METRIC CONNECTIONS IN PROJECTIVE DIFFERENTIAL
GEOMETRY

MICHAEL EASTWOOD AND VLADIMIR MATVEEV

In memory of Thomas Branson

ABSTRACT. We search for Riemannian metrics whose Levi-Civita connection be-
longs to a given projective class. Following Sinjukov and Mikes, we show that such
metrics correspond precisely to suitably positive solutions of a certain projectively
invariant finite-type linear system of partial differential equations. Prolonging this
system, we may reformulate these equations as defining covariant constant sections
of a certain vector bundle with connection. This vector bundle and its connection
are derived from the Cartan connection of the underlying projective structure.

1. INTRODUCTION

We shall always work on a smooth oriented manifold M of dimension n. Suppose
that V is a torsion-free connection on the tangent bundle of M. We may ask whether
there is a Riemannian metric on M whose geodesics coincide with the geodesics of
V as unparameterised curves. We shall show that there is a linear system of partial
differential equations that precisely controls this question.

To state our results, we shall need some terminology, notation, and preliminary
observations. Two torsion-free connections V and V are said to be projectively
equivalent if they have the same geodesics as unparameterised curves. A projective
structure on M is a projective equivalence class of connections. In these terms, we
are given a projective structure on M and we ask whether it may be represented by
a metric connection. Questions such as this have been addressed by many authors.
Starting with a metric connection, Sinjukov [9] considered the existence of other
metrics with the same geodesics. He found a system of equations that controls this
question and Mikes [7] observed that essentially the same system pertains when
starting with an arbitrary projective structure.

We shall use Penrose’s abstract index notation [8] in which indices act as markers
to specify the type of a tensor. Thus, w, denotes a 1-form whilst X* denotes a vector
field. Repeated indices denote the canonical pairing between vectors and co-vectors.
Thus, we shall write X“w, instead of X Jw. The tautological 1-form with values in
the tangent bundle is denoted by the Kronecker delta d,°.
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As is well-known [5], the geometric formulation of projective equivalence may be
re-expressed as

(1.1) VoX? =V, X0 + T, X0 + 6,07 . X¢
for an arbitrary 1-form Y,. We shall also adopt the curvature conventions of [5]. In
particular, it is convenient to write
(ViVa — VaVy) X" = Ry X7,
where R, is the usual Ricci tensor, as
(VoVe = VoVy) X" = (n — 1)Py X" — B X" where By, = Py — Py
If a different connection is chosen in the projective class according to (1.1), then
Bab = Bap + Va Ty — VT

Therefore, as a 2-form [,, changes by an exact form. On the other hand, the Bianchi
identity implies that 3, is closed. Thus, there is a well-defined de Rham cohomology
class [3] € H?(M,R) associated to any projective structure.

Proposition 1.1. The class [3] € H*(M,R) is an obstruction to the existence of a
metric connection in the given projective class.

Proof. The Ricci tensor is symmetric for a metric connection. 0

In searching for a metric connection in a given projective class, we may as well
suppose that the obstruction [3] vanishes. For the remainder of this article we sup-
pose that this is the case and we shall consider only representative connections with
symmetric Ricci tensor. In other words, all connections from now on enjoy

(1.2) (ViVa — VoVi) XP = (n — 1)Py, X*  where Py, = Py,.
A convenient alternative characterisation of such connections as follows.

Proposition 1.2. A torsion-free affine connection has symmetric Ricci tensor if and
only if it induces the flat connection on the bundle of n-forms.

Proof. If €P?% has n indices and is totally skew then
(VoVip = ViV, )P = Koyl e
for some 2-form k4. But, by the Bianchi symmetry,
(VaVy — Vp Vo )€ = —2R e,
which vanishes if and only if R, is symmetric. U

Having restricted our attention to affine connections that are flat on the bundle of
n-forms, we may as well further restrict to connections V, for which there is a volume
form €pe...q (unique up to scale) with V,épe...q = 0. We shall refer to such connections
as special. The freedom in special connections within a given projective class is given
by (1.1) where T, = V,f for an arbitrary smooth function f. Following [5], the full
curvature of a special connection may be conveniently decomposed:—

(1.3) (VaVi — VoVa) X = WX 4 6,Ppa X — 0,°P g X ¢,
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where W64 is totally trace-free and P, is symmetric. The tensor W, is known as
the Weyl curvature and is projectively invariant.

