Riemannian metrics with integrable geodesic flows on surfaces: local and global geometry.

A. V. Bolsinov, A. T. Fomenko, V. S. Matveev

1. Introduction

This paper is based on three lectures given by authors in the framework of “Affine algebraic geometry” activity in Max Planck Institute of Mathematics, Bonn. The authors are very grateful to organizers for invitation and to Max- Planck-Gesellschaft for partial financial support.

The aim of the paper is to make a review of classical and new results on integrable geodesic flows on surfaces. The main question we would like to discuss is a classification of such flows modulo the following equivalences:

1) isometry, 2) geodesic equivalence, 3) orbital equivalence, 4) Liouville equivalence.

Let us recall the main definitions. Let M^n be a smooth manifold with a Riemannian metric g_{ij} (x). For simplicity we consider only C^∞-smooth Riemannian metrics, although almost all constructions work in the C^2-case. Recall, that the geodesics of the metric are smooth parameterized curves γ(t) = (x^1(t), . . . , x^n(t)), such that they are solutions of the system of ordinary differential equations

∇_{γ̇}γ̇ = 0,

where γ̇ = dγ/dt is the velocity vector of the curve γ, and ∇ is the operator of covariant derivation, corresponding to the symmetric connection of the metric g_{ij} . The equations of geodesics can be considered as the Hamiltonian system {_{dxi} dt =^{∂H}_{∂pi} , dp_i dt = −^{∂H}_{∂xi} . (1) with the Hamiltonian H(x, p) = 1 2 ∑ g^{ij} (x)p_ip_j = 1 2 |p|^2. on the cotangent bundle T^∗M. In this interpretation the geodesics are the projections of the orbits of the Hamiltonian system to M. Here x and p are standard coordinates on the cotangent bundle T^∗M, where x = (x^1, . . . , x^n) are the position coordinates on M, and p = (p_1, . . . , p_n) are the coordinates of the covector in T^∗_x M in the basis dx^1, . . . , dx^n.

When is it possible to solve the equations explicitly, for example, in quadratures? The Liouville theorem gives a sufficient condition for it.

Let M^2 be a closed surface with a Riemannian metric g. The geodesic flow of the metric G is completely Liouville integrable, if it admits a smooth first integral f, such that f is functionally independent of H almost everywhere on T^∗M^2. (For manifolds of arbitrary dimension n, the geodesic flow of a metric is completely Liouville integrable, if there exist n functionally independent integrals in involution.)

The following two questions are very natural and important: 1) What manifolds admit Riemannian metrics with integrable geodesic flows? 2) How to describe metrics with integrable geodesic flows? These questions were actively discussed in many papers, see M. Adler and P. van Moerbeke [1], I. K. Babenko and N. N. Nekhoroshev [2], G. Birkhoff [7], O. I. Bogoyavlensky [8], A. V. Bolsinov, V. V. Kozlov and A. T. Fomenko [10], A. V. Brailov [12], M. L. Bialy [13], G. Darboux [16], V. V. Kozlov [27], [28], V. V. Kozlov and D. V. Treshchev [30], V. N. Kolokol’tsov [31], [32], V. V. Kozlov and N. V. Denisova [29], K. Kiyohara [24], [25], V. S. Matveev [34], [35], A.S. Mishchenko [39], A.S. Mishchenko and A. T. Fomenko [40], G. Paternain [47], G. Paternain and R. Spatzier [48], M. L. Raffy [50], A. M. Stepin [53], R. Spatzier [52], I. A. Taimanov [55], [56], A.Thimm [58].

Let us return to dimension two. It is natural to fix the level of energy {H = const > 0}. Actually, the level is an invariant submanifold of the geodesic flow, and the dynamic on Q^3 = {H = const} completely determines the dynamic on T^∗M^2. More precisely, a change of the energy level means the re-parameterization of the geodesics. Note, that the topology of the isoenergy surface Q^3 is very simple: Q^3 has a natural structure S^1–bundle over the surface M^2 (the fiber over an arbitrary point x ∈ M^2 is the ellipse {H = const > 0} in the tangent plane T^∗_x M^2. In particular, for simplest surfaces: the sphere S^2, the torus T^2, the projective plane RP^2 and the Klein bottle K^2 the isoenergy surfaces are:

1) Q^3_{S2} = RP^3 (the three-dimensional projective plane), 2) Q^3_{T 2} = T^3 (the three-dimnsional torus), 3) Q^3_{RP 2} = L_{4,1} (the Lenz space (4, 1)), 4) Q^3_{K2} = T^3 (the three-dimensional torus), respectively. In the geodesic flow is completely integrable, then the isoenergy surface Q^3 fibers on two-dimensional level surfaces of the additional integral f : Q^3 → R.

The Liouville theorem states that connected regular closed level surfaces of the integral f are Liouville (two-dimensional) tori. The dynamic on each of these tori is very simple. The integral orbits of the geodesic flow on the Liouville tori are strait-line windings (rational or irrational). Moreover, the system (1) is integrable in quadratures near each Liouville torus. Thus if a geodesic flow is integrable, then there is a natural foliation of the isoenergy surface on Liouville tori and singular fibers (corresponding to critical values of the integral f). This structure is called Liouville foliation. Its fibers are by definition the connected components of the level surfaces {f = const} (regular and singular).

Let us introduce the following four equivalence relations on the set of all geodesic flows.

DEFINITION 1. Let (M_1, g_1) and (M_2, g_2) be surfaces with Riemannian metrics. Consider the corresponding geodesic flows v_1 and v_2 on the cotangent bundles.

1) The metrics g_1, g_2 are isometrical, if there exists a diffeomorphism ξ : M_1 → M_2, such that g_1 = ξ^∗g_2.

2) The metrics g_1, g_2 are geodesically equivalent, if there exists a diffeomorphism that takes the geodesics of the first metric to the geodesics of the second metric. Here we consider geodesics as unparameterized curves.

3) The geodesic flows v_1, v_2 are orbitally equivalent (topologically or smoothly), if there exists a mapping (homeo- or diffeomorphism, respectively) η : Q^3_1 → Q^3_2 that takes the oriented orbits of the flow v_1 to the oriented orbits of the flow v_2 (here the orbits are considered as unparameterized curves).

4) Assume that the geodesic flows v_1 and v_2 are integrable. Then they are Liouville equivalent, if they have the same Liouville foliations, i. e. if there exists a fiber-preserving diffeomorphism η : Q^3_1 → Q^3_2. Usually one requires the mapping η to preserve the orientation of the isoenergy surface and critical circles of the integral.

In this definition each equivalence relation is weaker than the previous one. Note, that the first three equivalent relations have sense for arbitrary geodesic flows.

2. Topological obstructions to integrability of geodesic flows on surfaces

Let us recall, what surfaces admit integrable geodesic flows.

Theorem 1. (V. V. Kozlov [27]) Let a two-dimensional closed analytic manifold of negative Euler characteristic be equipped with a Riemannian analytic metric. Then the geodesic flow of this metric is not integrable in the class of analytic integrals.

COMMENT. It follows immediately, that (in the analytic case) the following four closed surfaces can admit integrable geodesic flows: the sphere, the torus, the projective plane and the Klein bottle.

COMMENT. In the Kozlov theorem it is sufficient to require analyticity only of an isoenergy surface. The same result is true under the assumption that the additional integral is a polynomial in momenta (with the coefficients smoothly depending on the position), see below.

PROOF. Our proof differs from the original proof of V. V. Kozlov, and it is based on general properties of Liouville foliations of integrable systems. We hope that the suggested approach explains the topological nature of the obstructions to integrability, found by V. V. Kozlov.

Let M be a closed surface with an integrable geodesic flow. Suppose for simplicity, that the geodesic flow has a Bott integral f. Recall that a function f : Q^3 → R is Bott, if the set of critical points of it can be decomposed in disjoint union of non-degenerated critical submanifolds (see [9]).

Consider a regular isoenergy surface Q. It is a bundle over M^2, the fiber is the circle. In the papers [9], [20] it was shown, that the Liouville foliation on Q can be described by so-called marked molecule W^∗. The marked molecule W^∗ is a finite graph. Then the manifold Q^3 can be decomposed on finitely many one-parameter families of the Liouville tori and finitely many singular fibers.

Consider the natural projection p of the manifold Q^3 to the base M^2. It induces a mapping p_∗ : H_1(Q^3, Z) → H_1(M^2, Z) of first homology groups with integer coefficients. It is known, that each element α of the group H_1(M^2, Z) can be realized as a closed geodesic γ M^2. The geodesic γ, in turn, is the projection of a closed orbit γ^′ of the geodesic flow on Q^3. Since the geodesic flow is integrable, then γ^′ lies on a Liouville fiber (singular or regular).

CASE 1. Let γ^′ lie on a Liouville T^2. Then the image of the group H_1(T^2, Z) ≈ Z ⊕ Z contains α. Note, that all Liouville tori from the oneparametric family, containing the torus T^2, are isotopic. Then their first homology groups map onto the same group p_∗H_1(T^2, Z).

CASE 2. Let γ^′ lies on a singular Liouville fiber. The fiber consists of finitely many one-dimensional orbits of the Poisson action of the group R^2 (the action is generated by commuting functions H and f), and finitely many two-dimensional orbits, each of whose is homeomorphic to the ring S^1 × D^1. In each case the first homology group is isomorphic to Z. Since γ^′ lies at an orbit O_i, then the element α lies in the image of the group H_1(O_i, Z) ≈ Z.

The group H_1(M^2, Z) is the set-theoretic union of a finite number of subgroups, each of these subgroups has no more than two generators. Since H_1(M^2, Z) is isomorphic either Z^{2g}( orientable case) or Z^k ⊕ Z_2 (non-orientable case), then the group of the first homology of the surface M^2 is one of the following four groups: {e}, Z ⊕ Z_2, Z_2, Z ⊕ Z. All the other groups are too big.

Thus, the surface M^2 is either the sphere, or the projective plain, or the torus, or the Klein bottle. Theorem 1 is proved for Bott integrable geodesic flows.

It is clear, that the condition “the integral is Bott function” is not necessary here. A similar proof can be given, if we assume that the foliation of the manifold Q on the orbits of the Poisson action contains only FINITELY many singular orbits and only FINITELY many one-parametric families of oneparameter families of regular Liouville tori. Or if the integral is a so-called tame function. This case was investigated in the paper [36].

It is known, that analytic integrals are tame. The theorem is proved.

3. Local results

Let us recall two simplest examples of integrable geodesic flows. Consider the surface of revolution M^2, given by the equation r = r(z) in R^3 in the standard cylindric coordinate system r, φ, z.

Variables z and φ can be considered as a local coordinate system on M^2. Consider the Euclidean metric on R^3 . Then the induced Riemannian metric on M^2 is given by

ds^2 = (1 + (r^′)^2)dz^2 + r^2(z)dφ^2.

Let z = z(t), φ = φ(t) be the parametric equation of a geodesic on M^2. Let ψ be the angle between the velocity vector of the geodesic and the parallel of the surface of revolution.

Theorem 2. (Clairaut) The geodesic flow of a surface of revolution in R^3 is completely Liouville integrable. The function r cos ψ is constant on each geodesic, i.e. it is an integral. The geodesics (considered as unparameterized curves) are given by the following explicit formula. φ(z) = ∫ c √ 1 + r^{′2} √ r(r^2 − c^2) dz. The second example is so-called Liouville metrics. Recall, that a Riemannian metric on the surface M^2 is Liouville, if in the appropriate local coordinates x y it is given by

ds^2 = (f(x) + g(y)) ( dx^2 + dy^2 ) , where f(x) and g(y) are arbitrary smooth positive functions.

Theorem 3. (Liouville ) The geodesic flow of a Liouville metric is completely Liouville integrable. The geodesics (considered as unparameterized curves) are given by ∫ dx √ f(x) + a ± ∫ dy √ g(y) − a = c, where a and c are constants.

Note, that in these two examples the integrals are either linear or quadratic in momenta. It turns out, that if a geodesic flow admits an integral, linear or quadratic in momenta, then the metric is (locally) a Liouville metric or a metric of revolution.

DEFINITION 2. The geodesic flow of a metric is called linearly integrable, if the geodesic flow of it has an integral linear in momenta. The geodesic flows of a metric is called quadratically integrable, if it is not linearly integrable, and if the geodesic flow of it has an integral quadratic in momenta.

Local properties of metrics with linearly and quadratically integrable geodesic flows were investigated in the classical papers of G. Darboux [16], U. Dini [18], M. L. Raffy [50], G. Birkhoff [7]. In modern terms the theory was reformulated by V. N. Kolokol’tsov [31], and independently obtained by K. Kiyohara [15]. See also [24], [28].

The following theorems give a local description of such metrics at a point of general position.

Theorem 4. Let the geodesic flow of a metric ds^2 have an integral F , linear in momenta, in a neighborhood of a point P . Let the integral be not identically zero on the (co)tangent plane at the point P . Then in a neighborhood of the point P there exist regular local coordinates u, v, such that the metric has the following form:

ds^2 = λ(u)(du^2 + dv^2).

