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study essentially the same object.
We apply methods of one in the other and obtain the announced
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2. A vector field is projective w.r.t. a metric, if its flow takes
(unparametrized) geodesics to geodesics.
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» ais a diffeomorphism
> a takes great circles (geodesics) to great circles (geodesics)
> ais an isometry iff A€ O(n+1).
Thus, S/(n+ 1) acts by geodesic-preserving transformations on S”, and

its algebra s/(n+ 1) can be viewed as the algebra of projective vector
fields
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Theorem (Dini 1869) The metric

(X(x) = Y(y))(dx* + dy?)

is geodesically equivalent to (Y%y) — X(lx)) (;’Ef) + ﬂ%’;) , (if
they have sense).

Every two nonproportional geodesically equivalent Riemannian
metrics on the surface have this form in a neighbourhood of almost
every point.

Pseudo-Riemannian case: Two more series of normal forms:
Bolsinov, Pucacco, M~ 2008
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(Two geodesically equivalent metrics on the surface if genus > 2
are proportional)

In dimension 2, the integral Iy is

det(g)
det(g)

)= ( )gg—(z:,s).

Assume the surface is neither torus nor the sphere. The goal is to
show that g and g are proportional.

Because of topology, there exists xp such that g, = g,- We
assume g, # 8|x, and find a contradiction.
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Lie 1882: Problem Il: Man soll die Form des Bo-
genelementes einer jeden Flache bestimmen,
deren geodatische Kurven mehrere infinitesimale

Transformationen gestatten
English translation: Describe all 2 dim metrics admitting at least

two projective vector fields
Repeating Def: A vector field is projective (w.r.t. a metric), if its
flow takes unparameterized geodesics to geodesics.
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Theorem (Bryant, Manno, M~ 2007) If a two-dimensional
metric g of nonconstant curvature has at least 2 projective vector
fields such that they are linear independent at the point p, then
there exist coordinates x,y in a neighborhood of p such that the
metrics are as follows.
1. €1t x4+ e beb*dy?, where
beR\{-2,0,1} and¢; € {-1,1}

2. a (61 ?Lbbfre‘f)f + :Zii}i) where a € R\ {0},
beR\{-2,0,1} and ¢; € {—1,1}

3. a (ezigxz + 6%), where a € R\ {0}, and e € {—1,1}

4. e1e¥dx? + exe¥dy?, where ¢; € {—1,1},

5. a (5L, + 254)  where a € R\ {0}, ¢ € {-1,1},

dx? dy?
6. a ((cx+2x)2<+62)2x +e CX‘E(2))(/2+62> , where a> 0, €; € {_1’ 1}'

c € R.
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| proved Lichnerowicz-Obata-Solodovnikov Conjecture (50th): Let a
complete Riemannian manifold (of dim > 2) admit a complete projective
vector field. Then, the manifold is covered by the round sphere, or the

vector field is affine.

It is hard to relax the assumptions

History of L-O-S conjecture:

France
(Lichnerowicz)

Japan
(Yano, Obata, Tanno)

Soviet Union
(Raschewskii)

Couty (1961) proved
the conjecture assu-
ming that g is Einstein
or Kahler

Yamauchi (1974) pro-
ved the conjecture as-
suming that the scalar
curvature is constant

Solodovnikov (1956)
proved the conjecture
assuming that all ob-
jects are real analytic
and that n > 3.

Pseudo-Riemannian case was considered: Venzi 85, Barnes 93, Hall 95.
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(Lichnerowicz Conjecture: Among closed Riemannian manifolds, only
the round sphere admits essential projective vector fields)

(Lie Problem: Describe all 2-dim metrics with two projective vector
fields)

We reformulate it on the language of PDE. A
Folklor (Levi-Civita 1896): Two symmetric affine connections I' and T
have the same (unparametrized) geodesics (=belong to the same
projective class), iff for a 1-form T
[ = T+ T8 + Tkd] )
(Alternatively: Tracefreepartof(l' — ') = 0). )

Then, on the level of equations

All metrics geodesically equivalent to a connection I are solutions of the
system

d
[ﬁgij — &ial'j — gjar?,} —Tigiy — Tjgki =0
on unknowns gjj and T;. THE SYSTEM IS NONLINEAR AND
CONTAINS ARTIFICIAL UNKNOWN T
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2
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ADVANTAGES:
1. It is a LINEAR PDE-system of the first order.

2. The system does not depend on the choice of ' within a projective
class. (short tensor calculations)

Trick: One can exclude T and linearize the system:
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Def: Projective connection of an affine connection I is

Yoo = =T+ (Ml —2M)yx
+ (—T5 + 2M) () + Tha(yx)?

