
Vladimir Matveev
Jena (Germany)



Vladimir Matveev
Jena (Germany)

Lie, Beltrami and Schouten problems



Vladimir Matveev
Jena (Germany)

Lie, Beltrami and Schouten problems
www.minet.uni-jena.de/∼matveev/



Two separately developed theories,



Two separately developed theories,

◮ theory of geodesically equivalent metrics and



Two separately developed theories,

◮ theory of geodesically equivalent metrics and

◮ theory of quadratically integrable Hamiltonian systems and
separations of variables



Two separately developed theories,

◮ theory of geodesically equivalent metrics and

◮ theory of quadratically integrable Hamiltonian systems and
separations of variables
Benenti-systems, L-systems, cofactor systems,
quasi-bi-hamiltonian systems, systems admitting special
conformal Killing tensor



Two separately developed theories,

◮ theory of geodesically equivalent metrics and

◮ theory of quadratically integrable Hamiltonian systems and
separations of variables
Benenti-systems, L-systems, cofactor systems,
quasi-bi-hamiltonian systems, systems admitting special
conformal Killing tensor

study essentially the same object.



Two separately developed theories,

◮ theory of geodesically equivalent metrics and
Levi-Civita Painlevé Eisenhart

◮ theory of quadratically integrable Hamiltonian systems and
separations of variables
Benenti-systems, L-systems, cofactor systems,
quasi-bi-hamiltonian systems, systems admitting special
conformal Killing tensor
Levi-Civita Painlevé Eisenhart
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study essentially the same object.
We apply methods of one in the other and obtain the announced
classical problems
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Definitions

1. Two metrics (on one manifold) are geodesically equivalent if
they have the same unparametrized geodesics

2. A vector field is projective w.r.t. a metric, if its flow takes
(unparametrized) geodesics to geodesics.
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|A(x)|
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we construct
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|A(x)|

◮ a is a diffeomorphism

◮ a takes great circles (geodesics) to great circles (geodesics)

◮ a is an isometry iff A ∈ O(n + 1).
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Pseudo-Riemannian case: Two more series of normal forms:
Bolsinov, Pucacco, M∼ 2008
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Given g , ḡ on Mn we construct
−−−−−−−−→ L := ḡ−1g ·
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(
det ḡ
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Given g , ḡ on Mn we construct
−−−−−−−−→ L := ḡ−1g ·
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Given g , ḡ on Mn we construct
−−−−−−−−→ L := ḡ−1g ·
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det g

) 1
n+1

∀t ∈ R define
−−−−−−−−−→ St := (L − t · Id)−1 · det(L − t · Id)
consider
−−−−−→ It : TMn → R, It(ξ) := g(St(ξ), ξ).
Theorem (Topalov, M∼ 1998):
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(
det ḡ
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There is no problem to introduce potential energy in the picture
(Bolsinov, M∼ 2003/ Crampin, Scarlet 2003/ Benenti 2004 / Kruglikov,
M∼ 2006 ; Bolsinov, Pucacco, M∼ 2008 )

There is no problem to quantize the system (replace the integrals by
commuting differential operators) (Topalov, M∼ 2001 ; Bolsinov,
Pucacco, M∼ 2008)



Plan:

◮ Geometric sense of the integrals



Plan:

◮ Geometric sense of the integrals

◮ One application of geodesic equivalence to integrable systems:



Plan:

◮ Geometric sense of the integrals

◮ One application of geodesic equivalence to integrable systems:
Sinjukov-Topalov hierarchy as a way of constructing integrable
systems



Plan:

◮ Geometric sense of the integrals

◮ One application of geodesic equivalence to integrable systems:
Sinjukov-Topalov hierarchy as a way of constructing integrable
systems

◮ One application of integrable systems to geodesic equivalence:



Plan:

◮ Geometric sense of the integrals

◮ One application of geodesic equivalence to integrable systems:
Sinjukov-Topalov hierarchy as a way of constructing integrable
systems

◮ One application of integrable systems to geodesic equivalence:
What closed manifolds admit geodesically equivalent Riemannian
metrics?



Plan:

◮ Geometric sense of the integrals

◮ One application of geodesic equivalence to integrable systems:
Sinjukov-Topalov hierarchy as a way of constructing integrable
systems

◮ One application of integrable systems to geodesic equivalence:
What closed manifolds admit geodesically equivalent Riemannian
metrics?