Theorem 5. Let the geodesic flow of the metric ds^2 have an integral F , quadratic in momenta, in a neighborhood of a point P ∈ M. Let the integral (considered as a 2-form) be not proportional to the Hamiltonian H on the (co)tangent plane at the point P . Then the metric is Liouville in a neighborhood of the point P , i. e. there exist local coordinates u, v, such that the metric reads

ds^2 = ( f(u) + g(v) ) (du^2 + dv^2),

where f(u) and g(v) are smooth functions, and the integral F reads F (u, v, p_u, p_v) = −f(u)p^2_v + g(v)p^2_u f(u) + g(v) .

These theorems describe metrics with geodesic flows, integrable linearly and quadratically in moments, near a point P of general position. What happens at a singular point? In other words, what kinds of singularities do the coordinates u, v from Theorems 4,5? The answer is given by the following theorem which includes both cases.

Theorem 6. Let a geodesic flow in a neighborhood of a point P ∈ M^2 have an integral F , quadratic in momenta. Let the integral F be proportional to the Hamiltonian H at the point P . Then there are the following two possibilities.

1) There exist coordinates u, v in a neighborhood of the point P , such that the metric reads ds^2 = f(u^2 + v^2)(du^2 + dv^2),

where f(t) is a positive smooth function. Then there exists another additional integral F̃ = vp_u − up_v, linear in momenta.

2)There exist coordinates u, v in a neighborhood of the point P , such that the metric reads

ds^2 = h(r + u) − h(u − r) 2r (du^2 + dv^2),

where r is equal to √ u^2 + v^2, and h is a function, smooth in a neighborhood of zero, such that h^′(0) > 0. Then the integral F , quadratic in momenta, has the following form (modulo linear combination with the Hamiltonian):

F (u, v, p_u, p_v) = − r ( h(u + r) + h(u − r) ) h(u + r) − h(u − r) (p^2_u + p^2_v ) + (up^2_u + 2vp_up_v − up^2_v).

Thus, for linear and quadratic integrability, the “canonical” coordinates can have exactly two types of singularities. These types of singularities have the polar and the elliptic coordinates.

The proof is based on an investigation of the so-called Birkhoff form. Let us recall the main construction.

Let a Riemannian metric in a neighborhood of a point of a surface be given by ds^2 = λ(x, y)(dx^2 +dy^2). In other words, let x, y be local isothermal coordinates of the metric. Suppose, that the geodesic flow of the metric has an integral F = ∑ b_i(x, y)p^{n−i}_x p^i_y, polynomial in momenta of degree n. Consider the complex-valued function

R(z) = (b_0 − b_2 + b_4 − b_6 + . . .) + i(b_1 − b_3 + b_5 − b_7 + . . .),

where z = x + iy.

Without loss of generality we can assume, that the function R is not identically zero. (If the function is zero, then the integral can be divided by the Hamiltonian, the result is evidently an integral, polynomial in momenta of degree n − 2.)

The following fact was noted by G. Birkhoff (for n = 1, 2), and generalized by V. N. Kolokol’tsov for arbitrary n.^{(dz)n}_{R(z)} is a meromorphic form on the surface. An investigation of the form at singular and regular points leads to the results formulated above.

Besides, this fact has a very important global corollary (V. N. Kolokol’tsov): there is no polynomially integrable geodesic flow on a closed surface of negative Euler characteristic.

The last statement follows immediately from the following two facts. First, the Birkhoff form has no zeros. Second, there are no n–differentials without zeros on a closed surface of negative Euler characteristic.

What is known about the geodesic flows, integrable polynomially in momenta of degree more than two?

A kind of local answer is given by the following theorem due to V. V. Kozlov.

Theorem 7. For any natural n there exists an integrable Hamiltonian system on the domain D_x × R^2_p (where D is a disk in the plain x_1, x_2; R^2_p is the plain with coordinates p_1, p_2) with the Hamiltonian of form H = p^2_1 + p^2 2Λ(x_1, x_2) , such that it has an integral, polynomial (in momenta p_1, p_2) of degree n, the integral does not depend of H and there is no integral, independent of H and polynomial in momenta of degree less than n.

The proof of Theorem 7 is given in V. Ten [57].

Note, that local examples of geodesic flows, integrable by polynomial in momenta of degree three or four, can be constructed from Calogero-Moser system [14], [41] and Toda lattice [59] using Maupertuis principle [10].

4. Metrical classification of linearly and quadratically integrable geodesic flows on closed surfaces

Metrical classification of geodesic flows, integrable linearly or quadratically in momenta, was obtain in the papers of V. N. Kolokol’tsov [31], K. Kiyohara [24], I. K. Babenko [3], I. K. Babenko and N. N. Nekhoroshev [2], V. S. Matveev [34], [35].

4.1. The torus.

As it will be shown, there exist global coordinates on the covering plane, such that the metric has a canonical type, see Theorems 4,5.

Consider the plane R^2 with Cartesian coordinates (u, v) and the Riemannian metric ds^2 = q(v)(du^2 + dv^2) on it, where the function q(v) has period L. Consider the lattice Γ generated by the vectors f_1 = (1, 0) and f_2 = (t, L), where t ∈ [0, 1), L > 0. Since q(v) is invariant modulo shifts along the elements of the lattice, then the metric ds^2 defines a metric on the torus T^2 = R^2 /Γ. The metric is constructed by three parameters: q, t, L, so we call it the (q, t, L)– metric.

Theorem 8. Let the geodesic flow of a metric ds^2 on the torus T have an integral, linear in momenta. Then the metric ds^2 is either flat or is isometric to the (q, t, L)–metric (for appropriate parameters q, t, L).

Consider now the case of Riemannian metric that admits an integral, quadratic in momenta, and that does not admit an integral, linear in momenta.

Consider the plane R^2 with Cartesian coordinates (x, y) and the Riemannian metric

ds^2 = (f(x) + g(y))(dx^2 + dy^2)

on it, where f and g are smooth positive functions with periods 1 and L respectively. Consider the factorspace of the plane modulo the lattice Γ, generated by the vectors f_1 = (m, 0), f_2 = (k, L). Since the metric ds^2 is invariant modulo shifts along the elements of Γ, then we obtain a smooth metric on the torus T^2 = R^2 /Γ. This metric is called the (L, f, g, k/m)–metric.

Theorem 9. If the geodesic flow of a metric on the torus has an integral, quadratic in momenta, and has no integral, linear in momenta, then the metric is isometrical to the (L, f, g, k/m)–metric (for appropriate parameters L, f, g, k/m). COMMENT. (L, f, g, k/m)–metric with k = 0 are globally Liouville metrics.

In this case the coordinates x and y are global periodic coordinates on the torus. If k ≠ 0, then the metric is a finite-sheeted Liouville metric. A finite-sheeted Liouville metric becomes a Liouville on a finite covering.

4.2. Klein bottle.

Recall, that the Klein bottle can be double covered by the torus. It is clear, that if we cover the Klein bottle (with an integrable geodesic flow on it) by the torus, then the corresponding geodesic flow on the torus is also integrable. If the integral of the geodesic flow on the Klein bottle is polynomial in momenta, then the integral on the torus is also polynomial in momenta. But the minimal degree of the polynomial (in momenta) integral can be changed. For example, a quadratically integrable geodesic flow on the Klein bottle can generate a linearly integrable geodesic flow on the torus, see I. K. Babenko [3], V. S. Matveev [35], [36]. So that there are the following four series of the integrable geodesic flows on the Klein bottle:

1) linearly integrable (there exists an integral, linear in momenta); 2) quasi-linearly integrable (there exists an integral, quadratic in momenta, there is no integral, linear in momenta, and on the covering torus there exist an integral, linear in momenta);

3) quadratically integrable (three exists an integral, quadratic in momenta, and even on the covering torus, there exists no integral, linear in momenta );

4) quasi-quadratically integrable (there exists an integral, forth degree in momenta, there exists no integral of degree less than four, and on the covering torus there exists an integral, quadratic in momenta ).

Let us describe linearly, quasi-linearly, quadratically and quasi-quadratically integrable geodesic flows. All of them can be constructed explicitly. Consider the plain R^2 with the Cartesian coordinates x, y, and the orthogonal lattice Γ, generated by the basic f_1 = (1, 0), f_2 = (0, L), where L is a positive number.

Consider the metric ( f(x) + g(y) ) (dx^2 + dy^2)

on it, where f(x) is a function with period 1/2, g(y) is an even function with period L, and for any x, y f(x) + g(y) > 0.

The metric evidently generates a smooth metric on the torus T^2 = R^2 /Γ. Consider now an involution ξ, given by the formula: ξ(x, y) = (x + 1/2, −y). Clearly, the function f(x) + g(y) is invariant modulo the involution ξ. Then the factorspace modulo the involution is the Klein bottle with a smooth metric. We call this metric the (L, f, g)–metric.

If the function f is identically zero, then the geodesic flow is linearly integrable. The linear integral on the torus is the function p_x. Since the involution ξ preserves the function p_x, then the function p_x generates an integral, linear in momenta, of the geodesic flow of the (L, 0, g)–metric on the Klein bottle.

If the function g is identically zero, then the geodesic flow of the (L, f, g)– metric is quasi-linearly integrable. More precisely, the corresponding geodesic flow on the covering torus has an integral p_y, linear in momenta, which is not preserved by the involution ξ. The involution ξ changes the sign of the function p_y. Then the involution ξ preserves the function p^2_y, so that the function p^2_y, quadratic in momenta, is an integral of the geodesic flow of the (L, f, 0)–metric.

Finally, if the functions f and g are not constant, then the geodesic flow of the (L, f, g)–metric (for any positive L) is quadratically integrable.

Theorem 10.

1) If the geodesic flow of a metric on the Klein bottle is linearly integrable, then the metric is isometric to the (L, 0, g)–metric (for appropriate parameters L and g).

2) If the geodesic flow of a metric on the Klein bottle is quasi-linearly integrable, then the metric is isometrical to the (L, f, 0)–metric (for appropriate parameters L and f).

3) If the geodesic flow of a metric on the Klein bottle is quadratically integrable, then the metric is isometric to the (L, f, g)–metric (for appropriate parameters L, f and g).

Now consider quasi-quadratically integrable geodesic flows on the Klein bottle. The integral F of such geodesic flows locally has the form F = F̃^2, where F̃ is a polynomial in momenta of second degree. On the covering torus the geodesic flow is quadratically integrable.

Let m and n be natural, relatively prime numbers. Let f be a positive nonconstant function with period 1. Consider the standard Cartesian coordinates x, y on the plane R^2 , and consider the metric

ds^2 = ( f(x) + f(y + n/2) ) (dx^2 + dy^2).

Let Γ be an orthogonal lattice on the plane, generated by the vectors f_1 = (m, −m), f_2 = (n, n). Easy to see, that the metric is invariant modulo the lattice Γ. Then the metric defines a metric on the torus R^2 /Γ.

Consider the involution ξ : R^2 /Γ → R^2 /Γ, given by the formula ξ(x, y) = (y + n/2, x + n/2). The factorspace of the torus R^2 /Γ modulo the involution is the Klein bottle. Clearly, the metric on the torus is preserved by the involution ξ, so that the metric on the torus defines a metric on the Klein bottle. Denote this metric on the Klein bottle by ds^2_{m,n,f} .

Theorem 11.

1) The geodesic flow of the metric ds^2_{m,n,f} on the Klein bottle has an integral, polynomial in momenta of fourth degree, and has no integral, polynomial in momenta of degree less than four.

2) If the geodesic flow of a metric on the Klein bottle is quasi-quadratically integrable, then the metric is isometric to ds^2_{m,n,f} (for appropriate m, n, f)

4.3. Sphere.

A description of the geodesic flows on the sphere, integrable linearly or quadratically in momenta, is due to Kolokol’tsov [31], and was independently obtained by K. Kiyohara [24], [25]. In the paper [44] N. T. Zung, E. N. Selivanova and L. S. Polyakova suggested a geometric formulation of the results. The geometrical approach seems to be more convenient for our description of a global topology of integrable geodesic flows on the sphere.

First we describe linearly integrable geodesic flow on the sphere. Let us consider the sphere as a compactified complex plane. The global coordinates on the sphere are real and imaginary parts of the standard complex variable on the complex plane.

Theorem 12. The geodesic flow of a metric on the sphere has an integral, linear in momenta, iff in global coordinates x, y the metric is

ds^2 = f(x^2 + y^2)(dx^2 + dy^2),

where f(t) is a positive smooth function on the ray [0, +∞), such that f(1/t) t^2 is also a positive smooth function on the ray [0, +∞).

The second condition is equivalent to the metric being smooth at the infinity point.

We call such metrics f-metrics on the sphere.

An equivalent formulation of Theorem 12 is the following: The geodesic flow of a metric on the sphere has an integral, linear in momenta, iff the metric is isometric to the metric ds^2 = h(z)ds^2_0 for an appropriate smooth positive function h(z) : [−1, 1] → R.

Here ds^2_0 denotes the induced metric on the standard sphere {x^2+y^2+z^2 = 1} in the Euclidean space R^3 (with the standard metric dx^2 + dy^2 + dz^2).

COROLLARY. The geodesic flow of a metric on the sphere has an integral, linear in momenta, iff there exists a smooth action of the circle S^1 = SO(2), such that the action preserves the metric and the action is conjugate to the standard action of the group SO(2) by the rotations around the axis z.

