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Suppose we would like to understand the structure of the
space-time (i.e., a 4-dimensional metric of Lorenz signature) in a
certain part of the universe.

We would like
i to know what
»,happends here

huge distance

telescopes (in particular we can not send a space ship there).

We still assume that the telescopes can see sufficiently many
objects in this part of universe.

Then, if the relativistic effects are not negligible (that happens for
example is the objects in this part of space time are sufficiently fast
or if this region of the universe is big enough),

we obtain as a rule the world lines of the objects as
unparameterized curves.
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with the help of astronomic observations

One can obtain unparameterized geodesics by observation:

N
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This place has
4=2+2 coordinates of
any visiable object

\&L ‘ Telsecope N2

We take 2 freely falling observers that

measure two angular coordinates of the visible objects
and send this information to one place. This place will have
4 functions angle(t) for every visible object
which are in the generic case 4 coordinates of the object.
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As it is known (since Weyl), if one knows the light cone (i.e., the
conformal structure), one can reconstruct the own time.

The only way to get the light cone is to send the light ray to the object
and to register echo -- also possible very rarely
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and register echo
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with light in objects

This approach is related to the so called “radar coordinates”. It is a hot
topic since 1950th (THE LASER ASTROMETRIC TEST OF
RELATIVITY — Space Interferometry Mission), but is applicable in a
small neighborhood of solar system only.
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The mathematical setting: We are given a family of smooth curves
y(t; @) in U C R*; we assume that the family is sufficiently big in the
sense that Vxq € U
Qy :={¢ € ToU | 3o and 3ty with $(t; @)=y, is proportional to &}
contains an open subset of T, U.
We need to find a metric g such that all ¥(t; «) are reparameterized
geodesics.

In dimension 2, this problem was attacked already by S. Lie 1882 and R.
Liouville 1889, and by Veblen, Thomas and Eisenhart in the beginning of
the 20th century. In the realm of general relativity, the problem was
explicitly stated by
Jiirgen Ehlers 1972, who said that “We reject clocks as ba-
sic tools for setting up the space-time geometry and propose
... freely falling particles instead. We wish to show how the
full space-time geometry can be synthesized ... . Not only the
'measurement of length but also that of time then appears as a
derived operation.”
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Subproblem 1.1. Given a family of curves ~(t; a), how to
understand whether these curves are reparameterised geodesics of
a certain affine connection? How to reconstruct this connection
effectively?

Def. We will say that a metric lies in a projective class of a
certain symmetric affine connection [ = FJ’-k, if every geodesic of g
is a reparameterized geodesic of .

Subproblem 1.2. Given an affine connection I = FJ’:k, how to
understand whether there exists a metric g in the projective class
of ['? How to reconstruct this metric effectively?
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multiplication of the metric by a constant)?

Def. Two metrics (on one manifold) are geodesically equivalent if they
have the same unparameterized geodesics (notation: g ~ g)

Lagrange example 1789 Radial projection
f: 52 — R? takes geodesics of the sphere
to geodesics of the plane, because geodesics
on sphere/plane are intersection of plains
containing 0 with the sphere/plane.

The example of Lagrange survives for all signatures and for all
dimensions.



Examples of Dini 1869 and Levi-Civita 1896



Examples of Dini 1869 and Levi-Civita 1896

Fact (Dini 1869): The metric

L (X(x) = Y(9)(dx® + dy?)

is geodesically equivalent to

11 ) (aE A
(v(y) X<x)> <X(x) + v(y))'




Examples of Dini 1869 and Levi-Civita 1896

Fact (Dini 1869): The metric

L (X(x) = Y(9)(dx® + dy?)

is geodesically equivalent to

11 ) (aE A
(v(y) X<x)> <X(x) + v(y))'




Examples of Dini 1869 and Levi-Civita 1896

Fact (Dini 1869): The metric
(X(x) — Y(y))(dx? + dy?)
is geodesically equivalent to
o1 ) (d
Y(y) X)) \X(x) " Y(») )"
Fact (Levi-Civita 1896) The metrics of Dini can be generalized
for every dimension: The metric
—(T(8) = X1 (xa))(T(£) = Xa (x2))(T(£) — Xa(x3))dt? + (T(t) — X1 (x1)) (X1 (x1) — X2 (x2)) (X1 (x1) —
X3(x3))ad + (T(t) = Xa(x2))(X1(x1) — Xa(x2))(Xa(x2) — X3(x3))dx3 + (T(t) — X3(x3)) (X1 (x1) —
X3(x3))(Xa(x2) — X3(x3))dx3
is geodesically equivalent to the metric
_ (T =X C))(T() =X o)) (T(1) =X303)) 1,2 n (T(1) =X ())(X7 (1) — X (x))(X1 (x1) = X3(x3)) 4 2 +
T(£)2X1 (x1)X2(x2) X3 (x3) T(£)X1(x1)? X2 (x2) X3 (x3) g

