Quantum integrability of Beltrami-Laplace operator as geodesic equivalence.

Vladimir S. Matveev and Peter J. Topalov

Abstract

Given two Riemannian metrics on a closed connected manifold M^n, we construct self-adjoint differential operators I0, I1,..., In−1 : C^2(M^n) → C^0(M^n) such that if the metrics have the same geodesics then the operators commute with the Beltrami-Laplace operator of the first metric and pairwise commute. If the operators commute and if they are linearly independent, then the metrics have the same geodesics.

1 Introduction.

Let g, ḡ be two Riemannian metrics on the same manifold M^n. They are geodesically equivalent if they have the same geodesics considered as unparameterized curves.

Consider the Beltrami-Laplace operator for the metric g

Δ := − 1 √ det(g) ∂ ∂x^i √ det(g)g^{ij} ∂ ∂x^j , where det(g) denotes the determinant of the matrix corresponding to the metric g. Denote by G : T M^n → T M^n the fiberwise-linear mapping given by the tensor g^{−1}ḡ = (g^{iα}ḡ_{αj} ). In invariant terms, for any x_0 ∈ M^n the restriction of the mapping G to the tangent space T_{x0} M^n is the linear transformation of T_{x0} M^n such that for any vectors ξ, ν ∈ T_{x0} M^n the scalar product g(G(ξ), ν) of the vectors G(ξ) and ν with respect to the metric g is equal to the scalar product ḡ(ξ, ν) of the vectors ξ and ν with respect to the metric ḡ. Consider the characteristic polynomial det(G − μE) = c_0μ^n + c_1μ^{n−1} + ... + c_n. The coefficients c_1, .., c_n are smooth functions on M^n, and c_0 ≡ (−1)^n. Consider the fiberwise-linear mappings S_0, S_1, ..., S_{n−1} : T M^n → T M^n given by the general formula

S_k^{def}= ( det(g) det(ḡ) ) k+2_{n+1 k}∑ i=0 c_iG^{k−i+1}.

We denote by (S_k)^i_j the components of the tensor corresponding to the fiberwiselinear mapping S_k.

Consider the operators

I_0, I_1, ..., I_{n−1} : C^2(M^n) → C^0(M^n) (1)

given by the general formula

I_k := 1 √ det(g) ∂ ∂x^i (S_k)^i_α √ det(g)g^{αj} ∂ ∂x^j . (2)

Remark 1. In invariant terms the operators I_k are given by

I_k(f) = div (S_k (grad (f))) ,

where grad(f) denotes the gradient g^{iα ∂f}_{∂xα} of the function f and div denotes the divergence.

Remark 2. The operator I_{n−1} is exactly the operator Δ.

Theorem 1. If the metrics g and ḡ on M^n are geodesically equivalent then the operators I_k pairwise commute. In particular they commute with the Beltrami- Laplace operator Δ.

Theorem 1 is a ’quantum’ version of the following theorem. Consider the functions I_k : T^∗M^n → R, k = 0, 1, ..., n − 1, given by the formulae

I_k(x, p)^{def}= g^{αj} (S_k)^i_αp_ip_j .

In invariant terms the functions I_k are as follows. Let us identify canonically the tangent and the cotangent bundles of M^n by the metric g. Then the value of the function I_k on a vector ξ ∈ T_xM^n ∼= T^∗_x M^n is given by

I_k (x, ξ)^{def}= g(S_k(ξ), ξ). (3)

Consider the standard symplectic form on T^∗M^n. By geodesic flow of the metric g we mean the Hamiltonian system on T^∗M^n with the Hamiltonian H(x, ξ) =^1_2 g(ξ, ξ).

Remark 3. The function I_{n−1} is equal to −2H.

Theorem 2 ([14]). If the metrics g and ḡ on M^n are geodesically equivalent then the functions I_k pairwise commute. In particular, they are integrals in involution of the geodesic flow of the metric g.

For closed two-dimensional manifolds Theorem 1 was essentially proved in [5]. For two-dimensional manifolds Theorem 2 was proved in [7].

Remark 4 ([14]). Let metrics g, ḡ be geodesically equivalent. If at a point x_0 ∈ M^n the number of different roots of the polynomial det(G − μE) is equal to n_1, then at almost all points of T^∗_{x0} M^n the dimension of the linear space generated by dI_0, dI_1, ..., dI_{n−1} is greater or equal than n_1.

In particular, if the characteristic polynomial det(G − μE) has no multiple roots at the point x_0 ∈ M^n then the functions I_0, I_1, ..., I_{n−1} are functionally independent almost everywhere in T^∗U(x_0), where U(x_0) is a sufficiently small neighborhood of x_0.

If at every point of a neighborhood U(x_0) of the point x_0 ∈ M^n the number of different eigenvalues of the polynomial det(G − μE) is less or equal than n_1, then at all points of T^∗U(x_0) the dimension of the linear space generated by dI_0, dI_1, ..., dI_{n−1} is less or equal than n_1.

The metrics g, ḡ are strictly non-proportional at a point x_0 ∈ M^n when the characteristic polynomial det(G − μE) has no multiple roots at the point x_0.

Corollary 1. Suppose M^n is connected. Let metrics g, ḡ on M^n be geodesically equivalent and strictly non-proportional at least at one point of M^n. Then the metrics are strictly non-proportional almost everywhere.

Corollary 1 follows from the following observation. If we have an integrable Hamiltonian systems then the dimension of the linear space generated by differentials of the integrals is constant along each orbit.

Proof of Corollary 1. Identify canonically the tangent and the cotangent bundles of M^n by the metric g. Take a geodesic γ : R → M^n and consider the points x_0 = γ(0), x_1 = γ(1) ∈ M^n. Suppose that the metric ḡ is geodesically equivalent to the metric g and is strictly non-proportional with g at the point x_0. Let us prove that in each neighborhood of the point x_1 there exists a point x such that the metrics are strictly non-proportional at x.

The geodesic orbit of the geodesic γ is the curve (γ, γ̇) : R → T M^n ∼= T^∗M^n (assuming γ̇ = γ̇(t) ∈ T_{γ(t)}M^n is the velocity vector of γ.) Take a small neighborhood O^{2n} ⊂ T M^n of the point (x_0, γ̇(0)) ∈ T M^n. Consider the union of all points of all geodesic orbits that start from the points of the neighborhood. Denote it by U^{2n}. Since the metrics are strictly non-proportional at x_0, the differentials dI_0, dI_1, ..., dI_{n−1} of the integrals I_0, I_1, I_2, ..., I_{n−1} are linearly independent at almost all points of U^{2n}. Evidently the set U^{2n} contains a neighborhood of the point (x_1, γ̇(1)). The integrals I_0, I_1, ..., I_{n−1} are then functionally independent at almost all points of a neighborhood of the point

(x_1, γ̇(1)). Using Remark 4, we have that in each neighborhood of x_1 there exists a point where the metrics are strictly non-proportional. Since each two points of a connected manifold can be joint by a sequence of geodesic segments, in each neighborhood of an arbitrary point of M^n there exist points where the metrics are strictly non-proportional, q. e. d.

More general statement is also true.

Corollary 2. Suppose M^n is connected and the metrics g, ḡ on M^n are geodesically equivalent. If at every point of a neighborhood U ⊂ M^n the number of different eigenvalues of the polynomial det(G − μE) is less or equal than n_1, then at every point of M^n the number of different eigenvalues of the polynomial det(G − μE) is less or equal than n_1.

A ’quantum’ version of Corollaries 1,2 is as follows.

Corollary 3. Let metrics g, ḡ on a connected manifold M^n be geodesically equivalent. They are strictly non-proportional at least at one point of M^n, if and only if the operators I_0, I_1, ..., I_{n−1} are linearly independent. More generally, the dimension of the space generated by the operators is equal to n_1, if and only if the number of different eigenvalues of G is equal to n_1 at almost every point of M^n.

Now suppose M^n is closed (= compact + without boundary) and connected. Let metrics g, ḡ on M^n be geodesically equivalent. Suppose the metrics are strictly non-proportional at least at one point of the manifold. Then we have complete Liouville integrability for the geodesic flow of the metric g, and complete quantum integrability for the Beltrami-Laplace operator of the metric g. Liouville integrability means in particular that almost all connected components of level submanifolds {I_0 = C_0, I_1 = C_1, ..., I_{n−1} = C_{n−1}}, where C_0, C_1, ..., C_{n−1} are constants, are n-dimensional tori, and orbits on such tori are windings.

Quantum integrability means that there exists a countable basis Φ = {f_1, f_2, ..., f_m, ...} of the space L_2(M^n) such that each f_m is an eigenfunction of each operator I_k.

Moreover, in our case the variables can be separated. More precisely, take any function f from the basis Φ. Since f is an eigenfunction of each operator I_k, we have that f is a solution of the system of n partial differential equations I_kf = λ_k f, k = 0, 1, ..., n − 1. (4) The separation of variables means that in a neighborhood of almost any point there exist coordinates (x^0, x^1, ..., x^{n−1}) such that in these coordinates the system (4) is equivalent to the system

∂^2 (∂x^k )^2 f = F_k (x^k, λ_0, λ_1, ..., λ_{n−1})f, k = 0, 1, ..., n − 1, (5) where for each k ∈ {0, 1, ..., n − 1} the function F_k depends on the variable x^k and on the parameters λ_0, λ_1, ..., λ_{n−1} only. Then f is the product

X_0(x^0)X_1(x^1)...X_{n−1}(x^{n−1}),

and for each k ∈ {0, 1, ..., n−1} the function X_k is a solution of the k-th equation of (5) so that we reduced the system of partial differential equations (4) to the system of ordinary differential equations

∂^2 (∂x^k)^2 X_k(x^k) = F_k(x^k , λ_0, λ_1, ..., λ_{n−1})X_k(x^k), k = 0, 1, ..., n − 1. (6) Does the Liouville integrability of the geodesic flow imply the existence of a geodesically equivalent metric? Let g, ḡ be two metrics on M^n. Consider the functions I_k : T^∗M^n → R, k = 0, ..., n − 1, given by (3). Consider the standard symplectic structure on T^∗M^n.

Theorem 3. Let the functions I_k commute and let them be functionally independent almost everywhere. Then the metrics g, ḡ are geodesically equivalent.

Consider the operators I_k : C^2(M^n) → C^0(M^n), k = 0, ..., n − 1, given by (1).

Corollary 4. Suppose the manifold M^n is connected. Let the operators I_k commute and let them be linearly independent. Then the metrics g, ḡ are geodesically equivalent.

