k! from the left, we get
ET'R(Q) =2-h7'Qh (20)
which is equivalent to
hk~'R(Q) =2 - Qh. (21)
This is the linear equation (6) for A which we wanted to prove. It remains

to show uniqueness of the solution provided m > 3. This will be done in the
following

Lemma. Assumem > 3. If both h, h solve (21) for all Q@ € so(R™), then h and
h are proportional.

Proof. Both h and h satisfy (20) and hence
h™'Qh = h'Qh

for all Q € so(R™). Thus g := hh~! commutes with all Q € so(R™). If m > 3,
the centralizer of so(R™) contains only the scalar matrices, hence g = AI and

h = M\h for some )\ € R. O



5 The general case

When we study immersions M"™ — R" with arbitrary n > m, it is not easy to
get a closed formula for A as in the main theorems. But as we will see, in the
generic case h can still be effectively computed from the data.

The given data are again a Riemannian manifold (M™, g) and a smooth
map v : M — G,_n,(R™) into the Grassmannian of (n — m)-planes in R, and
we ask if v is the Gaufl map of some isometric immersion u : M — R™. Choose
an orthonormal basis (v*)a=1, . n—m of v. Let

A% = (dv®)"

denote the corresponding Weingarten operators, where ()7 again denotes the
tangent component (v*-component), and let

k=Y ko, k0= (A)AP (22)

the corresponding third fundamental on M induced by v from the standard
symmetric metric on Gy —n, (R™). The second fundamental form h which we
search for, is v-valued and has also several components h® = (h,v%): Given an
isometric immersion u : M — R™ and U = du = (uq, ..., Un), we have

h% = <uij,l/a> — —<’UJZ‘,VJQ>, he — —(Aa)*U.

Consequently
hohP = h(hP)* = (A*)*UU* AP = kP,

There exist deformations of isometric immersions with fixed k, see [V], which
are different from ours for codimensions exceeding 1. However in this case k
bears significantly less information than the Gaufl map v. With the latter we
can restore the immersion up to a translation in a generic case.

Theorem 4 Let (M™,g) and v : M — G,,_n(R™) be given and assume that
at least one of the A = (dv*)T : TM — vt is everywhere invertible. Let
k8 be as in (22). Then the data (g,v) are admissible if and only if there exist
h® € S?T*M with

hohP = kP, (23)

and a vector bundle homomorphism U : TM — v with
h® = —(AY)*U (24)

for all o, such that U is parallel with respect to the Levi-Civita connection on
TM and the projection connection on v. In fact, the corresponding immersion
w: M™ — R"™ is determined by du = U.

The proof is almost the same as before and will be omitted. But as before
we need an effective method to compute A® from the given data. This is given
by the next theorem:



Theorem 5 Assume that the data (g,v) are admissible with |H| = /s + Trk
# 0 and Ric +k invertible. Then

WP =" H*(Ric+k)~ k7. (25)

where HY = Tr h® are the components of the mean curvature vector H = Trh
which is a fized vector with length /s +Trk for the matriz p = (pag) on v
defined by

pas = Tr ((Ric+k)~1) k5. (26)

Proof. Suppose that an isometric immersion u : M — R™ with Gaufl map v is
given. The Gauf} equations are

zgkl Z hzl

Taking the trace over jk yields

Ric =Y (h*H* — (h*)? Z heH® —
and hence
> H®h™ = Ric+k. (27)

Tracing again we obtain the length of the mean curvature vector,
|H| = Vs+ Trk. (28)
From (27) we can compute the h® since the products h*h? = k*# are known:

(Ric+k)h? =Y~ HOk?

and (25) follows. In order to compute H® we take the trace of (25):

Hﬁ—ZHaTr (Ric+k) 1 k*7) ZH Pas

with pas as in (26). Thus H is a fixed vector of the matrix p = (pap). In
the generic case this fixed space is only one dimensional (it is at least one-
dimensional since it contains H # 0). Using (28) we see that H is uniquely
determined up to sign.? O

Once again we have got an algorithm by which we may check if the data (g, V)
are admissible, belonging to some isometric immersion u. From the data we
form the matrix p and check if it has a fixed vector. In the generic case, the

3The sign of H cannot be fixed. Indeed, as in Remark 3, if u : M — R™ is an immerion
with mean curvature vector H, then —u has the same Gaufl map and mean curvature vector
—H.



fixed space is at most one-dimensional. We choose a fixed vector H using (28).
Then we define the quadratic form h® by (25) and check if it satisfies (23).
Setting U = —(A**)~1h® for one a we check if (24) holds true for the other
indices v and if U is parallel. The data (g,v) are admissible if and only if all
the tests are successful.