(T =X () (X1 (1) =X () (X2 00) = X303)) 12 (T(O=X3(3))(X1 (1) = X3(3))(Xa(x2) = X3(:3)) 1, 3
T(£)X1 (x1) X2 (x2)2X3(x3) 2 T(6)X1 (x1) X2 (x2)X3(x3)? 3
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Problem 2. In what situations is the reconstruction of a metric by the
unparameterised geodesics unique (up to the multiplication of the metric
by a constant)?

Def. g is called geodesically rigid, if every metric g, geodesic equivalent
to g, is proportional to g.

Subproblem 2.1. What metrics ‘interesting’ for general relativity are
geodesically rigid, and what are not?

Subproblem 2.2. Construct all pairs of nonproportional geodesically
equivalent metrics (4-dimensional and of Lorenz signature).
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Subproblem 2.1. What metrics ‘interesting’ for general

relativity are geodesically rigid?

Example — Theorem (Kiosak—Matveev 2009; answers a question
explicitely asked by H. Weyl; partial cases are due to Petrov 1961
and Hall-Lonie 2007): Let (M*, g) be a pseudo-Riemannian Einstein
(i.e., Ricc = %g ) manifold of nonconstant curvature. Then, every g
having the same geodesics with g has the same Levi-Civita connection
with g.

Thus, all ‘interesting’ Einstein metrics are geodesically rigid.

Example. The so-called Friedman-Lemaitre-Robertson-Walker metric

dx? + dy? + dz?

= —dt* + R(t)? . k=+1,0;—1
g + ()1+%(X2+y2+z2)' K +1;0; )
is not geodesically rigid. Indeed, V¢ the metric
_ -1 g2 4 R(t)? dx? + dy? + dz?
TR+ T TR H T 502y 1 D)

is geodesically equivalent to g (essentially Levi-Civita 1896; repeated by
many relativists (Nurowski, Gibbons et al, Hall) later).
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Subproblem 2.2. Construct all pairs of nonproportional

geodesically equivalent metrics (4-dimensional and of
Lorenz signature).

History and outline

» In the Riemannian case, such description is due to Levi-Civita 1896.

» Pseudo-Riemannian case was considered to be solved by Aminova
1993, but recently mathematical difficulties were found in her work.

> We give an answer (joint with Bolsinov) in dimension 4 and for
Lorenz signature of the metric.

» Actually, we can generalize the answer for all dimensions n and for
all signatures.



The goal of my talk: to say something about all this

(sub)problems

» Problem 1. How to reconstruct a metric by its
unparameterized geodesics?

» Subproblem 1.1. Given a big family of curves 7(t; a), how to
understand whether these curves are reparameterised geodesics
of a certain affine connection? How to reconstruct this
connection effectively?

» Subproblem 1.2. Given an affine connection I = FJ’:,(, how to
understand whether there exists a metric g in the projective
class of '? How to reconstruct this metric effectively?

» Problem 2. In what situations is the reconstruction of a metric by
the unparameterised geodesics unique (up to the multiplication of
the metric by a constant)?

» Subproblem 2.1. What metrics ‘interesting’ for general
relativity are geodesically rigid?

» Subproblem 2.2. Construct all pairs of nonproportional
geodesically equivalent metrics.
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Answer to Subproblem 1.1.

Subproblem 1.Given a big family of curves y(t; a), how to understand
whether these curves are reparameterised geodesics of a certain affine
connection? How to construct this connection?

It is well known (at least since Levi-Civita) that every geodesic

v:l—= U v:t—~'(t) € UCR"of Iis given in terms of arbitrary
parameter t as solution of

dZ,Ya d'yb d,yc _ d’)’ d,ya

g g ae = (&) G (*)

Better known version of this formula assumes that the parameter is
affine (we denote it by “s”) and reads

dZ,Ya d"yb d,_yc o

g T Thcas as =0 (++)

Take xo € U. For every (t; ) with y(to; @) = xo we view the equations
(%) as a system of equations on the entries of ['(xg) and on the function

f|QX0; the coefficients in this system come from known data

. 2 (4. ..

(%)I ) (d L(t';'a))‘ . Since we have infinitely many curves
t=ty t=ty

passing through xg , we have an infinite system of equations.