The following metrics are model metrics with quadratically integrable geodesic flows. Later on we will show, that if the geodesic flow of a metric is quadratically integrable, then the metric is isometric to an appropriate model one.

Consider the torus T^2 as a factorspace of R^2 (with the Cartesian coordinates x, y) modulo orthogonal lattice Γ, generated by vectors f_1 = (1, 0) and f_2 = (0, L), where L is a positive number. Consider the involution σ : T^2 → T^2, given by σ(x, y) = (−x, −y). Clearly the involution preserves the lattice Γ, so that σ is an involution on the torus. It is easy to see, that the factorspace T^2/σ is homeomorphic to the sphere, and that the projection κ : T^2 → S^2 = T^2/σ can be considered as a smooth (and even complex-analytic) branched covering with exactly four branch points, each having degree 2.

Let f(x), g(y) be smooth functions, such that

a) the function f(x) is non-negative, even, with the period 1.

b) the function g(y) is non-negative, even, with the period L.

c) the function f(x) is zero exactly at the points x = m/2, m ∈ Z. The function g(y) is zero exactly at the points y = Lk/2, k ∈ Z. For any point (m/2, kL/2) ∈ R there exists a function h(t) smooth in a neighborhood of zero, such that h^′(0) ≠ 0 and

f(m/2 + t) = h(t^2), g(kL/2 + t) = −h(−t^2). If we want the metric to be real-analytic, then the functions f, g and h must be real-analytic.

Consider the following degenerate metric ( f(x) + g(y) ) (dx^2 + dy^2). The degenerate metric is not positively definite exactly at the branch points of κ. Easy to see, that the degenerate metric is invariant on the torus T^2 modulo the involution σ. Therefore it induces a Riemannian metric on the sphere without four points. It turns out, that it is possible to define the form in the four points, such that the result is a smooth Riemann metric on the whole sphere.

Thus, given a triple (L, f, g) (satisfying the conditions a,b,c), we construct a smooth Riemannian metric ds^2 on the sphere S^2. We called the metric the (L, f, g)–metric.

Theorem 13. The geodesic flow of a metric on the sphere is quadratically integrable, iff the metric is isometric to the (L, f, g)–metric (for appropriate parameters L, f, g).

4.4. Projective plain.

Let us describe a family of metrics on RP^2 , whose geodesic flows are integrable, linear in momenta. Evidently RP^2 is the factorspace S^2/Z_2. Consider the sphere S^2 as a compactified complex plane C ∪ {∞}. Let τ be an involution τ(z) = −1/z̄. Clearly the involution has no fixed points. Consider the metric ds^2 = f(|z|^2)dzdz̄, on the sphere S^2 = C + {∞}.

Here f(t) is a smooth positive function f : [0, ∞) → R, such that f(t) = f(1/t)/t^2. Clearly the metric is preserved by the involution τ. Then the metric induced a metric on the projective space S^2/τ. The resulting metric on S^2/τ is constructed by the function f, we call it the f–metric .

Theorem 14. The geodesic flow of a metric on RP^2 has an integral, linear in momenta, iff the metric is isometric to the f-metric (for an appropriate f).

Let us describe the metrics on RP^2 , whose geodesic flows are quadratically integrable. As above, consider the sphere as the factorspace of the torus modulo an involution σ, and consider the (L, f, g)–metrics, where the functions f and g satisfy the conditions a,b,c. Consider the projective plane as the factorspace of the sphere modulo the involution τ given by:

τ((x, y), (−x, −y)) = ((1/2 − x), L/2 + y), (x − 1/2, −L/2 − y)). It is easy to see, that the involution τ has no fixed point. Evidently S^2/τ ≈ RP^2 . Now take the (L, f, g)–metrics, such that they are preserved by the involution τ. Evidently an (L, f, g)–metric is preserved by τ, if the functions f and g have periods 1/2 and L/2, respectively.

Thus if the functions f and g have periods 1/2 and L/2, respectively, then the (L, f, g)–metric on the sphere induces a metric on the projective plane. We call it the (L, f, g)–metric on the projective plane.

Theorem 15. The geodesic flow of a Riemannian metric on the projective plane is quadratically integrable, iff the metric is isometric to the (L, f, g)–metric on a projective plane (for appropriate parameters L, f, g).

We gave a complete list of geodesic flows, integrable linearly or quadratically in momenta. Each metric in the list is given by a finite set of parameters. The natural question is the following: what parameters correspond isometric metrics? The answer is given in [35]. Roughly speaking, it is not hard to know, given two sets of parameters, whether the corresponding metrics are isometric.

5. The metrics on the sphere, generated by Kovalevskaya and Goryachev-Chaplygin cases of rigid body motion.

The following two examples are constructed by using Maupertuis principle from the Kovalevskaya and Goryachev-Chaplygin cases of the rigid body motion.

Here we give only the explicit formulae of the resulting Riemannian metrics on the sphere. The complete construction is given in [10].

The metric of Goryachev-Chaplygin is the restriction of the metric:

ds^2 = h − u_1 4 · du^2_1 + du^2 + 4du^2_3 u^2_1 + u^2 + u^2_3/4

to the standard unit sphere. The geodesic flow of the metric is integrable, polynomial of third degree.

The metric of Kovalevskaya is the restriction of the metric

ds^2 = h − u_1 2 · du^2_1 + du^2 + 2du^2_3 u^2_1 + u^2 + u^2_3/2

to the standard unit sphere. The geodesic flow of the metric is integrable, polynomial of fourth degree.

S. A. Chaplygin [15] and D. N. Goryachev [17] constructed a four-parameter family of potentials on the sphere, such that the corresponding Maupertuis geodesic flows are integrable, polynomial of degree four. The family includes the Kovalevskaya metric.

Thus there exist metrics on the sphere, integrable polynomially of degree 1,2,3,4.

We have completely described Riemannian metrics, whose geodesic flows are quadratically or linearly integrable. The question of a complete description of metrics, integrable polynomial of degree more than two, is still open. Moreover, there is no known example, except for metrics of Kovalevskaya, Goryachev and Chaplygin. There is no known example of metric on the torus, integrable polynomial of degree more than two.

CONJECTURE A.(A. T. Fomenko, V. V. Kozlov). If the geodesic flow of a Riemannian metric on the torus T^2 has an integral, polynomial in momenta, then it has also an integral, linearly or quadratically in momenta.

CONJECTURE B. (A. T. Fomenko, V. V. Kozlov). If the geodesic flow of a Riemannian metric on the sphere S^2 has an integral, polynomial in momenta, then it has also an integral, linear, quadratic, third degree or fourth degree in momenta.

There are many results, confirming Conjecture A, see the papers V. V. Kozlov and N. V. Denisova [29], M. L. Bialy [13], V. V. Kozlov and D. V. Treshchev [30]. See also the review paper by A. V. Bolsinov, V. V. Kozlov and A. T. Fomenko [10] and the book by V. V. Kozlov [28].

6. Liouville classification of geodesic flows on surfaces, integrable linearly or quadratically in momenta

Here we review results of V. V. Kalashnikov (jun.) [23], N. T. Zung, L. S. Polyakova, E. N. Selivanova [44], V. S. Matveev [35], describing the topology of the Liouville foliations of integrable geodesic flows on surfaces. Following the general construction [9], [20], we give an answer in terms of so-called marked molecules. The molecules can be constructed explicitly by the parameters (of type f, g, L). Here we give an answer only in the simplest case, when the Liouville foliation has a minimal number of singularities. The results are given in Table 1.

Comments to Table 1.

1. The functions f and g have the minimal possible number of singular points. All singular points are non-degenerate.

2. We use the standard notations for singularities of Liouville foliation. The list of the standard notations see in [9], [20].

3. There are numerical marks, adjoint to the edges of the molecules, see [9], [20]. Here we put the marks only in the cases, when they are essential to distinguish topologically non-equivalent Liouville foliations. The reason is that in most cases the molecule (without numerical marks) is sufficient, to distinguish topologically non-equivalent Liouville foliations. Only for a few systems the molecules (without numerical marks) coincide, although the Liouville foliation is different. As an example, the molecule (without numerical marks) for the Kovalevskaya metric, and the molecule (without numerical marks) for metric of the simplest quadratically integrable geodesic flow on the Klein bottle are the same. That means that locally the corresponding Liouville foliations coincide. But the marks are different, so that globally the Liouville foliations are different.

4. The atom K appears in the cases of quasi-linearly and quasi-quadratically integrable geodesic flows. The corresponding fiber is diffeomorphic to the Klein bottle. Locally in a neighborhood of each point the integral F has the form F = F̃^2, where F̃ is a function without singularities. Globally it is not possible to take the square root. The reason is that the normal bundle to the Klein bottle ( in Q^3) is non-trivial.

5. If the functions f and g have an arbitrary amount of critical points, the general structure of the molecules is similar. Roughly speaking, instead of atoms A we must put some graphs, see [23], [44].

6. The question marks in Table 1 mean, that the are no known examples of the corresponding metrics. Up to the above conjectures, there is no such example at all.

TABLE 1

1

2

3

4

S^2 RP^2 T^2 K^2

f-metric f-metric (q, t, L)-metric (L, 0, g)-metric

A A A A A A

B B A A* A* A

r=^1_2 r=^1_4

(L, f, g)-metric (L, f, g)-metric

(L, f, g,^k_m )-metric Quasi-linear case: (L, f, 0)-metric A A

A A

C2

n=2

A A

A A

C2

n=4

A A

A A

B B

B B

r=^k_m

r=^k_m r=−^k_m r=−^k_m A

A

K

K C2

Globally Liouville metric: (L, f, g, 0)-metric A A

A A

B B

B B

r=0

r=0 r=0 r=0

(L, f, g)-metric

A A*

A A*

r=^1_2

r=^1_2 C2 K

K Goryachev-Chaplygin metric A B A B A A ? ? ?

? ? Kovalevskaya metric

A A* A A*

r=0

r=0 C2 A A

Quasi-quadratic case: metric ds^2_{m,n,f} A B K B A K

7. Orbital classification of integrable geodesic flows

An orbital classification of geodesic flows on surfaces, integrable linearly or quadratically in momenta, can be made with the help of a so-called t-molecule. t-molecule is an invariant, suggested by A. V. Bolsinov and A. T. Fomenko [9]. This invariant is essentially the marked molecule plus new invariants that describe the behavior of the orbits of the Hamiltonian system on one-parameter families of Liouville tori (i.e. on the edges of the molecule) and in the neighborhoods of singular fibers of the Liouville foliation. In the case of geodesic flows, integrable linearly and quadratically, all the invariants can be obtained explicitly, depending on the parameters of the metric, see [51]. For simplicity we give the most interesting examples.

Consider a one-parameter family of Liouville tori in the isoenergy surface Q^3 = {H = 1}. It is known, that the dynamic of the Hamiltonian system on a Liouville torus is described by the rotation number. The rotation number depends on the torus, and therefore we must consider so-called rotation function ρ(t), where t is a parameter on the edge of the molecule. The class of conjugacy of the rotation function is an orbital invariant. (Two functions ρ(t) and ρ̃(t̃) are conjugate, if there exist a substitution t̃ = t̃(t), such that ρ̃(t̃(t)) = ρ(t)).

It can be shown, that in the simplest bifurcations of the Liouville tori ( i. e. if there is no atom except for A, A^∗ and B), there is no atom invariant, describing the behavior of the orbits near the singular fibers. In other words, the rotation function describes the system modulo orbital equivalence. As a result we get the following theorem.

Theorem 16. Let ds^2 and ds^{′2} be two globally-Liouville metrics on the torus. Suppose there is no bifurcation of the Liouville tori of the corresponding geodesic flows v and v^′, except for the atoms A and B. Then the systems v and v^′ are topologically orbitally equivalent, iff the flows are Liouville equivalent and the rotation functions on the corresponding edges are conjugate.

Using the theorem, it is easy to construct examples of topologically orbitally equivalent geodesic flows on the torus. For example, consider the following two globally-Liouville metrics on the torus.

ds^2 = ( f(x) + g(y) ) (dx^2 + dy^2) ds̃^2 = (~ f(x) + g̃(y) ) (dx^2 + dy^2),

where the periodic functions f, g and f̃, g̃ have exactly one minimum and one maximum inside the period. The corresponding molecules W^∗ and W̃^∗ have the simplest form, see Table 1.

Suppose for simplicity, that the rotation functions ρ and ρ̃ are monotone on each edge. Then the function ρ changes from zero to plus infinity on every edge with atoms B at each origins. Then all rotation functions on such edges are conjugate. The behavior of the function ρ on the edges between the atoms A and B is the following. The limit of the rotation function on the atom B is either zero or infinity, so it gives no contribution to invariants. The limit of the rotation function on the edge with the atom A is a finite number. This number is a non-trivial invariant of the geodesic flow. Denote by p this number for two upper atoms A (the number is the same for both atoms), denote by q this number for two lower atoms A.

The notations for the flow ds̃^2 are similar, we denote the limits by p̃, q̃. Using Theorem 16, we have that the flows v are ṽ are topologically orbitally equivalent, iff (p, q) = (p̃, q̃) or (p, q) = (q̃^{−1}, p̃^{−1}). The second possibility is because of a non-trivial symmetry of the geodesic flow, corresponding to a rearrangement of the variables x and y. The rearrangement changes the rotation function in the following way: ρ → 1/ρ.

