Proof of projective Lichnerowicz-Obata conjecture

Vladimir S. Matveev^∗

Abstract

We prove that if a connected Lie group action on a complete Riemannian manifold preserves the geodesics (considered as unparameterized curves), then the metric has constant positive sectional curvature, or the group acts by affine transformations.

1 Introduction

1.1 Results

Definition 1. Let (M^n_1 , g_1) and (M^n_2 , g_2) be smooth Riemannian manifolds.

A diffeomorphism F : M^n_1 → M^n_2 is called projective if it takes unparameterized geodesic of g_1 to geodesics of g_2. A projective diffeomorphism of a Riemannian manifold is called a projective transformation.

A diffeomorphism F : M^n_1 → M^n_2 is called affine if it takes the Levi-Civita connection of g_1 to the Levi-Civita connection of g_2. An affine diffeomorphism of a Riemannian manifold is called an affine transformation.

Theorem 1 (Projective Lichnerowicz Conjecture). Let a connected Lie group G act on a complete connected Riemannian manifold (M^n, g) of dimension n ≥ 2 by projective transformations. Then, it acts by affine transformations, or g has constant positive sectional curvature.

The Lie groups of affine transformations of complete Riemannian manifolds are well understood (see, for example, [37]). Suppose a connected Lie group acts on a simply-connected complete Riemannian manifold (M^n, g) by affine transformations. Then, there exists a Riemannian decomposition (M^n, g) = (M^{n1}_1 , g_1) + (R^{n2} , g_{euclidean})

of the manifold into the direct sum of a Riemannian manifold (M^{n1}_1 , g_1) and Euclidean space (R^{n2} , g_{euclidean}) such that the group acts componentwise. More specifically, it acts on (M^{n1}_1 , g_1) and (R^{n2} , g_{euclidean}) by isometries and by compositions of linear transformations and parallel translations, respectively. In particular, every connected Lie group of affine transformations of a closed manifold consists of isometries [80]. Thus, a direct consequence of Theorem 1 is the following

Corollary 1 (Projective Obata Conjecture). Let a connected Lie group G act on a closed connected Riemannian manifold (M^n, g) of dimension n ≥ 2 by projective transformations. Then, it acts by isometries, or g has constant positive sectional curvature.

Any connected simply-connected Riemannian manifold of constant positive sectional curvature is a round sphere. All projective transformations of the round sphere are known (essentially, since Beltrami [3]); in this view, Theorem 1 closes the theory of non-isometric infinitesimal projective transformations of complete manifolds.

∗Mathematisches Institut, Universität Freiburg, 79104 Germany matveev@email.mathematik.uni-freiburg.de

1.2 History

The theory of projective transformations has a long and fascinating history. First non-trivial examples of projective transformations were discovered by Beltrami [3]. We describe their natural multi-dimensional generalization. Consider the sphere

S^{n def}= {(x_1, x_2, ..., x_{n+1}) ∈ R^{n+1} : x^2_1 + x^2 + ... + x^2_{n+1} = 1}

with the restriction of the Euclidean metric. Next, consider the mapping a : S^n → S^n given by a : v →^{A(v)}_{‖A(v)‖} , where A is an arbitrary non-degenerate linear transformation of R^{n+1}.

The mapping is clearly a diffeomorphism taking geodesics to geodesics. Indeed, the geodesics of g are great circles (the intersections of planes that go through the origin with the sphere). Since A is linear, it takes planes to planes. Since the normalization w →^w_{‖w‖} takes punctured planes to their intersections with the sphere, a takes great circles to great circles. Thus, a is a projective transformation. Evidently, if A is not proportional to an orthogonal transformation, a is not affine.

Beltrami investigated some examples of projective transformations. One of the first important papers on smooth families of projective transformations is due to Lie (see [40]). He formulated the problem of finding metrics (on surfaces) whose groups of projective transformations are bigger than the groups of isometries (the Lie Problem according to Fubini), and solved it assuming that the groups are big enough. For complete manifolds, this problem was formulated in Schouten [63].

The local theory of projective transformations was well understood thanks to efforts of several mathematicians including Dini [16], Schur [61], Levi-Civita [36], Fubini [20], Eisenhart [18], Cartan [11], Weyl [76] and Solodovnikov [65]. We will recall their results in Theorems 7,8,9,10.

The basic philosophical idea behind these results can be described as follows (see, for example, [75]): the Universe can be explained by its infinitesimal structure, and this infinitesimal structure is invariant with respect to a group of transformations.

Weyl studied projective transformations at the tensor level and found a number of tensor reformulations. He constructed the so-called projective Weyl tensor W [76], which is invariant with respect to projective transformations. We will recall the definition of W in Section 2.3 and use it is Section 3.5. E. Cartan [11], T. Y. Thomas [70], J. Douglas [17] and A. Lichnerowicz et al [38] studied groups of projective transformations at the level of affine connections, sprays and natural Hamiltonian systems. They introduced the so-called projective connection and Thomas projective parameters, which are invariant with respect to projective transformations.

Theorem 1 and Corollary 1 are known in mathematical folklore as the Lichnerowicz and Obata conjectures, respectively, although Lichnerowicz and Obata never formulated them explicitly. They were formulated as “well known classical conjectures” in several papers (see, for example, [58, 78, 23]).

Perhaps the name ”Lichnerowicz-Obata conjecture” appeared because of the similarity with the conformal Lichnerowicz conjecture (proved by Obata [59], Alekseevskii [1], Ferrand [19] and Schoen [62]).

Recall that in the time of Lichnerowicz and Obata projective and conformal transformations were studied by the same people and methods (see, for example, [13, 81]). A reason for this is that the tensor equations for conformal and projective infinitesimal transformations are very similar.

Projective transformations were extremely popular objects of study in 50’s–80’s. In particular, because of their possible applications in physics (see, for example, [60, 15]). One may consult the surveys [56] (more geometric one) and [2] (from the viewpoint of physics), which contain more than 500 references.

Most results on projective transformations require additional geometric assumptions written as tensor equations. For example, Corollary 1 was proven under the assumption that the metric is Einstein [12], Kähler [12], Ricci-flat [57], has negatively definite Ricci curvature [77] or has constant scalar curvature [78].

An important result which does not require additional tensor assumptions is due to Solodovnikov. He proved the Lichnerowicz conjecture under the assumptions that

• the dimension of the manifold is greater than two and

• that all objects (the metric, the manifold, the projective transformations) are real-analytic.

The statement itself can be found in [69], but the technique was mostly developed in [65, 66, 67, 68]. In Section 2.3 we will review the results of Solodovnikov that we use to prove Theorem 1. We will also use certain results of Solodovnikov in Section 3.5.

Both of the assumptions are important for Solodovnikov’s methods. His technique is based on a very accurate analysis of the behavior of the curvature tensor under projective transformations and completely fails in dimension two (compare Theorem 9 and Examples 1,2 from [55]). In addition, real analyticity is also important for his methods. Indeed, all of his global statements are based on it.

In dimension 2, Theorem 1 was announced in [52, 54] and proved in [55]. The technique for proving Theorem 1 in dimension two is not applicable for dimensions greater than two. It probably should be mentioned, that our proof of the Lichnerowicz-Obata conjecture in dimensions greater than two does not work in dimension two. The reason is that Theorems 8,9,10 are wrong in dimension two, and therefore all the results of Sections 3.2,3.4,3.5 are not applicable in the proof of Theorem 16. Note that Theorem 16 is still true in dimension two, see [55], but its proof in dimension two uses essentially different methods. It is based on the Kolokoltsov’s and Igarashi- Kiyohara-Sugahara’s description of quadratically integrable geodesics flows on complete surfaces, see [32, 33, 25, 28, 29, 8].

The new techniques which made it possible to prove the Lichnerowicz-Obata conjecture were introduced in [42, 71, 72, 46, 45]. The main observation is that the existence of projective diffeomorphisms allows one to construct commuting integrals for the geodesic flow (see Theorem 5 in Section 2.2). This technique has been used quite successfully for describing the topology of closed manifold admitting non-homothetic projective diffeomorphisms [44, 49, 47, 50, 51].

1.3 Counterexamples to Theorem 1 if one of the assumptions is omitted

All assumptions in Theorem 1 are important.

If the Lie group is not connected, a counterexample to Theorem 1 is possible only if the group is discrete. In this case, a counterexample exists already in dimension two. Consider the torus T^2 := R^2/_Z2 with the standard coordinates x, y ∈ (R mod 1) and a positive smooth nonconstant function f : (R mod 1) → R such that the metric

ds^2 := ( f(x) − 1 f(y) ) (√ f(x) dx^2 + 1 √ f(y) dy^2 )

is positive definite. Then, the diffeomorphism F : T^2 → T^2 given by F (x, y) := (y, x) takes the original metric to the metric ( f(y) − 1 f(x) ) (√ f(x) f(x) dx^2 + f(y) √ f(y) dy^2 ) . Hence, it is a projective transformation by Levi-Civita’s Theorem 7.

If the manifold is not complete, a counterexample is as follows (essentially, it was constructed in [40]). The method to construct this example and generalisations of this example to all dimensions is explained at the end of Section 4.1.

The metric (x, y are coordinates on R^2, C is a constant) is given by

exp(Cx) (exp(x) + exp(−x))^2 dx^2 + exp(−x) (exp(x) + exp(−x)) dy^2.

The projective vector field (= vector field whose flow takes geodesics to geodesics) is v := (1,^1_2 Cy). It is easy to check that the vector field is complete, i.e. it generates projective transformations, and that it is neither Killing nor affine vector field.

If we allow the manifold to have more than one connected component, one can construct noninteresting counterexamples as follows. The first component is the round sphere, where the group GL acts by projective transformations as in Beltrami’s example. The other components, on which the group GL acts identically, are manifolds of nonconstant curvature.

If the manifold is one-dimensional, every diffeomorphism is a projective transformation and only homotheties are affine transformations.

The next example shows that, even on a complete manifold, the existence of an non-affine projective vector field does not imply that the metric has constant sectional curvature. The example comes from the following observation. If the geodesic flow of a two-dimensional metric g admits three independent integrals, such that one of them is linear in velocities, the second is quadratic in velocities, and the third is the energy integral, then one can construct two projective vector fields. Indeed, by [42, 43], the existence of the quadratic integral allows us to construct a metric ḡ projectively equivalent to g. The linear integral gives us a Killing vector field v for g, which allows us to construct a Killing vector field v̄ for ḡ, see [30, 72]. Since v̄ preserved the geodesics of ḡ, it preserved the geodesics of g, i.e. it is a projective vector field for g. The assumption that the integrals are independent insures that the vector fields v̄ and v are linearly independent.

First examples of the metrics such that their geodesic flows admit such three integrals are known since Königs [34]. We will give only one example. Other examples can be constructed by the algorithm described above by using explicite formulas for the Königs metrics, which could be found for example in [26, 27].

The metric is (γ is a positive constant, x, y are standard coordinates on R^2)

(x^2 + y^2 + γ)(dx^2 + dy^2).

The independent integrals (in the standard coordinates (x, y, p_x, p_y) on T^∗R^2)) are

H := p_x^2 + p_y^2 x^2 + y^2 + γ , F_1 := xp_y − yp_x

F_2 := p_x^2y^2 − ( x^2 + γ ) p_y^2 x^2 + y^2 + γ F_3 := xyH − p_xp_y

And the projective vector fields are

v_1 := (y, −x) v_2 := ( (x^2 + γ)y, y^2x) ) v_3 := ( (x(y^2 − x^2 − γ), y(y^2 + γ − x^2) ) . (The first vector field is the Killing vector field corresponding to the integral F_1.)

Note that the vector fields v_2, v_3 are not complete and generate no diffeomorphism of R^2. In fact, they can not be complete by Theorem 1.

1.4 Acknowledgements

I would like to thank D. Alekseevskii for formulation of the problem, V. Bangert, A. Bolsinov, I. Hasegawa, M. Igarashi, K. Kiyohara, O. Kowalsky and K. Voss for useful discussions, R. Smirnov for grammatical corrections and DFG-programm 1154 (Global Differential Geometry) and Ministerium für Wissenschaft, Forschung und Kunst Baden-Württemberg (Eliteförderprogramm Postdocs 2003) for partial financial support.

2 Preliminaries: BM-structures, integrability, and Solodovnikov’s V (K) spaces

The goal of this section is to introduce the classical as well as new tools, which will be used in the proof of Theorem 1. In Sections 2.1,2.2, we introduce the notion ”BM-structure” and explain its relations to projective transformations and integrability; these are new instruments of the proof. In Section 2.3, we formulate in a convenient form classical results of Beltrami, Weyl, Levi-Civita, Fubini, de Vries and Solodovnikov. We will extensively use these results in Sections 3,4.

2.1 BM-structure

Let (M^n, g) be a Riemannian manifold of dimension n ≥ 2.

Definition 2. A BM-structure on (M^n, g) is a smooth self-adjoint (1, 1)-tensor L such that for every point x ∈ M^n and vectors u, v, w ∈ T_xM^n the following equation holds:

g((∇_uL)v, w) = 1 2 g(v, u) · dtrace_L(w) + 1 2 g(w, u) · dtrace_L(v), (1)

where trace_L is the trace of L.

The set of all BM-structures on (M^n, g) is denoted by B(M^n, g). It is a linear vector space, whose dimension is at least one, since the identity tensor Id^{def}= diag(1, 1, 1, ..., 1) is always a BM-structure.

Definition 3. Let g, ḡ be Riemannian metrics on M^n. They are projectively equivalent, if they have the same (unparameterized) geodesics.

The relation between BM-structures and projectively equivalent metrics is given by

Theorem 2 ([9]). Let g be a Riemannian metric. Suppose L is a self-adjoint positive-definite (1, 1)-tensor. Consider the metric ḡ defined by

ḡ(ξ, η) = 1 det(L) g(L^{−1}(ξ), η) (2)

for every tangent vectors ξ and η with the common foot point.

Then, the metrics g and ḡ are projectively equivalent, if and only if L is a BM-structure on (M^n, g).

An equivalent form of this theorem is

Corollary 2 ([9]). Let g, ḡ be Riemannian metrics on M^n.