Theorem (informal version). At every point, there exists only one, up

to a certain gauge freedom, solution (I'(XO)J’:,(, ﬁgxo).
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Gauge freedom (if there exists one solution, there exist

many).

L&y ra dPdy o (dy) dY?
Repeat: "o + Mg ar = (@) o ()

We consider two connections I and T related by Levi-Civita’s formula
Zc = l__ic - 6la7¢c - 6g¢b7 (1)

where ¢ = ¢; is a one form. Suppose the curve v satisfies the equation
(%) with a certain function f. Replacing ' by the right hand side of (x)

and using
dvb dre d~?
(d30e + 0205) - T = (qbb) 1

dt dt

we obtain that the same curve -y satisfies the equation (17) with respect
to the connection I and the function

f(v):=f(v)+2 (vb¢b) : (2)
Thus, if (', f) is a solution of (x) (for all 7), then for every 1—form ¢
the pair (I, f) given by (1,2) is also a solution.
Thus, T and T related by (1) have the same geodesics.
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This is the only gauge freedom

. diy a dy’dy" o (dv) dy°
Repeat: - + 1] “Fr = 7% ) o (%)

Suppose we have two solutions (I', f) and (T, f).
We subtract one equation from the other to obtain

F2.vove = —g(v)v?, (3)

where T =T —T, ¢p=f—F.
Since the left hand sind is quadratic in v, ¢ is linear (i.e., ¢(v) = ¢;v').
Thus, I, — T3, = 0i¢c + 62¢p as we claimed.
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Algorithm how to reconstruct the pair (I', f) up to the
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Algorithm how to reconstruct the pair (I', f) up to the

gauge freedom

L& ra d Ay o (dy) 4
Repeat. dt? +rbc dt dt =f dt dt ° (*)

Take a point xp; our goal it to reconstruct r(Xo)J':k. Take (to; ) such
that v(to; @) = xo and the first component (deytl)‘ # 0. For v(ty; @),
t=tp

we rewrite the equation (x) at t = tg in the following form:

v\ (Al odydyy dyt

f dt - (d2t Jrrab dt dt )/ dt

dy? 1l dy?dy’  dylp2 dyidy’ _ dy? dyl dy? dy

dt ' ab dt dt dt ' ab dt dt —  d?t dt dt d?t (4)

4" dyt dy" dA

ab'dt dt T d’t dt dt d%t °
The first equation of (4) is equivalent to the equation (x) for a =1
solved with respect to f (%). We obtain the second, third, etc,

equations of (4) by substituting the first equation of (4) in the equations
() with a = 2,3, etc.

dy" (1 dy?dy’ _ dyl pn ody? dy”

dt 'ab’dt dt ~ dt
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Note that the subsystem of (4) containing the the second, third, etc.
equations of (4) does not contain the function f and is therefore a linear
system on FJ’-k.

d’y |—1 dv? d'y r2 dv? d’yb _ d2’y2 d'y1 d'~/2 d2'y1

dt ' abTdt “dt

ab dt dt - d?t dt dt d?t

4"

Il " dyt  dy"

ab dt dt dt ' ab dt dt - d?t dt dt d?t *

Then, for every ‘geodesic’ y(tp, ) gives us n — 1 linear (inhomogeneous)
equations on the components F(xo)J"-k. We take a sufficiently big number
N (if n =4, it is sufficient to take N = 12) and substitute N generic
geodesics (t; ) passing through xg in this subsystem.

At every point xp, we obtain an inhomogeneous linear system of

2 .
equations on % unknowns I'(xg)j.

In the case the solution of this system does not exist (at least at one
point xg), there exists no connection whose (reparameterized) geodesics
are ¥(t; «). In the case it exists, the solution of the system above gives
this connection uniquely up to the gauge freedom described above.
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Subproblem 1.2: Given an affine connection [ = F’k, how

to understand whether there exists a metric g in the
projective class of ['?

Theorem (Eastwood-Matveev 2006) g lies in a projective class of a
connection ' if and only if % := g - det(g)"/("*?) is a solution of

(Vao") = 725 (Vio™65 + Vo™ s5) = 0. (5)
Here 020 := g2 . det(g)"/("*1) should be understood as an element of
SPM @ (A )2/ "M. In particular,
9 b d bd 2
Va0 = EMT €4 1b,0% 415,07 — . 1F be
Usual covariant derivative addition coming from volume form
The equations (5) is a system of (" ';’1) ) linear PDEs of the first
order on % unknown components of o.