Let the functions I_k commute. If they are not functionally independent then the metrics may be not geodesically equivalent.

Consider the tangent bundle T M^n. Consider the fiberwise-linear mapping G. The restriction of G to any tangent space T_{x0} M^n is evidently self-adjoint (with respect to both metrics); then all eigenvalues of G are real, and we have a decomposition of any tangent space T_xM^n to the direct sum V^1_x ⊕ V^2_x ⊕ ... ⊕ V^{n1}_x of eigenspaces.

We will call the set of distributions

V^1_x , V^2_x , ..., V^{n1}_x ⊂ T_xM^n, V^1_x ⊕ V^2_x ⊕ ... ⊕ V^{n1}_x = T_xM^n

integrable, if at a neighborhood of almost every points of M^n there exists a coordinate system x^1, x^2, ..., x^n such that the vectors tangent to the coordinate lines lie in the elements of the distribution.

Theorem 4. Let the functions I_k commute and let the set of distributions of the eigenspaces of G be integrable. Then the metrics g, ḡ are geodesically equivalent.

Theorems 1,3 show that, if the geodesic flow of a metric g is completely integrable in the classical sense, and if the integrals can be chosen to be in the form (3) then the geodesic flow is also integrable in the quantum sense. In other words, in our case, classical integrability implies quantum integrability. Is it possible to generalize the statement for a bigger class of integrable geodesic flows?

It was observed that there exists an integrable quantum version for every known integrable in the classical sense system. For example, it is possible to extract from the book [6], that if the geodesic flow is completely integrable, and if the integrals are quadratic in momenta and simultaneously diagonalizable then it is possible to find a set of commutative operators such that the symbols of these operators coincide with the integrals. But, in the general situation, these operators do not contain the Beltrami-Laplace operator of the metric g.

Are there many interesting examples of geodesically equivalent metrics on closed manifolds? The following theorem (essentially due to N. S. Sinjukov [11]) gives us a construction that, given a pair of geodesically equivalent metrics, produces another pair of geodesically equivalent metrics. Starting from the metric of constant curvature on the sphere, we obtain the metric of the ellipsoid and the metric of the Poisson sphere.

Let g, ḡ be Riemannian metrics on the manifold M^n. Consider the fiberwise-

linear mapping B : T M^n → T M^n given by B^i_j = (_{det(ḡ)} det(g) ) 1_{n+1} ḡ^{iα}g_{αj} . By definition, let us put metric g_B equal to g_{iα}B^α_j and put metric ḡ_B equal to ḡ_{iα}B^α_j . In invariant terms, the scalar product g_B (ξ, ν) of arbitrary vectors ξ, ν ∈ T_{x0} M^n is equal to g(Bξ, ν) and the scalar product ḡ_B (ξ, ν) is equal to ḡ(Bξ, ν). Evidently, the restriction of B to any tangent space T_{x0} M^n is selfadjoint with respect to the metrics g and ḡ and therefore the metrics g_B , ḡ_B are well-definite.

Theorem 5. Metrics g and ḡ are geodesically equivalent, if and only if the metrics g_B and ḡ_B are geodesically equivalent.

Evidently, the metrics g and ḡ are strictly non-proportional at a point x ∈ M^n, if and only if the metrics g_B and ḡ_B are strictly non-proportional at x.

Thus if we have a pair of geodesically equivalent metrics g, ḡ, then we can construct the other pair of geodesically equivalent metrics g_B , ḡ_B . We can apply the construction once more, the result is another pair of geodesically equivalent metrics. It is natural to denote it by g_B2 , ḡ_B2 since this pair is given by g_B2 (ξ, ν) = g(B^2ξ, ν), ḡ_B2 (ξ, ν) = ḡ(B^2ξ, ν). We can go in other direction and consider the metrics g_B−1 , ḡ_B−1 given by g_B−1 (ξ, ν) = g(B^{−1}ξ, ν), ḡ_B−1 (ξ, ν) = ḡ(B^{−1}ξ, ν). They are geodesically equivalent as well.

To start the process, we need a pair of geodesically equivalent metrics g, ḡ. We take the following one (obtained by E. Beltrami [1], [2]). The metric g is the restriction of the Euclidean metric

(dx^1)^2 + (dx^2)^2 + ... + (dx^{n+1})^2

to the standard sphere

S^n = { (x^1, x^2, ..., x^{n+1}) ∈ R^{n+1} : (x^1)^2 + (x^2)^2 + ... + (x^{n+1})^2 = 1 } . The metric ḡ is the pull-back l^∗g, where the diffeomorphism l : S^n → S^n is given by

l(x)^{def}= Ax ‖Ax‖ , where A is an arbitrary non-degenerate linear transformation of R^{n+1}, Ax means ’the transformation A applied to the vector x = (x^1, x^2, ..., x^{n+1})’, and ‖x‖ is the standard norm √ (x^1)^2 + (x^2)^2 + ... + (x^{n+1})^2.

Since the mapping l evidently takes the geodesics of the metric g to the geodesics of the metric g, the metrics g, ḡ are geodesically equivalent. For these geodesically equivalent metrics g and ḡ, the metric g_B is the metric of an ellipsoid, and the metric ḡ_B2 is the metric of a Poisson sphere. By varying the linear transformation A, we can obtain metrics of all possible ellipsoids and all possible Poisson spheres.

Recall that the metric of the ellipsoid

E^{n def}= { (x^1, x^2, ..., x^{n+1}) ∈ R^{n+1} :

(x^1)^2 a_1 + (x^2)^2 a_2 + ... + (x^{n+1})^2 a_{n+1} = 1 }

is the restriction of the metric

(dx^1)^2 + (dx^2)^2 + ... + (dx^{n+1})^2

to the ellipsoid E^n. By the metric of the Poisson sphere we, following [3], mean the restriction of the metric 1 (x^1)^2

a^2_1 +

(x^2)^2

a^2 + ... +

(x^{n+1})^2 a^2_{n+1} ( (dx^1)^2 + (dx^2)^2 + ... + (dx^{n+1})^2 )

to the ellipsoid E^n.

The metric of the Poisson sphere has the following mechanical sense. Consider the free motion of an (n+1)-dimensional rigid body in the (n+1)-dimensional space around a fixed point. The configuration space of the corresponding Hamiltonian system is SO(n+1), and the corresponding Hamiltonian is left-invariant. Consider the embedding SO(n) → SO(n + 1) as the stabilizer of a vector v ∈ R^{n+1}. Consider the action of the group SO(n) on SO(n + 1) by left translations. The Hamiltonian of the motion is evidently invariant modulo this action, and the reduced system on T^∗SO(n + 1)/SO(n) ∼= T^∗S^n is the geodesic flow of the (appropriate) Poisson metric on the sphere S^n, see [3] for details.

Theorem 6 ([14], independently obtained by S. Tabachnikov [12]). The restriction of the Euclidean metric

(dx^1)^2 + (dx^2)^2 + ... + (dx^{n+1})^2

to the ellipsoid

E^n = { (x^1, x^2, ..., x^{n+1}) ∈ R^{n+1} :

(x^1)^2 a_1 + (x^2)^2 a_2 + ... + (x^{n+1})^2 a_{n+1} = 1 }

is geodesically equivalent to the restriction of the metric 1 (_{x1} a_1

)_2 + (_{x2} a_2

)_2 + ... + (_{xn+1} a_{n+1} )_2 ( (dx^1)^2

a_1 + (dx^2)^2 a_2 + ... + (dx^{n+1})^2 a_{n+1} ) (7)

to the same ellipsoid.

Theorem 7 (Topalov, [15]). The restriction of the metric 1 (x^1)^2

a^2_1 +

(x^2)^2

a^2 + ... +

(x^{n+1})^2 a^2_{n+1} ( (dx^1)^2 + (dx^2)^2 + ... + (dx^{n+1})^2 ) (8)

to the ellipsoid

E^n = { (x^1, x^2, ..., x^{n+1}) ∈ R^{n+1} :

(x^1)^2 a_1 + (x^2)^2 a_2 + ... + (x^{n+1})^2 a_{n+1} = 1 }

is geodesically equivalent to the restriction of the metric

a_1(dx^1)^2 +a_2(dx^2)^2 +...+a_{n+1}(dx^{n+1})^2 −(x^1dx^1 +x^2dx^2 +...+x^{n+1}dx^{n+1})^2 (9)

to the same ellipsoid.

The authors are grateful to Professors W. Ballmann, V. Bangert, A.V. Bolsinov, V. Cortes, A. T. Fomenko, E. Heintze, A. Perelomov, S. Sachkov and S. Tabachnikov for interesting discussions. The second author is grateful to Université de Nantes (CNRS - UMR 6629) for hospitality and financial support. He was partially supported by MESC grant number MM-810/98. The first author is grateful to Max-Planck Institute of Mathematics (Bonn) and Institut des Hautes Études Scientifiques for hospitality and Max-Planck-Gesellschaft and Institut Post-Doctoral Européen for financial support.

2 Operators I_k in Levi-Civita coordinates.

Let g and ḡ be geodesically equivalent metrics on M^n. Consider the fiberwiselinear mapping G : T M^n → T M^n, G^i_j = g^{iα}ḡ_{αj} . Suppose that the number of different eigenvalues of G is equal to m ≤ n at every point of an open domain D ⊂ M^n. Denote by ρ_1, ..., ρ_m the eigenvalues of G. Let k_i be the multiplicity of the eigenvalue ρ_i.

In the paper [4], Levi-Civita proved that for every point P ∈ D there is an open neighborhood U(P ) ⊂ D and a coordinate system x̄ = (x̄_1, ..., x̄_m) (in U(P )), where x̄_i = (x^1_i , ..., x^{ki}_i ), (1 ≤ i ≤ m, k_1 + k_2 + ... + k_m = n), such that the quadratic forms of the metrics g and ḡ have the following form:

g( ˙x̄, ˙x̄) = Π_1A_1(x̄_1, ˙x̄_1) + Π_2A_2(x̄_2, ˙x̄_2) + · · · + + Π_mA_m(x̄_m, ˙x̄_m), (10) ḡ( ˙x̄, ˙x̄) = ρ_1Π_1A_1(x̄_1, ˙x̄_1) + ρ_2Π_2A_2(x̄_2, ˙x̄_2) + · · · + + ρ_mΠ_mA_m(x̄_m, ˙x̄_m), (11) where A_i(x̄_i, ˙x̄_i) are positive-definite quadratic forms in the velocities ˙x̄_i with coefficients depending on x̄_i, the functions Π_i and ρ_i are given by

Π_i^{def}= (ϕ_i − ϕ_1)(ϕ_i − ϕ_2) · · · (ϕ_i − ϕ_{i−1})(ϕ_{i+1} − ϕ_i) · · · (ϕ_m − ϕ_i) ρ_i^{def}= 1 ϕ_1ϕ_2...ϕ_m 1 ϕ_i , where ϕ_1, ϕ_2, ..., ϕ_m, 0 < ϕ_1 < ϕ_2 < ... < ϕ_m, are smooth functions such that

ϕ_i = { ϕ_i(x̄_i), if k_i = 1 constant, else. (12) It is easy to see that the functions ϕ_i as functions of ρ_i are given by

ϕ_i = 1 ρ_i (ρ_1ρ_2...ρ_m)^{1m+1}

We will call these coordinates Levi-Civita coordinates.