Then, they are projectively equivalent, if and only if the tensor L defined by

L^i_j^{def}= ( det(ḡ) det(g)

) 1_{n+1 n}∑ α=1 ḡ^{iα}g_{αj} (3)

is a BM-structure on (M^n, g).

A one-parameter group of projective transformations of (M^n, g) gives us a one parameter family of BM-structures, whose derivative is also a BM-structure:

Theorem 3 (Infinitesimal version of Theorem 2). Let F_t, where t ∈ R, be a smooth oneparameter family of projective transformations of (M^n, g). Consider the (1,1)-tensor A given by A^i_j^{def}= n∑ α=1 g^{iα} (Lg)_{αj} , (4)

where Lg denotes the Lie derivative with respect to F_t (so that (Lg)_{αj} = −^d_{dt} ((F^∗_t g)_{αj} )_{|t=0}) and g^{ij} is the inverse of g_{ij} . Then, A −^1_{n+1} trace_A · Id is a BM-structure on (M^n, g).

Proof: For every t, let us denote by g_t the pull-back F^∗_t g. Fix a point x ∈ M^n and a coordinate system in T_xM^n. Then, we can view g_t and g as matrices. Clearly, g_0 = g. Since F_t consists of projective transformations, by Corollary 2 for every t ∈ R the tensor

L_t^{def}= ( det(g_t) det(g)

) 1_{n+1}

g^{−1}_t g satisfies the equation

g((∇_uL_t)v, w) = 1 2 g(v, u) · dtrace_{Lt} (w) + 1 2 g(w, u) · dtrace_{Lt} (v) (5)

for every u, v, w ∈ T_xM^n. Differentiating this equation by t and substituting t = 0, we obtain

g (( ∇_u ( d dt L_t ) |t=0 ) v, w ) = 1 2 g(v, u) · dtrace( d_{dt Lt})_{|t=0} (w) + 1 2 g(w, u) · dtrace( d_{dt Lt})_{|t=0} (v),

so that

(_d dt L_t ) |t=0 is a BM-structure on M

n. Now, let us calculate it. ( d dt L_t ) |t=0 = ( det(g_t) det(g)

) 1_{n+1}

|t=0 ( d dt g^{−1}_t ) |t=0 g + ( d dt ( det(g_t) det(g)

) 1_{n+1} )

|t=0 ( g^{−1}_t g ) |t=0

= ( d dt g^{−1}_t ) |t=0 g + ( d dt ( det(g_t) det(g)

) 1_{n+1} )

|t=0 Id

= − ( g^{−1}_t ) |t=0 ( d dt g_t ) |t=0 ( g^{−1}_t ) |t=0 g + 1 n + 1 ( d dt det(g_t) det(g) ) |t=0 Id = g^{−1}Lg − 1 n + 1 trace_g−1_{Lg} Id.

Thus, L := A −^1_{n+1} trace_AId is a BM-structure. Theorem 3 is proven. For use in future we recall one more property of BM-structures:

Theorem 4 ([9],[48]). The Nijenhuis torsion of a BM-structure vanishes.

2.2 Integrals for geodesic flows of metrics admitting BM-structure

Objects similar to BM-structures on Riemannian manifolds appear quite often in the theory of integrable systems (see, for example [4, 5, 6, 24, 14]). The relation between BM-structures and integrable geodesic flows is observed on the level of projective equivalence in [42], on the level of projective transformations in [73] and is as follows:

Let L be a self-adjoint (1, 1)-tensor on (M^n, g). Consider the family S_t of (1, 1)-tensors

S_t^{def}= det(L − t Id) (L − t Id)^{−1} , t ∈ R. (6)

Remark 1. Although (L − t Id)^{−1} is not defined for t lying in the spectrum of L, the tensor S_t is well-defined for every t. Moreover, S_t is a polynomial in t of degree n − 1 with coefficients being (1,1)-tensors.

We will identify the tangent and cotangent bundles of M^n by g. This identification allows us to transfer the natural Poisson structure from T^∗M^n to T M^n.

Theorem 5 ([71, 42, 72, 73]). If L is a BM-structure, then, for every t_1, t_2 ∈ R, the functions

I_{ti} : T M^n → R, I_{ti} (v)^{def}= g(S_{ti} (v), v) (7)

are commuting integrals for the geodesic flow of g.

Since L is self-adjoint, its eigenvalues are real. Denote by λ_1(x) ≤ ... ≤ λ_n(x) the eigenvalues of L at each x ∈ M^n. λ_i are continuous functions on the manifold. They are smooth at typical points, see Definition 4 below.

Corollary 3. Let (M^n, g) be a connected Riemannian manifold such that every two points can be connected by a geodesic. Suppose L is a BM-structure on (M^n, g). Then, for every i ∈ {1, ..., n−1}, for every x, y ∈ M^n, the following statements hold:

1. λ_i(x) ≤ λ_{i+1}(y).

2. If λ_i(x) < λ_{i+1}(x), then λ_i(z) < λ_{i+1}(z) for almost every point z ∈ M^n.

A slightly different version of this corollary was proven in [51, 72]. The proof will be recalled in Section 3.1, to be used in what follows.

At every point x ∈ M^n, denote by N_L(x) the number of different eigenvalues of the BMstructure L at x.

Definition 4. A point x ∈ M^n will be called typical with respect to the BM-structure L, if

N_L(x) = max_{y∈M n} N_L(y).

Corollary 4. Let L be a BM-structure on a connected Riemannian manifold (M^n, g). Then, almost every point of M^n is typical with respect to L.

Proof: Consider points x, y ∈ M^n such that x is typical. Our goal is to prove that almost every point in a small ball around y is typical as well. Consider a path γ ∈ M^n connecting x and y. For every point z ∈ γ, there exists ϵ_z > 0 such that the open ball with center in z and radius ϵ_z is convex. Since γ is compact, the union of a finite number of such balls contains the whole path γ. Therefore, there exists a finite sequence of convex balls B_1, B_2, ..., B_m such that

• B_1 contains x.

• B_m contains y.

• For every i = 1, ..., m − 1, the intersection B_i ⋂ B_{i+1} is not empty.

Since the balls are convex, every two points of every ball can be connected by a geodesic. Using that for a fixed i the set {x ∈ M^n : λ_i(x) < λ_{i+1}(x)} is evidently open, by Corollary 3, almost every point of B_1 is typical. Then, there exists a typical point in the ball B_2. Hence, almost all points of B_2 are typical. Applying this argument m − 2 times, we obtain that almost all points of B_m are typical. Corollary 4 is proven.

2.3 Projective Weyl tensor, Beltrami Theorem, Levi-Civita’s Theorem and Solodovnikov’s V (K)-metrics

Let g be a Riemannian metric on M^n of dimension n. Let R^i_{jkl} and R_{ij} be the curvature and the Ricci tensors of g. The tensor

W^i_{jkl} := R^i_{jkl} − 1 n − 1 ( δ^i_l R_{jk} − δ^i_k R_{jl} ) (8) is called the projective Weyl tensor.

Theorem 6 ([76]). Consider Riemannian metrics g and ḡ on M^n. Then, the following statements hold:

1. If the metrics are projectively equivalent, then their projective Weyl tensors coincide.

2. Assume n ≥ 3. The projective Weyl tensor of g vanishes if and only if the sectional curvature of g is constant.

Corollary 5 (Beltrami Theorem [41, 61]). If there exists a projective diffeomorphism between two Riemannian manifolds, and if one of them has constant sectional curvature, then so does the other.

Formally speaking, Corollary 5 follows from Theorem 6 for dimensions greater than two only. For dimension two, Corollary 5 was proven by Beltrami himself in [3].

Corollary 6. Let F : M^n_1 → M^n_2 be a projective diffeomorphism between complete Riemannian manifolds (M^n_i , g_i), i = 1, 2, of dimension n ≥ 2. Then, if g_1 has constant negative sectional curvature, F is a homothety. Moreover, if g_1 is flat, F is affine.

Corollary 6 is a mathematical folklore. Unfortunately, we did not find a classical reference for it. If g_1 is flat, Corollary 6 can be found in every good textbook on linear algebra. If the curvature of g_1 is negative, under the assumption that the dimension is two, Corollary 6 was proven in [10]. The case of arbitrary dimension trivially follows from the two-dimensional case, since in every two-dimensional direction there exists a totally geodesic complete submanifold.

In view of Theorem 2, the next theorem is equivalent to the classical Levi-Civita’s Theorem from [36].

Theorem 7 (Levi-Civita’s Theorem). The following statements hold:

1. Let L be a BM-structure on (M^n, g). Let x ∈ M^n be typical. Then, there exists a coordinate system x̄ = (x̄_1, ..., x̄_m) in a neighborhood U(x) containing x, where x̄_i = (x^1_i , ..., x^{ki}_i ), (1 ≤ i ≤ m), such that L is diagonal

diag(ϕ_1, ..., ϕ_1

k_1

, ...., ϕ_m, ..., ϕ_m

k_m

), (9)

and the quadratic form of the metric g is given by

g( ˙x̄, ˙x̄) = P_1(x̄)A_1(x̄_1, ˙x̄_1) + P_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + + P_m(x̄)A_m(x̄_m, ˙x̄_m), (10)

where A_i(x̄_i, ˙x̄_i) are positive-definite quadratic forms in the velocities ˙x̄_i with coefficients depending on x̄_i,

P_i^{def}= (ϕ_i − ϕ_1) · · · (ϕ_i − ϕ_{i−1})(ϕ_{i+1} − ϕ_i) · · · (ϕ_m − ϕ_i),

and ϕ_1 < ϕ_2 < ... < ϕ_m are smooth functions such that

ϕ_i = { ϕ_i(x̄_i), if k_i = 1, constant, k_i > 1.

2. Let g be a Riemannian metric and L be a (1,1)-tensor. If in a neighborhood U ⊂ M^n there exist coordinates x̄ = (x̄_1, ..., x̄_m) such that L and g are given by formulas (9, 10), then the restriction of L to U is a BM-structure for the restriction of g to U.

Remark 2. In Levi-Civita’s coordinates from Theorem 7, the metric ḡ given by (2) has the form

ḡ( ˙x̄, ˙x̄) = ρ_1P_1(x̄)A_1(x̄_1, ˙x̄_1) + ρ_2P_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + + ρ_mP_m(x̄)A_m(x̄_m, ˙x̄_m), (11)

where

ρ_i = 1 ϕ^{k1}_1 ...ϕ^{km}_m 1 ϕ_i

The metrics g and ḡ are affine equivalent (i.e., they have the same Levi-Civita connections) if and only if all functions ϕ_i are constant.

Let p be a typical point with respect to the BM-structure L. Fix i ∈ 1, ..., m and a small neighborhood U of p. At every point of U, consider the eigenspace V_i with the eigenvalue ϕ_i. If the neighborhood is small enough, it contains only typical points and V_i is a distribution. By Theorem 4, it is integrable. Denote by M_i(p) the integral manifold containing p.

Levi-Civita’s Theorem says that the eigenvalues ϕ_j , j ≠ i, are constant on M_i(p), and that the restriction of g to M_i(p) is proportional to the restriction of g to M_i(q), if it is possible to connect q and p by a line orthogonal to M_i and containing only typical points. Actually, in view of [22], the first observation follows already from Theorem 4. We will need the second observation later and formulate it in the form of the following

Corollary 7. Let L be a BM-structure for a connected Riemannian manifold (M^n, g). Suppose the curve γ : [0, 1] → M^n contains only typical points and is orthogonal to M_i(p) at every point p ∈ Image(γ). Let the multiplicity of the eigenvalue ϕ_i at every point of the curve be greater than one. Then, the restriction of the metric to M_i(γ(0)) is proportional to the restriction of the metric to M_i(γ(1)) (i.e., there exists a diffeomorphism of a small neighborhood U_i(γ(0)) ⊂ M_i(γ(0)) to a small neighborhood U_i(γ(1)) ⊂ M_i(γ(1)) taking the restriction of the metric g to M_i(γ(0)) to a metrics proportional to the restriction of the metric g to M_i(γ(1))).

Definition 5. Let (M^n, g) be a Riemannian manifold. We say that the metric g has a warped decomposition near x ∈ M^n, if a neighborhood U^n of x can be split in the direct product of disks D^{k0} × · · · × D^{km} , k_0 + · · · + k_m = n, such that the metric g has the form

g_0 + σ_1g_1 + σ_2g_2 + · · · + σ_mg_m, (12)

where the ith metric g_i is a Riemannian metric on the corresponding disk D^{ki} , and functions σ_i are functions on the disk D^{k0} . The metric

g_0 + σ_1dy^2_1 + σ_2dy^2 + · · · + σ_mdy^2_m (13)

on D^{k0} × R^m is called the adjusted metric.

We will always assume that k_0 is at least 1. Adjusted metric has a very clear geometric sense. Take a point p = (p_0, · · · , p_m) ∈ D^{k0} × · · · × D^{km} . At every disk D^{ki} , i = 1, · · · , m consider a geodesic segment γ_i ∈ D^{ki} passing through p_i. Consider now the product

M_A := D^{k0} × γ_1 × γ_2 × · · · × γ_m

as a submanifold of D^{k0} × · · · × D^{km} . As easily follows from Definition 5,

• M_A is a totally geodesic submanifold.

• The restriction of the metric (12) to M_A is (isometric to) the adjusted metric.

Comparing formulas (10,12), we see that if L has at least one simple eigenvalue at a typical point, Levi-Civita’s Theorem gives us a warped decomposition near every typical point of M^n: the metric g_0 collects all P_iA_i from (10) such that ϕ_i has multiplicity one, the metrics g_1, · · · , g_m coincide with A_j for multiple ϕ_j , and σ_j = P_j .

Definition 6 ([65, 67, 68, 64]). Let K be a constant. A metric g is called a V (K)-metric near x ∈ M^n (n ≥ 3), if there exist coordinates in a neighborhood of x such that g has the Levi-Civita form (10) for which the adjusted metric has constant sectional curvature K.

The definition above is independent of the choice of the Levi-Civita’s form for g:

Theorem 8 ([65, 66, 67, 68]). Suppose g is a V (K)-metric near x ∈ M^n. Assume n ≥ 3. The following statements hold:

1. If there exists another presentation of g (near x) in the form (10), then the sectional curvature of the adjusted metric constructed for this other decomposition is constant and is equal to K.