The system (5) is an overdetermined linear system of PDE of finite type

the first order on the unknown functions o?¢

; in theory, there exists an
algorithmic method to understand the existence of a solution. The

method is highly computational and hardly applicable in“this case.
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If the searched metric is Ricci-flat, there exists a trick that

simplifies the algorithm.

We consider the projective Weyl tensor introduced by H. Weyl in 1924
(not to be confused with the conformal Weyl tensor)

Wiike = R'jke — 727 (8, Rix — 0jc Rie) (6)

(in our convention Rjx = R?j,, so that W%, = 0).

Weyl has shown that the projective Weyl tensor does not depend of the
choice of connection within the projective class: if the connections I' and
[ are related by the formula

Zc = _Zc - 5Z¢c - 5?¢b7 (1)

then their projective Weyl tensors coincide. Now, from the formula (6),
we know that, if the searched g is Ricci-flat, projective Weyl tensor
coincides with the Riemann tensor Rijkz of g. Thus, if we know the
projective class of the Ricci-flat metric g, we know its Riemann tensor.
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Then, the metric g must satisfy the following system of equations due to
the symmetries of the Riemann tensor:

8iaW?jkm + 8aW?ikm = 0 (7)
&ia Wajkm — Bka Wamij =0
The first portion of the equations is due to the symmetry

(Rijkem = —I_?j,-km), and the second portion is due to the symmetry

(f_'\’k,,,,-j = /_?,-jkm) of the curvature tensor of g.

We see that for every point xg € U the system (7) is a system of linear
equations on g(xp);j. The number of equations (around 100) is much
bigger than the number of unknowns (which is 10). It is expected
therefore, that a generic projective Weyl tensor W'j; admits no more
than one-dimensional space of solutions (by assumtions, our W admits at
least one-dimensional space of solutions). The expectation is true, as the
following classical result shows

Theorem (Folklore — Petrov, Hall, Rendall, Mcintosh) Let W',
be a tensor in R* such that it is skew-symmetric with respect to k, ¢ and
such that its traces W?,,, and W?;,, vanish. Assume that for all 1-forms
& # 0 we have W?j,&, # 0. Then, the equations (7) have no more than

one-dimensional space of solutions.
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Thus, for generic ', we can algorithmically reconstruct the conformal
class of the metric g by solving the system of linear equations (7). Then,
we obtain the ansatz

ol = e

Substituting it in in (Vaabc) - ﬁ (V;aib5§ + V;oicéf) =0, we obtain
an inhomogeneous system of linear equations on the components ‘gi‘,-

that gives us g;\, Finally, we can obtain the function A, and, therefore,

the metric g, by integration.

a¥, where a’ is known and comes from (7).
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Subproblem 2.1. What metrics are geodesically rigid?

Theorem (Matveev arXiv:1101.2069) Almost every 4D metric is
geodesically rigid and can be reconstructed by an algorithm similar to the
one above (the algorithm requires solution of linear system of equations
and integration).

What we understand under almost every? We consider the standard
uniform C?—topology: the metric g is e—close to the metric g in this
topology, if the components of g and their first and second derivatives
are e—close to that of g. 'Almost every’ in the statement of Theorem
above should be understood as

the set of geodesically ri-
gid 4D metrics contains an
open everywhere dense (in
C2-topology) subset.

Open subset of geodesically
equivalent metrics g

t

The result survives for all n > 4. The result survives in D3, if we replace
the uniform C2— topology by the uniform C3-topology. In D2, the result
is again true, if we replace the uniform C2— topology by the uniform
C8-topology.
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Subproblem 2.2. Construct all pairs of nonproportional

geodesically equivalent metrics (4-dimensional and of
Lorenz signature): joint with A. Bolsinov

Notation: Given g and g on M, we consider

1
: det(g)\ " _:
e = Q
The construction of nonproportional geodesically equivalent metrics is
based on the Splitting-Glueing procedures (Matveev-Bolsinov 2009).
Consider two (My, hy ~ hy) and (My, ha ~ hy). Assume Ly = L(hy, hy)
and Ly = L(hy, hy) have no common eigenvalues in the sense that

Vx € My, Yy € M, Spectrum Ly (x) N Spectrum Ly(y) = &.