It is convenient to put

Π̃_i^{def}= (ϕ_i − ϕ_1)^k1 (ϕ_i − ϕ_2)^k2 · · · (ϕ_i − ϕ_{i−1})^ki−1 (ϕ_{i+1} − ϕ_i)^ki+1 · · · (ϕ_m − ϕ_i)^km Ã_i^{def}= A^i

(ϕ_i − ϕ_1)^{k1 −1} · · · (ϕ_i − ϕ_{i−1})^{ki−1 −1}(ϕ_{i+1} − ϕ_i)^{ki+1 −1} · · · (ϕ_m − ϕ_i)^{km−1} so that for each i ∈ {1, 2, ..., m}

Π_iA_i = Π̃_iÃ_i.

Evidently (ϕ_i −ϕ_j )^{kj −1} is independent of x̄_j . Hence the coefficients of Ã_i depend only on x̄_i.

Denote by (Ã_i)_{αβ} , α, β ∈ 1, 2, ..., k_i the tensor corresponding to the quadratic form Ã_i and by (Ã_i)^{αβ} , α, β ∈ 1, 2, ..., k_i the inverse tensor. Denote by Ã_i : C^2(M^n) → C^0(M^n) the differential operator k_i∑

α,β=1 1 √ det(Ã_i) ∂ ∂x^α_i √ det(Ã_i)(Ã_i)^{αβ} ∂ ∂x^β_i .

Denote by σ_p the elementary symmetric polynomial of degree p of n variables ϕ_1, ..., ϕ_1 k_1 , ϕ_2, ..., ϕ_2 k_2 , ..., ϕ_m, ..., ϕ_m k_m .

Denote by σ_p(ϕ̌_i) the elementary symmetric polynomial of degree p of n − 1 variables ϕ_1, ..., ϕ_1 k_1 , ϕ_2, ..., ϕ_2 k_2 , ..., ϕ_i, ..., ϕ_i k_i −1 , ..., ϕ_m, ..., ϕ_m k_m .

In particular, if m = n so that all k_i are equal to one then σ_p(ϕ̌_i) is the elementary symmetric polynomial of degree p of variables ϕ_1, ϕ_2, ..., ϕ_{i−1}, ϕ_{i+1}, ..., ϕ_n.

Lemma 1. In Levi-Civita coordinates the operators I_k are given by I_k = (−1)^{n−k} m∑ i=1 σ_{n−k−1}(ϕ̌_i) Π̃_i

Ã_i. (13)

Corollary 5. In Levi-Civita coordinates the functions I_k (as functions on T M^n ∼= T^∗M^n) are given by I_k(x, ˙x̄) = (−1)^{n−k} m∑ i=1 σ_{n−k−1}(ϕ̌_i) Π̃_i

Ã_i(x̄_i, ˙x̄_i). (14)

In order to prove Lemma 1, we need the following technical lemma.

Let G be the diagonal matrix diag(ρ_1, ρ_2, ..., ρ_n), where

ρ_i = 1 ϕ_1ϕ_2ϕ_3...ϕ_n 1 ϕ_i . Consider the characteristic polynomial det(G − μE) = c_0μ^n + c_1μ^{n−1} + ... + c_n of the matrix G. Consider the matrixes S_0, S_1, ..., S_{n−1} given by the general formula

S_k^{def}= ( 1 det(G) ) k+2_{n+1 k}∑ i=0 c_iG^{k−i+1}.

Lemma 2. S_k = (−1)^{n−k}diag ( σ_{n−k−1}(ϕ̌_1), σ_{n−k−1}(ϕ̌_2), ..., σ_{n−k−1}(ϕ̌_n) ) .

Proof. It is easy to see that the coefficients c_k are given by c_k = (−1)^{n−k} σ_{n−k} (ϕ_1ϕ_2...ϕ_n)^{k+1} . In particular, det(G) = c_n = 1 (ϕ_1ϕ_2...ϕ_n)^{n+1} . Let us check the lemma for k = 0. We have

S_0 = ( 1 det(G) ) 2_{n+1}

c_0G

= (−1)^n(ϕ_1ϕ_2...ϕ_n)^2diag ( 1 ϕ_1(ϕ_1ϕ_2...ϕ_n) , 1 ϕ_2(ϕ_1ϕ_2...ϕ_n) , ..., 1 ϕ_n(ϕ_1ϕ_2...ϕ_n) )

= (−1)^ndiag(ϕ_2ϕ_3...ϕ_n, ϕ_1ϕ_3...ϕ_n, ..., ϕ_1ϕ_2...ϕ_{n−2}ϕ_n, ϕ_1ϕ_2...ϕ_{n−2}ϕ_{n−1})) = (−1)^ndiag ( σ_{n−1}(ϕ̌_1), σ_{n−1}(ϕ̌_2), ..., σ_{n−1}(ϕ̌_n) ) . Suppose that the lemma is true for S_{k−1}. Then for S_k we have

S_k = ( 1 det(G) ) 1_{n+1} G ( S_{k−1} + ( 1 det(G) ) k+1_{n+1} c_kE )

= diag ( 1 ϕ_1 , 1 ϕ_2 , ..., 1 ϕ_n ) diag ( (−1)^{n−k}(σ_{n−k} − σ_{n−k}(ϕ̌_1)), (−1)^{n−k}(σ_{n−k} − σ_{n−k}(ϕ̌_2)), ..., (−1)^{n−k}(σ_{n−k} − σ_{n−k}(ϕ̌_n)) ) . Using that (σ_l − σ_l(ϕ̌_i)) = ϕ_iσ_{l−1}(ϕ̌_i), we obtain that S_k is equal to

(−1)^{n−k}diag ( σ_{n−k−1}(ϕ̌_1), σ_{n−k−1}(ϕ̌_2), ..., σ_{n−k−1}(ϕ̌_n) ) , q. e. d.

Proof of Lemma 1. We have

I_k = 1 √ det(g) ∂ ∂x^i (S_k)^i_α √ det(g)g^{αj} ∂ ∂x^j . In Levi-Civita coordinates the matrix of G is diagonal

diag ρ1, ..., ρ1 k_1 , ρ_2, ..., ρ_2 k_2 , ..., ρ_m, ..., ρ_m k_m .

Using Lemma 2, we have that the matrix of S_k is diagonal

S_k = (−1)^{n−k}diag σn−k−1(ϕ̌1), ..., σn−k−1(ϕ̌1) k_1 , ..., σ_{n−k−1}(ϕ̌_m), ..., σ_{n−k−1}(ϕ̌_m) k_m .

In view of (12), σ_{n−k−1}(ϕ̌_α) is independent of x̄_α so that

I_k = (−1)^{n−k} m∑ p=1 k_p∑

α,β=1 1 √ det(g) σ_{n−k−1}(ϕ̌_p) ∂ ∂x^α_p √ det(g) 1 Π̃_p (

Ã_p)^{αβ} ∂ ∂x^βp .

Let us calculate the contribution k_p∑

α,β=1 1 √ det(g) σ_{n−k−1}(ϕ̌_p) ∂ ∂x^α_p √ det(g) 1 Π̃_p (

Ã_p)^{αβ} ∂ ∂x^β_p (15)

of the p-th block to I_k. Let us show that √ det(g) Π̃_p 1 √ det(Ã_p) (16)

does not depend on x̄_p. Evidently, det(g) = det(Ã_1)det(Ã_2)...det(Ã_m)Π̃^{k1}_1 Π̃^{k2}_2 ...Π̃^{km}_m . Since Ã_q is independent of x̄_p for p ≠ q, we must demonstrate that √ Π̃^k1_1 Π̃^k2_2 ...Π̃^km_m

Π̃_p (17)

is independent of x̄_p.

If k_p is greater than one then ϕ_p is constant and the statement is trivial. Let k_p be one. Then for q ≠ p the only term in Π̃_q depending on x̄_p is ±(ϕ_p − ϕ_q ). Using that

Π̃_p = (ϕ_p − ϕ_1)^k1 · · · (ϕ_p − ϕ_{p−1})^kp−1 (ϕ_{p+1} − ϕ_p)^kp+1 · · · (ϕ_m − ϕ_p)^km

we have that the terms in Π̃^{k1}_1 Π̃^{k2}_2 ...Π̃^{km}_m which depend on x̄_p are

(ϕ_p − ϕ_1)^{2k1} · · · (ϕ_p − ϕ_{p−1})^{2kp−1} (ϕ_{p+1} − ϕ_p)^{2kp+1} · · · (ϕ_m − ϕ_p)^{2km} .

Thus we can cancel all terms depending on x̄_p in (17).

Using that (16) is independent of x̄_p, we see that (15) is equal to σ_{n−k−1}(ϕ̌_p) Π̃_p Ã_p = σ^{n−k−1}( ϕ̌_p) Π̃_p k_p∑

α,β=1 1 √ det(Ã_p) ∂ ∂x^α_p √ det(Ã_p)(Ã_p)^{αβ} ∂ ∂x^β_p and I_k is giving by (13), q. e. d.

Lemma 3. If the metrics g, ḡ are geodesically equivalent then the operators I_k commute.

In order to prove Lemma 3, we need the following technical lemmas.

Denote by N(x) the number of different eigenvalues of G at the point x. By definition, the eigenvalues of G at x ∈ M^n are roots of the characteristic polynomial P_x(t) = det (G − tE)_{|x}. Since each two positive-definite quadratic forms can be simultaneously diagonalized, all roots of P_x(t) are real.

Lemma 4. For a sufficiently small neighborhood of an arbitrary point x ∈ M^n, for any y from the neighborhood the number N(y) is no less than N(x).