The last result has an equivalent formulation. In the assumptions (monotonicy of the rotation functions and the simplest type of the molecule) the geodesic flow has evidently exactly two stable closed geodesics, corresponding to two pairs of A.

Consider a stable geodesic γ of the geodesic flow. Consider the limit ρ_0 of the rotation function ρ(t), when t goes to the point, corresponding to γ. Consider the Morse index ind(γ) of the geodesic γ. Consider the multiplier ν = exp(2πiφ) of the geodesic γ (a multiplier is an eigenvalue of the linearization of the Poincare mapping). The following formulae are true:

ind(γ) = [2ρ_0] (i. e. integral part of 2ρ_0),

ν = exp(2πiρ_0).

Combining the formulae with Theorem 16, we have the following corollary.

COROLLARY. Consider two quadratically integrable geodesic flows on the torus. Suppose, that the corresponding molecules have the simplest type, and that the rotation functions are monotone. Then the geodesic flows are orbitally equivalent, iff the corresponding closed stable geodesics have equal Morse indices and equal multipliers.

A similar result is true for the sphere.

Theorem 17. Let ds^2 and ds̃^2 be two (L, f, g)–metric on the sphere. Suppose that the molecules of the metrics are the simplest possible, see Table 1. Then their geodesic flows are topologically orbitally equivalent, iff they are Liouville equivalent, and their rotation functions (on the corresponding edges) are topologically conjugate.

COROLLARY. Consider two quadratically integrable geodesic flows on the sphere. Let the corresponding molecules W and W^′ be the simplest possible, and let the rotation functions be monotone. Then the geodesic flows are orbitally equivalent, iff the corresponding closed stable geodesics have equal Morse indices and equal multipliers.

The assumptions of the theorems are very natural. For example, geodesic flows on the ellipsoid and on the Poisson sphere satisfy them.

It can be shown, that for appropriate parameters, geodesic flows on the ellipsoid and on the Poisson sphere are topologically orbitally equivalent, but they are never smoothly orbitally equivalent.

Theorem 18. (E. N. Selivanova [51]). Let ds^2 be a smooth Riemannian metric on the sphere or on the torus. Let the geodesic flow of the metric be integrable, linearly or quadratically in momenta. Then there exists a family of metrics (depending on a functional parameter), such that the metrics in the family are pairwise different, orbitally equivalent and the geodesic flow of each metric in the family has a non-trivial integral, quadratic in momenta.

The theorem has the following interesting corollaries. Let us apply it to the standard metric of constant curvature on the sphere. We get a big family of metrics, whose geodesic flows are orbitally equivalent to the geodesic flow of the metric of constant curvature. In particular, all geodesics are closed, so that the metrics are so-called Zoll metrics.

This fact is well known for metrics of revolution, see A. Besse [4]. Let us consider them as integrable geodesic flows.

Consider the metric of constant curvature as a metric of revolution.

ds^2_0 = dθ^2 + sin^2 θdφ^2.

The geodesic flow of it has an integral F = p_φ, linear in momenta. The molecule has the simplest type A——A, i. e. there exists exactly one one-parameter family of Liouville tori. The rotation function on the family is

ρ_0(F ) = 1 π ∫_{π−x} x F dθ sin θ √ sin^2 θ − F^2 , where sin(x) = F . Easy to check that ρ_0(F ) ≡ 1.

Theorem 19. (See [4]). A metric of revolution ds^2 on the sphere is a Zoll metric, iff it can be written as

ds^2_h = (1 + h(cos θ))^2dθ^2 + sin^2 θdφ^2,

where h is an odd function.

Now let us consider the metric of constant curvature as an (L, f, g)–metric.

Theorem 20. There exists a family (depending on two functional parameters α and β) of C^∞–smooth (pairwise non-isometric) metrics ds^2_{α,β} on the sphere S^2, such that:

1) The geodesic flows of the metrics are quadratically integrable, 2) all geodesic of the metrics are closed and have equal length.

The metrics ds^2_{α,β} are given by explicit formulae.

PROOF of the theorem.

To start with, the metric ds^2_0 of curvature 1 is an (L, g, h)-metric. Take the sphere-conical coordinates ν_2, ν_3. Then

ds^2_0 = 1 4 (ν_2 − ν_3) ( − dν^2_2 P (ν_2) + dν^2_3 P (ν_3) ) , where P (ν) = (a + ν)(b + ν)(c + ν).

The function P can be considered as four separate functions on the following four domains

U_{++} = {x > 0, z > 0}, U_{−+} = {x < 0, z > 0}, U_{+−} = {x > 0, z < 0}, U_{−−} = {x < 0, z < 0}. The functions P (ν_2) and P (ν_3) can be given independently, the only thing we need is that the functions must smoothly glue on the borders of the domains. The formulae for the functions P (ν_2) and P (ν_3), corresponding to the metric of constant curvature, is the same. We do not need it for the integrability of the geodesic flow. This observation allows us to construct perturbations of the standard metric, such that the rotation function does not change.

Let the metric be the following

ds^2 = 1 4 (ν_2 − ν_3) ( −^{dν22}_{Q+(ν2 )} +^{dν23}_{R+(ν3)} ) in the domain U_{++}, 1 4 (ν_2 − ν_3) ( −^{dν22}_{Q+(ν2 )} +^{dν23}_{R−(ν3 )} ) in the domain U_{+−}, 1 4 (ν_2 − ν_3) ( −^{dν22}_{Q−(ν2 )} +^{dν23}_{R+(ν3 )} ) in the domain U_{−+}, 1 4 (ν_2 − ν_3) ( −^{dν22}_{Q−(ν2 )} +^{dν23}_{R−(ν3 )} ) in the domain U_{−−}.

Now we can give an explicit formula for the the rotation function, and understand, when the rotation function is constant.

For example take

Q_+(ν_2) = ( 1 √_{−P (ν2 )} + α(ν_2) )_{−2} , Q_−(ν_2) = ( 1 √_{−P (ν2 )} − α(ν_2) )_{−2} , R_+(ν_3) = ( 1√_{P (ν3 )} + β(ν_3) )_{−2} , R_−(ν_3) = ( 1√_{P (ν3 )} − β(ν_3) )_{−2} . Note, that the functions α and β are almost arbitrary. The only essential conditions is that adding the functions α and β does not change the asymptotic of the function P (ν) near the points ν = −a, −b, −c, and the expression in the brackets must be positive.

The constructed perturbated metrics ds^2_{α,β} are smooth, but not analytic. Moreover, it is not possible to make such perturbations analytic.

COMMENT. A slightly different description of such metrics is given in the paper of K. Kiyohara [24]. In the paper [25] he generalized the construction for an arbitrary dimension. The idea of finding new examples of Zoll metric, starting from quadratically integrable geodesic flows, is due to V. N. Kolokol’tsov [32]. The present construction was suggested by E. N. Selivanova.

Zoll metrics are evidently integrable. It is interesting to understand types of the integrals. Are they polynomials in momenta? There are no explicit examples of non-polynomial integrals of geodesic flows.

8. Geodesic equivalence

Some results from this section are relatively new, so we give them with proofs. We show that geodesic equivalence of metrics leads to integrability of geodesic flows, moreover, the integrals are quadratic in momenta. These allows us to apply the results of Sections 2,3,4,5 to the theory of geodeiscally equivalent metrics. The idea of such investigation was suggested by P. J. Topalov [60], [61] and it is based on the following remark.

Let v and v̄ be Hamiltonian systems on symplectic manifolds (M^{2n}, ω) and (M̄^{2n}, ω̄) with Hamiltonians H and H̄, respectively. Consider the isoenergy surfaces

Q^{def}= { x ∈ M^{2n} : H(x) = h } , Q̄^{def}= { x ∈ M̄^{2n} : H̄(x) = h̄ } , where h and h̄ are regular values of the functions H, H̄, respectively.

In the paper [60] it was shown, that an orbital diffeomorphism allows one to construct n integrals of the geodesic flow of the system v. This result could be considered as a particular result of a theory, developed in [11], [60]. More precisely, in [11] it was shown, that the existence of a vector field on Q which commutes with the Hamiltonian vector field v allows one to construct a (multivalued in general) integrals of the Hamiltonian system. In the paper [60] the result of [11] was generalized to tensor fields. It was shown, that if a Hamiltonian flow preserves a tensor field, then there exist (also multi-valued) integrals of the Hamiltonian system.

Now, the orbital diffeomorphism allows one to construct an invariant tensor field. Take the restriction ω̄_|¯_Q of the symplectic form ω̄ to the isoenergy surface Q̄, and consider the form ϕ∗ω̄_{|Q̄} on Q. This form is preserved by the Hamiltonian flow v, see Lemma 1 in Section 8.2.

For the invariant form ϕ^∗ω̄_|¯_Q the integrals are not multi-valued. The explicit formulae for them are given in Theorem 24.

There are not very many examples of orbital diffeomorphisms of mechanical systems, see [19], and all of them are a priory integrable.

A classical example of orbital equivalence of Hamiltonian systems is the geodesic equivalence of metrics. Let g = (g_{ij} ) and ḡ = (ḡ_{ij} ) be smooth metrics on the same manifold M^n.

DEFINITION 3. The metrics g and ḡ are geodesically equivalent, if they have the same geodesics (considered as unparameterized curves).

For geodesically equivalent metrics, an orbital diffeomorphism Φ is given by Φ(x, ξ) = (x,^{‖ξ‖g}_{‖ξ‖ḡ} ξ). Here (x, ξ) ∈ T M^n, x is a point of M^n and ξ ∈ T_xM^n.

The theory of geodesically equivalent metrics is rather classical material. The setting of it is due to E. Beltrami [5], [6]. He has proved, that the metric on a surface, geodesically equivalent to the metric of constant curvature, is also a metric of constant curvature. In 1869 U. Dini [18] formulated the problem of local description of geodesically equivalent metrics, and solved it for dimension two. In 1896 T. Levi-Civita [33] got a local description of geodesically equivalent metrics on manifolds of arbitrary dimension. A significant contribution to the theory of geodesically equivalent metrics was made by A. V. Aminova, N. S. Sinukov, P. Venzi, J. Mikesh, A. V. Pogorelov, see [38] for references.

Let us recall a few examples of geodesically equivalent metrics. There always exists a trivial example, which is not interesting for our consideration: an arbitrary metric g is geodesically equivalent to the metric Cg, where C is a constant.

The first non-trivial in this sense example is the following. Take the torus T^n = S^1 × S^1 × ... × S^1. Consider the coordinate system x^1, ..., x^n on T^n, assuming x^k is the cyclic coordinate on the circle number k. Now consider the metrics ds^2_1 = ∑_n i=1(dx^i)^2 and ds^2 = ∑_n i,j=1 aij (dx i)(dx^j ), where (a_{ij} ) is a positive definite symmetric matrix. The metrics ds^2_1 and ds^2 are evidently geodesically equivalent, and they are, generally speaking, not proportional.

The second non-trivial example is due to E. Beltrami. Consider the standard sphere ∑_{n+1} i=1 (x^i)^2 = 1, where x^1, ..., x^{n+1} are standard coordinates in the Euclidean space R^{n+1}. Take a non-degenerate linear transformation L : R^{n+1} → R^{n+1} of the space R^{n+1}, and consider the corresponding projective transformation l of the sphere. Let x be a point of the sphere. Consider the ray [0, x), where 0 is the zero point of R^{n+1}. Evidently the image L([0, x)) is also a ray with the origin in zero. Let the intersection of the ray L([0, x)) and the sphere be y. Then, by definition, put l(x) = y.

It is easy to see, that the mapping l preserves the geodesics of the sphere. Actually, the geodesics of the sphere are intersections of the planes, which pass through the zero point, with the sphere. The linear mapping L takes planes to planes. Therefore the projective mapping l takes geodesics to geodesics. Then the standard metric g_{standard} of the sphere and the metric l^∗g_{standard} are geodesically equivalent.

We would like to point out the following common property of these two examples: the geodesic flows of both metrics are completely Liouville integrable, in the sense that there exist n integrals in involution. We claim that this property is common for all geodesically equivalent metrics in general position.

Denote by G the linear operator g^{−1}ḡ = (g^{iα}ḡ_{αj} ). Consider the characteristic polynomial det(G − μE) = c_0μ^n + c_1μ^{n−1} + ... + c^n. The coefficients c_1, .., c_n are smooth functions on the manifold M^n, and c_0 ≡ (−1)^n. Consider functions I_k :

T M^n → R, k = 0, ..., n − 1, given by formulae I_k(x, ξ) = (_{det(g)} det(ḡ) ) k+2_{n+1} ḡ(S_kξ, ξ), where S_k is the linear operator given by S_k^{def}= ∑_k i=0 c_iG^{k−i}, and ḡ(ν, ξ) denotes the dot product of the tangent vectors ν, ξ in the metrics ḡ.

Theorem 21. If the metrics g and ḡ on M^n are geodesically equivalent, then the functions I_k are integrals of the geodesic flow of the metric g and pairwise commute.