2. Consider the metric (10). For every i = 1, · · · , m, denote

g(grad(P_i), grad(P_i)) 4 P_i

+ KP_i (14)

by K_i. Then, the metric (12) has constant sectional curvature if and only if for every i ∈ 0, · · · , m such that k_i > 1 the metric A_i has constant sectional curvature K_i. More precisely, if the metric (12) is a V (K)-metric, if k_1 > 1 and if the metric A_1 has constant sectional curvature K_1, then the metric g_0 + P_1A_1 has constant sectional curvature K.

3. For a fixed presentation of g in the Levi-Civita form (10), for every i such that k_i > 1, K_i is a constant.

The first statement of Theorem 8 is proven in §3, §7 of [65]. In the form sufficient for our paper, it appeared already in [74]; although it is hidden there. The second and the third statements can be found, for example, in §8 of [65]. The relation between V (K)-metrics and BM-structures is given by

Theorem 9 ([67, 68]). Let (D^n, g) be a disk of dimension n ≥ 3 with two BM-structures L_1 and L_2 such that every point of the disk is typical with respect to both structures and the BM-structures Id, L_1, L_2 are linearly independent. Assume that at least one eigenvalue of L_1 is simple.

Then, g is a V (K)-metric near every point.

A partial case of this theorem is

Theorem 10 (Fubini’s Theorem [20, 21]). Let (D^n, g) be a disk of dimension n ≥ 3 with two BM-structures L_1 and L_2 such that N_{L1} = N_{L2} = n at every point. If the BM-structures Id, L_1, L_2 are linearly independent, then g has constant curvature.

3 Global theory of projectively equivalent metrics

The goal of this section is to provide necessary tools for Section 4.

3.1 The eigenvalues of a BM-structure are globally ordered

Within this section we assume that (M^n, g) is a Riemannian manifold such that every two points can be connected by a geodesic. Our goal is to prove Corollary 3. We need the following technical lemma. For every fixed v = (ξ_1, ξ_2, · · · , ξ_n) ∈ T_xM^n, the function (7) is a polynomial in t. Consider the roots of this polynomial. From the proof of Lemma 1, it will be clear that they are real. We denote them by t_1(x, v) ≤ t_2(x, v) ≤ · · · ≤ t_{n−1}(x, v).

Lemma 1 ([51, 53]). The following holds for every i ∈ {1, · · · , n − 1}:

1. For every v ∈ T_xM^n, λ_i(x) ≤ t_i(x, v) ≤ λ_{i+1}(x).

In particular, if λ_i(x) = λ_{i+1}(x), then t_i(x, v) = λ_i(x) = λ_{i+1}(x).

2. If λ_i(x) < λ_{i+1}(x), then for every τ ∈ R the Lebesgue measure of the set

V_τ ⊂ T_xM^n, V_τ^{def}= {v ∈ T_xM^n : t_i(x, v) = τ},

is zero.

Proof: By definition, the tensor L is self-adjoint with respect to g. Then, for every x ∈ M^n, there exist ”diagonal” coordinates in T_xM^n such that the metric g is given by the diagonal matrix diag(1, 1, · · · , 1) and the tensor L is given by the diagonal matrix diag(λ_1, λ_2, · · · , λ_n). Then, the tensor (6) reads:

S_t = det(L − tId)(L − tId)^{(−1)} = diag(Π_1(t), Π_2(t), · · · , Π_n(t)),

where the polynomials Π_i(t) are given by the formula

Π_i(t)^{def}= (λ_1 − t)(λ_2 − t)...(λ_{i−1} − t)(λ_{i+1} − t)...(λ_{n−1} − t)(λ_n − t).

Hence, for every v = (ξ_1, · · · , ξ_n) ∈ T_xM^n, the polynomial I_t(x, v) is given by

I_t = ξ^2_1 Π_1(t) + ξ^2 Π_2(t) + · · · + ξ^2_nΠ_n(t). (15)

Evidently, the coefficients of the polynomial I_t depend continuously on the eigenvalues λ_i and on the components ξ_i. Then, it is sufficient to prove the first statement of the lemma assuming that the eigenvalues λ_i are all different and that ξ_i are non-zero. For every α ≠ i, we evidently have Π_α(λ_i) ≡ 0. Then,

I_{λi} = n∑ α=1 Π_α(λ_i)ξ^2_α = Π_i(λ_i)ξ^2_i .

Hence I_{λi} (x, v) and I_{λi+1} (x, v) have different signs. Hence, the open interval ]λ_i, λ_{i+1}[ contains a root of the polynomial I_t(x, v). The degree of the polynomial I_t is equal n − 1; we have n − 1 disjoint intervals; every interval contains at least one root so that all roots are real and the ith root lies between λ_i and λ_{i+1}. The first statement of Lemma 1 is proven.

Let us prove the second statement of Lemma 1. Assume λ_i < λ_{i+1}. Suppose first λ_i < τ < λ_{i+1}. Then, the set V_τ^{def}= {v ∈ T_xM^n : t_i(x, v) = τ},

consists of the points v such that the function I_τ (x, v)^{def}= (I_t(x, v))_{|t=τ} is zero. Then, V_τ is a nontrivial quadric in T_xM^n ≡ R^n and, hence, has zero measure.

Now suppose τ is an endpoint of the interval [λ_i, λ_{i+1}]. Without loss of generality, we can assume τ = λ_i. Let k be the multiplicity of the eigenvalue λ_i. Then, every coefficient Π_α(t) of the quadratic form (15) has the factor (λ_i − t)^{k−1}. Hence,

Î_t^{def}= I^t (λ_i − t)^{k−1}

is a polynomial in t and Î_τ is a nontrivial quadratic form. Evidently, for every point v ∈ V_τ , we have Î_τ (v) = 0 so that the set V_τ is a subset of a nontrivial quadric in T_xM^n and, hence, has zero measure. Lemma 1 is proven.

Proof of Corollary 3: The first statement of Corollary 3 follows immediately from the first statement of Lemma 1: Let us join the points x, y ∈ M^n by a geodesic γ : R → M^n, γ(0) = x, γ(1) = y. Consider the one-parametric family of integrals I_t(x, v) and the roots

t_1(x, v) ≤ t_2(x, v) ≤ · · · ≤ t_{n−1}(x, v).

By Theorem 5, every root t_i is constant on every orbit (γ, γ̇) of the geodesic flow of g so that

t_i(γ(0), γ̇(0)) = t_i(γ(1), γ̇(1)).

Using Lemma 1, we obtain

λ_i(γ(0)) ≤ t_i(γ(0), γ̇(0)), and t_i(γ(1), γ̇(1)) ≤ λ_{i+1}(γ(1)).

Thus λ_i(γ(0)) ≤ λ_{i+1}(γ(1)) and the first statement of Corollary 3 is proven.

Let us prove the second statement of Corollary 3. Suppose λ_i(y) = λ_{i+1}(y) for every point y of some subset V ⊂ M^n. Then, λ_i is a constant on V (i.e., λ_i is independent of y ∈ V ). Indeed, by the first statement of Corollary 3,

λ_i(y_0) ≤ λ_{i+1}(y_1) and λ_i(y_1) ≤ λ_{i+1}(y_0),

so that λ_i(y_0) = λ_i(y_1) = λ_{i+1}(y_1) = λ_{i+1}(y_0) for every y_0, y_1 ∈ V .

We denote this constant by τ. Let us join the point x with every point of V by all possible geodesics. Consider the set V_τ ⊂ T_xM^n of the initial velocity vectors (at the point x) of these geodesics.

By the first statement of Lemma 1, for every geodesic γ passing through at least one point of V , the value t_i(γ, γ̇) is equal to τ. By the second statement of Lemma 1, the measure of V_τ is zero. Since the set V lies in the image of the exponential mapping of V_τ , the measure of the set V is also zero. Corollary 3 is proven.

3.2 Local theory: behavior of BM-structure near non-typical points.

Within this section we assume that L is a BM-structure on a connected (M^n, g). As in Section 2.2, we denote by λ_1(x) ≤ · · · ≤ λ_n(x) the eigenvalues of L, and by N_L(x) the number of different eigenvalues of L at x ∈ M^n.

Theorem 11. Suppose the eigenvalue λ_1 is not constant, the eigenvalue λ_2 is constant and N_L = 2 in a typical point. Let p be a non-typical point. Then, the following statements hold:

1. The spheres of small radius with center in p are orthogonal to the eigenvector of L corresponding to λ_1, and tangent to the eigenspace of L corresponding to λ_2. In particular, the points q such that λ_1(q) = λ_2 are isolated.

2. For every sphere of small radius with center in p, the restriction of g to the sphere has constant sectional curvature.

Proof: Since λ_1 is not constant, it is a simple eigenvalue in every typical point. Since N_L = 2, the roots λ_2, λ_3, · · · , λ_n coincide at every point and are constant. We denote this constant by λ. By Lemma 1, at every point (x, ξ) ∈ T_xM^n, the number λ is a root of multiplicity at least n − 2 of the polynomial I_t(x, ξ). Then,

I^′_t(x, ξ) :=

I_t(x, ξ) (λ − t)^{n−2}

is a linear function in t and, for every fixed t, is an integral of the geodesic flow of g. Denote by Ĩ : T M → R the function Ĩ(x, ξ) := I^′_λ(x, ξ) := (I^′_t(x, ξ))_{|t=λ} .

Since λ is a constant, the function Ĩ is an integral of the geodesic flow of g. At every tangent space T_xM^n, consider the coordinates such that the metric is given by diag(1, · · · , 1) and L is given by diag(λ_1, λ, · · · , λ). By direct calculations we see that the restriction of Ĩ to T_xM^n is given by (we assume ξ = (ξ_1, ξ_2, · · · , ξ_n))

Ĩ_{|Tx M n} (ξ) = (λ_1(x) − λ)(ξ^2 + · · · + ξ^2_n).

Thus, for every geodesic γ passing through p, the value of Ĩ(γ(τ), γ̇(τ)) is zero. Then, for every typical point of such geodesic, since λ_1 < λ, the components ξ_2, · · · , ξ_n of the velocity vector vanish. Finally, the velocity vector is an eigenvector of L with the eigenvalue λ_1.

Then, the points where λ_1 = λ are isolated: otherwise we can pick two such points p_1 and p_2 lying in a ball with radius less than the radius of injectivity. Then, for almost every point q of the ball, the geodesics connecting q with p_1 and p_2 intersect transversally at q. Then, the point q is non-typical; otherwise the eigenspace of λ_1 contains the velocity vectors of geodesics and is not one-dimensional. Finally, almost every point of the ball is not typical, which contradicts Corollary 4. Thus, the points where λ_1 = λ are isolated.

It is known (Lemma of Gauß), that the geodesics passing through p intersect the spheres of small radius with center in p orthogonally. Since the velocity vectors of such geodesics are eigenvectors of L with eigenvalue λ_1, then the eigenvector with eigenvalue λ_1 is orthogonal to the spheres of small radius with center in p. Since L is self-adjoint, the spheres are tangent to the eigenspaces of λ. The first statement of Theorem 11 is proven.

The second statement of Theorem 11 is trivial, if n = 2. In order to prove the second statement for n ≥ 3, we will use Corollary 7. The role of the curve γ from Corollary 7 plays the geodesic passing through p. We put i = 2. By the first statement of Theorem 11, M_i(x) are spheres with center in p. Then, by Corollary 7, for every sufficiently small spheres S_{ϵ1} and S_{ϵ2} with center in p, the restriction of g to the first sphere is proportional to the restriction of g to the second sphere. Since for very small values of ϵ the metric in a ϵ-ball is very close to the Euclidean metric, the restriction of g to the ϵ-sphere is close to the round metric of the sphere. Thus, the restriction of g to every (sufficiently small) sphere with center in p has constant sectional curvature. Theorem 11 is proven.

Theorem 12. Suppose N_L = 3 at a typical point and there exists a point where N_L = 1. Then, the following statements hold:

1. There exist points p_1, p_n such that λ_1(p_1) < λ_2(p_1) = λ_n(p_1) and λ_1(p_n) = λ_2(p_n) < λ_n(p_n).

2. The points p such that N_L(p) = 1 are isolated.

Proof: Let us prove the first statement. Suppose λ_1(p_2) = λ_2(p_2) = ... = λ_n(p_2) and the number of different eigenvalues of L at a typical point equals three. Then, by Corollary 3, the eigenvalues λ_2 = ... = λ_{n−1} are constant. We denote this constant by λ. Take a ball B of small radius with center in p_2. We will prove that this ball has a point p_1 such that λ_1(p_1) < λ_2 = λ_n(p_1); the proof that there exists a point where λ_1 = λ_2 < λ_n is similar. Take p ∈ B such that λ_1(p) < λ and λ_1(p) is a regular value of the function λ_1. Denote by M̌_1(p) the connected component of {q ∈ M^n : λ_1(q) = λ_1(p)} containing the point p. Since λ_1(p) is a regular value, M̌_1(p) is a submanifold of codimension 1. Then, there exists a point p_1 ∈ M̌_1(p) such that the distance from this point to p_2 is minimal over all points of M̌_1(p).

Let us show that λ_1(p_1) < λ = λ_n(p_1). The inequality λ_1(p_1) < λ is fulfilled by definition, since p_1 ∈ M̌_1(p). Let us prove that λ_n(p_n) = λ.

Consider the shortest geodesic γ connecting p_2 and p_1. We will assume γ(0) = p_1 and γ(1) = p_2. Consider the values of the roots t_1 ≤ · · · ≤ t_{n−1} of the polynomial I_t at the points of the geodesic orbit (γ, γ̇). Since I_t are integrals, the roots t_i are independent of the point of the orbit. Since the geodesic passes through the point where λ_1 = ... = λ_n, by Lemma 1, we have

t_1 = ... = t_{n−1} = λ. (16)

Since the distance from p_1 to p_2 is minimal over all points of M̌_1, the velocity vector γ̇(0) is orthogonal to M̌_1. By Theorem 4 and [22], the sum of eigenspaces of L corresponding to λ and λ_n is tangent to M̌_1. Hence, the vector γ̇(0) is an eigenvector of L with eigenvalue λ_1.