In non-degenerate cases, similar to the hypersurface case, the Gaufl equation
follows from Codazzi and Ricci equations. Non-uniqueness of solution for this
system means isometric deformation with fixed Gaufl image, and was completely
understood by Dajczer and Gromoll in [DG1].

Appendix

We want to show that under the assumptions (12), (13) and (14)*, Codazzi
equations are equivalent to parallelity of U, (14)7, and they imply Gauf} equa-
tions.

Theorem 6 Let (M,g) and v : M — S™ be given and dv nondegenerate. Let

U= (u1,...,Uy) : TM — vt be a vector bundle isometry such that bij =
(ui,vj) = —h,j is symmetric (normal integrability condition). Then
VU =0 <<= (Vib)jk = (ij)ilw (29)
VU =0 = Rijk:l = bilbjlc - bikbjl (30)

Proof. “=7 of (29): From b = U*dv = (U, dv) we obtain
Vb = (VU,dv) + (U,Vdv). (31)
Since VU = 0, we are left with Vb = (U, Vdr) or more precisely,
(Vib)jr = (uj, (Vidv)i)

Since the right hand side (the hessian of the map v) is symmetric in ik, we have
proved our claim.

“<” of (29): We still have (31), more precisely
(Vib)jr = (Vi) j, vi) + (ug, (Vidv)g).
From the symmetry of Vb and Vdv in ik we see
(Vi) g, ve) = (ViU)j, vi). (32)

On the other hand, by covariant differentiation of the isometry property (U, U) =
U*U = g we obtain (VU,U) + (U, VU) = 0, more precisely

(VsU)j,ug) + (uj, (V;U)g) = 0. (33)

Since U*dv = b is self adjoint with respect to g, we can choose local coordinates
in such a way that both tensors g and b are diagonal at the considered point
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and hence up, = \gv for each k (where we have used the nondegeneracy of b).
Substituting this into (33) and putting 8, = ((ViU);, vk), we get

)\kaijk + )\jgjik =0

(no summation). Cycling (ijk) and using (32), 8;;x = Oxji, we get 3 equations
in the 3 unknowns 6;;, 0ki, Orij. The determinant of this linear system equals
2XiMj A, # 0, and therefore ((V,;U);,vk) = 6,5, = 0. Since the vectors vy, form
a basis of v, we obtain VU = 0.

Proof of (30): Since U : TM — v is isometric and parallel, it carries the
Riemannian curvature tensor on T'M into the curvature tensor of the projection
connection V on v+ which is computed as usual:

Vjuk = (ukj)T = Ugj + bkj v
ViVjug = (0:(Vjur))" = (ukji)" + by v,
(ViVjug,w) = (0i(Vjur),w) = (urji, w) + br;bi,
Riju = ((ViV; =V;Viup,w) = brjby — bribji,
using the symmetry of wuy;; = 0;0;ui in ¢j. The last equality is the Gaufl
equation (30) which finishes the proof. O
Acknowledgement

V.M. thanks Deutsche Forschungsgemeinschaft (Priority Program 1154 — Global
Differential Geometry and Research Training Group 1523 — Quantum and
Gravitational Fields) and FSU Jena for partial financial support.

This work began when the authors met at the 10th International Conference
on Differential Geometry and its Applications in Olomouc. We wish to express
our thanks for hospitality.

References

[AE] K. Abe, J. Erbacher, Isometric immersions with the same Gaufl map, Math. Ann.
215, 197-201 (1975).

[A]] C.B. Allendoerfer, Rigidity for spaces of class greater than one, American J. Math.
61, no.3, 633-644 (1939).

[Am]  Yu. Aminov, Reconstruction of a 2-dimensional surface in an n-dimensional Euclid-
ean space from its Grassmann image, Mat. Zametki 36, no. 2, 223-228 (1984).