Proof. Take a small ϵ > 0 and an arbitrary root ρ of P_x(t). Let us prove that for a sufficiently small neighborhood U(x) ⊂ M^n, for any y ∈ U(x) there is a root ρ_y, ρ − ϵ < ρ_y < ρ + ϵ, of the polynomial P_y(t).

If ϵ is small, then for a sufficiently small neighborhood U(x) of the point x, for any y ∈ U(x) the numbers ρ + ϵ and ρ − ϵ are not roots of P_y(t). Consider the circle S_ϵ^{def}= {z ∈ C : |z − ρ| = ϵ} on the complex plane C. Clearly, the number of roots (with multiplicities) of the polynomial P_y inside the circle is equal to 1 2πi ∫ S_ϵ P^′_y(z) P_y(z) dz. Since for any y ∈ U(x) there are no roots of P_y on the circle S_ϵ, then the function 1 2πi ∫ S_ϵ P^′_y(z) P_y(z) dz continuously depends on y ∈ U(x), and therefore is a constant. Clearly it is positive. Thus for any y ∈ U(x) there is at least one root of P_y that lies between ρ + ϵ and ρ − ϵ. Then for any y from a sufficiently small neighborhood of x we have N(y) ≥ N(x), q. e. d.

A point x ∈ M^n is called stable, if in a neighborhood of x the number of different eigenvalues of G does not depend on a point.

Denote by M the set of stable points of M^n. The set M is an open subset of M. Obviously M = ⨆ 1≤m≤n M_m, (18)

where M_m denotes the set of stable points with the number of distinct eigenvalues equalling m.

Lemma 5 ([14]). The set M is everywhere dense in M^n.

Proof. Evidently the set M is an open subset of M^n. Then it is sufficient to prove that any open subset W ⊂ M^n contains a stable point. Suppose otherwise, i.e. let every point of an open subset W be a point of bifurcation. Take a point y ∈ W with the maximal value of the function N on it. Using Lemma 4, we have that in a sufficiently small neighborhood U(y) ⊂ W of the point y the function N is constant and is equal to N(y). Then the point y is a stable point, and we get a contradiction, q. e. d.

Lemma 6. Suppose that the functions ϕ_1, ϕ_2, ..., ϕ_m satisfy (12). Then for any i, j ∈ {1, 2, ..., m} and l, k ∈ {0, 1, ..., n − 1} the function σ_l(ϕ̌_i)σ_k(ϕ̌_j ) − σ_k(ϕ̌_i)σ_l(ϕ̌_j ) Π̃_j (19)

is independent of x̄_i.

Proof. If i = j then σ_l(ϕ̌_i)σ_k (ϕ̌_j ) − σ_k (ϕ̌_i)σ_l(ϕ̌_j ) is zero and the statement is trivial. If k_i is greater than one then neither σ_k(ϕ̌_j ) nor σ_l(ϕ̌_j ) nor σ_k (ϕ̌_i) nor σ_l(ϕ̌_i) nor Π_j depend on x̄_i and the statement is also trivial.

Now let k_i be equal to one. Without loss of generality, we can assume that i < j. Denote by σ_k(ϕ̌_i, ϕ̌_j ) the elementary symmetric polynomial of degree k of n − 2 variables ϕ_1, ..., ϕ_1 k_1 , ϕ_2, ..., ϕ_2 k_2 , ..., ϕ_i, ..., ϕ_i k_i−1 , ..., ϕ_j , ..., ϕ_j k_j −1 , ..., ϕ_m, ..., ϕ_m k_m .

In view of (12), σ_k(ϕ̌_i, ϕ̌_j ) depends neither on x̄^i nor on x̄^j . Substitute the trivial identities

σ_l(ϕ̌_i) = σ_{l−1}(ϕ̌_i, ϕ̌_j )ϕ_j + σ_l(ϕ̌_i, ϕ̌_j ) σ_k(ϕ̌_i) = σ_{k−1}(ϕ̌_i, ϕ̌_j )ϕ_j + σ_k(ϕ̌_i, ϕ̌_j ) σ_l(ϕ̌_j ) = σ_{l−1}(ϕ̌_i, ϕ̌_j )ϕ_i + σ_l(ϕ̌_i, ϕ̌_j ) σ_k (ϕ̌_j ) = σ_{k−1}(ϕ̌_i, ϕ̌_j )ϕ_i + σ_k (ϕ̌_i, ϕ̌_j )

in (19). We assume that σ_{−1}(ϕ̌_i, ϕ̌_j ) = 1. After a simple calculation, in place of (19) we obtain ( σ_l(ϕ̌_i, ϕ̌_j )σ_{k−1}(ϕ̌_i, ϕ̌_j ) − σ_k(ϕ̌_i, ϕ̌_j )σ_{l−1}(ϕ̌_i, ϕ̌_j ) ) (ϕ_i − ϕ_j ) Π̃_j ,

which does not depend on x̄_i, q. e. d.

Proof of Lemma 3. Lemma 5 shows that it is sufficient to prove the statement of Lemma 3 in the stable points only.

Let us prove that in a stable point the commutator [I_{n−l−1}, I_{n−k−1}] = I_{n−l−1} (I_{n−k−1}) − I_{n−k−1} (I_{n−l−1}) of the operators I_{n−l−1}, I_{n−k−1} is zero.

In Levi-Civita coordinates we have (−1)^{k+l}[I_{n−l−1}, I_{n−k−1}] = ∑_m i=1 (_{σl (ϕ̌i)} Π̃_i Ãi (∑_m j=1 (_{σk (ϕ̌j )} Π̃_j Ãj ))) − ∑_m i=1 (_{σk (ϕ̌i)} Π̃_i Ãi (∑_m j=1 (_{σl(ϕ̌j )} Π̃_j Ãj ))) . (20)

Using that σ_l(ϕ̌_i) does not depend on x̄_i and therefore commutes with Ã_i, we have that (20) is equal to m∑ i=1 1 Π̃_i Ã_i m∑ j=1 ( σ_l(ϕ̌_i)σ_k (ϕ̌_j )

Π̃_j Ã_j ) − 1 Π̃_i Ã_i m∑ j=1 ( σ_l(ϕ̌_j )σ_k (ϕ̌_i) Π̃_j Ã_j )

= m∑ i=1 1 Π̃_i Ã_i m∑ j=1 ( σ_l(ϕ̌_i)σ_k (ϕ̌_j ) − σ_k(ϕ̌_i)σ_l(ϕ̌_j ) Π̃_j Ã_j ) .

By Lemma 6, we have that

σ_l(ϕ̌_i)σ_k(ϕ̌_j ) − σ_k(ϕ̌_i)σ_l(ϕ̌_j ) Π̃_j

is independent of x̄_i. Then the commutator [I_{n−l−1}, I_{n−k−1}] is equal to m∑ i,j=1 (( σ_l(ϕ̌_i)σ_k (ϕ̌_j ) − σ_k (ϕ̌_i)σ_l(ϕ̌_j ) Π̃_iΠ̃_j ) Ã_i ( Ã_j ) ) . (21)

Since for i ≠ j the coefficients of Ã_i are independent on x̄_j then for any i, j Ã_i(Ã_j ) = Ã_j (Ã_i) and the sum (21) is evidently zero, q. e. d.

3 When the operators I_k are independent?

In this section we assume that g, ḡ are geodesically equivalent metrics on M^n. As in previous sections, let us denote by G : T M^n → T M^n the fiberwise-linear mapping given by G^i_j = g^{iα}ḡ_{αj} , and by N(x) the number of different eigenvalues of G at x ∈ M^n.

Lemma 7. Let x̄ = (x̄_1, x̄_2, ..., x̄_m) be a Levi-Civita coordinate system for the metrics g, ḡ at an open disk D^n ⊂ M^n. Consider the restrictions of the functions I_k to T^∗D^n. Then the dimension of the linear subspace < I_0, I_1, ...., I_{n−1} >⊂ C^2(T^∗D^n) generated by the functions I_k : T^∗D^n → R is equal to m.

By definition, the symbol of the sum of two operators equals the sum of the symbols. Then the sums n−1∑ k=0 λ_kI_k and n−1∑ k=0 λ_kI_k vanish simultaneously.

Corollary 6. Let x̄ = (x̄_1, x̄_2, ..., x̄_m) be a Levi-Civita coordinate system for the metrics g, ḡ at an open disk D^n ⊂ M^n. Consider the operators I_k as acting on C^2(D^n). Then the dimension of the linear subspace < I_0, I_1, ...., I_{n−1} > generated by the operators I_k : C^2(D^n) → C^0(D^n) is equal to m.

Corollary 7. Let M^n be connected. Then the dimension of the linear subspace < I_0, I_1, ..., I_{n−1} >⊂ C^2(T^∗M^n) generated by the functions I_k : T^∗M^n → R is equal to max_{x∈M n} N(x) and for almost each y ∈ M^n N(y) = max_{x∈M n} N(x). Corollary 8. Let M^n be connected. Then the dimension of the linear subspace < I_0, I_1, ...., I_{n−1} > generated by the operators I_k : C^2(M^n) → C^0(M^n) is equal to max_{x∈M n} N(x) and for almost each y ∈ M^n N(y) = max_{x∈M n} N(x). Remark 5. Corollary 2 (Corollary 3, respectively) immediately follows from Lemma 7 and Corollary 7 (from Corollaries 6,8, respectively).

Proof of Corollary 7. Suppose that for real λ_0, λ_1, ..., λ_{n−1} the sum n−1∑ k=0 λ_kI_k (22)

is zero for all points of T^∗D^n, where D^n ⊂ M^n is an open disk. Let us prove that if the manifold is connected then for all points of T^∗M^n the sum (22) is zero also. In particular, the dimension of the linear subspace < I_0, I_1, ...., I_{n−1} >⊂ C^2(T^∗D^n) generated by the functions I_k : T^∗D^n → R is equal to the dimension of the linear subspace < I_0, I_1, ..., I_{n−1} >⊂ C^2(T^∗M^n) generated by the functions I_k : T^∗M^n → R.

Consider a geodesic γ that goes through a point of the disk. Let us prove that for each point P ∈ γ the sum (22) is zero at each point of T^∗_P M^n. Consider all geodesics that start at the point P and go through at least one point of D^n. Denote by W^n ⊂ T_P M^n the set of initial velocity vectors of these geodesics. Since the solutions of a differential equation continuously depend on initial data, the set W^n contains an open subset of T_P M^n.