2. A LINEAR SYSTEM OF EQUATIONS

In this section we present, as Proposition 2.1, an alternative characterisation of the
Levi-Civita connection. The advantage of this characterisation is that it leads, almost
immediately, to a system of linear equations that controls the metric connections
within a given projective class. The precise results are Theorems 2.2 and 2.3.

Proposition 2.1. Suppose g* is a metric on M with volume form e€y...q. Then a
torsion-free connection V, is the metric connection for ¢®° if and only if

o Vg% =6, u +6,°u"  for some vector field pu®
L4 Vaebc...d = 0.

Proof. Write D, for the metric connection of ¢**. Then
(2.1) Vowy = Dywy — Ty we
for some tensor I' ¢ = I'y,¢. We compute
eI Lepoa = =€ T €0eg = —n! Tyl

and so 'y’ = 0. Similarly,

Vag" =Tad"g™ + Laag™
and so
(2.2) Tt g% + Tag®q" = 6,01 + 6,110.
Let gu denote the inverse of g*° and contract (2.2) with gy to conclude that

20" = 21, where g = gapit”
and hence that p® = 0. If we let T'ype = Fap?geq, then (2.2) now reads
Laco + Lape = 0.

Together with I'yp. = T'pqe, this implies that I'ype = 0. From (2.1) we see that V, = D,,
which is what we wanted to show. 0

Theorem 2.2. Suppose V, is a special torsion-free connection and there is a metric
tensor o™ such that

(2.3) Va0 = 6,1 + 6,°1°  for some vector field p°.
Then ¥V, s projectively equivalent to a metric connection.
Proof. Consider the projectively equivalent connection
VoX? = Vo X+ To X8 + 6,07 X¢ where Y, = V,f
for some function f. If we let 6% = e=2/6%, then
@a(%bc = e 2 (—2Taabc + V,0% + 2T ,0% + 6,2 Y j0% + 5achabd)
e~2f ((5abuc + 6,18 + 8,0 g% 4 5aCTdabd)
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and so
(2.4) V6% = 8,20 + 6,60°  where 0% = e/ (u“ + Tba“b) .

Similarly, if we choose a volume form €p...q killed by V, and let é,...q = etV ¢4,
then
(2.5) @aébc---d = €(n+1)f (Vaebc---d + T[aebc..,d]) = €(n+1)fva€bc...d =0.

Define

det(0) = €qp€e..qo®™ -+ 0™

and compute

det(6) = Equpfe.ad? - Gbd

2t fe=2nf e iee.qo® -0 = e det(o).
Therefore, if we take
f= —%logdet(a),

then we have arranged that CT&(&) = 1. This is precisely the condition that é...q be
the volume form for the metric 6%°. With (2.4) and (2.5) we are now in a position

to use Proposition 2.1 to conclude that V, is the metric connection for 5. We have
shown that our original connection V, is projectively equivalent to the Levi-Civita
connection for the metric g? = det(o) o®. O

Evidently, the equations (2.3) precisely control the metric connections within a
given special projective class. Precisely, if g,; is a Riemannian metric with associated
Levi-Civita connection V,, then

@agbc = 5ab,&c + 5ac/lba

where V, is projectively equivalent to V, according to (1.1) with Y, = V,f and
where % = e72/gb. In other words, we have shown (cf. [7, 9]):—

Theorem 2.3. There is a one-to-one correspondence between solutions of (2.3) for
positive definite o* and metric connections that are projectively equivalent to V,.