At the tangent space T_{p1} M^n, choose a coordinate system such that L is diagonal diag(λ_1, · · · , λ_n) and g is Euclidean diag(1, · · · , 1). In this coordinate system, I_t(ξ) is given by (we assume ξ = (ξ_1, · · · , ξ_n))

(λ − t)^{n−3} ( (λ_n − t)(λ − t)ξ^2_1 + (λ_n − t)(λ_1 − t)(ξ^2 + · · · + ξ^2_{n−1}) + (λ_1 − t)(λ − t)ξ^2_n ) . (17)

Since γ̇(0) is an eigenvector of L with eigenvalue λ_1, the last n − 1 components of γ̇(0) vanish, so that t_{n−1} = λ_n. Comparing this with (16), we see that λ_n(p_1) = λ. The first statement of Theorem 12 is proven.

Now let us prove the second statement. We suppose that in a small convex ball B ⊂ M^n there exists four points p^′, p^{′′}, p^{′′′}, p^{′′′′} with N_L = 1, and will find a contradiction. By Corollary 4, almost every point p of the ball is typical. Clearly, for almost every typical point p of the ball the geodesics connecting the point with p^′, p^{′′}, p^{′′′}, p^{′′′′} intersect mutually-transversally in p. Since these geodesic pass through points where λ_1 = ... = λ_n, by Lemma 1, the roots t_1, t_2, · · · , t_{n−1} on the geodesics are all equal to λ. If the point p is typical, the restriction of I_t to T_pM^n has the form (17). Then, if (ξ^′_1, · · · , ξ^′_n), (ξ^{′′}_1 , · · · , ξ^{′′}_n), (ξ^{′′′}_1 , · · · , ξ^{′′′}_n ), (ξ^{′′′′}_1 , · · · , ξ^{′′′′}_n ) are the coordinates of velocity vectors of the geodesics at p, the sums ((ξ^′_2)^2 + · · · + (ξ^′_{n−1})^2), ((ξ^{′′}_2 )^2 + · · · + (ξ^{′′}_{n−1})^2), ((ξ^{′′′}_2 )^2 + · · ·+ (ξ^{′′′}_{n−1})^2), ((ξ^{′′′′}_2 )^2 + · · ·+ (ξ^{′′′′}_{n−1})^2) vanish and the following system of equations holds:

(λ_n − λ)(ξ^′_1)^2 + (λ_1 − λ)(ξ^′_n)^2 = 0 (λ_n − λ)(ξ^{′′}_1 )^2 + (λ_1 − λ)(ξ^{′′}_n )^2 = 0 (λ_n − λ)(ξ^{′′′}_1 )^2 + (λ_1 − λ)(ξ^{′′′}_n )^2 = 0 (λ_n − λ)(ξ^{′′′′}_1 )^2 + (λ_1 − λ)(ξ^{′′′′}_n )^2 = 0

Thus, at least two of the vectors (ξ^′_1, · · · , ξ^′_n) and (ξ^{′′}_1 , · · · , ξ^{′′}_n) are proportional. Then, there exists a pair of geodesics that do not intersect transversally at p. The contradiction shows that the points where N_L = 1 are isolated. Theorem 12 is proven.

3.3 Splitting Lemma

Definition 7. A local-product structure on M^n is the triple (h, B_r, B_{n−r}), where h is a Riemannian metric and B_r, B_{n−r} are transversal foliations of dimensions r and n−r, respectively (it is assumed that 1 ≤ r < n), such that every point p ∈ M^n has a neighborhood U(p) with coordinates (x̄, ȳ) = ( (x_1, x_2, · · · , x_r), (y_{r+1}, y_{r+2}, · · · , y_n) ) such that the x-coordinates are constant on every leaf of the foliation B_{n−r} ∩U(p), the y-coordinates are constant on every leaf of the foliation B_r ∩ U(p), and the metric h is block-diagonal such that the first (r × r) block depends on the x-coordinates and the last ((n − r) × (n − r)) block depends on the y-coordinates.

A model example of manifolds with local-product structure is the direct product of two Riemannian manifolds (M^r_1 , g_1) and (M^{n−r}_2 , g_2). In this case, the leaves of the foliation B_r are the products of M^r_1 and the points of M^{n−r}_2 , the leaves of the foliation B_{n−r} are the products of the points of M^r_1 and M^{n−r}_2 , and the metric h is the product metric g_1 + g_2.

Below we assume that (a) L is a BM-structure for a connected (M^n, g).

(b) There exists r, 1 ≤ r < n, such that λ_r < λ_{r+1} at every point of M^n. We will show that (under the assumptions (a,b)) we can naturally define a local-product structure (h, B_r, B_{n−r}) such that the (tangent spaces to) leaves of B_r and B_{n−r} are invariant with respect to L, and such that the restrictions L_{|Br} , L_{|Bn−r} are BM-structures for the metrics h_{|Br} , h_{|Bn−r} , respectively.

At every point x ∈ M^n, denote by V^r_x the subspaces of T_xM^n spanned by the eigenvectors of L corresponding to the eigenvalues λ_1, · · · , λ_r. Similarly, denote by V^{n−r}_x the subspaces of T_xM^n spanned by the eigenvectors of L corresponding to the eigenvalues λ_{r+1}, · · · , λ_n. By assumption, for every i, j such that i ≤ r < j, we have λ_i ≠ λ_j so that V^r_x and V^{n−r}_x are two smooth distributions on M^n. By Theorem 4, the distributions are integrable so that they define two transversal foliations B_r and B_{n−r} of dimensions r and n − r, respectively.

By construction, the distributions V_r and V_{n−r} are invariant with respect to L. Let us denote by L_r, L_{n−r} the restrictions of L to V_r and V_{n−r}, respectively. We will denote by χ_r, χ_{n−r} the characteristic polynomials of L_r, L_{n−r}, respectively. Consider the (1,1)-tensor

C^{def}= ((−1)^rχ_r(L) + χ_{n−r}(L))

and the metric h given by the relation

h(u, v)^{def}= g(C^{−1}(u), v)

for every vectors u, v. (In the tensor notations, the metrics h and g are related by g_{ij} = h_{iα}C^α_j ).

Lemma 2 (Splitting Lemma). The following statements hold:

1. The triple (h, B_r, B_{n−r}) is a local-product structure on M^n.

2. For every leaf of B_r, the restriction of L to it is a BM-structure for the restriction of h to it. For every leaf of B_{n−r}, the restriction of L to it is a BM-structure for the restriction of h to it.

Proof: First of all, h is a well-defined Riemannian metric. Indeed, take an arbitrary point x ∈ M^n. At the tangent space to this point, we can find a coordinate system such that the tensor L and the metric g are diagonal. In this coordinate system, the characteristic polynomials χ_r, χ_{n−r} are given by (−1)^rχ_r = (t − λ_1)(t − λ_2)...(t − λ_r) χ_{n−r} = (λ_{r+1} − t)(λ_{r+2} − t)...(λ_n − t). (18)

Then, the (1,1)-tensor C = ((−1)^rχ_r(L) + χ_{n−r}(L)) is given by the diagonal matrices

diag n∏ j=r+1

(λ_j − λ_1), · · · , n∏ j=r+1

(λ_j − λ_r), r∏ j=1 (λ_{r+1} − λ_j ), · · · , r∏ j=1 (λ_n − λ_j )

, (19)

We see that the tensor is diagonal and that all diagonal components are positive. Then, the tensor C^{−1} is well-defined and h is a Riemannian metric.

By construction, B_r and B_{n−r} are well-defined transversal foliations of dimensions r and n − r. In order to prove Lemma 2, we need to verify that, locally, the triple (h, B_r, B_{n−r}) is as in Definition 7, that the restriction of L to a leaf is a BM-structure for the restriction of h to the leaf.

It is sufficient to verify these two statements at almost every point of M^n. Indeed, since the foliations and the metric are globally-given and smooth, if the restrictions of g and L to a leaf satisfies Definitions 7,2 at almost every point, then it satisfies Definitions 7,2 at every point.

Thus, by Corollary 4, it is sufficient to prove the Splitting Lemma near every typical point. Consider Levi-Civita’s coordinates x̄_1, · · · , x̄_m from Theorem 7 near a typical point. As in Levi- Civita’s Theorem, we denote by ϕ_1 < · · · < ϕ_m the different eigenvalues of L. In Levi-Civita’s coordinates, the matrix of L is diagonal

diag ϕ1, · · · , ϕ1

k_1

, · · · , ϕ_m, · · · , ϕ_m

k_m

= diag(λ1, · · · , λn).

Consider s such that ϕ_s = λ_r (clearly, k_1 +· · ·+k_s = r). Then, by constructions of the foliations B_r and B_{n−r}, the coordinates x̄_1, · · · , x̄_s are constant on every leaf of the foliation B_{n−r}, the coordinates x̄_{s+1}, · · · , x̄_m are constant on every leaf of the foliation B_r. The coordinates x̄_1, · · · , x̄_s will play the role of x-coordinates from Definition 7, and the coordinates x̄_{s+1}, · · · , x̄_m will play the role of y-coordinates from Definition 7.

Using (19), we see that, in Levi-Civita’s coordinates, C is given by

diag m∏ j=s+1

(ϕ_j − ϕ_1)^{kj} , · · · , m∏ j=s+1

(ϕ_j − ϕ_1)^{kj}

k_1

, · · · , m∏ j=s+1

(ϕ_j − ϕ_s)^{kj} , · · · , m∏ j=s+1

(ϕ_j − ϕ_s)^{kj}

k_s ,

s∏ j=1 (ϕ_{s+1} − ϕ_j )^{kj} , · · · , s∏ j=1 (ϕ_{s+1} − ϕ_j )^{kj}

k_{s+1}

, · · · , s∏ j=1 (ϕ_m − ϕ_j )^{kj} , · · · , s∏ j=1 (ϕ_m − ϕ_j )^{kj}

k_m .

Thus, h is given by

h( ˙x̄, ˙x̄) = P̃_1A_1(x̄_1, ˙x̄_1) + · · · + P̃_sA_s(x̄_s, ˙x̄_s) + P̃_{s+1}A_{s+1}(x̄_{s+1}, ˙x̄_{s+1}) + · · · + P̃_mA_m(x̄_m, ˙x̄_m),

(20)

where the functions P̃_i are as follows: for i ≤ s, they are given by

P̃_i^{def}= (ϕ_i − ϕ_1)...(ϕ_i − ϕ_{i−1})(ϕ_{i+1} − ϕ_i)...(ϕ_s − ϕ_i)^s ∏ j = 1 j ≠ i

|ϕ_i − ϕ_j |^{1−kj} .

For i > s, the functions P̃_i are given by

P̃_i^{def}= (ϕ_i − ϕ_{s+1})...(ϕ_i − ϕ_{i−1})(ϕ_{i+1} − ϕ_i)...(ϕ_m − ϕ_i)^m ∏ j = s + 1 j ≠ i

|ϕ_i − ϕ_j |^{1−kj} .

Clearly, |ϕ_i − ϕ_j |^{kj −1} can depend on the variables x̄_i only. Then, the products s∏ j = 1 j ≠ i

|ϕ_i − ϕ_j |^{1−kj} , m∏ j = s + 1 j ≠ i

|ϕ_i − ϕ_j |^{1−kj}

can be hidden in A_i, i.e., instead of A_i we consider

Ã_i^{def}=^s ∏ j = 1 j ≠ i

|ϕ_i − ϕ_j |^{1−kj} A_i for i ≤ s and

Ã_i^{def}=^m ∏ j = s + 1 j ≠ i

|ϕ_i − ϕ_j |^{1−kj} A_i for i > s.

Finally, the restriction of the metric to the leaves of B_r has the form from Levi-Civita’s Theorem. Hence, the restriction of L is a BM-structure for it. We see that the leaves of B_r are orthogonal to leaves of B_{n−r}, and that the restriction of h to B_r (B_{n−r}, respectively) is precisely the first row of (20) (second row of (20), respectively) and depends on the coordinates x̄_1, · · · , x̄_s (x̄_{s+1}, · · · , x̄_m, respectively) only. Lemma 2 is proven.

Let p be a typical point with respect to the BM-structure L. Fix i ∈ 1, · · · , n. At every point of M^n, consider the eigenspace V_i with the eigenvalue λ_i. V_i is a distribution near p. Denote by M_i(p) its integral manifold containing p.

Remark 3. The following statements hold:

1. If λ_i(p) is multiple, the restriction of g to M_i(p) is proportional to the restriction of h to M_i(p).

2. The restriction of L to B_r does not depend on the coordinates y_{r+1}, · · · , y_n (which are coordinates x̄_{s+1}, · · · , x̄_m in the notations in proof of Lemma 2). The restriction of L to B_{n−r} does not depend on the coordinates x_1, · · · , x_r (which are coordinates x̄_1, · · · , x̄_s in the notations in proof of Lemma 2).

Combining Lemma 2 with Theorem 11, we obtain

Corollary 8. Let L be BM-structure on connected (M^n, g). Suppose there exist i ∈ 1, · · · , n and p ∈ M^n such that:

• λ_i is multiple (with multiplicity k ≥ 2) at a typical point.

• λ_{i−1}(p) = λ_{i+k−1}(p) < λ_{i+k} (p),

• The eigenvalue λ_{i−1} is not constant.

Then, for every typical point q ∈ M^n which is sufficiently close to p, M_i(q) is diffeomorphic to the sphere and the restriction of g to M_i(q) has constant sectional curvature.

Indeed, take a small neighborhood of p and apply Splitting Lemma 2 two times: for r = i+k−1 and for r = i − 2. We obtain a metric h such that locally, near p, the manifold with this metric is the Riemannian product of three disks with BM-structures, and BM-structure is the direct sum of these BM-structures. The second component of such decomposition satisfies the assumption of Theorem 11; applying Theorem 11 and Remark 3 we obtain what we need.

Arguing as above, combining Lemma 2 with Theorem 12, we obtain

Corollary 9. Let L be a BM-structure on connected (M^n, g). Suppose the eigenvalue λ_i has multiplicity k at a typical point. Suppose there exists a point where the multiplicity of λ_i is greater than k. Then, there exists a point where the multiplicity of λ_i is precisely k + 1.