The metrics g, ḡ are strictly non-proportional, if the characteristic polynomial det(G−μE) has no multiply roots. It can be shown, that if the metrics g, ḡ are geodesically equivalent and strictly non-proportional at the point x, then in a neighborhood of the point the integrals I_k are functionally independent almost everywhere.

Theorem 21 allows one to apply the theory of quadratically integrable geodesic flows on surfaces to geodesically equivalent metrics. First of all, for dimension two the converse of Theorem 21 is also true.

COROLLARY 1. Metrics g and ḡ on a surface M^2 are geodesically equiv-

alent, if and only if the function (_{det(g)} det(ḡ) ) 2_3 ḡ(ξ, ξ) is an integral of the geodesic flow of the metric g.

Combining Corollary 1 with Theorem 1 and with results of Sections 2, 3, 4, we get

COROLLARY 2. Let metrics g, ḡ on a closed surface of negative Euler characteristic be geodesically equivalent. Then g = Cḡ, where C is a constant.

COROLLARY 3. Let metrics g, ḡ on the torus T^2 be geodesically equivalent. If they are proportional at a point x ∈ T^2, then g = Cḡ, where C is a positive constant.

COROLLARY 4. Let metrics g, ḡ on the sphere S^2 be geodesically equivalent. Then there are three possibilities.

1. The metrics are proportional at exactly two points.

2. The metrics are proportional at exactly four points.

3. The metrics are completely proportional, i.e. g = Cḡ, where C is a positive constant.

In the first case the metrics admit a Killing vector field.

Moreover, in Sections 2,3,4 a complete description of quadratically integrable geodesic flows on closed surfaces was obtained. In view of Corollary 1, it gives us a complete description of geodesically equivalent metrics on closed surfaces.

What is the dimension of the space of the metrics, geodesically equivalent to a given one? This question was actively discussed, see [38] for references. Even locally, there exist metrics that have no non-trivially geodesically equivalent one. Even locally, the dimension of space of metrics, geodesically equivalent to a given one, does not exceed^{(n+1)(n+2)}_2 and is equal to^{(n+1)(n+2)}_2 only for the metrics of constant curvature.

If the metrics g, ḡ are geodesically equivalent, then there exists a one-parameter family of metrics, geodesically equivalent to g. Note, that the integrals I_k from Theorem 21 are quadratic in velocities. Then there exists symmetric bilinear forms Ĩ_k, such that for any k ∈ {0, .., n − 1} Ĩ_k (ξ, ξ) = I_k (ξ).

Take a real number α and consider the form

f_α^{def}= n−1∑ i=0 (−α)^iĨ_i. The form is positive definite for positive α, and therefore it can be positive definite for small negative α. Consider the metric

g_α^{def}= ( det(g) det(f_α) ) 2_{n−1} f_α.

Theorem 22. If the metrics g, ḡ are geodesically equivalent, then for any α, such that the metric g_α is positive definite, the metric g_α is geodesically equivalent to the metric g.

Let M^n be closed, and let the metrics g, ḡ be strictly non-proportional at almost everywhere dense set of points. Then the geodesic flow of the metric g is completely integrable, and almost all orbits lie at the corresponding Liouville tori. Suppose, that the geodesic flow is non-resonant. Then the Liouville foliation is uniquely definite, and any integral of the geodesic flow commutes with the integrals I_0, ..., I_{n−1}. Assume in addition, that there are sufficiently many caustics of the Liouville tori of the geodesic flow: almost each point of the surface is an intersection of n caustics. Then the Levi-Civita coordinates are uniquely definite, and the dimension of the space of the metrics (modulo multiplication by a constant), geodesically equivalent to the metric g, is equal one.

The geodesic flow of the metric of an ellipsoid satisfies all these conditions. First of all, it admits a non-trivially geodesically equivalent metric Consider the ellipsoid ∑_n i=1 (x^i)^2

a_i = 1, where ai > 0, i = 1, ..., n.

Theorem 23. The restriction of the metric ∑_n i=1(dx^i)^2 to the ellipsoid ∑_n i=1 (x^i)^2

a_i = 1 is geodesically equivalent to the restriction of the metric 1 ∑_n i=1 (_{xi} a_i )_2 (_n ∑ i=1 (dx^i)^2 a_i ) to the ellipsoid.

A very beautiful construction that allows one to find the metric that is geodesically equivalent to the metric of ellipsoid is due to S. Tabachnikov [54].

If we apply Theorem 21 to the metrics from Theorem 23, then the integrals I_0, ..., I_{n−1} are linear combinations of the integrals from [42]. In [42] it was shown, that the geodesic flow of the metric on the ellipsoid is non-resonant, and almost each point is the point of intersection of n caustics.

In Subsection 8.2 we prove Theorem 24 that gives an explicit formula for a one-parameter family of first integrals, if there exist an orbital diffeomorphism between two Hamiltonian systems. In Subsection 8.3, for readers convenience, we formulate Levi-Civita’s results about the local form of geodesically equivalent metrics. In Subsection 8.4, 8.5 we apply Theorem 24 to geodesically equivalent metrics. As the result we get the formulae for the integrals I_k. In Subsection 8.5 we prove that the integrals I_k are in involution. In Subsections 8.6, 8.7 we prove Theorems 22, 23.

8.1. Orbital diffeomorphism and integrals.

Let v and v̄ be Hamiltonian systems on symplectic manifolds (M, ω) and (M̄, ω̄) with Hamiltonians H and H̄ respectively. Consider the isoenergy surfaces

Q^{def}= {x ∈ M : H(x) = h} , Q̄^{def}= { x ∈ M̄ : H̄(x) = h̄ } , where h and h̄ are regular values of the functions H, H̄ respectively. Let U(Q) ⊂ M and U(Q̄) ⊂ M̄ be neighborhoods of the isoenergy surfaces Q and Q̄.

DEFINITION 4. A diffeomorphism Φ : U(Q) −→ U(Q̄), Φ(Q) = Q̄, is said to be orbital on Q, if the restriction Φ|_Q takes the orbits of the system v to the orbits of the system v̄.

Denote the restriction Φ|_Q by ϕ. Since ϕ takes the orbits of v to the orbits of v̄, it takes the vector field v to the vector field that is proportional to v̄. Denote by a_1 : Q → R the coefficient of proportionality, i.e. ϕ_∗(v) = a_1v̄. Since Φ takes Q to Q̄, it takes the differential dH to a form that is proportional to dH̄. Denote by a_2 : Q → R the coefficient of proportionality, i.e. ϕ_∗dH = a_2dH̄. By a we denote the product a_1a_2. We denote the Pfaffian of a skew-symmetric matrix X by Pf(X).

Theorem 24. Let a diffeomorphism Φ : U(Q) → U(Q̄), Φ(Q) = Q̄, be orbital on Q. Then, for each value of the parameter t, the polynomial

P^{n−1}(t)^{def}=

Pf (Φ^∗ω̄ − tω) Pf (ω) (t − a) (2) is an integral of the system v on Q. In particular, all the coefficients of the polynomial P^{n−1}(t) are integrals.

PROOF. Denote by σ, σ̄ the restrictions of the forms ω, ω̄ to Q, Q̄, respectively. Consider the form ϕ^∗σ̄ on Q.

Lemma 1 (Topalov, [60]). The flow v preserves the form ϕ^∗σ̄.

PROOF OF LEMMA 1. The Lie derivative L_v of the form ϕ^∗σ̄ along the vector field v satisfies L_vϕ^∗σ̄ = d [ı_vϕ^∗σ̄] + ı_v d [ϕ^∗σ̄] .

On the right side both terms vanish. More precisely, for an arbitrary vector u ∈ T_xQ at an arbitrary point x ∈ Q we have

ı_v ϕ^∗σ̄(u) = σ̄(ϕ_∗(v), ϕ_∗(u)) = = σ̄(a_1v̄, ϕ_∗(u)) = = −a_1dH̄ (ϕ_∗(u)) = 0.

Since the form ω̄ is closed, the form σ̄ is also closed and d [ϕ^∗σ̄] = ϕ^∗(dσ̄) = 0, q. e. d.

It is obvious that the kernels of the forms σ and ϕ^∗σ̄ coincide (in the space T_xQ at each point x ∈ Q) with the linear span of the vector v. Therefore these forms induce two non-degenerate tensor fields on the quotient bundle T Q/⟨v⟩. We shall denote the corresponding forms on T Q/⟨v⟩ also by the letters σ, σ̄.

Lemma 2. The characteristic polynomial of the operator (σ)^{−1}(ϕ^∗σ̄) on T Q/⟨v⟩ is preserved by the flow v.

PROOF of Lemma 2. Since the flow v preserves the Hamiltonian H and the form ω, the flow v preserves the form σ. Since the flow v preserves both forms, it preserves the characteristic polynomial of the operator (σ)^{−1}(ϕ^∗σ̄), q. e. d.

Since both forms are skew-symmetric, each root of the characteristic polynomial of the operator (σ)^{−1}(Φ^∗σ̄) has an even multiplicity. Then the characteristic polynomial is the square of a polynomial δ^{n−1}(t) of degree n − 1. Hence the polynomial δ^{n−1}(t) is also preserved by the flow v. It is obvious that

δ^{n−1}(t) = (−1)^{n−1} Pf (ϕ^∗σ̄ − tσ) Pf (σ)

. (3)

The last step of the proof is to verify that (t − a)δ^{n−1} = Pf (Φ^∗ω̄ − tω) Pf (ω) def= Δ^n.

Take an arbitrary point x ∈ Q. Consider the form Φ^∗ω̄ − aω on T_xM. The form ı_v(Φ^∗ω̄ − aω) equals zero. More precisely, for any vector u ∈ T_xM we have

ı_v(Φ^∗ω̄ − aω) = ω̄(Φ_∗(v), Φ_∗(u)) − aω(v, u) = = ω̄(a_1v, Φ_∗(u)) − aω(v, u) = = −a_1dH̄(Φ_∗(u)) + adH = = −adH + adH = 0. There exists a vector A ∈ T_xM such that ω(A, v) ≠ 0 and the restriction of the form ı_A(Φ^∗ω̄−aω) to the space T_xM equals zero. More precisely, since the forms

Φ^∗ω̄, ω are skew-symmetric, then the kernel K_Φ∗_{ω̄−aω} of the form Φ^∗ω̄ − aω has an even dimension, and the kernel of the restriction of the form Φ^∗ω̄ − aω to T_xQ has an odd dimension. Thus the intersection K_Φ∗_{ω̄−aω} ∩(T_xM \T_xQ) is not empty. For each vector A from the intersection we obviously have ω(A, v) ≠ 0 and ı_A(Φ^∗ω̄ − aω) = 0. Without loss of generality we can assume ω(A, v) = 1.

Consider a basis (v, e_1, ..., e_{2n−2}) for the space T_xQ. The set (A, v, e_1, ..., e_{2n−2}) is a basis for the space T_xM. In this basis we have

det(Φ^∗ω̄ − tω) = det | | | | | 0 a − t (∗) −(a − t) 0 0 · · · 0 −(∗) 0 (Φ^∗ω̄ − tω)_{⟨e1 ,...,e2n−2⟩}

| | | | | = (a − t)^2 det((Φ^∗ω̄ − tω)_{⟨e1 ,...,e2n−2⟩}) = (a − t)^2 det(ϕ^∗σ̄ − tσ),

where (Φ^∗ω̄ − tω)_{⟨e1 ,...,e2n−2⟩} is the matrix of the form Φ^∗ω̄ − tω in the basis (e_1, ...e_{2n−2}). Finally, δ^{n−1} = P^{n−1}, q. e. d .

8.2. Levi-Civita theorems.

Let g and ḡ be geodesically equivalent metrics on a manifold M^n. Denote by ρ^1, ..., ρ^m (1 ≤ m ≤ n) the common eigenvalues of the metrics g and ḡ. Suppose the functions ρ^1, ..., ρ^m are differ at every point of an open domain D ⊂ M^n. In the paper [33], Levi-Civita proved that for every point P ∈ D there is an open neighborhood U(P ) ⊂ D and a coordinate system x̄ = (x̄_1, ..., x̄_m) (in U(P )), where x̄_i = (x^1_i , ..., x^{ki}_i ), (1 ≤ i ≤ m), such that the quadratic forms of the metrics g and ḡ have the following form:

g( ˙x̄, ˙x̄) = Π_1(x̄)A_1(x̄_1, ˙x̄_1) + Π_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + + Π_m(x̄)A_m(x̄_m, ˙x̄_m), (4) ḡ( ˙x̄, ˙x̄) = ρ^1Π_1(x̄)A_1(x̄_1, ˙x̄_1) + ρ^2Π_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + + ρ^mΠ_m(x̄)A_m(x̄_m, ˙x̄_m), (5)

where A_i(x̄_i, ˙x̄_i) are positive-definite quadratic forms in the velocities ˙x̄_i with coefficients depending on x̄_i,

Π_i^{def}= (ϕ_i − ϕ_1) · · · (ϕ_i − ϕ_{i−1})(ϕ_{i+1} − ϕ_i) · · · (ϕ_m − ϕ_i) (6)

and ϕ_1, ϕ_2, ..., ϕ_m, 0 < ϕ_1 < ϕ_2 < ... < ϕ_m, are smooth functions such that

ϕ_i = { ϕ_i(x̄_i), if k_i = 1 constant, else.