◮ Combining methods from integrable systems and differential
geometry: solution of Lie Problem



Plan:

◮ Geometric sense of the integrals

◮ One application of geodesic equivalence to integrable systems:
Sinjukov-Topalov hierarchy as a way of constructing integrable
systems

◮ One application of integrable systems to geodesic equivalence:
What closed manifolds admit geodesically equivalent Riemannian
metrics?

◮ Combining methods from integrable systems and differential
geometry: solution of Lie Problem (joint with Bryant, Manno) and
of Lichnerowicz-Obata conjecture



Plan:

◮ Geometric sense of the integrals

◮ One application of geodesic equivalence to integrable systems:
Sinjukov-Topalov hierarchy as a way of constructing integrable
systems

◮ One application of integrable systems to geodesic equivalence:
What closed manifolds admit geodesically equivalent Riemannian
metrics?

◮ Combining methods from integrable systems and differential
geometry: solution of Lie Problem (joint with Bryant, Manno) and
of Lichnerowicz-Obata conjecture



Symplectic nature of these integrals



Symplectic nature of these integrals

(Topalov 1997



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 ,



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 ,



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q ,



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof:



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof: LXH

m∗σ̄ = ıXH
d [m∗σ̄] + d [ıXH

m∗σ̄]



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof: LXH

m∗σ̄ = ıXH
d [m∗σ̄] + d [ıXH

m∗σ̄] = 0



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof: LXH

m∗σ̄ = ıXH
d [m∗σ̄] + d [ıXH

m∗σ̄] = 0 + 0



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof: LXH

m∗σ̄ = ıXH
d [m∗σ̄] + d [ıXH

m∗σ̄] = 0 + 0 = 0.



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof: LXH

m∗σ̄ = ıXH
d [m∗σ̄] + d [ıXH

m∗σ̄] = 0 + 0 = 0.
Since the forms σ, m∗σ̄ are preserved by the flow,



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof: LXH

m∗σ̄ = ıXH
d [m∗σ̄] + d [ıXH

m∗σ̄] = 0 + 0 = 0.
Since the forms σ, m∗σ̄ are preserved by the flow, a function constructed
invariantly by using these forms must automatically be an integral.



Symplectic nature of these integrals

(Topalov 1997
independently

−−− Tabachnikov 1998 , Foulon 1986 , Pollicott)
Consider Hamiltonian systems

(N2n, ω,H,XH) and (N̄2n, ω̄, H̄,XH̄)

and their energy surfaces
Q2n−1 := {H(x) = h} and Q̄2n−1 := {H̄(x) = h̄}

Suppose there exists m : Q2n−1 → Q̄2n−1 such that dm(XH) = λ(x)XH̄

Then we can construct integrals for XH :
indeed: consider σ := ω|Q , σ̄ := ω̄|Q̄ and the pull-back m∗σ̄.
Lemma: The flow of XH preserves σ, m∗σ̄.
Proof: LXH

m∗σ̄ = ıXH
d [m∗σ̄] + d [ıXH

m∗σ̄] = 0 + 0 = 0.
Since the forms σ, m∗σ̄ are preserved by the flow, a function constructed
invariantly by using these forms must automatically be an integral. So
the coefficients of the characteristic polynomial of one form with respect
to the second are integrals.



We can construct many new integrable systems
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In dimension 2, the integral I0 is

I0(ξ) :=

(
det(g)

det(ḡ)

) 2
3

ḡ(ξ, ξ).

Assume the surface is neither torus nor the sphere. The goal is to
show that g and ḡ are proportional.

Because of topology, there exists x0 such that g|x0
= ḡ|x0

. We
assume g|x1

6= ḡ|x1
and find a contradiction.
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Lie 1882: Problem II: Man soll die Form des Bo-
genelementes einer jeden Fläche bestimmen,
deren geodätische Kurven mehrere infinitesimale
Transformationen gestatten
English translation: Describe all 2 dim metrics admitting at least
two projective vector fields
Repeating Def: A vector field is projective (w.r.t. a metric), if its
flow takes unparameterized geodesics to geodesics.
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Theorem (Bryant, Manno, M∼ 2007) If a two-dimensional
metric g of nonconstant curvature has at least 2 projective vector
fields such that they are linear independent at the point p, then
there exist coordinates x , y in a neighborhood of p such that the
metrics are as follows.