Combining Lemma 2 with Corollary 4, we obtain

Corollary 10. Let L be a BM-structure on connected (M^n, g). Suppose the eigenvalue λ_i has multiplicity k_i ≥ 2 at a typical point and multiplicity k_i + d at a point p ∈ M^n. Then, there exists a point q ∈ M^n in a small neighborhood of p such that the eigenvalue λ_i has multiplicity k_i + d in p, and such that N_L(q) = max_{x∈M n}(N_L(x)) − d.

We saw that under hypotheses of Theorems 11,12, the set of typical points is connected. As it was shown in [44], in dimension 2 the set of typical points is connected as well. Combining these observations with Lemma 2, we obtain

Corollary 11. Let L be a BM-structure on connected (M^n, g) of dimension n ≥ 2. Then, the set of typical points of L is connected.

3.4 If ϕ_i is not isolated, A_i has constant sectional curvature.

In this section we assume that L is a BM-structure on a connected complete Riemannian manifold (M^n, g). As usual, we denote by λ_1(x) ≤ · · · ≤ λ_n(x) the eigenvalues of L at x ∈ M^n.

Definition 8. An eigenvalue λ_i is called isolated, if, for all points p_1, p_2 ∈ M^n and for every i, j ∈ {1, · · · , n}, the equality λ_i(p_1) = λ_j (p_1) implies λ_i(p_2) = λ_j (p_2).

As in Section 3.3, at every point p ∈ M^n, we denote by V_i the eigenspace of L with the eigenvalue λ_i(p). If p is typical, V_i is a distribution near p; by Theorem 4, it is integrable. We denote by M_i(p) the connected component (containing p) of the intersection of the integral manifold with a small neighborhood of p.

Theorem 13. Suppose λ_i is a non-isolated eigenvalue such that its multiplicity at a typical point is greater than one. Then, for every typical point p, the restriction of g to M_i(p) has constant sectional curvature.

It could be easier to understand this Theorem using the language of Levi-Civita’s Theorem 7: denote by ϕ_1 < ϕ_2 < · · · < ϕ_m the different eigenvalues of L at a typical point. Theorem 13 says that if ϕ_i (of multiplicity ≥ 2) is non-isolated, then A_i from Levi-Civita’s Theorem has constant sectional curvature.

Proof of Theorem 13: Let k_i > 1 be the multiplicity of λ_i at a typical point. Then, λ_i is constant. Take a typical point p. We assume that λ_i is not isolated; without loss of generality, we can suppose λ_{i−1}(p_1) = λ_{i+ki −1}(p_1) for some point p_1. By Corollary 9, without loss of generality, we can assume λ_{i−1}(p_1) = λ_i(p_1) < λ_{i+ki} (p_1). By Corollary 10, we can also assume that N_L(p_1) = N_L(p) − 1, so that multiplicity of λ_i(p_1) is precisely k_i + 1.

Consider a geodesic segment γ : [0, 1] → M^n connecting p_1 and p, γ(0) = p and γ(1) = p_1. Since it is sufficient to prove Theorem 13 at almost every typical point, without loss of generality, we can assume that p_1 is the only nontypical point of the geodesic segment γ(τ), τ ∈ [0, 1]. More precisely, take j ∉ i−2, i, · · · , i+k_i −1. If there exists a point p_2 ∈ M^n such that λ_j (p_2) < λ_{j+1}(p_2), then, by assumptions, λ_j (p_1) < λ_{j+1}(p_1). Hence, by Lemma 1, for almost every ξ ∈ T_{γ(1)}M^n, we have t_j (γ(1), ξ) ≠ max_{x∈M} n (λ_j (x)). Thus, almost all geodesics starting from p_1 do not contain points where λ_j = λ_{j+1}. Finally, for almost every p ∈ M^n, the geodesics connecting p and p_1 contain no points where λ_j = λ_{j+1}.

Take the point q := γ(1 − ϵ) of the segment, where ϵ > 0 is small enough. By Corollary 8, the restriction of g to M_i(q) has constant sectional curvature.

Let us prove that the geodesic segment γ(τ), τ ∈ [0, 1 − ϵ] is orthogonal to M_i(γ(τ)) at every point. Consider the function

Ĩ : T M^n → R; Ĩ(x, ξ) := ( I_t(x, ξ) (λ_i − t)^{ki −1} ) |t=λ_i .

Since the multiplicity of λ_i at every point is at least k_i, by Lemma 1, the function

(_{It (x,ξ)}

(λ_i −t)^{ki −1} ) is polynomial in t of degree n − k_i. Since I_t is an integral, for every fixed t, the function

(_{It (x,ξ)}

(λ_i−t)^ki^{−1} ) is an integral for the geodesic flow of g. Thus, Ĩ is an integral.

At the tangent space to every point of geodesic γ, consider a coordinate system such that L = diag(λ_1, · · · , λ_n) and g = diag(1, · · · , 1). In this coordinates, I_t(ξ) is given by (15). Then, the integral Ĩ(ξ) is the sum (we assume ξ = (ξ_1, · · · , ξ_n))

i+k_i −1 ∑ α=i ξ^2_α n∏ β = 1 β ≠ i, i + 1, ..., i + k_i − 1

(λ_β − λ_i)

(21)

+ n∑ α = 1 α ≠ i, i + 1, · · · , i + k_i − 1 ξ^2_α n∏ β = 1 β ≠ i + 1, · · · , i + k_i − 1 β ≠ α

(λ_β − λ_i)

. (22)

Since the geodesic passes through the point where λ_{i−1} = λ_i = ... = λ_{i+ki −1}, all products in the formulas above contain the factor λ_i−λ_i, and, therefore, vanish, so that Ĩ(γ(0), γ̇(0)) = 0. Since Ĩ is an integral, Ĩ(γ(τ), γ̇(τ)) = 0 for every τ. Let us show that it implies that the geodesic is orthogonal to M_i at every typical point, in particular, at points lying on the segment γ(τ), τ ∈ [0, 1[.

Clearly, every term in the sum (22) contains the factor λ_i − λ_i, and, therefore, vanishes. Then, the integral Ĩ is equal to (21).

At a typical point, we have

λ_1 ≤ · · · ≤ λ_{i−1} < λ_i = ... = λ_{i+ki −1} < λ_{ki} ≤ · · · ≤ λ_n.

Then, the coefficient_n ∏ β = 1 β ≠ i, i + 1, · · · , i + k_i − 1

(λ_β − λ_i)

is nonzero. Then, all components ξ_α, α ∈ i, · · · , i + k_i − 1 vanish. Thus, γ is orthogonal to M_i at every typical point.

Finally, by Corollary 7, the restriction of g to M_i(p) is proportional to the restriction of g to M_i(q) and, hence, has constant sectional curvature. Theorem is proven.

3.5 If g is V (K)-metric, if ϕ_ℵ is not isolated, and if the sectional curvature of A_ℵ is constant, then it is equal to K_ℵ.

Within this section we assume that L ≠ const · Id is a BM-structure on a connected Riemannian manifold (M^n, g) of dimension n ≥ 3. We denote by m the number of different eigenvalues of L at a typical point. For every typical point x ∈ M^n, consider the Levi-Civita coordinates (x̄_1, .., x̄_m) such that the metric has the form (10). We assume that there exists i such that k_i = 1. Recall that the functions ϕ_i are the eigenvalues of L: in the Levi-Civita coordinates,

L = diag(λ_1, · · · , λ_n) = diag(ϕ_1, · · · , ϕ_1

k_1

, · · · , ϕ_m, · · · , ϕ_m

k_m ).

Consider ℵ ∈ {1, · · · , m} such that k_ℵ ≥ 2. We put r := k_1 + · · · + k_{ℵ−1}. Let us assume that the eigenvalue ϕ_ℵ = λ_{r+1} is not isolated; that means that there exists a point p_1 ∈ M^n such that λ_r(p_1) = λ_{r+1}, or λ_{r+kℵ +1}(p_1) = λ_{r+1}.

Let us assume in addition that in a neighborhood of every typical point, the following holds:

1. The sectional curvature of A_ℵ is constant,

2. g is a V (K) metric.

As we saw in Section 3.4, the assumption 1 follows from the previous assumptions, if the metric is complete. As we saw in Section 2.3, the assumption 2 is automatically fulfilled, if the space of all BM-structures is more than two-dimensional.

Theorem 14. Under the above assumptions, the sectional curvature of A_ℵ is equal to K_ℵ.

Recall that the definition of K_ℵ is in the second statement of Theorem 8. Proof of Theorem 14: Let us denote by K̄_ℵ the sectional curvature of the metric A_ℵ. By assumptions, it is constant in a neighborhood of every typical point. Since the set of typical points is connected by Corollary11, K̄_ℵ is independent of the typical point. Similarly, since K_ℵ is locally-constant by Theorem 8, K_ℵ is independent of the typical point. Thus, it is sufficient to find a point where K̄_ℵ = K_ℵ.

Without loss of generality, we can suppose that there exists p_1 ∈ M^n such that λ_r(p_1) = λ_{r+1}. By Corollaries 10,11 without loss of generality we can assume that the multiplicity of λ_{r+1} is k_ℵ + 1 in p_1, and that N_L(p_1) = m − 1. Take a typical point p in a small neighborhood of p_1.

Then, by Corollary 8, the submanifold M_{r+1}(p) is homeomorphic to the sphere. Since it is compact, there exists a set of local coordinates charts on it such that there exist constants const > 0 and CONST such that, in every chart (x^1_ℵ, · · · , x^{kℵ}_ℵ ), for every α, β ∈ {1, .., k_ℵ}, the entry (A_ℵ)_{ββ} is greater than const and the absolute value of the entry (A_ℵ)_{αβ} is less than CONST, i.e., A_ℵ(^∂_{∂xβℵ} ,^∂_{∂xβℵ} ) > const; |A_ℵ(^∂_{∂x}α_ℵ ,^∂_{∂xβℵ} )| < CONST.

By shifting these local coordinates along the vector fields^∂_{∂xji} , where i ≠ ℵ, for every typical point p^′ in a neighborhood of p_1, we obtain coordinate charts on M_{r+1}(p^′) such that for every α, β, (A_ℵ)_{ββ} > const, |(A_ℵ)_{αβ} | < CONST.

Let us calculate the projective Weyl tensor W for g in these local coordinate charts. We will be interested in the components (actually, in one component) of W corresponding to the coordinates x̄_ℵ. In what follows we reserve the Greek letter α, β for the coordinates from x̄_ℵ, so that, for example, g_{αβ} will mean the component of the metric staying on the intersection of column number r + β and row number r + α.

As we will see below, the formulas will include only the components of A_ℵ. To simplify the notations, we will not write subindex ℵ near A_ℵ, so for example, g_{αβ} is equal to P_ℵ A_{αβ} .

Take α ≠ β. Let calculate the component W^α_{ββα}. In order to do it by formula (8), we need to know R^α_{ββα} and R_{ββ} . It is not easy to calculate them: a straightforward way is to calculate R^α_{ββα} and R_{ββ} for the metric (10), then combine it with assumption 2 (which could be written as a system of partial differential equations) and with assumption 1 (which is a system of algebraic equations). These was done in §8 of [65], see formula (8.14) and what goes after it there. Rewriting the results of Solodovnikov in our notations, we obtain

R^α_{ββα} = (¯ K_ℵ − (K_ℵ − K P_ℵ) ) A_{ββ}, R_{ββ} = ( (k_ℵ − 1) K̄_ℵ + K (n − 1) P_ℵ − (k_ℵ − 1) K_ℵ ) A_{ββ} .

Substituting these expressions in the formula for projective Weyl tensor (8), we obtain

W^α_{ββα} = (K̄_ℵ − K_ℵ) n − k_ℵ n − 1

A_{ββ}.

We see that, if K̄_ℵ ≠ K_ℵ, the component W^α_{ββα} is bounded from zero.

But if we consider a sequence of typical points converging to p_1, the component W^α_{ββα} converge to zero. Indeed, by definition W^α_{ββα} = W (dx^α_ℵ ,^∂_{∂xβℵ} ,^∂_{∂xβℵ} ,^∂_{∂x}α_ℵ ), and the length of^∂_{∂xβℵ} goes to zero,

if the point goes to p_1. Finally, K̄_ℵ = K_ℵ. Theorem is proven.

4 Proof of Theorem 1

If the dimension of B(M^n, g) is one, Theorem 1 is trivial: every projective transformation is a homothety. In Section 4.1, we prove Theorem 1 under the additional assumption that the dimension of B(M^n, g) is two (Theorem 15). In Section 4.2, we prove Theorem 1 under the additional assumptions that the dimension of M^n and the dimension of B(M^n, g) is at least three (Theorem 16). The last case, namely the existence of non-affine projective transformations on complete two-dimenstion manifolds such that the dimension of B(M^n, g) is at least three, was treated in [55]. It was proved that they are possible if and only if the metric has constant positive sectional curvature.

4.1 If the space B(M^n, g) has dimension two

Suppose g and ḡ are projectively equivalent. The next lemma shows that the spaces B(M^n, g) and B(M^n, ḡ) are canonically isomorphic:

Lemma 3. Let L be the BM-structure (3) constructed for the projectively equivalent metrics g and ḡ. Suppose L_1 is one more BM-structure for g. Then, L^{−1}L_1 is a BM-structure for ḡ.

Corollary 12. If B(M^n, g) is two-dimensional, every projective transformation takes typical points to typical points.

Proof of Lemma 3: It is sufficient to prove the statement locally. Let us fix a coordinate system and think about tensors as about matrices. For every sufficiently big constant α, the tensor L + α · Id is positive defined. Then, by Theorem 2,

ḡ := 1 det(L_1 + α · Id)

· g · (L_1 + α · Id)^{−1}

is a Riemannian metric projectively equivalent to g. Then, it is projectively equivalent to ḡ. Direct calculation of the tensor (3) for the metrics ḡ, ḡ gives us that L^{−1}(L_1 + α · Id) is a BM-structure for ḡ. Since it is true for all big α, and since B(M^n, ḡ) is a linear space, L^{−1}L_1 is a BM-structure for ḡ. Lemma is proven.