3. PROLONGATION

Let us consider the system of equations (2.3) in more detail. It is a linear system
for any symmetric contravariant 2-tensor o*. Specifically, we may write (2.3) as

(3.1) the trace-free part of (Vo) =0

or, more explicitly, as

Voo™ — —0,"Vao™ — =50,°V40" = 0.

According to [2], this equation is of finite-type and may be prolonged to a closed
system as follows. According to (1.2) and (1.3) we have

(VaVb — vaa)abc = abcdabd + 5achd0bd — nPadJCd.
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On the other hand, from (2.3) we have

(VaViy — VoVa)o™ = (n + 1)V — V(8 1 + 0,°1°) = nV o — 0,5Vl
We conclude that

nVa = 6,° (Vbub + Pbdabd) — nP g0 + W60t
or, equivalently, that
(3.2) Vbt = 8,°p — Pogo® + 2 W 40,
for some function p. To complete the prolongation, we use (1.2) to write
(VeVa = VoV = (0 — 1)Pyo®

whereas from (3.2) we also have

(VoY — VoV )i = Vo ((xfp — P+ %Wabcdabd> — Y, (np — Pego™) |
Therefore,
(33)  (n—1)Pup =V, (—Pada“l + %Wabcdabd> — (= 1)Vap + Vo (Pogo).
The terms involving Weyl curvature

Ve(Warfao™) = (VW a) o™ + Wa“qV o™
may be dealt with by (2.3) and a Bianchi identity
VWara = (n—2)(VaPia — ViPaa).
We see that
Ve(Wapao™) = (n — 2)(VoPps — VyPoa)o™
and (3.3) becomes
(n = 1Pt = =2(V,Pyy — VP ug)o™ — Vo(Pogo®) — (n — 1)Vap + V(P oo™

or, equivalently,
(34)  Poep® = 2(VPyy — VyPog)o" — =Py V.0% — Vop + =PV 0.
Again, we substitute from (2.3) to rewrite

PeVa0 — PugVeo® = Pog(8,°u® + 6,1) — (n + 1)Paqu® = —(n — 1)Paqu®
and (3.4) becomes

Poep’ = %(Vapbd - VbPad)Ubd — Paap® = Vap,
which we may rearrange as
Vap = 2P it + 2(V, Py — VP )0
Together with (2.3) and (3.2), we have a closed system, essentially as in [7, 9]:—
Voot = 8,00 + 6,5
(3.5) Vb = 6,0 — Poot + %Wacbdo.cd
Vap = —2Pupt’ + V0"
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where Y5 = %(Vanc — VuP,.), the Cotton-York tensor. The three tensors o, u,
and p may be regarded together as a section of the vector bundle

T=0TMaTM &R

where (©) denotes symmetric tensor product and R denotes the trivial bundle. We
have proved:—

Theorem 3.1. If we endow T with the connection

O_bc Vao.bc - 5ab c __ 5ac,ub
(36> Hb — Va,ub - 5abp + Paco-bc - % acdeCd
P Vap + 2Pab/”'b - %Y;lbco-bc

then there is a one-to-one correspondence between covariant constant sections of T
and solutions o of (2.3).

4. PROJECTIVE INVARIANCE

The equation (2.3) is projectively invariant in the following sense. Following [5],
let £@)(w) denote the bundle of symmetric contravariant 2-tensors of projective
weight w. Thus, in the presence of a volume form €., a section ¢? € I'(M, £(®) (w))
is an ordinary symmetric contravariant 2-tensor but if we change volume form

hond — Eppng = "D e o for any smooth function f,

then we are obliged to rescale ¢® according to 6% = e“fo®. Equivalently, we are
saying that £ (w) = T M @ (A")~*/*+1) where A" is the line-bundle of n-forms
on M. The projectively weighted irreducible tensor bundles are fundamental objects
on a manifold with projective structure.

Proposition 4.1. The differential operator
(4.1) £ (—2) — the trace-free part of £, (—2)
defined by (3.1) is projectively invariant.