1. ǫ1e
(b+2) xdx2 + ǫ2beb xdy2, where

b ∈ R \ {−2, 0, 1} and ǫi ∈ {−1, 1}

2. a
(

ǫ1
e(b+2) xdx2

(eb x+ǫ2)2
+ eb xdy2

eb x+ǫ2

)

, where a ∈ R \ {0},

b ∈ R \ {−2, 0, 1} and ǫi ∈ {−1, 1}

3. a
(

e2 xdx2

x2 + ǫdy2

x

)

, where a ∈ R \ {0}, and ǫ ∈ {−1, 1}

4. ǫ1e
3xdx2 + ǫ2e

xdy2, where ǫi ∈ {−1, 1},

5. a
(

e3xdx2

(ex+ǫ2)2
+ ǫ1e

xdy2

(ex+ǫ2)

)

, where a ∈ R \ {0}, ǫi ∈ {−1, 1},

6. a
(

dx2

(cx+2x2+ǫ2)2x
+ ǫ1

xdy2

cx+2x2+ǫ2

)

, where a > 0, ǫi ∈ {−1, 1},

c ∈ R.
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I proved Lichnerowicz-Obata-Solodovnikov Conjecture (50th): Let a
complete Riemannian manifold (of dim ≥ 2) admit a complete projective
vector field. Then, the manifold is covered by the round sphere, or the
vector field is affine.

It is hard to relax the assumptions

History of L-O-S conjecture:

France
(Lichnerowicz)

Japan
(Yano, Obata, Tanno)

Soviet Union
(Raschewskii)

Couty (1961) proved
the conjecture assu-
ming that g is Einstein
or Kähler

Yamauchi (1974) pro-
ved the conjecture as-
suming that the scalar
curvature is constant

Solodovnikov (1956)
proved the conjecture
assuming that all ob-
jects are real analytic
and that n ≥ 3.

Pseudo-Riemannian case was considered: Venzi 85, Barnes 93, Hall 95.
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All metrics geodesically equivalent to a connection Γ are solutions of the
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[

∂
∂k

gij − giαΓα
kj − gjαΓα

ki

]

− Υigkj − Υjgki = 0

on unknowns gij and Υi . The system is nonlinear and

contains artificial unknown Υ
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admitting 2 point symmetries, we solve the Lie 2nd problem:

Theorem (Bryant, Manno, M∼).
yxx = exA + Byx + Ce−x(yx)

2 + De−2x(yx)
3 comes from a metric

iff A = C = 0 (may be after a coordinate change)

Of cause, we also have a hand-written proof.
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) 2
3
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this equations is visibly linear in a = ḡ/ det(ḡ)2/3 . Since in dim 2
the mapping A 7→ comatrix(A) = A−1 · det(A) is linear , the
mapping ḡ−1 · det(ḡ)1/3 7→ ḡ/ det(ḡ)2/3 is a linear isomorphism ,
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1. All derivatives of unknowns are expressed as functions of unknowns,
i.e. it is a connection.



What happens if the space of solutions is more than
two-dimensional?

Theorem (Matveev, 2003) Assume Γ is the Levi-Civita connection of

a Riemannian metric on a closed manifold. If dim(σ)> 3, then g has
constant curvature
Explanation: The above linear system of PDE can be prolonged:





∇aσ
bc = δa

bµc + δa
cµb

∇aµ
b = δa

bρ − 1
n
Pacσ

bc + 1
n
Wac

b
dσcd

∇aρ = − 2
n
Pabµ

b + 4
n
Yabcσ

bc

(
Mikes 1998

Eastwood, M∼ 2007

)

where P is the symmeterized Ricci-tensor, Y the Cotton-York-Tensor and
Wab

c
d the projective Weyl-Tensor for the connection Γ.

This is a linear system of PDE of the first order on the unknown
functions σbc , µb , ρ. Moreover,

1. All derivatives of unknowns are expressed as functions of unknowns,
i.e. it is a connection.

2. One can understood this connection as a connection on the
projective tractor bundle E (BC) = E (bc)(−2) + Eb(−2) + E(−2)
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◮ One can try to apply Topalov-Sinjukov hierarhy
◮ as a source of integrable systems
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in dim 2 – Bolsinov Pucacco M∼ 2008)

Thanks a lot!!!