Definition 9. A vector field v is called projective, if its flow takes geodesics to geodesics.

A smooth one-parameter family of projective transformations F_t : M^n → M^n immediately gives us a projective vector field

(_d dt F_t ) |t=0. A projective vector field gives us a one parameter

family of projective transformations if and only if it is complete.

Theorem 15. Suppose (M^n, g) of dimension n ≥ 2 is complete and connected. Let v be a complete projective vector field. Assume in addition that the dimension of B(M^n, g) is precisely two. Then, the flow of the vector field acts by affine transformations, or the metric has constant positive sectional curvature.

Proof: Denote by F_t the flow of the vector field v. If it contains not only affine transformations, there exists t_0 ∈ R such that the pull-back ḡ := F^∗_{t0} (g) is projectively equivalent to g, and is not affine equivalent to g.

Consider the BM-structure L ∈ B(M^n, g) given by (3). Take a typical point p such that v does not vanish at p . Since ḡ is not affine equivalent to g, without loss of generality, we can assume that at least one eigenvalue is not constant near p. By Levi-Civita’s Theorem 7, there exists a coordinate system x̄ = (x̄_1, · · · , x̄_m) in a neighborhood of p such that the tensor L and the metrics g, ḡ have the form (9,10,11), respectively. In particular, all these objects are block-diagonal with the parameters of the blocks (k_1, · · · , k_m). Note that the nonconstant eigenvalue of L has multiplicity one.

Let the vector v be (v̄_1, · · · , v̄_m) in this coordinate system. Then, by Theorem 3 and Lemma 3, and using that the space B(M^n, g) is two-dimensional, we obtain that the Lie derivatives L_v g and

L_vḡ are block-diagonal as well. In the coordinate system x̄ = (x̄_1, · · · , x̄_m), the metric ḡ is given by the matrix^1_{det(L)} gL^{−1}. Then, the Lie derivative L_vḡ is ( L_v 1 det(L) ) gL^{−1} + 1 det(L)

(L_v g) L^{−1} + 1 det(L) g ( L_v L^{−1} ) . We see that the first two terms of the sum are block-diagonal; then, the third term must be blockdiagonal as well so that L_v L is block-diagonal. Let us calculate the element of L_v L which is on the intersection of x^α_i -row and x^β_j -column. If i ≠ j, it is equal to

±(ϕ_i − ϕ_j )

∂v^α_i ∂x^β_j . Thus, ∂v^α_i ∂x^β_j

≡ 0.

Finally, the block v̄_i of the projective vector field depends on the variables x̄_i only.

Using this, let us calculate the tensor g^{−1}L_v g from Theorem 3 for the metric g. We see that (in matrix notations), the matrix of g is AP , where

P := diag(P_1, · · · , P_1

k_1

, · · · , P_m, · · · , P_m

k_m

) and A := block-diagonal(A_1, · · · , A_m).

We understand A as a (0,2)-tensor and P as a (1,1)-tensor. Then,

g^{−1}L_v g = P^{−1}A^{−1}(L_v A)P + P^{−1}L_v P.

Since the entries of A_i and of v̄_i depend on the coordinates x̄_i only, L_v A is block-diagonal so that the first term on the right hand side is equal to A^{−1}L_vA. Thus,

g^{−1}L_vg = A^{−1}L_v A + P^{−1}L_vP. (23)

By direct calculations, we obtain:

P^{−1}L_v P = diag ∑ i=2,···,m

ϕ^′_1v^1 ϕ_i − ϕ_1 + ϕ^′_iv^1_i ϕ_1 − ϕ_i

, · · · , ∑ i=2,···,m

ϕ^′_1v^1 ϕ_i − ϕ_1 + ϕ^′_iv^1_i ϕ_1 − ϕ_i

k_1 ,

· · · , ∑ i=1,···,m−1

ϕ^′_mv^1_m ϕ_i − ϕ_m + ϕ^′_iv^1_i ϕ_m − ϕ_i

, · · · , ∑ i=1,···,m−1

ϕ^′_mv^1_m ϕ_i − ϕ_m + ϕ^′_iv^1_i ϕ_m − ϕ_i

k_m .

By Theorem 3, since the space B(M^n, g) is two-dimensional, g^{−1}L_v g equals

αL + β · Id + trace_{αL+β·}Id · Id,

where α, β ∈ R. Then, the first entry of the block number j gives us the following equation:

a_j (x̄_j ) + ∑ i = 1, · · · , m i ≠ j ϕ^′_j v^1_j ϕ_i − ϕ_j + ϕ^′_iv^1_i ϕ_j − ϕ_i

= αϕ_j + β + trace_{αL+β·}Id, (24)

where a_j (x̄_j ) collects the terms coming from A^{−1}L_v A, and, hence, depends on the variables x̄_j only.

Our next goals is to show that

• Only one ϕ_j can be nonconstant. The behavior of nonconstant ϕ_j on the orbit passing through p is given by

ϕ_j (F_t(p)) := b 2α + √ D α tanh( √ D(t + d)),

where D := b^2/4 + αc, where b, c and d are certain (universal along the orbit) constants. • The constant eigenvalues ϕ_s are roots of the polynomial −αϕ^2 + bϕ + c.

In particular, m is at most 3.

Take s ≠ j ∈ 1, · · · , m. We see that the terms in (24) depending on the variables x̄_s are

Φ_j := ϕ^′_j v^1_j ϕ_s − ϕ_j + ϕ^′_sv^1_s ϕ_j − ϕ_s

− k_sαϕ_s.

Thus, Φ_j depends on the variables x̄_j only. Similarly,

Φ_s := ϕ^′_sv^1_s ϕ_j − ϕ_s + ϕ^′_j v^1_j ϕ_s − ϕ_j

− k_j αϕ_j

depends on the variables x̄_s only. Using that Φ_j − Φ_s is equal to α(k_j ϕ_j − k_sϕ_s), we obtain that (for an appropriate constant B) Φ_j must be equal to αk_j ϕ_j + B. Thus, ϕ^′_j v^1_j ϕ_s − ϕ_j + ϕ^′_sv^1_s ϕ_j − ϕ_s

− k_sαϕ_s = αk_j ϕ_j + B. (25)

Now let us prove that at least one of the functions ϕ_s and ϕ_j is constant near p. Otherwise, k_s = k_j = 1, and Equation (25) is equivalent to ϕ^′_j v^1_j + αϕ^2_j − Bϕ_j = ϕ^′_sv^1_s + αϕ^2_s − Bϕ_s.

We see that the terms on the left-hand side depend on the variable x^1_j only, the terms on the right-hand side depend on the variable x^1_s only. Then, there exists a constant c such that ϕ^′_j v^1_j = −αϕ^2_j + bϕ_j + c ϕ^′_sv^1_s = −αϕ^2_s + bϕ_s + c, where b := B. Since ϕ_j and v^1_j depend on the variable x^1_j only, ϕ^′_j v^1_j at the point F_t(p) is equal to ϕ̇_j :=^d_{dt} ϕ_j (F_t(p)), so that ϕ_s(F_t(p)) and ϕ_j (F_t(p)) are solutions of the following differential equation:

ϕ̇ = −αϕ^2 + bϕ + c. (26) By Corollary 12, all points F_t(p) are typical. Then, ϕ_s and ϕ_j are solutions of Equation (26) at every point of the orbit passing through p, and the constants α, b, c are universal along the orbit. The equation can be solved (we assume α ≠ 0). The constant solutions are^b_{2α} ±

√_{b2 /4+αc} α , and the nonconstant solutions are:

1. For D := b^2/4 + αc < 0, every nonconstant solution is the function b 2α +^{√−D}_α tan( √ −D(−t + d_1)).

2. For D := b^2/4 + αc > 0, every nonconstant solution is one of the functions (a)^b_{2α} +^{√D}_α tanh( √ D(t + d)), (b)^b_{2α} +^{√D}_α coth( √ D(t + d_3))

3. For D := b^2/4 + αc = 0, every nonconstant solution is the function b 2α +^1_{α(t+d4)} .

The solutions (1,2b,3) explode in finite time. This gives us a contradiction: the metrics g and ḡ are smooth and, hence, the eigenvalues of L are finite on every compact set.

If the functions ϕ_s(F_t(p)) and ϕ_j (F_t(p)) have the form (2a), then there exist points p_1, p_2, q_1, q_2 of the orbit passing through p, such that ϕ_s(p_1) < ϕ_j (p_2), ϕ_s(q_1) > ϕ_j (q_2). This gives a contradiction with Corollary 3.

Thus, only one eigenvalue of L can be nonconstant in a neighborhood of p. Let ϕ_j be nonconstant near p.

Now let us show that a constant eigenvalue is a root of the polynomial −αϕ^2 + bϕ + c; in particular, there are no more than two different constant eigenvalues.

Suppose ϕ_s is constant. Then, the derivative ϕ^′_s vanishes and (25) reads:

ϕ^′_j v^1_j = −αϕ^2_j + (αϕ_s − αk_sϕ_s − B)ϕ_j + αϕ^2_s k_s + ϕ_sB.

Denoting αϕ_s − αk_sϕ_s − B by b and αϕ^2_s k_s by c, and arguing as above, we see that ϕ_j is a solution of (26). Hence, the behavior of ϕ_j on the orbit (passing through p) is given by (2a). Clearly, ϕ_s is a root of −αϕ^2 + bϕ + c.

Thus, near p only the following three case are possible:

Case 1: m = 3. The eigenvalues ϕ_1, ϕ_3 are constant; the eigenvalue ϕ_2 is not constant. Case 2a: m = 2. The eigenvalues ϕ_1 is constant; the eigenvalue ϕ_2 is not constant. Case 2b: m = 2. The eigenvalues ϕ_2 is constant; the eigenvalue ϕ_1 is not constant.

In all three cases, one can prove that the metric has constant sectional curvature. We will carefully consider the most complicated case 1 and sketch the proof for case 2a. The proof for case 2b is similar to the proof for case 2a.

Suppose m = 3, the eigenvalues ϕ_1, ϕ_3 are constant and the eigenvalue ϕ_2 is not constant in a neighborhood of p. Without loss of generality, we can assume A_2(dx^1_2, dx^1_2) = (dx^1_2)^2. Then, αL + β · Id is

diag αϕ1 + β, · · · , αϕ1 + β

k_1

, αϕ_2 + β, αϕ_3 + β, · · · , αϕ_3 + β

k_3 . Since g^{−1}L_v g is equal to αL+β ·Id+trace_{αL+β·}Id ·Id, Equation (23) gives us the following system:

(αϕ_1 + β)(k_1 + 1) + αϕ_2 + β + (αϕ_3 + β)k_3 = a_1(x̄_1) +^{ϕ′2v12}_{ϕ1 −ϕ2} (αϕ_1 + β)k_1 + 2(αϕ_2 + β) + (αϕ_3 + β)k_3 = −2^{∂v12}_{∂x12} +^{ϕ′2 v12}_{ϕ1−ϕ2} +^{ϕ′2 v12}_{ϕ3−ϕ2}

(αϕ_1 + β)k_1 + αϕ_2 + β + (αϕ_3 + β)(k_3 + 1) = a_3(x̄_3) +^{ϕ′2v12}_{ϕ3 −ϕ2} .

(27)

Here a_1, a_3 collect the terms coming from A^{−1}_1 L_v A_1 and A^{−1}_3 L_v A_3, respectively. Using ϕ^′_2v^1_2 = ϕ̇_2 = −α(ϕ_1 − ϕ_2)(ϕ_3 − ϕ_2), we obtain

(αϕ_1 + β)(k_1 + 1) + (αϕ_3 + β)(k_3 + 1) = a_1(x̄_1) −^{a1(x̄1)}_2 =^{∂v12}_{∂x12} (αϕ_1 + β)(k_1 + 1) + (αϕ_3 + β)(k_3 + 1) = a_3(x̄_3).

(28)

We see that a_1 = a_3 = const; we denote this constant by a. Let us prove that a = 0. We assume that a ≠ 0 and will find a contradiction.

Consider Equation (23). We see that the first block of the left-hand side and the first block of the second term at the right-hand side are proportional to diag(1, · · · , 1 k 1 ). Then, A^{−1}_1 L_vA_1

is proportional to identity. The coefficient of proportionality is clearly a. Then, A^{−1}_1 L_v A_1 = adiag(1, · · · , 1 k 1 ), and L_v A_1 = aA_1, so that the flow of the vector field (v̄_1, 0, 0, · · · , 0 k 3 ) acts by homotheties on the restriction of g to the coordinate plaque of the coordinates x̄_1. Note that this vector field is the orthogonal projection of v to the coordinate plaque.

Similarly, the vector field (0, · · · , 0 k 1 , 0, v̄_3) acts by homotheties (with the same coefficient of

stretching) on the restriction of g to the coordinate plaque of the coordinates x̄_3.

Without loss of generality, we can suppose that ϕ_2(p) is a regular value of ϕ_2. Denote by M̌_2 the connected component of the set {q ∈ M^n : ϕ_2(q) = ϕ_2(p)} containing p. By construction, M̌_2 is a submanifold of codimension 1, and the derivative of ϕ_2 vanishes at no points of M̌_2. Then, at every point of M̌_2, the flow of the orthogonal projection of v to M̌_2 acts by homotheties. Since M^n is complete, M̌_2 is complete as well. Then, M̌_2 with the restriction of the metric g is isometric to the standard Euclidean space (R^{n−1}, g_{euclidean}), and there exists precisely one point where the orthogonal projection of v vanishes, see [37] for details. Without loss of generality, we can think that p is the point where the orthogonal projection of v vanishes.

Moreover, at every point of M̌_2, consider the eigenspaces of L corresponding to ϕ_1 and ϕ_3. By Theorem 4, they are tangent to M̌_2; by Corollary 3, every point of M̌_2 is typical so that the eigenspaces corresponding to ϕ_1 and ϕ_3 give us two distributions. This distributions are integrable by Theorem 4. We denote by M_1(p) and M_3(p) their integral manifolds passing through p. Locally, in Levi-Civita’s coordinates from Theorem 7, the manifold M_1 is the coordinate plaque of coordinates x̄_1 and M_3 is the coordinate plaque of coordinates x̄_3. Then, M_1(p) and M_3(p) are invariant with respect to the orthogonal projection of v to M̌_2.