Identify the tangent and the cotangent bundles of M^n by the metric g. Since the integrals I_k are constant on the geodesics, the function (22) is also constant on each geodesic. By assumption, the function (22) is zero for all points of T^∗D^n. Then it is zero for all points of W^n. Using that the functions I_k are polynomial on T^∗_P M^n, we have that the function (22) is polynomial on T^∗_P M^n. Since it is zero on an open subset, it is identically zero.

Now if the point P can be joint by a geodesic with a point of the disk, each point of a sufficiently small neighborhood U^n(P ) of P can be joint by a geodesic with a point of the disk. Thus the sum (22) is zero at each point of T^∗U^n(P ). Using that each two points of a connected manifold can be joint by a finite sequence of geodesic segments, we have that the sum (22) is zero for all points of T^∗M^n.

Now let the metrics g, ḡ be geodesically equivalent on M^n. Denote by m the maximum max x∈M^n N(x). Take a point P ∈ M^n such that N(P ) = m. By Lemma 4, we have that the point P is stable. Therefore there exist Levi-Civita coordinates x̄ = (x̄_1, x̄_2, ..., x̄_m) in a small disk D^n ⊂ M^n, P ∈ D^n. Using Lemma 7, we have then that the dimension of the linear subspace < I_0, I_1, ...., I_{n−1} >⊂ C^2(T^∗D^n) generated by the functions I_k : T^∗D^n → R is equal to m. If in addition the manifold is connected, the dimension of the linear subspace < I_0, I_1, ..., I_{n−1} >⊂ C^2(T^∗M^n) generated by the functions I_k : T^∗M^n → R is equal to m. Combining this with Lemma 7, we have that the value of the function N at any stable point is m. Therefore the value of the function N at almost every point of M^n is m, q. e. d.

Proof of Lemma 7. Let the metrics g, ḡ be geodesically equivalent on D^n. For each t ∈ R consider the function F_t : T^∗D^n → R given by I_{n−1}t^{n−1} + I_{n−2}t^{n−2} + ... + I_0. By definition, F_t is a linear combination of the integrals I_k.

Take different t_0, t_1, ..., t_{n−1}. Easy to demonstrate that each I_k is a linear combination of the functions F_{t0} , F_{t1} , ..., F_{tn−1} . Indeed, F_{t0} F_{t1} . . F_{tn−1} = I_{n−1}t^{n−1}_0 + I_{n−2}t^{n−2}_0 + ... + I_0 I_{n−1}t^{n−1}_1 + I_{n−2}t^{n−2}_1 + ... + I_0 . . I_{n−1}t^{n−1}_{n−1} + I_{n−2}t^{n−2}_{n−1} + ... + I_0 = t^{n−1}_0 t^{n−2}_0 ... 1 t^{n−1}_1 t^{n−2}_1 ... 1 . . t^{n−1}_{n−1} t^{n−2}_{n−1} ... 1

I_{n−1} I_{n−2} . . I_0 .

The Vandermonde matrix

t^{n−1}_0 t^{n−2}_0 ... 1 t^{n−1}_1 t^{n−2}_1 ... 1 . . t^{n−1}_{n−1} t^{n−2}_{n−1} ... 1 is non-degenerate. Therefore the functions I_k are linear combinations of the functions F_{t0} , F_{t1} , ..., F_{tn−1} . Thus the linear span < F_t, t ∈ R > of the family F_t coincides with the linear span < I_0, I_1, ..., I_{n−1} >, and our goal is to prove that the dimension of < F_t, t ∈ R > is m.

Using that n−1∑ k=0 t^kσ_{n−k−1}(ϕ̌_i)(−1)^{n−k−1} = (t − ϕ_1)^{k1} (t − ϕ_2)^{k2} ...(t − ϕ_i)^{ki −1}...(t − ϕ_m)^{km} we have

F_t = n−1∑ k=0 [ (−1)^{n−k}t^k m∑ i=1 σ_{n−k−1}(ϕ̌_i) Π̃_i Ã_i. ]

= − m∑ i=1 [ (t − ϕ_1)^{k1} (t − ϕ_2)^{k2} ...(t − ϕ_i)^{ki −1}...(t − ϕ_m)^{km} Ã_i Π̃_i ]

= (t − ϕ_1)^{k1 −1}(t − ϕ_2)^{k2 −1}...(t − ϕ_m)^{km−1} m−1∑ k=0 t^kĨ_k,

where the functions Ĩ_k : T^∗D^n → R are given by Ĩ_k = (−1)^{m−k m} ∑ i=1 σ̃_{m−k−1}(ϕ̌_i) Π̃_i Ã_i,

where σ̃_l(ϕ̌_i) denotes the elementary symmetric polynomial of degree l of m − 1 variables ϕ_1, ϕ_2, ..., ϕ_{i−1}, ϕ_{i+1}, ..., ϕ_m. If k_i > 1 then ϕ_i is constant. Then for any i ∈ {0, 1, ..., m}, t ∈ R, the function (t − ϕ_i)^{ki −1} is constant also. Hence each function F_t is a linear combination of the functions Ĩ_0, Ĩ_1, ..., Ĩ_{m−1}. Therefore the dimension of the linear subspace < I_0, I_1, ..., I_{n−1} > generated by the functions I_k : T^∗D^n → R is no greater than m.

Let us prove that the functions Ĩ_0, Ĩ_1, ..., Ĩ_{m−1} are linearly independent so that the dimension of the linear subspace < I_0, I_1, ..., I_{n−1} > generated by the functions I_k : T^∗D^n → R is precisely m. Evidently the functions Ã_i are linearly independent so that it is sufficient to show that the following (m × m) matrix

C = (−1)^mσ_{m−1}(ϕ̌_1) (−1)^mσ_{m−1}(ϕ̌_2) ... (−1)^mσ_{m−1}(ϕ̌_m) (−1)^{m−1}σ_{m−2}(ϕ̌_1) (−1)^{m−1}σ_{m−2}(ϕ̌_2) ... (−1)^{m−1}σ_{m−2}(ϕ̌_m) . . −σ_0(ϕ̌_1) −σ_0(ϕ̌_2) ... −σ_0(ϕ̌_m)

is non-degenerate. To prove this, let us multiply it (from left) by the Vandermonde (m × m) matrix

V = 1 ϕ_1 ϕ^2_1 ... ϕ^{m−1}_1 1 ϕ_2 ϕ^2 ... ϕ^{m−1}_2 . . 1 ϕ_m ϕ^2_m ... ϕ^{m−1}_m .

Using that m−1∑ k=0 t^kσ̃_{m−k−1}(ϕ̌_i)(−1)^{m−k−1} = (t − ϕ_1)(t − ϕ_2)...(t − ϕ_{i−1})(t − ϕ_{i+1})...(t − ϕ_m) we have that the sum m−1∑ k=0 ϕ^k_j σ̃_{m−k−1}(ϕ̌_i)(−1)^{m−k} is zero for i ≠ j and is equal to (−1)^{m−i+1}Π_i for i = j. Then the product V C is the diagonal matrix

diag ( (−1)^mΠ_1, (−1)^{m−1}Π_2, ..., −Π_m ) , which is clearly non-degenerate, q. e. d.

4 If the manifold is closed then the operators I_k are self-adjoint.

In this section we assume that the manifold M^n is closed. Let g and ḡ be Riemannian metrics on M^n. Consider the operators I_k given by (2). Recall that L_2 is a Hilbert space with the following scalar product: < ϕ, ψ >= ∫ M^n ϕψdV, where dV denotes the standard volume form √ det(g)dx^1dx^2...dx^n on M^n.

Lemma 8. The operators I_k are self-adjoint.

In other words, < ϕ, I_k(ψ) >=< I_k(ϕ), ψ > for any ϕ, ψ ∈ C^2(M^n). Proof. < ϕ, I_k (ψ) > = ∫ M^n ϕI_k (ψ)dV = ∫ M^n ϕ 1 √ det(g) ∂ ∂x^i (S_k)^i_α √ det(g)g^{αj} ∂ψ ∂x^j dV = ∫ M^n 1 √ det(g) ∂ ∂x^i √ det(g)(S_k)^i_αg^{αj} ϕ ∂ψ ∂x^j dV − ∫ M^n (S_k)^i_αg^{αj} ( ∂ϕ ∂x^i ) ( ∂ψ ∂x^j ) dV. Since the manifold is closed, its boundary is empty. Using divergence theorem we have that the integral ∫ M^n 1 √ det(g) ∂ ∂x^i √ det(g)ξ^idV vanishes for any smooth vector field ξ. Then < ϕ, I_k(ψ) > is equal to − ∫ M^n (S_k)^i_αg^{αj} ( ∂ϕ ∂x^i ) ( ∂ψ ∂x^j ) dV. Using that the restriction of the fiberwise-linear mapping S_k to any tangent space T_{x0} M^n is self-adjoint with respect to the metric g, we have that the two-form g^{iα}(S_k)^j_α is symmetric, and therefore, the operator I_k is self-adjoint, q. e. d.

5 Separation of variables.

In this section we assume that the manifold M^n is closed and connected, the metrics g, ḡ on M^n are geodesically equivalent and are strictly non-proportional at least at one point. Our goal is to show that we can separate the variables in the equation Δ(f) = λf. Since the operators I_k are self-adjoint and commute, it is possible to diagonalize them simultaneously. That is, there exist a countable basis Φ = {f_1, f_2, ..., f_m, ...} of the space L_2(M^n) such that each f_m is an eigenfunction of each operator I_k. Since I_{n−1} is precisely the Beltrami-Laplace operator Δ, each f_m is an eigenfunction of Δ.

It is known that the dimension of any eigenspace of Δ is finite. Therefore any eigenfunction of Δ is a finite linear combination of functions from Φ, and all functions from the combination have the same eigenvalue. In particular, if all eigenvalues of the functions f_1, f_2, ..., f_m, ... are different, then each eigenspace of Δ has dimension one. Then if f is an eigenfunction of Δ then f = Cf_m for the appropriate C ∈ R and m ∈ N.