Proof. This is already implicit in the proof of Theorem 2.2. Explicitly, however, we
just compute from (1.1):~

V6% = V6% + 27,65 + 6,07 36% + 6,1 26,
where T, = V,f whilst

—

Va6" = V(e ") = e (V0" — 27,0%) = V,0tc — 27,6,
It follows that

~ —_—
V6% = V0 + trace terms,

which is what we wanted to show. O
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In hindsight, it is not too difficult to believe that (3.1) should control the metric
connections within a given projective class. There are very few projectively invariant
operators. In fact, there are precisely two finite-type first order invariant linear
operators on symmetric 2-tensors. One of them is (4.1) and the other is

(4.2) g(ab) (4) — g(abc) (4) given by Oab V(aO'bc).

In two dimensions, (4.2) and (4.1) coincide. In higher dimensions, however, being in
the kernel of (4.2) for positive definite o4, corresponds to having a metric g4, and a
totally trace-free tensor I'y,. with

Fabc = Fbch and Fabc + Fbca + Fcab =0
such that the connection
Wy — Dawb - Fabcwc

belongs to the projective class of V,, where D, is the Levi-Civita connection of g,.
The available tensors Ty for a given metric have dimension n(n + 2)(n — 2)/3.

5. RELATIONSHIP TO THE CARTAN CONNECTION

On a manifold with projective structure, it is shown in [5] how to associate vector
bundles with connection to any irreducible representation of SL(n + 1,R). These
are the tractor bundles following their construction by Thomas [10]. Equivalently,
they are induced by the Cartan connection [4] of the projective structure. The re-
levant tractor bundle in our case is induced by ()’R™! where R"*! is the defining
representation of SL(n + 1,R). It has a composition series

EPD) = g0 (—2) 4 £°(-2) + £(-2)

and in the presence of a connection is simply the direct sum of these bundles. Under
projective change of connection according to (1.1), however, we decree that

— e
(5.1) wto | = pb + Yoot
P p+ 2 pu’ 4+ Ty Yoo
Following [5], the tractor connection on £“45) is given by
ch Vagbc o 5ab’uc o 5ac,ub
Vol #b | = Var® —08."p + Poeo™
p Vap + 2P 1t

Therefore, we have proved:—

Theorem 5.1. The solutions of (2.3) are in one-to-one correspondence with solutions
of the following system:—
abe 0
Wacde'Cd =0.
P 4}/abco-bC

(5.2)

<
IS
=
o>
|
S|
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Corollary 5.2. There is a one-to-one correspondence between solutions of (5.2) for
positive definite o* and metric connections that are projectively equivalent to V,.

Notice that the extra terms in (5.2) are projectively invariant as they should be.
Specifically, it is observed in [5] that

~

Yabc = Yabc + %Wabdch

and so
4}A/abco-bc = 4Y;1bc0-bc + 2FrbVVacde-Cd
in accordance with (5.1).

It is clear from Theorem 3.1 that, generically, (2.3) has no solutions. Indeed, this is
one reason why the prolonged from is so helpful. More generally, we should compute
the curvature of the connection (3.6) and the form (5.2) is useful for this task. A
model computation along these lines is given in [5]. In our case, the tractor curvature
is given by

o.cd Wabceo_de + Wabdeace
(VaVe = VoVo) | ¢ | = | Watap® + 2Yapa0*
1% ZJLYabcMC

and we obtain:—

Proposition 5.3. The curvature of the connection (3.6) is given by

Ucd Wabcegde + Wabdeace . 5acUbd + 5adch o 5chad o 5deac
U WapCap® + 2Ygpq0t | + = * ,
n
P 4}/0,60#0 *

where Up? = Wbedfaef and * denotes expressions that we shall not need.

Corollary 5.4. The curvature of the connection (3.6) vanishes if and only if the
projective structure is flat.