Consider the orbit of the projective action of (R, +) containing the point p. Since at the point p the vector v has the form (0, · · · , 0 k 1 , v^1_2 , 0, · · · , 0 k 3 ), and since the components v̄_1, v̄_3 do not depend

on the coordinate x̄_2, at every point of the orbit v is an eigenvector of L with the eigenvalue ϕ_2.

Let us show that the length of the orbit is finite at least in one direction. Indeed, the second equation in (28) implies d dt log ( v^1_2 (F_t(p)) ) = − a 2 . Its solution is v^1_2 (F_t(p)) = Const exp ( −^a_2 t ) . Then, the length between points t_1 < t_2 of the orbit is equal to ∫_{t2}

t_1 √ g(v, v) dt = Const

∫_{t2}

t_1 √ (ϕ_2 − ϕ_1)(ϕ_3 − ϕ_2) exp ( − a 2 t ) dt. Since (ϕ_2 − ϕ_1)(ϕ_3 − ϕ_2) is bounded, the length of the orbit is finite at least in one direction.

Then, since the manifold is complete, the closure of the orbit contains a point q ∈ M^n such that either ϕ_2(q) = ϕ_1 or ϕ_2(q) = ϕ_3. Without loss of generality, we can assume that ϕ_2(q) = ϕ_1.

Then, without loss of generality, we can assume that p is close enough to q, so that, by Corollary 8, M_1(p) is homeomorphic to the sphere. We got a contradiction with the fact that M_1(p) admits a vector field whose flow acts by homotheties, see [37]. Finally, a = 0.

Since a = 0, the second equation in (28) implies d dt log ( v^1_2 (t) ) = 0,

so that locally x^1_2 = Const t. (29)

Then, the adjusted metric has the form

(1 − tanh(y_2 + d)) (dy_1)^2 + C(1 − tanh(y_2 + d))(1 + tanh(y_2 + d))(dy_2)^2 + (1 + tanh(y_2 + d))(dy_3)^2

in a certain coordinate system and for certain constants C, d. By direct calculation, we see that the sectional curvature of the adjusted metric is positive constant. If the dimension of the manifold is three, it implies that the sectional curvature of g is constant.

If the dimension of the manifold is greater than three, in view of Theorems 13,14,8, it is sufficient to show that there exist points q_1, q_3 such that ϕ_2(q_1) = ϕ_1 and ϕ_2(q_3) = ϕ_3. Take the geodesic γ such that γ(0) = p and γ̇(0) = (0, · · · , 0 k 1 , v^1_2 , 0, · · · , 0 k 3 ).

Let us show that at every typical point of the geodesic, in Levi-Civita’s coordinates, the x̄_1- and x̄_3-components of the geodesic vanishes.

Consider the functions

I^′ := ( I_t (ϕ_1 − t)^{k1 −1} ) |t=ϕ_1

: T M^n → R,

I^{′′} := ( I_t (ϕ_3 − t)^{k3 −1} ) |t=ϕ_3

: T M^n → R.

They are integrals of the geodesic flow. Since I^′(γ(0), γ̇(0)) = I^{′′}(γ(0), γ̇(0)) = 0, at every point τ of the geodesic we have I^′(γ(τ), γ̇(τ)) = I^{′′}(γ(τ), γ̇(τ)) = 0. Then, at every typical point of the geodesic, the x̄_1- and x̄_3- components of the velocity vector vanishes. Consider the maximal (open) segment of this geodesic containing p and containing only typical points. Let us show that this segment has finite length; that ϕ_1 = ϕ_2 at one end of the segment and ϕ_3 = ϕ_2 at the other end of the segment.

Using (29), we obtain that v^1_2 = Const near every every point of the segment. Then, we can globally parameterize the coordinate x^1_2 near the points of the geodesic segment such that the constant Const is universal along the segment. Then, the length of the segment is given by (we denote by v_2 the projection of v to the segment) ∫_{+∞} −∞ √ g(v_2, v_2) dt = Const

∫_{+∞} −∞ √ (ϕ_2 − ϕ_1)(ϕ_3 − ϕ_2) t dt.

Since (ϕ_2 − ϕ_1)(ϕ_3 − ϕ_2) decrees exponentially for t −→ ±∞, the length of the segment is finite. Clearly, the limit of ϕ_2 is ϕ_1 in one direction and ϕ_3 in the other direction. Finally, there exists a point where ϕ_1 = ϕ_2 and a point where ϕ_2 = ϕ_3.

Then, all eigenvalues of L are not isolated. Then, by Theorems 13, 14, every A_i has constant sectional curvature K_i, and, by Theorem 8, g has constant sectional curvature. By Corollary 6, the sectional curvature of g is positive. Theorem 15 is proven under the assumptions of case 1.

The proof for cases 2a,2b is similar; we will sketch the proof for case 2a: First of all, under the assumptions of case 2a, αL + β · Id is

diag

αϕ1 + β, · · · , αϕ1 + β

k_1

, αϕ_2 + β .

Since g^{−1}L_v g is equal to αL + β · Id + trace_{αL+β·}Id, Equation (23) gives us the following system:

(αϕ_1 + β)(k_1 + 1) + αϕ_2 + β = a_1(x̄_1) +^{ϕ′2v12}_{ϕ1 −ϕ2} (αϕ_1 + β)k_1 + 2(αϕ_2 + β) = −2^{∂v12}_{∂x12} +^{ϕ′2v12}_{ϕ1−ϕ2}

(30)

As we have proven, ϕ_1 is a root of −αϕ^2 + bϕ + c. We denote by ϕ_3 the second root of −αϕ^2 + bϕ + c. Arguing as in case 1, we have { (αϕ_1 + β)(k_1 + 1) + (αϕ_3 + β) = a_1(x̄_1) α(ϕ_2 − ϕ_1) + a_1(x̄_1) = −2^{∂v12}_{∂x12}

(31)

Then, a_1 = Const. Arguing as in case 1, one can prove that a_1 = 0. Then, the second equation of (31) implies d dt log ( v^1_2 ) = α(1 + tanh( √ b^2/4 + αc t + d)).

Thus, v^1_2 (t) =^{exp(}

√_{b2/4+αc t/2+d/2)} q cosh(

√_{b2/4+αc t+d)} . Then, the adjusted metric is (locally) proportional to

(1 − tanh( √ b^2/4 + αc y_2 + d)) ( dy^2_1 + exp( √ b^2/4 + αc y_2 + d) cosh( √ b^2/4 + αc y_2 + d) dy^2 ) and, therefore, has constant curvature. If n = 2, it implies that g has constant curvature. If n ≥ 3, similar to the proof for case 1, we can show that there exists a point where ϕ_1 = ϕ_2. Then, by Theorems 13,14,8, the sectional curvature of g is constant. By Corollary 6, it is positive. Theorem 15 is proven.

4.2 Proof if dim(M^n) ≥ 3; dim(B(M^n, g)) ≥ 3.

Assume dim(B(M^n, g)) ≥ 3, where (M^n, g) is a connected complete Riemannian metric of dimension n ≥ 3. Instead of proving Theorem 1 under these assumptions, we will prove the following stronger

Theorem 16. Let (M^n, g) be a connected complete Riemannian manifold of dimension n ≥ 3. Suppose dim(B(M^n, g)) ≥ 3.

Then, if a complete Riemannian metric ḡ is projectively equivalent to g, then g has positive constant sectional curvature or ḡ is affine equivalent to g.

Proof: Denote by L the BM-structure from Theorem 2. In view of Remark 2, without loss of generality, we can assume that at least one eigenvalue of L is not constant.

Denote by m the number of different eigenvalues of L in a typical point. The number m does not depend on the typical point. If m = n, Theorem 16 follows from Fubini’s Theorem 10 and Corollary 6.

Thus, we can assume m < n. Denote by m_0 the number of simple eigenvalues of L at a typical point. By Corollary 3, the number m_0 does not depend on the typical point. Then, by Levi-Civita’s Theorem 7, the metric g has the following warped decomposition near every typical point p:

g = g_0 +

| | | | | | | | | m∏ i = 1 i ≠ m_0 + 1

(ϕ_{m0 +1} − ϕ_i)

| | | | | | | | | g_{m0+1} + · · · +

| | | | | | | | | m∏ i = 1 i ≠ m

(ϕ_m − ϕ_i)

| | | | | | | | | g_m. (32)

Here the coordinates are (ȳ_0, · · · , ȳ_m), where ȳ_0 = (y^1_0 , · · · , y^{m0}_0 ) and for i > 1 ȳ_i = (y^1_i , · · · , y^{ki}_i ). For i ≥ 0, every metric g_{m0+i} depends on the coordinates ȳ_i only. Every function ϕ_i depends on y^i_0 for i ≤ m_0 and is constant for i > m_0.

Let us explain the relation between Theorem 7 and the formula above. The term g_0 collects all one-dimensional terms of (10). The coordinates ȳ_0 collect all one-dimensional x̄_i from (10). For i > m_0, the coordinate ȳ_i is one of the coordinates x̄_j with k_j > 1. Every metric g_{m0+i} for i > 1 came from one of the multidimensional terms of (10) and is proportional to the corresponding A_j . The functions ϕ_i are eigenvalues of L; they must not be ordered anymore: the indexing can be different from (9). Note that, by Corollary 3, this re-indexing can be done simultaneously in all typical points.

Since the dimension of the space B(M^n, g) is greater than two, by Theorem 9, g is a V (K) metric near every typical point. By Corollary 11, the set of the typical points is connected, so that the constant K is independent of the typical point.

According to Definition 8, a multiple eigenvalue ϕ_i of L is isolated, if there exists no nonconstant eigenvalue ϕ_j such that ϕ_j (q) = ϕ_i at some point q ∈ M^n. If every multiple eigenvalue of L is non-isolated, then, by Theorems 13,14,8, g has constant sectional curvature. By Corollary 6, the sectional curvature is positive.

Thus, we can assume that there exist isolated eigenvalues. Without loss of generality, we can assume that (at every typical point) the re-indexing of ϕ_i is made in such a way that the first multiple eigenvalues ϕ_{m0 +1}, · · · , ϕ_{m1} are non-isolated and the last multiple eigenvalues ϕ_{m1 +1}, · · · , ϕ_m are isolated. By assumption, m_1 < m.

We will prove that in this case all eigenvalues of L are constant. By Remark 2, it implies that the metrics g, ḡ are affine equivalent.

Let us show that K is nonpositive. We suppose that it is positive and will find a contradiction.

At every point q of M^n, denote by V_0 ⊂ T_qM^n the direct product of the eigenspaces of L

corresponding to the eigenvalues ϕ_1, · · · , ϕ_{m1} . Since the eigenvalues ϕ_{m1 +1}, · · · , ϕ_m are isolated

by the assumptions, the dimension of V_0 is constant, and V_0 is a distribution. By Theorem 4,

V_0 is integrable. Take a typical point p ∈ M^n and denote by M_0 the integral manifold of the

distribution containing this point. Since M_0 is totally geodesic, the restriction g_{|M0} of the metric

g to M_0 is complete. By Theorems 13,14,8, the metric g_{|M0} has constant sectional curvature K,

or M_0 is one-dimensional.

Consider the direct product M_0 × R^{m−m1} with the metric

g_{|M0} +

| | | | | | | | | | m∏ i = 1

i ≠ m_1 + 1

(ϕ_{m1 +1} − ϕ_i)

| | | | | | | | | | dt^2_{m1 +1} + · · · +

| | | | | | | | | | m∏ i = 1

i ≠ m

(ϕ_m − ϕ_i)

| | | | | | | | | | dt^2_m, (33)

where (t_{m1+1}, · · · , t_m) are the standard coordinates on R^{m−m1} . Since the eigenvalues ϕ_{m1 +1}, · · · , ϕ_m

are isolated, (33) is a well-defined Riemannian metric. Since g_{|M0} is complete, the metric (33)

is complete. Since the sectional curvature of the adjusted metric is K, and since the sectional

curvature of g_{|M0} is K (or M_0 has dimension 1), the sectional curvature of (33) is K as well. If

K > 0, then the product M_0 × R^{m−m1} must be compact, which contradicts the fact that R^{m−m1}

is not compact. Finally, K is not positive.

Now let us prove that all eigenvalues of L are constant. Without loss of generality, we can

assume that the manifold is simply connected. We will construct a totally geodesic (immersed)

submanifold M_A, which is a global analog of the submanifold M_A from Section 2.3. At every

point x ∈ M^n, consider V_{m1 +1}, · · · , V_m ⊂ T_xM^n, where V_{m1 +i} is the eigenspace of the eigenvalue

ϕ_{m1 +i}. Since the eigenvalues ϕ_{m1 +i} are isolated, V_{m1 +1}, · · · , V_m are distributions. By Theorem 4,

they are integrable. Denote by M_{m1+1}, M_{m1+2}, · · · , M_m the corresponding integral submanifolds.

Since M^n is simply connected, by [7], it is diffeomorphic to the product M_0 ×M_{m1+1} ×M_{m1+2} ×

· · · × M_m. Clearly, the metric g on

M^n ≃ M_0 × M_{m1+1} × M_{m1+2} × · · · × M_m

has the form

g_{|M0} +

| | | | | | | | | m∏ i = 1

i ≠ m_1 + 1

(ϕ_{m1 +1} − ϕ_i)

| | | | | | | | | g_{m1+1} + · · · +

| | | | | | | | | m∏ i = 1

i ≠ m

(ϕ_m − ϕ_i)

| | | | | | | | | g_m, (34)

where every g_k is a metric on M_k. Take a point

P = (p_0, p_{m1+1}, p_{m1+2}, · · · , p_m) ∈ M_0 × M_{m1+1} × M_{m1+2} × · · · × M_m.

On every M_{m1+k}, k = 1, · · · , m−m_1, pick a geodesic γ_{m1+k} (in the metric g_{m1+k}) passing through

p_k. Denote by M_A the product

M_0 × γ_{m1 +1} × · · · × γ_m.