Suppose f is an eigenfunction of each operator I_k. Denote by λ_k the corresponding eigenvalue. Then f is a solution of the following system of partial differential equations. I_0(f) = λ_0f I_1(f) = λ_1f . . I_{n−1}(f) = λ_{n−1}f (23)

By Corollary 1, the metrics are strictly non-proportional at almost all points of M^n. By Lemma 4, if the metrics are strictly non-proportional at a point P ∈ M^n then P is a stable point. Therefore in a neighborhood of P there exist Levi-Civita coordinates (y^0, y^1, ..., y^{n−1}). In these coordinates the metrics have the form

Π_0A_0(y^0)(dy^0)^2 + Π_1A_1(y^1)(dy^1)^2 + · · · + Π_{n−1}A_{n−1}(y^{n−1})(dy^{n−1})^2 ρ_0Π_0A_0(y^0)(dy^0)^2 + ρ_1Π_1A_1(y^1)(dy^1)^2 + · · · + ρ_{n−1}Π_{n−1}A_{n−1}(y^{n−1})(dy^{n−1})^2,

respectively. Here A_i are positive smooth functions of one variable,

Π_i^{def}= (ϕ_i − ϕ_0)(ϕ_i − ϕ_1) · · · (ϕ_i − ϕ_{i−1})(ϕ_{i+1} − ϕ_i) · · · (ϕ_{n−1} − ϕ_i) (24)

and ϕ_0, ϕ_1, ..., ϕ_{n−1}, 0 < ϕ_0 < ϕ_1 < ... < ϕ_{n−1}, are smooth functions such that for any i the function ϕ_i depends on y^i only.

Consider the coordinate system (x^0, x^1, ..., x^{n−1}) given by x^i(y^i) = ∫_yi y^i_0 √ A_i(ξ)dξ. In other words, the coordinate lines of the coordinate systems (x^0, x^1, ..., x^{n−1}) and (y^0, y^1, ..., y^{n−1}) coincide and for each i we have (dx^i)^2 = A_i(y^i)(dy^i)^2. In new coordinates the operators Ã_i are simply^{∂2}_{(∂xi)2} and the operators I_k are given by I_k = (−1)^{n−k} n−1∑ i=0 σ_{n−k−1}(ϕ̌_i) Π_i

∂^2 (∂x^i)^2 .

Then in place of (23) we have

I_0(f) I_1(f) . . I_{n−1}(f) =

(−1)^{n σn−1(ϕ̌0 )}_{Π0} (−1)^{n σn−1 (ϕ̌1)}_{Π1} ... (−1)^{n σn−1(ϕ̌n−1)}_{Πn−1}

(−1)^{n−1 σn−2(ϕ̌0 )}_{Π0} (−1)^{n−1 σn−2 (ϕ̌1)}_{Π1} ... (−1)^{n−1 σn−2(ϕ̌n−1)}_{Πn−1} . . −^1_{Π0} −^1_{Π1} ... −^1_{Πn−1}

∂^2f (∂x^0)^2 ∂^2f (∂x^1)^2 . ._{∂2f} (∂x^{n−1})^2 =

λ_0f λ_1f . . λ_{n−1}f Using that n−1∑ i=0 (−1)^{i+1}t^{n−1−i}σ_i(ϕ̌_k ) = −(t − ϕ_0)(t − ϕ_1)...(t − ϕ_{k−1})(t − ϕ_{k+1})...(t − ϕ_{n−1}) we have that for each k, m ∈ {0, ..., n − 1} the sum n−1∑ i=0 (−1)^{i+1}ϕ^{n−1−i}_m σ_i(ϕ̌_k ) Π_k

is zero for k ≠ m and is equal to (−1)^{n−k} for m = k. Then the system (23) is equivalent to

∂^2f (∂x_0)^2 = (−1)

n (λ_0 + λ_1ϕ_0 + λ_2ϕ^2_0 + ... + λ_{n−1}ϕ^{n−1}_0 )f

∂^2f (∂x_1)^2 = (−1)

n−1 (λ_0 + λ_1ϕ_1 + λ_2ϕ^2_1 + ... + λ_{n−1}ϕ^{n−1}_1 )f . . ∂^2f (∂x_{n−1})^2 = − (λ0 + λ1ϕn−1 + λ2ϕ 2 n−1 + ... + λ_{n−1}ϕ^{n−1}_{n−1})f. (25)

The right-hand side of the k-th equation of (25) depends on x^k only, q. e. d.

6 Inverse theorems.

Let g be a Riemannian metric on M^n. Let us identify canonically the tangent and the cotangent bundles of M^n by the metric g.

Lemma 9. Let M^n be connected. Suppose that for a function f : M^n → R the function F : T^∗M^n → R, F (x, ξ)^{def}= f(x)g(ξ, ξ) (where (x, ξ) ∈ T^∗M^n ∼= T M^n, x ∈ M^n and ξ ∈ T_xM^n) be an integral of the geodesic flow of the metric g. Then the function f is constant.

Proof. It is known that the Hamiltonian H : T^∗M^n → R, H(x, ξ)^{def}=^1_2 g(ξ, ξ) is an integral for the geodesic flow of the metric g. Then the ratio^F_H = 2f is also an integral. Using that each two points of M^n can be joint by a sequence of geodesic segments, we have that f is constant, q. e. d.

Proof of Theorems 3,4. Let g, ḡ be Riemannian metrics on M^n. Consider the fiberwise-linear mapping G given by the tensor g^{iα}ḡ_{αj} . From the results of [6], it follows that if the functions I_k given by (3) are in involution and are functionally independent then the set of distributions of the eigenspaces of G is integrable; hence Theorem 3 follows from Theorem 4.

Suppose the set of the distributions of the eigenspaces of G is integrable, and the functions I_k given by (3) are integrals in involution of the geodesic flow of g.

By definition, we have that in a neighborhood of almost each point of M^n there exists a coordinate system x̄ = (x̄_1, ..., x̄_m) (where x̄_i = (x^1_i , ..., x^{ki}_i ), (1 ≤ i ≤ m)), such that the matrix of G is diagonal

diag ρ1, ..., ρ1 k_1 , ρ_2, ..., ρ_2 k_2 , ..., ρ_m, ..., ρ_m k_m .

In this coordinate system, the matrixes of the metrics g, ḡ are block-diagonal. Without loss of generality we can assume that ρ_1 > ρ_2 > ... > ρ_m > 0. By definition, put ϕ_i equal to^1_{ρi} (ρ_1ρ_2...ρ_m)^{1m+1} . By definition, put Π̃_i equal to

(ϕ_i − ϕ_1)^{k1} (ϕ_i − ϕ_2)^{k2} · · · (ϕ_i − ϕ_{i−1})^{ki−1} (ϕ_{i+1} − ϕ_i)^{ki+1} · · · (ϕ_m − ϕ_i)^{km} .

Then the quadratic forms of the metrics g and ḡ are as follows:

g( ˙x̄, ˙x̄) = Π̃_1Ã_1(x̄, ˙x̄_1) + Π̃_2Ã_2(x̄, ˙x̄_2) + · · · + + Π̃_mÃ_m(x̄, ˙x̄_m), ḡ( ˙x̄, ˙x̄) = ρ_1Π̃_1Ã_1(x̄, ˙x̄_1) + ρ_2Π̃_2Ã_2(x̄, ˙x̄_2) + · · · + + ρ_mΠ̃_mÃ_m(x̄, ˙x̄_m),

where Ã_i(x̄, ˙x̄_i) are positive-definite quadratic forms in the velocities ˙x̄_i with coefficients depending on x̄.

Our goal is to prove that the metrics are geodesically equivalent. It is sufficient to prove that the coordinate system x̄ = (x̄_1, ..., x̄_m) is a Levi-Civita coordinate system for the metrics. That is we must prove that for each i the coefficients of Ã_i depend on x̄_i only, and that for each i the function ϕ_i is constant for k_i > 1 and depends only on x̄_i for k_i = 1.

By Lemma 2, the integrals I_k are given by I_k(x̄, ˙x̄) = (−1)^{n−k} m∑ i=1 σ_{n−k−1}(ϕ̌_i) Π̃_i Ã_i(x̄, ˙x̄_i).

Denote by (Ã_i)_{αβ} , α, β ∈ 1, 2, ..., k_i, the tensor corresponding to the quadratic form Ã_i and by (Ã_i)^{αβ} , α, β ∈ 1, 2, ..., k_i, the inverse tensor. On the cotangent bundle T^∗M^n the integrals I_k are given by

I_k(x̄, p̄) = (−1)^{n−k} m∑ i=1 k_i∑

α,β=1 σ_{n−k−1}(ϕ̌_i) Π̃_i ( Ã)^{αβ}_i p_{xαi} p_{xβi} .

By definition, put

F_i = 1 Π̃_i k_i∑

α,β=1 (Ã)^{αβ}_i p_xα_i p_xβ_i .

Then the integrals I_k have the form I_k(x̄, p̄) = (−1)^{n−k} m∑ i=1 σ_{n−k−1}(ϕ̌_i)F_i. Lemma 10. Suppose that the functions I_k are in involution. Then for each l_1, l_2 ∈ {0, 1, ..., n − 1} and i, j ∈ {1, 2, ..., m} the functions σ_{n−l1 −1}(ϕ̌_i)F_i + σ_{n−l1 −1}(ϕ̌_j )F_j and σ_{n−l2−1}(ϕ̌_i)F_i + σ_{n−l2−1}(ϕ̌_j )F_j (26)

are in involution. In particular for each l_1, l_2 ∈ {0, 1, ..., n−1} and i ∈ {1, 2, ..., m} the functions σ_{n−l1 −1}(ϕ̌_i)F_i and σ_{n−l2−1}(ϕ̌_i)F_i

are in involution.

Proof. We have

{I_{l1} , I_{l2} } = (−1)^{l1+l2} m∑ α,β=1 { σ_{n−l1 −1}(ϕ̌_α)F_α, σ_{n−l2 −1}(ϕ̌_β )F_β } = 0. (27)

Evidently {I_{l1} , I_{l2} } is polynomial of third degree in momenta (in other words the restriction of {I_{l1} , I_{l2} } to each cotangent space is a polynomial of degree three). Then all coefficients of this polynomial are zero. Note that the terms p_xr_i p_xs_i p_xt_i (where r = 1, ..., k_i, s = 1, ..., k_i, t = 1, ..., k_i), p_xr_i p_xs_i p_xt_j (where r = 1, ..., k_i, s = 1, ..., k_i, t = 1, ..., k_j ), p_xr_i p_xs_j p_xt_j (where r = 1, ..., k_i, s = 1, ..., k_j , t = 1, ..., k_j ) and p_xr_j p_xs_j p_xt_j (where r = 1, ..., k_j , s = 1, ..., k_j , t = 1, ..., k_j ) are found only in { σ_{n−l1−1}(ϕ̌_i)F_i + σ_{n−l1−1}(ϕ̌_j )F_j , σ_{n−l2 −1}(ϕ̌_i)F_i + σ_{n−l2 −1}(ϕ̌_j )F_j } (28)

and all terms in (28) are of this type. Since all coefficients by these terms are zero, (28) is zero and the functions (26) are in involution, q. e. d.