It is easy to see that the functions ρ^i as functions of ϕ_i and the function ϕ_i as functions of ρ^i are given by

ρ^i = 1 ϕ_1...ϕ_m 1 ϕ_i ϕ_i = 1 ρ_i (ρ_1ρ_2...ρ_m)^{1m+1}

DEFINITION 5. Let metrics g and ḡ be given by formulae (4) and (5) in a coordinate chart U. Then we say that the metrics g and ḡ have Levi-Civita local form (of type m), and the coordinate chart U is Levi-Civita coordinate chart (with respect to the metrics).

Levi-Civita proved that the metrics g and ḡ given by formulae (4) and (5) are geodesically equivalent. If we replace ϕ_i by ϕ_i + c, i = 1, ..., m, where c is a (positive for simplicity) constant, in (4) and (5), we obtain the following oneparameter family of metrics, geodesically equivalent to g:

g_c( ˙x̄, ˙x̄) = 1 (ϕ_1 + c) · · · (ϕ_m + c) { 1 ϕ_1 + c

Π_1A_1 + · · · + 1 ϕ_m + c

Π_mA_m } . (7)

The next theorem is essentially due to Painlevé, see [33].

Theorem 25. If the metrics g and ḡ are geodesically equivalent, then the function

I_0^{def}= ( det(g) det(ḡ)

) 2_{n+1}

ḡ( ˙x̄, ˙x̄), (8)

is an integral of the geodesic flow of the metric g.

Substituting g_c instead of ḡ in (8), we obtain the following one-parameter family of integrals

I_c^{def}= ( det(g) det(g_c)

) 2_{n+1} g_c( ˙x̄, ˙x̄) =

= C[(ϕ_1 + c) · · · (ϕ_m + c)] { 1 ϕ_1 + c

Π_1A_1 + · · · + 1 ϕ_m + c

Π_mA_m }

= C{L_1c^{m−1} + L_2c^{m−2} + · · · + L_m},

where

L_1 = Π_1A_1 + · · · + Π_mA_m — the twice energy integral, L_2 = σ_1(ϕ_2, ..., ϕ_m)Π_1A_1 + · · · + σ_1(ϕ_1, ..., ϕ_{m−1})Π_mA_m, L_3 = σ_2(ϕ_2, ..., ϕ_m)Π_1A_1 + · · · + σ_2(ϕ_1, ..., ϕ_{m−1})Π_mA_m, . . L_m = (ϕ_2...ϕ_m)Π_1A_1 + · · · + (ϕ_1...ϕ_{m−1})Π_mA_m,

σ_k denotes the elementary symmetric polynomial of degree k, and C^{def}= [ (ϕ_1 + c)^{k1 −1} · · · (ϕ_m + c)^{km −1}

] 2_{n+1}

is a constant. Therefore the functions L_k, k = 1, ..., m, are integrals of the geodesic flows of the metric g. We call these integrals Levi-Civita integrals.

From the results of [46] it follows that Levi-Civita integrals are in involution. More precisely, let D = (d^i_j ) be an m × m matrix. Suppose that for any i, j the element d^i_j depends only on the variables x̄_j . Denote by Δ the determinant of the matrix D and by Δ^i_j the minor of the element d^i_j . In the paper [46] it was shown that, for arbitrary functions A_i(x̄_i, ˙x̄_i), quadratic in velocities ˙x̄_i, the Lagrangian system with Lagrangian

T_1 = Δ ( A_1(x̄_1, ˙x̄_1)

Δ^1 + A_2(x̄_2, ˙x̄_2) Δ^1_2 + ... + A_m(x̄_m, ˙x̄_m)

Δ^1_m )

admits (m − 1) integrals

T_i = Δ ( A_1(x̄_1, ˙x̄_1)

Δ^i_1 (Δ^1)^2

+ A_2(x̄_2, ˙x̄_2)

Δ^i_2 (Δ^1_2)^2

+ ... + A_m(x̄_m, ˙x̄_m)

Δ^i_m (Δ^1_m)^2 ) , where i = 2, ..., m, and if we identify the tangent and cotangent bundles the Lagrangian T_1 and consider the standard symplectic form on the cotangent bundle, then the integrals are in involution.

If we take d^i_j = (ϕ_j )^{m−i}, then Δ and Δ^i_j are given by Δ^i_j = (−1)^{m−1}σ^{i−1}(ϕ_1, ϕ_2, ..., ϕ_{j−1}, ϕ_{j+1}, ..., ϕ_m) ∏ α>β≥1,α≠j,β≠j (ϕ_α − ϕ_β ),

Δ = (−1)^m ∏ α>β≥1 (ϕ_α − ϕ_β ).

Therefore, ΔΔ^i_j (Δ^1_j )^2 = σ^{i−1}(ϕ_1, ϕ_2, ..., ϕ_{j−1}, ϕ_{j+1}, ..., ϕ_m)Π_j , so T_i = −L_i and thus the integrals L_i are in involution, q. e. d.

8.3. Geodesic equivalence and corresponding integrals.

Let metrics g and ḡ on a manifold M (of dimension n) be geodesically equivalent.

By definition, put U^r_g M^{def}= {(x, ξ) ∈ T M : ||ξ||_g = r} , where x ∈ M, ξ ∈ T_xM and ||ξ||_g^{def}= √ g(ξ, ξ) = √ g_{ij} ξ^iξ^j is the norm of the vector ξ in the metric g.

By the geodesic flow of the metric g we mean the Lagrangian system of differential equations^d_{dt} (_{∂L} ∂ẋ ) −^{∂L}_{∂x} = 0 on T M with Lagrangian L^{def}=^1_2 g_{ij}ẋ^iẋ^j .

Because of the Legendre transformation, the geodesic flow could be considered as a Hamiltonian system on T M (as a symplectic form we take ω_g^{def}= d[g_{ij} ξ^j dx^i]) with the Hamiltonian H_g^{def}=^1_2 g_{ij} ξ^iξ^j .

Since the metrics g, ḡ are geodesically equivalent, the mapping Φ : T M → T M, Φ(x, ξ) = ( x, ξ^{||ξ||g}_{||ξ||ḡ} ) , takes the orbits of the geodesic flow of the metric g to the orbits of the geodesic flow of the metric ḡ. This mapping is a diffeomorphism

(for r ≠ 0), takes U^r_g M to U^r_ḡ M and is orbital on U^r_g M. Obviously the surfaces U^r_g , U^r_ḡ are regular isoenergy surfaces {H_g =^r_2 }, {H_ḡ =^r_2 }.

By Theorem 24, in order to obtain a family of first integrals we have to find the polynomial Δ^n(t) and divide it by (t − a). In our case H_g = H_ḡ ∘ Φ. Therefore the function a from Theorem 24 equals to^{||ξ||ḡ}_{||ξ||g} . In coordinates we have ω_g = d[g_{ij} ξ^j dx^i] and ω_ḡ = d[ḡ_{ij} ξ^j dx^i].

Therefore,

Φ^∗ω_ḡ = d [ ||ξ||_g ||ξ||_ḡ ḡ_{ij} ξ^j dx^i ] = = ∂ ∂x^k [ ||ξ||_g ||ξ||_ḡ ḡ_{ij} ξ^j ] dx^k ∧ dx^i − − ∂ ∂ξ^k [ ||ξ||_g ||ξ||_ḡ ḡ_{ij} ξ^j ] dx^i ∧ dξ^k.

It is easy to see that at a point ξ ∈ T_xM the quantities

A_{ik}^{def}= − ∂ ∂ξ^k [ ||ξ||_g ||ξ||_ḡ ḡ_{ij} ξ^j ]

form an element of T_xM ⊗ T_xM. Without loss of generality we can assume that in the space T_xM the metrics g and ḡ are given in principal axes. Then

A_{ij}^{def}= −ρ^i(x) ∂ ∂ξ^j ξ^i √ ξ^{12} + ... + ξ^{n2} √ ρ^1ξ^{12} + ... + ρ^nξ^{n2} =

= ρ^iδ^i_j ||ξ||_g ||ξ||_ḡ − ρ^iξ^i ||ξ||_ḡ ||ξ||_g − ρ j ||ξ||g ||ξ||_ḡ ||ξ||^2_ḡ ξ^j = = diag(μ_1, ..., μ_n) − A ⊗ B. Here ρ^i, i = 1, ..., n are common eigenvalues (here we allow ρ^i to be equal to ρ^j for some i, j) of the metrics g and ḡ, μ_i^{def}= −ρ^{i ||ξ||g}_{||ξ||ḡ} , A_i^{def}= ρ^iξ^i and

B_i^{def}= ||ξ||_ḡ ||ξ||_g − ρ i ||ξ||g ||ξ||_ḡ ||ξ||^2_ḡ ξ^i. We have

det(Φ^∗ω_ḡ − tω_g) = det | | | | (∗) (A_{ij} + tδ_{ij} ) −(A_{ij} + tδ_{ij} ) 0 | | | | = det(A_{ij} + tδ_{ij} )^2.

Therefore, Δ^n(t) = det (diag(t + μ_1, ..., t + μ_n) − a ⊗ b) . (9) Lemma 3. The following relation holds:

Δ^n(t) = (t + μ_1) · · · (t + μ_n) − (a_1b_1)(t + μ_2) · · · (t + μ_n) − . . .

− (t + μ_1) · · · (t + μ_{n−1})(a_nb_n). (10) The lemma follows from induction considerations.

To divide the polynomial by (t−a) we shall use the Horner scheme. Suppose that Δ^n(t) = t^n + a_{n−1}t^{n−1} + · · · + a_0 and δ^{n−1}(t) = t^{n−1} + b_{n−2}t^{n−2} + · · · + b_0. Then we have b_{n−1} = a_n = 1, (11) b_{n−2} = a_{n−1} + a, (12) · · · b_k = a_{k+1} + ab_{k+1}, (13) · · · 0 = a_0 + ab_0. (14) It follows from lemma 3 that

a_0 = (μ_1...μ_n) − (A_1B_1)(μ_2...μ_n) − · · · − (μ_1...μ_{n−1})A_nB_n =

= (−1)^n ( ||ξ||_g ||ξ||_ḡ )_n (ρ^1 · · · ρ^n).

Combining with (14) we get

b_0 = − a_0 a = (−1)^{n+1} ( ||ξ||_g ||ξ||_ḡ )_{n+1} (ρ^1 · · · ρ^n).

Since^1_2 g_{ij} ξ^iξ^j is an integral of the geodesic flow of the metric g, the function

I_0^{def}= (ρ^1 · · · ρ^n)^{− 2n+1} ḡ(ξ, ξ) (15) is also an integral of the geodesic flow of the metric g. Using Lemma 3 we have a_{n−1} = (μ_1 + ... + μ_n) − (A_1B_1 + ... + A_nB_n) = = ||ξ||_g ||ξ||^3_ḡ { (ρ^{12}ξ^{12} + ... + ρ^{n2}ξ^{n2})−

− (ρ^1 + ... + ρ^n)(ρ^1ξ^{12} + ... + ρ^nξ^{n2}) } − ||ξ||_ḡ ||ξ||_g . Using (12) we get b_{n−2} = a_{n−2} + a = = ||ξ||_g ||ξ||^3_ḡ { (ρ^{12}ξ^{12} + ... + ρ^{n2}ξ^{n2})−

− (ρ^1 + ... + ρ^n)(ρ^1ξ^{12} + ... + ρ^nξ^{n2})}

Therefore, the function

I_1^{def}= (ρ^1 · · · ρ^n)^{− 3n+1} { (ρ^{12}ξ^{12} + ... + ρ^{n2}ξ^{n2})−

− (ρ^1 + ... + ρ^n)(ρ^1ξ^{12} + ... + ρ^nξ^{n2}) }

is an integral. (It is easy to see that^{||ξ||2g}_{||ξ||2ḡ} = (ρ^1 · · · ρ^n)^{− 2n+1 ||ξ||2g}_{I0} .)

Arguing as above, we see that the functions

I_k^{def}= (ρ^1 · · · ρ^n)^{− k+2n+1} { (ρ^{1k+1}ξ^{12} + ... + ρ^{nk+1}ξ^{n2})−

− (ρ^1 + ... + ρ^n)(ρ^{1k}ξ^{12} + ... + ρ^{nk}ξ^{n2}) + · · ·

+ (−1)^kσ_k(ρ^1, ..., ρ^n)(ρ^1ξ^{12} + ... + ρ^nξ^{n2}) } , are integrals of the geodesic flow of the metric g, where by σ_k we denote the elementary symmetric polynomial of degree k. It is obvious that (−1)^kσ_k =

c_k from Theorem 1, and therefore I_k =

(_{det(g)}

det(ḡ)

) k+2_{n+1} ḡ(S_kξ, ξ). Thus I_k , k = 0, ..., n − 1, are integrals of the geodesic flow of the metric g, q. e. d.

8.4. Liouville integrability.

The last step of the proof of Theorem 21 is to verify that the integrals I_0, ..., I_{n−1} are in involution. We proceed along the following plan. First we show that it is sufficient to prove the involutivity in each Levi-Civita chart. Then we prove that in each Levi-Civita chart the integrals I_0, ..., I_{n−1} are linear combinations of Levi-Civita integrals, and therefore commute.