M_A is an immersed totally geodesic manifold. Hence, it is complete in the metric g_{|MA} and in the

metric ḡ_{|MA} . Locally, in a neighborhood of every point, M_A coincides with M_A from Section 2.3

constructed for the warped decomposition (34). The restriction of the metric g to M_A is isometric

to (33) and, therefore, has nonpositive constant sectional curvature K. Then, by Corollary 6, the

restriction of ḡ to M_A is affine equivalent to the restriction of g to M_A. Then, by Remark 2, all

ϕ_i are constant. Then, g is affine equivalent to ḡ. Theorem 16 is proven.

References

[1] D. V. Alekseevskiĭ, Groups of conformal transformations of Riemannian spaces, Mat. Sb.

(N.S.) 89(131)(1972), 280–296, 356.

[2] A. V. Aminova, Projective transformations of pseudo-Riemannian manifolds. Geometry, 9.

J. Math. Sci. (N. Y.) 113(2003), no. 3, 367–470.

[3] E. Beltrami, Resoluzione del problema: riportari i punti di una superficie sopra un piano in modo che le linee geodetische vengano rappresentante da linee rette, Ann. Mat., 1(1865), no. 7, 185–204.

[4] S. Benenti, Inertia tensors and Stäckel systems in the Euclidean spaces, Differential geometry (Turin, 1992). Rend. Sem. Mat. Univ. Politec. Torino 50(1992), no. 4, 315–341.

[5] S. Benenti, Orthogonal separable dynamical systems, Differential geometry and its applications (Opava, 1992), 163–184, Math. Publ., 1, Silesian Univ. Opava, Opava, 1993.

[6] S. Benenti, An outline of the geometrical theory of the separation of variables in the Hamilton- Jacobi and Schrödinger equations, SPT 2002: Symmetry and perturbation theory (Cala Gonone), 10–17, World Sci. Publishing, River Edge, NJ, 2002.

[7] R. A. Blumenthal, J. J. Hebda, De Rham decomposition theorems for foliated manifolds, Ann.

Inst. Fourier (Grenoble) 33(1983), no. 2, 183–198.

[8] A. V. Bolsinov, V. S. Matveev, A. T. Fomenko, Two-dimensional Riemannian metrics with an integrable geodesic flow. Local and global geometries, Sb. Math. 189(1998), no. 9-10, 1441– 1466.

[9] Alexei V. Bolsinov, Vladimir S. Matveev, Geometrical interpretation of Benenti’s systems, J.

of Geometry and Physics, 44(2003), 489–506.

[10] F. Bonahon, Surfaces with the same marked length spectrum, Topology Appl. 50(1993), no.

1, 55–62.

[11] E. Cartan, Lecons sur la theorie des espaces a connexion projective. Redigees par P. Vincensini, Paris: Gauthier-Villars., 1937.

[12] R. Couty, Transformations infinitésimales projectives, C. R. Acad. Sci. Paris 247(1958), 804– 806.

[13] R. Couty, Sur les transformations des variétés riemanniennes et kählériennes, Ann. Inst.

Fourier. Grenoble 9(1959), 147–248.

[14] M. Crampin, W. Sarlet, G. Thompson, Bi-differential calculi, bi-Hamiltonian systems and conformal Killing tensors, J. Phys. A 33(2000), no. 48, 8755–8770.

[15] W. Davis, Classical fields, particles, and the theory of relativity, Gordon and Breach, 1970.

[16] U. Dini, Sopra un problema che si presenta nella theoria generale delle rappresetazioni geografice di una superficie su un’altra, Ann. Mat., ser.2, 3(1869), 269–293.

[17] J. Douglas, The general geometry of paths, Ann. of Math.(2) 29(1927/28), no. 1-4, 143–168.

[18] L. P. Eisenhart, Riemannian Geometry. 2d printing, Princeton University Press, Princeton, N. J., 1949.

[19] J. Ferrand, Action du groupe conforme sur une variete riemannienne, C. R. Acad. Sci. Paris Ser. I Math. 318(1994), no. 4, 347–350.

[20] G. Fubini, Sui gruppi transformazioni geodetiche, Mem. Acc. Torino 53(1903), 261–313.

[21] G. Fubini, Sulle coppie di varieta geodeticamente applicabili, Acc. Lincei 14(1905), 678–683 (1Sem.), 315–322 (2 Sem.).

[22] J. Haantjes, On X_m-forming sets of eigenvectors, Nederl. Akad. Wetensch. Proc. Ser. A.

58(1955) = Indag. Math. 17(1955), 158–162.

[23] I. Hasegawa, K. Yamauchi, Infinitesimal projective transformations on tangent bundles with lift connections, Sci. Math. Jpn. 57(2003), no. 3, 469–483.

[24] A. Ibort, F. Magri, G. Marmo, Bihamiltonian structures and Stäckel separability, J. Geom.

Phys. 33(2000), no. 3–4, 210–228.

[25] M. Igarashi, K. Kiyohara, K. Sugahara, Noncompact Liouville surfaces, J. Math. Soc. Japan 45(1993), no. 3, 459–479.

[26] E. G. Kalnins, J. M. Kress, P. Winternitz, Superintegrability in a two-dimensional space of non-constant curvature, 43(2002) no. 2 970–983.

[27] E. G. Kalnins, J. M. Kress, W. Miller, P. Winternitz, Superintegrability in Darboux spaces, 44(2003) no. 12 5811–5848.

[28] K. Kiyohara, Compact Liouville surfaces, J. Math. Soc. Japan 43(1991), 555-591.

[29] K. Kiyohara, Two Classes of Riemannian Manifolds Whose Geodesic Flows Are Integrable, Memoirs of the AMS, Vol.130(1997), no. 619.

[30] M. S. Knebelman, On groups of motion in related spaces, Amer. J. Math., 52(1930), 280–282.

[31] S. Kobayashi, K. Nomizu, Foundations of differential geometry. Vol I. Interscience Publishers, a division of John Wiley & Sons, New York-London, 1963.

[32] V. N. Kolokol’tzov, Geodesic flows on two-dimensional manifolds with an additional first integral that is polynomial with respect to velocities, Math. USSR-Izv. 21(1983), no. 2, 291– 306.

[33] V. N. Kolokol’tzov, Polynomial integrals of geodesic flows on compact surfaces, Dissertation, Moscow State University, 1984.

[34] G. Koenigs, Sur les géodesiques a intégrales quadratiques, Note II from “Lecons sur la théorie générale des surfaces,” Vol. 4, Chelsea Publishing, 1896.

[35] J. Lelong-Ferrand, Transformations conformes et quasiconformes des variétés riemanniennes;

application a la démonstration d’une conjecture de A. Lichnerowicz, C. R. Acad. Sci. Paris Sér. A-B 269(1969) A583–A586.

[36] T. Levi-Civita, Sulle trasformazioni delle equazioni dinamiche, Ann. di Mat., serie 2^a, 24(1896), 255–300.

[37] A. Lichnerowicz, Geometry of groups of transformations. Translated from the French and edited by Michael Cole, Noordhoff International Publishing, Leyden, 1977.

[38] A. Lichnerowicz, D. Aufenkamp, The general problem of the transformation of the equations of dynamics, J. Rational Mech. Anal. 1(1952) 499–520.

[39] A. Lichnerowicz, Sur les applications harmoniques, C. R. Acad. Sci. Paris Sér. A–B 267(1968), A548–A553.

[40] S. Lie, Untersuchungen über geodätische Kurven, Math. Ann. 20(1882); Sophus Lie Gesammelte Abhandlungen, Band 2, erster Teil, 267–374. Teubner, Leipzig, 1935.

[41] R. Lipschitz, Untersuchungen in Betreff der ganzen homogenen Functionen von n differentialen, J. Reine. Angew. Math. (Crelle) 70(1870), 1–34.

[42] V. S. Matveev, P. J. Topalov, Trajectory equivalence and corresponding integrals, Regular and Chaotic Dynamics, 3(1998), no. 2, 30–45.

[43] V. S. Matveev, P.J. Topalov, Geodesic equivalence of metrics on surfaces, and their integrability, Dokl. Math. 60(1999), no.1, 112-114.

[44] V. S. Matveev and P. J. Topalov, Metric with ergodic geodesic flow is completely determined by unparameterized geodesics, ERA-AMS, 6(2000), 98–104.

[45] V. S. Matveev and P. J. Topalov, Integrability in theory of geodesically equivalent metrics, J.

Phys. A., 34(2001), 2415–2433.

[46] V. S. Matveev, P. J. Topalov, Quantum integrability for the Beltrami-Laplace operator as geodesic equivalence, Math. Z. 238(2001), 833–866.

[47] Vladimir S. Matveev, Geschlossene hyperbolische 3-Mannigfaltigkeiten sind geodätisch starr, Manuscripta Math. 105(2001), no. 3, 343–352.

[48] Vladimir S. Matveev, Low-dimensional manifolds admitting metrics with the same geodesics, Contemporary Mathematics, 308(2002), 229–243.

[49] Vladimir S. Matveev, Three-manifolds admitting metrics with the same geodesics, Math.

Research Letters, 9(2002), no. 2-3, 267–276.

[50] Vladimir S. Matveev, Three-dimensional manifolds having metrics with the same geodesics, Topology 42(2003) no. 6, 1371-1395.

[51] Vladimir S. Matveev, Hyperbolic manifolds are geodesically rigid, Invent. math. 151(2003), 579–609.

[52] Vladimir S. Matveev, Die Vermutung von Obata für Dimension 2, Arch. Math. 82(2004), 273–281.

[53] Vladimir S. Matveev, Projectively equivalent metrics on the torus, Diff. Geom. Appl. 20(2004), 251-265.

[54] Vladimir S. Matveev, Solodovnikov’s theorem in dimension two, Dokl. Math. 69(2004), no.

3, 338–341.

[55] V. S. Matveev, Lichnerowicz-Obata conjecture in dimension two, Comm. Math. Helv.

81(2005) no. 3.

[56] J. Mikes, Geodesic mappings of affine-connected and Riemannian spaces. Geometry, 2., J.

Math. Sci. 78(1996), no. 3, 311–333.

[57] T. Nagano, The projective transformation on a space with parallel Ricci tensor, Kōdai Math.

Sem. Rep. 11(1959), 131–138.

[58] T. Nagano, T. Ochiai, On compact Riemannian manifolds admitting essential projective transformations, J. Fac. Sci. Univ. Tokyo Sect. IA, Math. 33(1986), 233–246.

[59] M. Obata, The conjectures of conformal transformations of Riemannian manifolds, Bull.

Amer. Math. Soc. 77(1971), 265–270.

[60] A. Z. Petrov, Einstein spaces, Translated from the Russian by R. F. Kelleher. Translation edited by J. Woodrow. Pergamon Press, Oxford-Edinburgh-New York, 1969.

[61] F. Schur, Ueber den Zusammenhang der Räume constanter Riemann’schen Krümmumgsmaasses mit den projektiven Räumen, Math. Ann. 27(1886), 537–567.

[62] R. Schoen,On the conformal and CR automorphism groups, Geom. Funct. Anal. 5(1995), no.

2, 464–481.

[63] J. A. Schouten, Erlanger Programm und Übertragungslehre. Neue Gesichtspunkte zur Grundlegung der Geometrie, Rendiconti Palermo 50(1926), 142-169.

[64] I. G. Shandra, On the geodesic mobility of Riemannian spaces, Math. Notes 68(2000), no.

3-4, 528–532.

[65] A. S. Solodovnikov, Projective transformations of Riemannian spaces, Uspehi Mat. Nauk (N.S.) 11(1956), no. 4(70), 45–116.

[66] A. S. Solodovnikov, Uniqueness of a maximal K-expansion, Uspehi Mat. Nauk 13(1958) no.

6 (84), 173–179.

[67] A. S. Solodovnikov, Spaces with common geodesics, Trudy Sem. Vektor. Tenzor. Anal.

11(1961), 43–102.

[68] A. S. Solodovnikov, Geometric description of all possible representations of a Riemannian metric in Levi-Civita form, Trudy Sem. Vektor. Tenzor. Anal. 12(1963), 131–173.

[69] A. S. Solodovnikov, The group of projective transformations in a complete analytic Riemannian space, Dokl. Akad. Nauk SSSR 186(1969), 1262–1265.

[70] T. Y. Thomas, On the projective theory of two dimensional Riemann spaces, Proc. Nat. Acad.

Sci. U. S. A. 31(1945), 259–261.

[71] P. J. Topalov and V. S. Matveev, Geodesic equivalence and integrability, Preprint of Max- Planck-Institut f. Math. no. 74(1998).

[72] P. J. Topalov and V. S. Matveev, Geodesic equivalence via integrability, Geometriae Dedicata 96(2003), 91–115.

[73] P. Topalov, Commutative conservation laws for geodesic flows of metrics admitting projective symmetry, Math. Res. Lett. 9(2002), no. 1, 65–72.

[74] H. L. de Vries, Über Riemannsche Räume, die infinitesimale konforme Transformationen gestatten, Math. Z. 60(1954), 328–347.

[75] H. Weyl, Geometrie und Physik, Die Naturwissenschaftler 19(1931), 49–58; ”Hermann Weyl Gesammelte Abhandlungen”, Band 3, Springer-Verlag, 1968.

[76] H. Weyl, Zur Infinitisimalgeometrie: Einordnung der projektiven und der konformen Auffasung, Nachrichten von der K. Gesellschaft der Wissenschaften zu Göttingen, Mathematisch- Physikalische Klasse, 1921; “Selecta Hermann Weyl”, Birkhäuser Verlag, Basel und Stuttgart, 1956.

[77] H. Wu, Some theorems on projective hyperbolicity, J. Math. Soc. Japan 33(1981), no. 1, 79–104.

[78] K. Yamauchi, On infinitesimal projective transformations, Hokkaido Math. J. 3(1974), 262– 270.

[79] K. Yamauchi, On infinitesimal projective transformations satisfying the certain conditions, Hokkaido Math. J. 7(1978), no. 1, 74–77.

[80] K. Yano, On harmonic and Killing vector fields, Ann. of Math. (2) 55(1952), 38–45.

[81] K. Yano, T. Nagano, Some theorems on projective and conformal transformations, Nederl.

Akad. Wetensch. Proc. Ser. A. 60(1957) = Indag. Math. 19(1957), 451–458.