Beltrami 1865: For every solution y(x) the curve (x,y(x)) is a
re-parametrized geodesic.

Corollary If g has two projective vector fields, then its projective
connection has two point-symmetries.

It is easy to describe such projective connections (Lie, Cartan, Tresse):
in a certain coordinate system they are as follows: (A, B,C,D € R)

Yix = €A+ By, + Ce™(yx)> + De™ > (y)*.

Lie Problem is equivalent to “Which of them come from a metric”
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Bryant/Manno/M~ 2007) A 2-dimensional metric g has a given
projective connection

Vex = Koy + Kl)/x + K2(y><)2 + K3(y><)3

iff the entries of the matrix a < (det(g ))72/3

linear PDE of first order.

g satisfy a system of 4

8311 +2K081272/3 Kia;; =
26212 +8311 +2K0322+2/3K131274/3/’(2811 =
8322 +28312 +4/3K1322—2/3K2212—2K3211 =

0322 +2/3Kraz — 2 Kzag2

o O O o

Thus, the projective connection came from a metric iff this system
of PDE has a nontrivial solution.

To solve the Lie problem = to determine constants A, B, C, D such
that the system above with

KO = eXA, K1 = B, K2 Ce ’ = De™

has a nontrivial solution

This is an algorithmically-solvable problem
(if we can differentiate, multiply and add).
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At a certain point all new equations we obtain are linear
combinations of the previous equations.

Then, 18 minus the rank of the systems of equation we obtained is
the dimension of the space of solutions of (x), i.e. is the dimension
of the space of the metrics corresponding to the above projective
connection.

Applying the above procedure to the projective connections
admitting 2 point symmetries, we solve the Lie 2nd problem:

Theorem (Bryant, Manno, M~).
Vix = €XA+ By, + Ce™(yx)? + De=?*(y,)® comes from a metric
iff A= C = 0 (may be after a coordinate change)

Of cause, we also have a hand-written proof.
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Every projective vector field v does not change the equations.

Then, for every solution o € 0, then L,o is also a soluiton. Thus, L, is
a linear mapping :0 — O.

Then, for every basis 01,0, € O

L(s) =A%),

where A is a 2 X 2 matrix. Then, for the appropiate choice of the basis
o1, 02 we get

L) = (6 5)(7) o L) =(5% 2)(3)

depending on the eigenvalues of A.

In the left case there exists a solution s.t. L,0 = ao implying v is
homothety vector for g which is impossible for closed manifolds. In the
second case the determinant of o vanishes at some point (because
cos(t) vanishes for some t) implying that g = o - det(o) vanishes
somewhere. Lichnerowich conjecture is proved under assumption that
the space of solutions is two-dimenional
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where {, } is the Poisson bracket transplanted from T*M to TM
by the bundle isomorphism by : TM — T*M. If g is known,
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this equations is visibly linear in a = /det( )?/3 . Since in dim 2
the mapping A — comatrix(A) = A1 . det(A) is linear , the
mapping g1 - det(g)/3 — g/ det(g)z/3 is a linear isomorphism ,
and the equations (*) can be viewed as linear PDE in in the
components of o := g1 - det(g)"/3.
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What happens if the space of solutions is more than

two-dimensional?

Theorem (Matveev, 2003) Assume I is the Levi-Civita connection of
a Riemannian metric on a closed manifold. Ifdim(0')> 3, then g has
constant curvature
Explanation: The above linear system of PDE can be prolonged:

Voot = 0t 0 Mikes 1998
b _ b, 1 bc | 1 b _cd 1K€es
Valt? = 0a°p = 3Paco™ 45 Wacao (Eastwood, M~ 2007)
vap - _%Pabﬂb + %Yabcgbc

where P is the symmeterized Ricci-tensor, Y the Cotton-York-Tensor and
Wa,© 4 the projective Weyl-Tensor for the connection I

This is a linear system of PDE of the first order on the unknown
functions o®¢, uP . p. Moreover,
1. All derivatives of unknowns are expressed as functions of unknowns,

i.e. it is a connection.

2. One can understood this connection as a connection on the
projective tractor bundle £(BC) = £(b)(_2) 4 £b(—2) 4 £(-2)
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» One can try to apply Topalov-Sinjukov hierarhy

» as a source of integrable systems
> as test systems for different ways of quantizing

» one can try to combine geodesic equivalence with additional
tensor assumptions

» the metric is Einstein (Joint project with Kiosak)
> the metric is Kahler

» To generalize for pseudo-Riemannian case (local description
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Thanks a lot!!!