Let g, ḡ be metrics on M. A point x ∈ M is called stable, if in a neighborhood of x the number of different eigenvalues of the metrics g, ḡ does not depend of a point.

Denote by M the set of stable points of M. The set M is an open subset of M. Obviously M = ⨆ 1≤q≤n M^q , (16)

where M^q denotes the set of stable points whose number of distinct common eigenvalues equals q. Points x ∈ M \ M are called points of bifurcation.

Lemma 4. The set M is everywhere dense in M.

PROOF of Lemma 4. Denote by N(x) the number of distinct common eigenvalues of the metrics g, ĝ at a point x. Recall that the common eigenvalues of the metrics g, ĝ at a point x ∈ M are roots of the characteristic polynomial P_x(t) = det (G − tE)_{|x}, where G = ( g^{iα}ḡ_{αj} ) . In particular, all roots of P_x(t) are real.

Let us prove that, for a sufficiently small neighborhood of an arbitrary point x ∈ M, for any y from the neighborhood the number N(x) is no less than N(y).

Take a small ϵ > 0 and an arbitrary root ρ of P_x(t). Let us prove that for a sufficiently small neighborhood U(x) ⊂ M, for any y ∈ U(x) there is a root ρ_y, ρ − ϵ < ρ_y < ρ + ϵ, of the polynomial P_y(t). If ϵ is small, then for a sufficiently small neighborhood U(x) of the point x, for any y ∈ U(x) the numbers ρ+ϵ and ρ − ϵ are not roots of P_y(t). Consider the circle S_ϵ^{def}= {z ∈ C : |z − ρ| = ϵ} on the complex plane C. Clearly the number of roots (with multiplicities) of the polynomial P_y inside the circle is equal to 1 2πi ∫ S_ϵ P^′_y(z) P_y(z) dz. Since for any y ∈ U(x) there are no roots of P_y on the circle S_ϵ, then the function 1 2πi ∫ S_ϵ P^′_y (z) P_y (z) dz continuously depends on y ∈ U(x), and therefore is a constant. Clearly it is positive. Thus for any y ∈ U(x) there is at least one root of P_y that lies between ρ + ϵ and ρ − ϵ. Then for any y from a sufficiently small neighborhood of x we have N(y) ≥ N(x).

Now let us prove the lemma. Evidently the set M is an open subset of M. Then it is sufficient to prove that for any open subset U ⊂ M there is a stable point x ∈ U. Suppose otherwise, i.e. let all the points of U be points of bifurcation. Take a point y ∈ M with maximal value of the function N on it. We have that in a neighborhood U(y) of the point y the function N is constant and equals N(y). Then the point y is a stable point, and we get a contradiction, q. e. d.

Now let the metrics g, ḡ be geodesically equivalent. Since the set of points of bifurcation is nowhere dense, it is sufficient to prove the involutivity in each Levi-Civita chart. Let the metrics g and ḡ be given by

g( ˙x̄, ˙x̄) = Π_1(x̄)A_1(x̄_1, ˙x̄_1) + Π_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + + Π_m(x̄)A_m(x̄_m, ˙x̄_m), (17) ḡ( ˙x̄, ˙x̄) = ρ^1Π_1(x̄)A_1(x̄_1, ˙x̄_1) + ρ^2Π_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + ρ^mΠ_m(x̄)A_m(x̄_m, ˙x̄_m). (18)

We show that the integrals I_k are linear combinations of the Levi-Civita integrals. We have Ḡ = diag(ρ_1, ..., ρ_1

k_1 , ..., ρ_m, ..., ρ_m k_m ), (19)

where ρ_k =^1_{(ϕ1 ...ϕm)}^1_{ϕk} . It is easy to check that

S_k = (−1)^kdiag(σ^1_k , ..., σ^1_k

k_1 , ..., σ^m_k , ..., σ^m_k k_m ), (20) where σ^l_k^{def}= σ_k(ρ_1, ..., ρ_1

k_1 , ..., ρ_l, ..., ρ_l k_l −1 , ..., ρ_m, ..., ρ_m k_m ). (21)

We have

σ^1_k = 1 (ϕ_1...ϕ_m)^k σ_k ( 1 ϕ_1 , ..., 1 ϕ_1

k_1−1 , ..., 1 ϕ_m , ..., 1 ϕ_m k_m

) = (22)

= 1 (ϕ_1...ϕ_m)^k ∑ |α|=k ( k_1 − 1

α_1 )( k_2 α_2 ) · · · ( k_m α_m ) 1 ϕ^{α1}_1 1 ϕ^{α2}_2 · · · 1 ϕ^{αm}_m , (23)

(24)

where |α|^{def}= α_1 + · · · + α_m and α_i ≥ 0. Substituting (_{kl−1} α_l ) + (_{kl−1} α_l−1 ) for (_{kl} α_l ) (we assume that (_k 0 ) = 1, (_k −1 ) = 0, k ≥ 0) for 2 ≤ l ≤ m we obtain

σ^1_k = 1 (ϕ_1...ϕ_m)^k ( B_k + B_{k−1}σ_1 ( 1 ϕ_2 , ..., 1 ϕ_m ) + · · · + + B_{k−m+1}σ_{m−1} ( 1 ϕ_2 , ..., 1 ϕ_m )) , where B_k^{def}= ∑ |α|=k ( k_1 − 1

α_1 ) · · · ( k_m − 1 α_m ) 1 ϕ^{α1}_1 · · · 1 ϕ^{αm}_m . (25)

Note that ( det(g) det(ḡ)

) k+2_{n+1}

= C_k(ϕ_1...ϕ_m)^{k+2}, (26)

where C_k = [ϕ^{k1 −1}_1 ...ϕ^{km −1}_m ]^{k+2n+1} . Therefore,

I_k^{def}= ( det(g) det(ḡ)

) k+2_{n+1} ḡ(S_k ˙x̄, ˙x̄) =

= (−1)^kC_k(ϕ_1...ϕ_m)^{k+2} { ρ^1σ^1_kΠ_1A_1 + · · · + ρ^mσ^m_k Π_mA_m } = = (−1)^kC_k(ϕ_1...ϕ_m)^{k+2} { 1 ϕ_1...ϕ_m 1 ϕ_1 { 1 (ϕ_1...ϕ_m)^k (B_k+ + · · · + B_{k−m+1}σ_{m−1} ( 1 ϕ_2 , ..., 1 ϕ_m ))} Π_1A_1 + · · · } = = (−1)^kC_k {B_kL_m + B_{k−1}L_{m−1} + · · · + B_{k−m+1}L_1} , (27)

where L_i are Levi-Civita integrals.

Finally, since the integrals I_0, ..., I_{n−1} are linear combinations of Levi-Civita integrals with constant coefficients, and since Levi-Civita integrals commute, then the integrals I_0, ..., I_{n−1} also commute, q. e. d.

Remark 1. Let m be the number of distinct common eigenvalues of geodesically equivalent metrics g, ḡ at a point x. Then in a neighborhood U of the point x the number of functionally independent almost everywhere Levi-Civita integrals is no less than m. Therefore the dimension of the space generated by the differentials (dI_0, dI_1, ..., dI_{n−1}) no less than m in almost all points of T U.

8.5. A family of geodesically equivalent metrics.

Lemma 5. Let A be the diagonal n × n matrix Diag(^1_{a1 a} ,^1_{a2 a} , ...,^1_{aia} ), where a is ∏_n i=1 a_i, and a_i are positive. Let the characteristic polynomial det(A − μE) be c_0μ^n + c_1μ^{n−1} + ... + c^n. Then for any α the matrix A n−1∑ k=0 (−α)^k ( 1 det(A) ) k+2_{n+1 k}∑ i=0 A^{k−i}c_i

is equal to ∏ i=0 n(a_i + α)Diag(^1_{a1 +α} ,^1_{a2+α} , ...,^1_{an+α} ).

PROOF. It is clear that

(_1 det(A) ) k+2_{n+1}

equals a^{k+2}, and that c_k = σ^k (_{−1} aa_1 , −1 aa_2 , ..., −1 aa_n ) , where σ^k denotes the symmetric polynomial of degree k.Then, A n−1∑ k=0 (−α)^k ( 1 det(A) ) k+2_{n+1 k}∑ i=0 A^{k−i}c_i = A n−1∑ k=0 (−α)^ka^{k+2} k∑ i=0 A^{k−i}σ^i ( −1 aa_1 , ..., −1 aa_n ) . The matrix A n−1∑ k=0 (−α)^k a^{k+2} k∑ i=0 A^{k−i}σ^i ( −1 aa_1 , ..., −1 aa_n )

is evidently diagonal. The element number l on the diagonal is given by 1 aa_l n−1∑ k=0 (−α)^k a^{k+2} k∑ i=0 ( 1 aa_l )_{k−i} σ^i ( −1 aa_1 , ..., −1 aa_n ) = a a_l n−1∑ k=0 (−α)^k k∑ i=0 σ^i ( −1 a_1 , ..., −1 a_n ) ( 1 a_l )_{k−i} = a a_l n−1∑ i=0 σ^i ( −1 a_1 , ..., −1 a_n ) ∑ k=i n − 1 (−α)^k a^{k−i}_l =

a a_l n−1∑ i=0 a^i_l σ^i ( −1 a_1 , ..., −1 a_n ) (_{−α} a_l )_n − (_{−α} a_l )_i −^α_{al} − 1 =

− a a_l + α n∑ i=0 a^i_lσ^i ( −1 a_1 , ..., −1 a_n ) (( −α a_l )_n − ( −α a_l )_i) =

− a(−α)^n a_l + α n∑ i=0 1 a^{n−i}_l σ^i ( −1 a_1 , ..., −1 a_n ) + a a_l + α n∑ i=0 σ^i ( −1 a_1 , ..., −1 a_n ) = −a(−α)^n a_l + α n∏ i=0 ( 1 a_l − 1 a_i ) + a a_l + α n∏ i=1 ( 1 + α a_i ) =

0 + 1 a_l + α n∏ i=1 (a_i + α) ,

q. e. d.

PROOF of Theorem 22. Because of Lemma 4, it is sufficient to prove the theorem only in Levi-Civita chart. Let the metrics g and ḡ be given by

g( ˙x̄, ˙x̄) = Π_1(x̄)A_1(x̄_1, ˙x̄_1) + Π_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · +

+ Π_m(x̄)A_m(x̄_m, ˙x̄_m), (28)

ḡ( ˙x̄, ˙x̄) = 1 ϕ_1(ϕ^{k1}_1 ϕ^{k2}_2 ...ϕ^{km}_m )

Π_1(x̄)A_1(x̄_1, ˙x̄_1) + 1 ϕ_2(ϕ^{k1}_1 ϕ^{k2}_2 ...ϕ^{km}_m )

Π_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + + 1 ϕ_1(ϕ^{k1}_m ϕ^{k2}_2 ...ϕ^{km}_m )

Π_m(x̄)A_m(x̄_m, ˙x̄_m), (29)

For this metrics the operator Ḡ^{def}= (gḡ^{−1}) is given by the diagonal matrix Diag(ϕ_1, ϕ_1, ..., ϕ_1

k_1 , ϕ_2, ϕ_2, ..., ϕ_2 k_2 , ..., ϕ_m, ϕ_m, ..., ϕ_m k_m ). It is easy to see that for any

ξ, ν ∈ T_xM^n we have ḡ(ξ, ν) = g(Gξ, ν). Then the formula for Ĩ_k is Ĩ_k(ξ, ξ) = ( 1 det(G) ) k+2_{n+1} g(G k∑ i=0 G^{k−i}c_iξ, ξ), and f_α is given by

f_α = n−1∑ k=0 (−α)^kĨ_k

= n−1∑ k=0 ( 1 det(G) ) k+2_{n+1} g(G k∑ i=0 G^{k−i}c_iξ, ξ)

= g(G n−1∑ k=0 ( 1 det(G) ) k+2_{n+1 k}∑ i=0 G^{k−i}c_iξ, ξ) (30) Combining (30) with Lemma 5, we have that the form f_α is given by

f_α( ˙x̄, ˙x̄) =

(ϕ_1 + α)^{k1} (ϕ_2 + α)^{k2} ...(ϕ_m + α)^{km} ϕ_1 + α

Π_1(x̄)A_1(x̄_1, ˙x̄_1) +

(ϕ_1 + α)^{k1} (ϕ_2 + α)^{k2} ...(ϕ_m + α)^{km} ϕ_2 + α

Π_2(x̄)A_2(x̄_2, ˙x̄_2) + · · · + + (ϕ_1 + α)^{k1} (ϕ_2 + α)^{k2} ...(ϕ_m + α)^{km} ϕ_m + α

Π_m(x̄)A_m(x̄_m, ˙x̄_m).

Then the metric

g_α^{def}= ( det(g) det(f_α) ) 2_{n−1} f_α is given by the formula

g_α( ˙x̄, ˙x̄) = 1 (ϕ_1 + α)^{k1} · · · (ϕ_m + α)^{km} { 1 ϕ_1 + α

Π_1A_1 + · · · + 1 ϕ_m + α

Π_mA_m } , (31) and is evidently geodesically equivalent to g, q. e. d.