[An] B. Andrews, Notes on the isometric embedding problem and the Nash- Moser implicit
function theorem, Surveys in analysis and operator theory (Canberra, 2001), 157-208,
Proc. Center Math. Appl. Austral. Nat. Unit., 40, Austral. Nat. Univ., Canberra,
2002.

[BBG] E. Berger, R. Bryant, P. Griffiths, The Gauss equations and rigidity of isometric
embeddings, Duke Math. J. 50, no. 3, 803-892 (1983).

[B1] A. A. Borisenko, Unique determination of multidimensional submanifolds in a Euclid-
ean space from the Grassmann image, Mat. Zametki 51, no. 1, 8-15 (1992).

11



[B2] A.A. Borisenko, Isometric submanifolds of arbitrary codimension in eu- clidean space
with the same Gaussmann Image , Mat. Zametki 52, no. 4, 29-34 (1992).

B3] A. A. Borisenko, Interior and exterior geometry of multidimensional submanifolds,
Examen, Moscow (2003).

€] E. Cartan, Sur la possibilité de plonger un espace Riemannien donné dans un espace
Euclidien, Ann. Soc. Polon. Math. 6, 1-7 (1927).

[DG1] M. Dajczer, D. Gromoll, Real Kaehler submanifolds and uniqueness of the Gauss
map, J. Diff. Geom. 22, no. 1, 13-28 (1985).

[DG2] M. Dajczer, D. Gromoll, Euclidean hypersurfaces with isometric Gauf8 maps, Math.
Z. 191, 201-205 (1986).

[E] J.-H. Eschenburg, Gauf§ maps and symmetric spaces. In: Differential Geometry and
its Applications. Proc. Conf.in Honour of L.Euler, World Sci. (2007), 119-132.

[Gre] R.E. Greene, Isometric embeddings of Riemannian and pseudo-Riemannian mani-
folds, Memoirs of the Amer. Math. Soc. 97 (1970).

[Gro] M. Gromov, Partial differential relations, Springer-Verlag (1986).

[GR] M.L. Gromov, V. A. Rokhlin, Embeddings and immersions in Riemannian geometry,
Russian Math. Surveys 25, 1-57 (1970).

[G1] M. Giinther, Isometric embeddings of Riemannian manifolds, Proc. ICM, Kyoto,
1990, 1137-1143.

[G2] M. Giinther, On the perturbation problem associated to isometric em- beddings of
Riemannian manifolds, Ann. Global Anal. Geom 7(1989), 69-77.

[HH] Q. Han, J.-X. Hong, Isometric Embedding of Riemannian Mani- folds in Fuclidean
Spaces, AMS, Mathematical Surveys and Monographs, 130, 2006.

[J] M. Janet, Sur la possibilité de plonger un espace Riemannien donné dans un espace
Euclidien, Ann. Soc. Polon. Math. 5, 38-42 (1926).

L] B. Lawson, Lecture Notes on Minimal Submanifolds, Vol. I, Publish or Perish 1980

M] Y. Muto, Deformability of a submanifold in a Fuclidean space whose image by the
Gauss map s fized, Proc. Amer. Math. Soc. 76, no. 1, 140-144 (1979).

[N] J. Nash, The embedding problem for Riemannian manifolds, Ann. of Math. (2) 63,
20-63 (1956).

0] M. Obata, The Gauss map of immersions of Riemannian manifolds in spaces of
constant curvature, J. Differential Geometry 2, 217-223 (1968).

V] T. Vlachos, Isometric deformations of surfaces preserving the third fundamental
form, Annali di Matematica 187, 137-155 (2008).

JosT-HINRICH ESCHENBURG: INSTITUT FUR MATHEMATIK, UNIVERSITAT AUGSBURG,
86135 AUGSBURG GERMANY. eschenburg@math.uni-augsburg.de

B. S. KRUGLIKOV: DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF TROMS®,
TRrROMS® 90-37 NORWAY. boris.kruglikov@uit.no

12



VLADIMIR S. MATVEEV: INSTITUTE OF MATHEMATICS,
07737 JENA GERMANY. vladimir.matveev@uni-jena.de

RENATO TRIBUZI: DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE FEDERAL DO AMAZONAS,
Av. GEN RoDRIGO OTAVIO, 3000 69077000 MANAUS BRAZIL. tribuzy@pq.cnpq.br

13