Combining Lemma 9 and Lemma 10, we have that for any i ∈ {1, 2, ..., m} and l ∈ {0, 1, ..., n − 1} the function σ_l(ϕ̌_i) does not depend on x̄_i. Consider the polynomial (t − ϕ_1)^{k1} (t − ϕ_2)^{k2} ...(t − ϕ_i)^{ki −1}...(t − ϕ_m)^{km} = t^{n−1}σ_0(ϕ̌_i) − t^{n−2}σ_1(ϕ̌_i) + ... + (−1)^{n−2}tσ_{n−2}(ϕ̌_i) + (−1)^{n−1}σ_{n−1}(ϕ̌_i).

Since the coefficients of the polynomial are independent of x̄_i, its roots are also independent of x̄_i. Then for each i ∈ {1, 2, ..., m} we have that ϕ_i is constant for k_i > 1 and depends only on x̄_i for k_i = 1.

The last step is to prove that the coefficients of Ã_i are independent of x̄_j for j ≠ i. It is sufficient to show that for each i ≠ j the functions

F_iΠ̃_i, F_jΠ̃_j (29)

are in involution. More precisely, suppose that (29) are in involution. Using that

{F_iΠ̃_i, F_jΠ̃_j } = k_i∑

α_1 ,β_1=1

(Ã_i)^{α1β1} p_x^α1_i p_xβ_{1i} , k_j∑

α_2,β_2=1

(Ã_j )^{α2 β2} p_x^α2_j p_xβ_{2j}

= 2 k_i∑

α_1,β_1=1 k_j∑

α_2,β_2=1 [ (Ã_i)^{α1 β1}

∂(Ã_j )^{α2 β2} ∂x^{α1}_i p_xβ_{1i} p_x^α2_j p_xβ_{2j} ]

− 2 k_i∑

α_1,β_1=1 k_j∑

α_2,β_2=1 [ (Ã_j )^{α2 β2}

∂(Ã_i)^{α1 β1} ∂x^{α2}_j p_xβ_{2j} p_x^α1_i p_xβ_{1i} ] . (30)

we have that all coefficients of the polynomial in momenta (30) are zero. Since the form Ã_j is non-degenerate, the sum ∑ β_2=1

(Ã_j )^{α2 β2} p_xβ_{2j}

is zero, if and only if p̄_j = 0. Then for any α_2 ∈ {1, ..., k_j }, α_1 ∈ {1, ..., k_i}, β_1 ∈ {1, ..., k_i} we have that ∂(Ã_i)^{α1β1} ∂x^{α2}_j is zero. Thus the coefficients of Ã_i depend on x̄_i only.

Let us demonstrate that the functions (29) are in involution. Using Lemma 10, we have that {F_i + F_j , σ_1(ϕ̌_i)F_i + σ_1(ϕ̌_j )F_j } = 0. (31) By Lemma 10, {F_i, σ_1(ϕ̌_i)F_i} = {F_j , σ_1(ϕ̌_j )F_j } = 0. Then in place of (31) we have

0 = {F_i, σ_1(ϕ̌_j )F_j } + {F_j , σ_1(ϕ̌_i)F_i} = k_i∑

α=1 ( ∂F_i ∂p_xα_i ∂σ_1(ϕ̌_j )F_j ∂x^α_i ) + k_j∑

β=1 ( ∂F_j ∂p_xβ_j ∂σ_1(ϕ̌_i)F_i ∂x^β_j )

− k_i∑

α=1 ( ∂σ_1(ϕ̌_i)F_i ∂p_xα_i ∂F_j ∂x^α_i ) − k_j∑

β=1 ( ∂σ_1(ϕ̌_j )F_j ∂p_xβ_j ∂F_i ∂x^β_j )

Since σ_1(ϕ̌_i) does not depend on x̄_i, we have that ( ∂F_i ∂p_xα_i ∂σ_1(ϕ̌_j )F_j ∂x^α_i ) − ( ∂σ_1(ϕ̌_i)F_i ∂p_xα_i ∂F_j ∂x^α_i ) = ( ∂F_i ∂p_xα_i ∂(σ_1(ϕ̌_j ) − σ_1(ϕ̌_i))F_j ∂x^α_i )

and similarly ( ∂F_j ∂p_xβ_j ∂σ_1(ϕ̌_i)F_i ∂x^β_j ) − ( ∂σ_1(ϕ̌_j )F_j ∂p_xβ_j ∂F_i ∂x^β_j ) = ( ∂F_j ∂p_xβ_j ∂(σ_1(ϕ̌_i) − σ_1(ϕ̌_j ))F_i ∂x^β_j ) . By Lemma 6,

(σ_1(ϕ̌_i) − σ_1(ϕ̌_j ))

Π̃_i ( (σ_1(ϕ̌_i) − σ_1(ϕ̌_j )) Π̃_j , respectively )

is independent of x̄_j (of x̄_i, respectively). Then the left-hand side of (31) is equal to (σ_1(ϕ̌_i) − σ_1(ϕ̌_j )) Π̃_iΠ̃_j { F_iΠ̃_i, F_jΠ̃_j } , and therefore the functions (29) are in involution. Thus the coordinates (x̄_1, x̄_2, ..., x̄_m) are Levi-Civita coordinates for the metrics g, ḡ and the metrics are geodesically equivalent, q. e. d.

7 Proof of Theorems 6,7.

Consider the space R^{n+1} with the standard coordinates x = (x^1, x^2, ..., x^{n+1}). Consider the standard sphere

S^n ⊂ R^{n+1}, S^n = {x ∈ R^{n+1} : (x^1)^2 + (x^2)^2 + ... + (x^{n+1})^2 = 1}.

Denote by g_{euclid} the Euclidean metrics

(dx^1)^2 + (dx^2)^2 + ... + (dx^{n+1})^2

on R^{n+1}. Denote by g the restriction of g_{euclid} to S^n. Let A be the diagonal matrix diag(^1√_{a1} ,^1√_{a2} , ...,^1√_{an+1} ). We assume that all a_i are positive.

In order to prove Theorems 6,7, we consider the linear transformation x −→ Ax of the space R^{n+1} and construct the corresponding transformation l : x →^{Ax}_{‖Ax‖} of the sphere S^n and the metric ḡ = l^∗g on the sphere. Then we

construct the fiberwise-linear mapping B given by B^i_j = (_{det(ḡ)} det(g) ) 1_{n+1} ḡ^{iα}g_{αj} , and show that the metrics g_B , ḡ_B are essentially the metrics from Theorem 6 and the metrics g_B2 , ḡ_B2 are essentially the metrics from Theorem 7. Therefore Theorems 6,7 follow from Theorem 5.

Take an arbitrary point x = (x^1, x^2, ..., x^{n+1}) ∈ S^n. Denote by T_xR^{n+1} and T_xS^n the tangent spaces at the point x to R^{n+1} and to S^n, respectively. Identify the tangent space T_xR^{n+1} with R^{n+1} by moving the origin of the coordinate system to the point x. Consider the matrix

Ā = 1

√_{(x1)2}

a_1 +

(x^2)^2

a_2 + ... +

(x^{n+1})^2 a_{n+1} A

and the matrix P with the general element P_{ij} = x^ix^j . The matrixes Ā, P depend on the choice of the point x. It is easy to see that for each vector v ∈ T_xR^{n+1}, the vector P v is the orthogonal projection of the vector v on the vector normal to the sphere. Then

P P = P, (32)

since the square of the projection is the projection. Similarly,

P Ā^2P = P, (33)

since in view of (32), the matrix P Ā^2P commutes with P , takes T_xS^n to zero and is therefore proportional to the projection P . It is easy to see that the coefficient of proportionality is 1, since for the normal vector η = (x^1, x^2, ..., x^{n+1}) to the sphere we have P Ā^2P η = η.

Consider the mapping

L : R^{n+1} → R^{n+1}, L(x) = √ (x^1)^2 + (x^2)^2 + ... + (x^{n+1})^2 √_{(x1)2}

a_1 +

(x^2)^2 a_2 + ... +

(x^{n+1})^2 a_{n+1} Ax.

The mapping L is a diffeomorphism on R^{n+1} \ 0, takes the sphere S^n to itself and coincides with the mapping l : x −→^{Ax}_{‖Ax‖} on the sphere.

The Jacobian J of the mapping L at the point x ∈ S^n is equal to Ā − ĀP Ā^2 + ĀP. Then the pull-back L^∗g_{euclid} of the Euclidean metric g_{euclid} is given by

JTJ = (Ā − Ā^2P Ā + P Ā)(Ā − ĀP Ā^2 + ĀP ) = Ā^2 − Ā^2P Ā^2 + Ā^2P − Ā^2P Ā^2 + Ā^2P Ā^2P Ā^2 − Ā^2P Ā^2P + P Ā^2 − P Ā^2P Ā^2 + P Ā^2P = Ā^2 − Ā^2P Ā^2 + P and therefore the metric ḡ is the restriction of the metric given by the matrix Ā2 − Ā2P Ā2 + P to the sphere.

Let us demonstrate that the matrix G^{−1} = Ā^{−2} − Ā^{−2}P − P Ā^{−2} + P Ā^{−2}P + P is inverse to the matrix G = Ā^2 − Ā^2P Ā^2 + P .

Denote by 1 the identity (n + 1) × (n + 1) matrix diag(1, 1, ..., 1 n+1 ). We have

G^{−1}G = (Ā^{−2} − Ā^{−2}P − P Ā^{−2} + P Ā^{−2}P + P )(Ā^2 − Ā^2P Ā^2 + P ) = 1 − Ā^{−2}P Ā^2 − P + P Ā^{−2}P Ā^2 + P Ā^2 − P Ā^2 + Ā^{−2}P Ā^2P Ā^2 + P P Ā^2 − P Ā^{−2}P Ā^2P Ā^2 − P Ā^2P Ā^2 + Ā^{−2}P − Ā^{−2}P P − P Ā^{−2}P + P Ā^{−2}P P + P P = 1.