8.6. Geodesically equivalent metrics on the ellipsoid.

PROOF OF THEOREM 23. We show that in the elliptic coordinate system the restriction of the metrics

ds^{2 def}= n∑ i=1 (dx^i)^2 and dr^{2 def}= 1 ∑_n i=1 (_{xi} a_i )_2 (_n ∑ i=1 (dx^i)^2 a_i )

to the ellipsoid ∑_n i=1 (x^i)^2

a_i = 1 have Levi-Civita local form, and therefore are

geodesically equivalent. More precisely, consider elliptic coordinates ν^1, ..., ν^n. Without loss of generality we can assume that a^1 < a^2 < ... < a^n. Then the relation between the elliptic coordinates ν̄ and the Cartesian coordinates x̄ is given by

x^i = √ ∏_n j=1(a^i − ν^j ) ∏_n j=1,j≠i(a i − a^j ) . (32)

Recall that the elliptic coordinates are non-degenerate almost everywhere, and the set

{ν^1 = 0, a_1 < ν^2 < a_2, a_2 < ν^3 < a_3, ..., a_{n−1} < ν^n < a^n}

is the part of the ellipsoid {x^1 > 0, x^2 > 0, ..., x^n > 0}. Since for any i the symmetry x^i → −x^i takes the ellipsoid to the ellipsoid and preserves the metrics ds^2 and dr^2, it is sufficient to check the statement of the theorem only in the quadrant {x^1 > 0, x^2 > 0, ..., x^n > 0}.

In the elliptic coordinates the restriction of the metric ds^2 to the ellipsoid has the following form_n ∑ i=1 Π_iA_i(dν^i)^2, (33)

where Π_i^{def}= ∏_n j=1,j≠i(ν i − ν^j ), and A_i^{def}=^{νi∏}n_{j=1 (aj −νi)} . The restriction of the metric dr^2 to the ellipsoid is

(a^1a^2...a^n) n∑ i=1 ρ^iΠ_iA_i(dν^i)^2, (34)

where ρ^{i def}=^1_{νi (ν1ν2 ...νn)} . We see that the metrics ds^2, dr^2 have Levi-Civita local form, and therefore are geodesically equivalent, q. e. d.

References

[1] Adler, M., van Moerbeke, P., The Kowalewski and Henon-Heiles motions as Manakov geodesic flows on SO(4). A two-dimensional family of Lax pairs, Comm. Math. Phys. 113(1988) , no.4, pp.659-700.

[2] Babenko, I.K., Nekhoroshev, N.N., On complex structures on twodimensional tori admitting metrics with a nontrivial quadratic integral, Matem. Zametki, 58(1995), no.5, pp. 643-652.

[3] Babenko, I.K., Les flots géodesiques quadratiquement intégrables sur les surfaces fermées et les structures complexes correspondantes, Preprint, Inst. de Recherche Math. Avancée.

[4] Besse, A.L., Manifolds all of whose geodesics are closed, Springer-Verlag, Berlin - Heidelberg - New York, 1978.

[5] Beltrami, E. Resoluzione del problema: riportari i punti di una superficie sopra un piano in modo che le linee geodetische vengano rappresentante da linee rette , Ann. Mat., 1(1865), no. 7.

[6] Beltrami, E., Teoria fondamente degli spazii di curvatura constante , Ann.

Mat., 2(1868), no. 2.

[7] G. D. Birkhoff, G. D. Dynamical Systems, A.M.S. Colloq. Publ. 9, Amer.

Math. Soc., New York, 1927.

[8] Bogoyavlensky, O.I.,Integrable cases in rigid body dynamics and integrable systems on spheres S^n, Izvestiya Akad. Nauk SSSR, ser. matem., 49(1985), no. 5, pp. 899-915.

[9] Bolsinov, A.V., Fomenko, A.T., Introduction to the topology of integrable Hamiltonian systems, Nauka, Moscow, 1997.

[10] Bolsinov, A.V., Kozlov, V.V., Fomenko, A.T.,Maupertuis principle and the geodesic flows on the sphere appearing from integrable cases in rigid body dynamics, Uspekhi Matem. Nauk, 1995, 50, no. 3, pp.3-32.

[11] Bolotin, S. V., Kozlov, V. V., Symmetry fields of geodesic flows, Russian J. Math. Phys., 3(1995), 279–295.

[12] Brailov, A.V. Some cases of complete integrability of Euler equations and applications, Doklady Akad. Nauk SSSR, 268(1983), no.5, pp.1043-1046.

[13] Bialy, M.L. On polynomial in momenta first integrals for a mechanical system on the two-dimensional torus, Funkts. Anal. i ego Prilozh. 21(1987), n. 4, pp.64-65.

[14] Calogero, F., Solution of the one-dimensional N-body problems with quadratic and/or inversely quadratic pair potentials, - J. Math. Phys. 12(1971), pp.419-436.

[15] Chaplygin, S. A., A new case of the rotation of a rigid body fixed at one point, Collection of works, 1(1948), Moscow-Leningrad.

[16] Darboux, G., Lecons sur la théorie generale des surfaces et les applications géometriques du calcul infenitesimal, Paris, Gautier, Villar, 1891.

[17] Goryachev, D.N. New cases of integrability of dynamical Euler equations, Warsaw University Izv., 3(1916), pp.1-15.

[18] Dini, U., Sopra un problema che si presenta nella theoria generale delle rappresetazioni geografice di una superficie su un’altra, Ann. di Math., ser.2, 3(1869), 269–293.

[19] Fomenko, A.T., Integrability and nonintegrability in geometry and mechanics, Kluwer, Dordrecht, 1988.

[20] Fomenko, A.T., Topological Classification of All Integrable Hamiltonian Differential Equations of General Type with Two Degrees of Freedom - In: The Geometry of Hamiltonian Systems. Proc. of a Workshop Held June 5-16,1989. Berkeley, USA, Springer-Verlag, 1991, p.131-339.

[21] Hall, L.S., A theory of exact and approximate configuration invariants, Physica D, 8(1983), pp.90-116.

[22] Jacobi, C.C.J., Vorlesungen über Dynamic, Gesammelte Werke, Supplementband. Berlin, 1884; G.Reimer, Berlin 1891. Reprint: Chelsea, New York, 1967.

[23] Kalashnikov, V.V. (jr.), Topological classification of quadratically integrable geodesic flows on the two-dimansional torus, Uspekhi Matem. Nauk, 50(1995), no. 2.

[24] Kiyohara, K., Two classes of Riemannian manifolds whose geodesic flows are integrable, Memoirs of the Amer. Math. Soc. Number 619, 130(1997), pp.1-143.

[25] Kiyohara, K., Compact Liouville surfaces, J. Math. Soc. Japan 43(1991), pp.555-591.

[26] Knörrer, H., Geodesics of the ellipsoid, - Invent. Math. 39(1980) pp.119- 143.

[27] Kozlov, V. V., Topological obstructions to the integrability of natural mechanical systems, Docl. Akad. nauk SSSR 249(1979), no. 6, 1299–1302. English translation in: Soviet Math. Dokl. 20(1979), no. 6, 1413–1415.

[28] Kozlov, V.V., Symmetries, topology and resonances in Hamiltonian mechanics, Udmurt. State University, Izhevsk, 1995.

[29] Kozlov, V.V., Denisova, N.V., Polynomial integrals of geodesic flows on the torus, Matem. sbornik, 185(1994), pp. 49–64.

[30] Kozlov, V.V., Treshchev, D.V., On integrability of Hamiltonian systems with a torical configuration space, Matem. Sbornik, 1988, Vol. 135 (177), n. 1, pp.119-138.

[31] Kolokol’tsov, V. N., Geodesic flows on two-dimensional manifolds with an additional first integral that is polynomial whit respect to velocities, Math. USSR-Izv. 21(1983), no. 2, 291–306.

[32] Kolokol’tsov, V.N., New examples of manifolds with closed geodesics, Vestnik MGU, ser. matem. i mekhan., 1984, no. 4, pp.80-82.

[33] Levi-Civita, T, Sulle trasformazioni delle equazioni dinamiche , Ann. di Mat., serie 2^a, 24(1896), 255–300.

[34] Matveev, V.S., An example of a geodesic flow on the Klein bottle that is integrable by means of a polynomial in momenta of degree four, Vestnik MGU, ser. matem. i mekhan., 1997, No.4, pp.47-48.

[35] Matveev, V.S., Quadratically integrable geodesic flows on the torus and Klein bottle, Regular and Chaotic Dynamics, 2(1997), No.1, pp.96-102.

[36] Matveev, S.V., Fomenko, A.T., Morse type theory for integrable Hamiltonian systems with tame integrals, Matem. Zametki, 43(1988), No.5. pp.663-671.

[37] Mikesh, J., On the existence of n-dimentional compact Riemannian spaces that admit nontrivial global projective transformations “in the large”, Soviet Math. Docl, 39(1989), no. 2, 315–317.

[38] Mikesh, J., Geodesic mappings of affine-connected and Riemannian spaces, Journal of Mathematical Sciences, 78(1996), no. 3, Russian original in Itogi Nauki i Tekhniki, Seriaya Sovremennaya Matematika i Ee Prilozheniya. Tematicheskie Obzory. 11(1994), Geometry-2.

[39] Mishchenko, A.S., Integration of geodesic flows on symmetric space, Matem. Zametki, 31(1982), no.2, pp.257-262.

[40] Mishchenko, A.S., Fomenko A.T., Euler equations on finite-dimensional Lie groups, Izvestiya Akad. Nauk SSSR, ser. matem., 42(1978), no.2, pp.396-415.

[41] Moser, J., Three integrable Hamiltonian systems connected with isospectral deformations, - Adv. Math., 16(1975), pp.197-220.

[42] Moser, J., Various aspects of integrable Hamiltonian systems, Dynamical systems (Bressanone, 1978), 137–195, Liguori, Naples, 1980.

[43] Nguen, T.Z., Topological invariants of integrable geodesic flows on the multidimentional torus and sphere, Trudy MIRAN, 205(1994), pp.73-91.

[44] Nguen, T.Z., Polyakova, L.S., Selivanova, E.N., Topological classsification of integrable geodesic flows with an integral, which is quadratic or linear in momenta, on two-dimensional orientable Riemannian manifolds, Funkts. analiz i ego plilozh., 27(1993), no. 3, pp.42-56.

[45] Oshemkov, A.A., Fomenko Invariants for the Main Integrable Cases of the Rigid Body Motion Equations, - Advances in Soviet Mathematics, AMS, 6(1991), pp.67-146.

[46] Painlevé, P., Sur les intégrale quadratiques des équations de la Dynamique, Compt.Rend., 124(1897), 221–224.

[47] Paternain, G.P., On the topology of manifolds with competely integrable geodesic flows, - Ergodic Theory and Dynamical Systems, 12(1992), pp.109-121.

[48] Paternain, G.P., Spatzier, R.J.,New examples of manifolds with completely integrable geoidesic flows, - Adv.Math. 1994,

[49] Perelomov, A. M.,Integrable Systems of Classical Mechanics and Lie Algebras, Birkhäuser Verlag, Basel, 1990.

[50] Raffy, M.L., Determination des éléments linéaires doublement harmoniques, J. de Math.,4 ser., 10(1894).

[51] Selivanova, E.N, Trajectory isomorphisms of Liouville systems on the twodimensional torus, Matem. Sbornik, 1995, n. 10, pp.141-160.

[52] Spatzier, R.J., Riemannian Manifolds with Completely Integrable Geodesic Flows, - Proceedings of Symposia in Pure Mathematics. Amer. Math. Soc. 54(1993), Part 3, pp.599-608.

[53] Stepin, A.M., Integrable Hamiltonian systems, - In: Qualitative methods in the study of nonlinear differential equations and nonlinear, Institut of Mathematics, Academy of Science USSR, Kiev, 1981.

[54] Tabachnikov, S., Projectively equivalent metrics, exact transverse line field and the geodesic flow on the ellipsoid, Preprint UofA-R-161, 1998.

[55] Taimanov, I. A., Topological obstructions to the integrability of geodesic flow on nonsimply connected manifold, Math.USSR-Izv., 30(1988), no. 2, pp.403–409.

[56] Taimanov, I.A., On topological properties of integrable geodesic flows, Matem. Zametki, 44(1988), no. 2, pp.283-284.

[57] Ten, V.V.,Local integrals of geodesic flows, Regular and Chaotic Dynamics, 2(1997), no.2,

[58] Thimm, A., Integrable geodesic flows on homogeneous spaces, - Ergod.

Theory and Dynam. Syst. 1(1981), no.4, pp. 495-517.

[59] Toda, M.,Theory of nonlinear lattices, - Springer, Berlin, 1981.

[60] Topalov, P. J., Tensor invariants of natural mechanical systems on compact surfaces, and the corresponding integrals, Sb. Math., 188(1997), no. 1–2, 307–326.

[61] Topalov, P. J. and Matveev, V. S., Geodesic equivalence and integrability, Preprint series of Max-Planck-Institut f. Math. no. 74 (1998).

[62] Whittaker, E. T., A Treatise on the Analytical Dynamics of Particles and Rigid Bodies, Cambridge University Press, Cambridge, 1937.