Proof. Let us suppose that n > 3. The uppermost entry of the curvature is given by

0 — the trace-free part of (W0 4+ W)
and it is a matter of elementary representation theory to show that if this expression
is zero for a fixed W,;¢4 and for all 0°¢, then W,,¢q = 0. Specifically, the symmetries

of Wa¢4, namely

(5.3) Wa‘a + Wea"a =0 Waa+Wei"a + Waas =0 Waa =0,

constitute an irreducible representation of SL(n,RR). Hence, the submodule
{Wabcd s.t. the trace-free part of (W0 4+ Wy%0) =0, V aCd}

must be zero since it is not the whole space. We have shown that if the curvature of
the connection (3.6) vanishes, then W,y = 0. For n > 3 this is exactly the condition
that the projective structure be flat. For n = 2, the Weyl curvature W,,°; vanishes
automatically since the symmetries (5.3) are too severe a constraint. Instead, a
similar calculation shows that Y,,. = 0 and this is the condition that the projective
structure be flat. O
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Following Mikes [7], the dimension of the space of solutions of (2.3) is called the
degree of mobility of the projective structure. Theorem 3.1 implies that the degree of
mobility is bounded by (n + 1)(n +2)/2 and Corollary 5.4 implies that this bound is
achieved only for the flat projective structure. Of course, the flat projective structure
may as well be represented by the flat connection V, = 9/0x* on R™, which is the
Levi-Civita connection for the standard Euclidean metric. In this case, we may use
(3.5) find the general solution of (2.3):—

(5.4) 0% = 5% 4 x*m® + 2Pm® + 2%y,

This form is positive definite near the origin if and only if 5% is positive definite. We
conclude that the general projectively flat metric near the origin in R" is

g** = det(0) o,

where 0 is as in (5.4) for some positive definite quadratic form s?. In fact, these
metrics are constant curvature. Rather than prove this by calculation, there is an
alternative as follows. As already observed, the Weyl curvature W, corresponds to
an irreducible representation of SL(n,R) characterised by (5.3). In the presence of a
metric gqp, however, we should decompose W%, further under SO(n).

Proposition 5.5. In the presence of a metric gq

(5.5) Wap‘a = Cap’a + m (0a°®pa — 0°Paa) + —5 (P gbd — Ps°aa)

where Cy,°q 1s the Weyl part of the Riemann curvature tensor and ®,y, is the trace-free
part of the Ricci tensor.

Proof. According to (1.3),
(5.6) Rapa = Wap®a + 00“Pra — 0p"Puaa
but the Riemann curvature decomposes according to
(5.7) Raped = Cabed + JacQbd — GocQad + QacGvd — Qvclad;
where (), is the Schouten tensor
Qap = ﬁq)ab + ngab-
Comparing (5.6) and (5.7) leads, after a short computation, to (5.5). O
Corollary 5.6. A projectively flat metric is constant curvature.

Proof. If n > 3 and the projective Weyl tensor vanishes then the only remaining part
of the Riemann curvature tensor is the scalar curvature. As usual, a separate proof
based on Yy is needed for the case n = 2. O

This corollary is usually stated as follows. If a local diffeomorphism between two
Riemannian manifolds preserves geodesics and one of them is constant curvature,
then so is the other. This is a classical result due to Beltrami [1].
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6. CONCLUDING REMARKS

Results such as Theorem 2.3 and Theorem 5.1 are quite common in projective,
conformal, and other parabolic geometries. It is shown in [5], for example, that the
Killing equation in Riemannian geometry is projectively invariant and its solutions are
in one-to-one correspondence with covariant constant sections of the tractor bundle
Eap) equipped with a connection that is derived from (but not quite equal to) the
tractor connection. The situation is completely parallel for conformal Killing vectors
in conformal geometry and, more generally, for the infinitesimal automorphisms of
parabolic geometries [3]. It is well-known that having an Einstein metric in a given
conformal class is equivalent to having a suitably positive covariant constant section of
the standard tractor bundle £4 equipped with its usual tractor connection. Gover and
Nurowski [6] use this observation systematically to find obstructions to the existence
of an Einstein metric within a given conformal class. We anticipate a similar use
for Theorem 5.1 in establishing obstructions to the existence of a metric connection
within a given projective class.
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