The Euclidean metric g_{euclid} is given by the matrix 1. Then for any vectors u, v ∈ T_xR^{n+1} we have L^∗g_{euclid}(G^{−1}u, v) = g_{euclid}(u, v). Let us show that G^{−1} takes T_xS^n to T_xS^n and therefore coincides with the fiberwise-linear mapping given by ḡ^{iα}g_{αj} on T_xS^n. Evidently, T_xS^n is the eigenspace of the matrix P (with the eigenvalue 0). Then it is sufficient to show that the matrix P commutes with G^{−1}. We have

G^{−1}P = (Ā^{−2} − Ā^{−2}P − P Ā^{−2} + P Ā^{−2}P + P )P = Ā^{−2}P − Ā^{−2}P P − P Ā^{−2}P + P Ā^{−2}P P + P P = Ā^{−2}P − Ā^{−2}P − P Ā^{−2}P + P Ā^{−2}P + P = P Ā^{−2} − P Ā^{−2} − P Ā^{−2}P + P Ā^{−2}P + P = P (Ā^{−2} − Ā^{−2}P − P Ā^{−2} + P Ā^{−2}P + P ) = P G^{−1}. Thus the fiberwise-linear mapping B and the linear mapping given by G^{−1} are proportional at T_xS^n. Let us find the coefficient of proportionality. By definition, it is equal to (_{det(ḡ)} det(g) ) 1_{n+1}

. Let us demonstrate that^{det(ḡ)}_{det(g)} is equal to det(G). Indeed, the matrix P commutes with the matrix G^{−1}. Hence the matrix P commutes with the matrix G. Then T_xS^n is invariant under multiplication by the matrix G. Using that the restriction of the linear mapping given by G to T_xS^n is exactly the restriction of the fiberwise-linear mapping given by the tensor g^{iα}ḡ_{αj} to T_xS^n, we have that at the point x, all eigenvalues and eigenvectors of g^{iα}ḡ_{αj} are eigenvalues and eigenvectors of G. In particular, n eigenvectors of G lie in T_xS^n. The only eigenvector, which does not lie in T_xS^n, is the normal vector η = (x^1, x^2, ..., x^{n+1}) to the sphere. It is easy to check by direct calculation that the corresponding eigenvalue is equal to 1. Using that the determinant is the product of all eigenvalues, we obtain det(ḡ) det(g) = det(g^{iα}ḡ_{αj} ) = det(G). Let us find the determinant of the matrix G. We have det(G) = det^2(J) = det^2(Ā − ĀP Ā^2 + ĀP ) = 1 det^2(Ā) det^2(Ā^2 − Ā^2P Ā^2 + Ā^2P )

Let us show that

det(Ā^2 − Ā^2P Ā^2 + Ā^2P ) = det(Ā^2 − Ā^2P Ā^2 + P ). (34)

In view of P (1 − P ) = 0, we have

(Ā^2 − Ā^2P Ā^2 + Ā^2P )(1 − P ) = (Ā^2 − Ā^2P Ā^2 + P )(1 − P ).

Since the projection of T_xR^{n+1} on T_xS^n is given by the matrix 1 − P , the mappings given by (Ā^2 − Ā^2P Ā^2 + Ā^2P ) and (Ā^2 − Ā^2P Ā^2 + P ) coincide on T_xS^n. Then there exists precisely one eigenvector v /∈ T_xS^n of the matrix (Ā^2 − Ā^2P Ā^2 + Ā^2P ). The corresponding eigenvalue is equal to 1, since P (Ā^2 − Ā^2P Ā^2 + Ā^2P ) = P . Using that the determinant is the product of all eigenvalues, we have that the equality (34) is true. Thus 1 det^2(Ā) det^2(G) = det(G) and therefore

det(G) = det^2(Ā) = 1 a_1a_2...a_{n+1} 1 (x^1)^2 a_1 +

(x^2)^2

a_2 + ... +

(x^{n+1})^2 a_{n+1} n+1 .

Finally, the restriction of the fiberwise-linear mapping B to T_xS^n coincides with the restriction of the linear transformation of T_xR^{n+1} given by the matrix C (x^1)^2 a_1 +

(x^2)^2

a_2 + ... +

(x^{n+1})^2 a_{n+1} G^{−1}

to T_xS^n, where C = (a_1a_2...a_{n+1})^{−n−1}. Then the metrics g_B , ḡ_B are the restriction of the metrics given by the matrixes C (x^1)^2

a_1 +

(x^2)^2 a_2 + ... +

(x^{n+1})^2 a_{n+1} G^{−1}, C (x^1)^2

a_1 +

(x^2)^2 a_2 + ... +

(x^{n+1})^2 a_{n+1} 1,

respectively, to T_xS^n. Let us demonstrate that the metrics g_B , ḡ_B are isometric (up to a scaling) to the metrics from Theorem 6. First of all, the metrics given by the matrixes 1 (x^1)^2 a_1 +

(x^2)^2

a_2 + ... +

(x^{n+1})^2 a_{n+1} G^{−1} and A^{−2}

coincide on T_xS^n. Indeed, since the projection on T_xS^n is given by the matrix (1 − P ), it is sufficient to check that

(1 − P )G^{−1}(1 − P ) = (1 − P )Ā^{−2}(1 − P )

which is trivial in view of (1 − P )P = P (1 − P ) = 0.

Let us show that the restriction of the metric given by the matrix A^{−2} to the sphere is isometric to the metric of the ellipsoid. Consider the ellipsoid { ( x^1, x^2, ..., x^{n+1} ) ∈ R^{n+1} :

(x^1)^2 a_1 + (x^2)^2 a_2 + ... + (x^{n+1})^2 a_{n+1} = 1 } . Consider the mapping

m : R^{n+1} → R^{n+1}, m ( x^1, x^2, ..., x^{n+1} ) = ( x^1 √ a_1 , x^2 √ a_2 , ..., x^{n+1} √ a_{n+1} ) . The mapping m takes the ellipsoid to the sphere. Its Jacobian is equal to A. Then the pull-back of the metric with the matrix A^{−2} is given by the matrix

A^T A^{−2}A = 1,

and therefore the metric m^∗g_B is (up to a scaling) the metric of the ellipsoid.

Similarly, the metric m^∗ḡ_B coincides (up to a scaling) with the restriction of the metric given by (7) to the ellipsoid. More precisely, the pull-back of the metric with the matrix 1 (x^1)^2

a_1 +

(x^2)^2

a_2 + ... +

(x^{n+1})^2 a_{n+1} 1

is given by the matrix 1 (x^1)^2 a^2_1 +

(x^2)^2

a^2 + ... +

(x^{n+1})^2 a^2_{n+1} A^2,

which is exactly the matrix of the metric (7). Thus the Euclidean metric and the metric (7) induce geodesically equivalent metrics on the ellipsoid. Theorem 6 is proved.

Let us show that the metrics m^∗g_B2 , m^∗ḡ_B2 coincide (up to a scaling) with the metrics from Theorem 7. By definition, the metrics g_B2 , ḡ_B2 are the restriction of the metrics given by the matrixes

C (x^1)^2 a_1 +

(x^2)^2 a_2 + ... +

(x^{n+1})^2 a_{n+1}

2 (G^{−1})^2, C (x^1)^2

a_1 +

(x^2)^2 a_2 + ... +

(x^{n+1})^2 a_{n+1}

2 G^{−1},

respectively, to the sphere. It is easy to check by direct calculations that the matrix (1 − P )(G^{−1})^2(1 − P ) = (1 − P ) (¯ A^{−4} − Ā^{−2}P Ā^{−2} ) (1 − P ) so that the matrixes (G^{−1})^2 and Ā^{−4} − Ā^{−2}P Ā^{−2} give us the same metric on the sphere. Then the pull-back m^∗g_B2 is (up to a scaling) the restriction of the metric given by the matrix A^{−2} − P to the ellipsoid. Similarly, the pull-back m^∗ḡ_B2 is (up to a scaling) the restriction of the metric given by 1 (x^1)^2

a^2_1 +

(x^2)^2

a^2 + ... +

(x^{n+1})^2 a^2_{n+1} 1,

to the ellipsoid. Finally, the metrics (8), (9) induce geodesically equivalent metrics on the ellipsoid, q. e. d.

References

[1] E. Beltrami, Resoluzione del problema: riportari i punti di una superficie sopra un piano in modo che le linee geodetische vengano rappresentante da linee rette , Ann. Mat., 1(1865), no. 7.

[2] E. Beltrami, Teoria fondamente degli spazii di curvatura constante , Ann.

Mat., 2(1868), no. 2.

[3] A. V. Brailov, Construction of completely integrable geodesic flows on compact symmetric spaces, Math. USSR-Izv. 50(1986) , no. 4, 19–31.

[4] T. Levi-Civita, Sulle trasformazioni delle equazioni dinamiche , Ann. di Mat., serie 2^a, 24(1896), 255–300.

[5] K. Kiyohara, Compact Liouville surfaces, J. Math. Soc. Japan 43(1991), 555-591.

[6] K. Kiyohara, Two classes of Riemannian manifolds whose geodesic flows are integrable, Mem. Amer. Math. Soc. 130(1997), no.619.

[7] V. S. Matveev and P. J. Topalov, Geodesic equivalence of metrics on surfaces as integrability, Dokl. Akad. Nauk 367(1999) no. 6. English translation to appear in Russian Acad. Sci. Dokl. Math.

[8] J. Mikesh, On the existence of n-dimensional compact Riemannian spaces that admit nontrivial global projective transformations “in the large”, Soviet Math. Dokl, 39(1989), no. 2, 315–317.

[9] J. Mikesh, Geodesic mappings of affine-connected and Riemannian spaces, Journal of Mathematical Sciences, 78(1996), no. 3, Russian original in Itogi Nauki i Tekhniki, Seriaya Sovremennaya Matematika i Ee Prilozheniya. Tematicheskie Obzory. 11(1994), Geometry-2.

[10] J. Moser, Various aspects of integrable Hamiltonian systems, Dynamical systems (Bressanone, 1978), 137–195, Liguori, Naples, 1980.

[11] N. S. Sinjukov, To the theory of geodesical mappings, Soviet Math. Dokl., 169(1966), no. 4, 770-772.

[12] S. Tabachnikov, Projectively equivalent metrics, exact transverse line field and the geodesic flow on the ellipsoid, Preprint UofA-R-161, 1998.

[13] P. J. Topalov, Tensor invariants of natural mechanical systems on compact surfaces, and the corresponding integrals, Sb. Math., 188(1997), no. 1–2, 307–326.

[14] P. J. Topalov and V. S. Matveev, Geodesic equivalence and integrability, Preprint series of Max-Planck-Institut f. Math. no. 74(1998).

[15] P. J. Topalov, Hierarchy of integrable geodesic flows, Preprint series of Max- Planck-Institut f. Math. no. 115(1998).