Theorem (Gluing Lemma). Then, the metrics

g:<h1X2(L1) 0 ) = X%(O)/_11X2(L1) . 0 .
0 hoxi(L2)) 0 o exa(le)

on M; x My, where x; is the characteristic polynomial of L;, are
geodesically equivalent.




g (h1X%(L1)

0
h2X1(L2)

).

g

(><21((,)/_71X2(L1)

0
X%w)ﬁz)(l(Lz)

) |

Example.




g_(h1X2(L1) 0 > g = X%(mfilm(h) 0 .
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Example. We we take two 1-dimensional manifolds
I, hy = dx? hy = Ldﬁ and ( b, hy = —dy® h :—Ldy2
1,m » X(x)? 2, 2 o Y(x)? .

The corresponding tensors L; and L, and their characteristic polynomials
are

L=XX): L=(W): x(t)=t=X(x): xot) =t = Y(y)



g = hix2(L1) 0 = Sy Mmxa(L) 0 .
0 h2X1([—2) ’ 0 X%(O)hle(l'2)

Example. We we take two 1-dimensional manifolds

. 1 . 1
h,h = dx®, h = ——dx* hohy = —dy* hp = ———dy? | .
(17 1=dx", M X(X)de> and (27 2 ly®, ha Y2 ly

The corresponding tensors L; and L, and their characteristic polynomials
are

L=XX): L=(W): x(t)=t=X(x): xot) =t = Y(y)

Plugging these data in the formula above, we obtain

X()-Y()
5= (X(X) - Y(y) ) - XCPY0) oy
X()=YW) OO
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0 haxi(L2)) 0 ﬁ(o)hzm(b)

Example. We we take two 1-dimensional manifolds
I, hy = dx? hy = Ldﬁ and ( b, hy = —dy® h :—Ldy2
1,m » X(x)? 2, 2 o Y(x)? .

The corresponding tensors L; and L, and their characteristic polynomials
are

L=XX): L=(W): x(t)=t=X(x): xot) =t = Y(y)

Plugging these data in the formula above, we obtain

X()-Y()
5= (X(X) - Y(y) ) - XCPY0)
0 10) st

We see that these metrics are precisely the Dini metrics from the
introduction of my talk.
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Building blocks and Splitting Lemma

Def. Building block is (U C R™, h ~ h) such that at every point L(h, h;)
has only one real eigenvalue, or two complex-conjugate eigenvalues.

Theorem (Splitting Lemma; Bolsinov — Matveev 2009). Every pair
of geodesically equivalent metrics h and h in a neighborhood of almost
every point can be obtained (up to a coordinate change) by applying
gluing construction to building blocks.

Thus, in order to describe the 4D geodesically equivalent metrics of
Lorenz signature, we need to describe all possible building blocks of
dimensions 1,2,3. Fortunately, it was done before.

The only possible 1-dimensional building block was described above:

1
X(x)?

_ - 1
I, hi = dx? h = dx?) and ( b, hy = £dy? hy = + dy? ) .
Y(x)?



Two-dimensional building Block were described in

Bolsinov-Matveev-Pucacco 2009 (see also Darboux 1886
and Petrov 1949)

|

H Complex-Liouville case ‘

Jordan-block case

g S(h)dxdy (14 xY'(y)) dxdy
= (%) dx?

B 2R g, | R 2V ()b
+ +(1+ xY'(y))dy )
()

Trivial block: g = const - g.




Three-dimensional building Block were described in Petrov

1949 and Eisenhart 1925

g = (4% (d%A (x3)) +2) dxydxs + dxo?
+  2x (ﬁ*(&)) dxadxs + x12 (&A(Xs)f dx3?,
z = (1 )6 f(4X2A(X3)2 (LA(X3)) +2 (x3)2) dxydxs + A (x3)? dxo?

- (4X2>\(><3) ( (Xs)) +2X () — 23 (x3)? (i/\ (Xs))) dxadxs
4.x,2 (dX3/\(X3)) + 4x (d><3 (X3)) 74x1x2>\(><3)( >\(><3)) )dx32

12X 0a)? (2 ()" = 200 () (52 () ) o]

+

+

where A is a function of x3, and

g =2dxgdxy + h(x, x3)y dxo® + 2 h(xz, x3)12dx2dx3 + h(x2, x3)220x32,

g =2adxzdx; +ah(x, )(3)11d)<22 +2ah(x, x3)pdxpdx3 + Bdx3? + o h(x2,)<3)22d)<32,

where o and 3 are constants.
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constructing 4D metrics of Lorenz signature; Splitting-Gluing Lemmas
give us the explicit construction.



Success report

We have described explicitly all building blocks that can be used in
constructing 4D metrics of Lorenz signature; Splitting-Gluing Lemmas
give us the explicit construction. Let us count the number of cases: we
can represent 4 as the sum of natural numbers by 4 different ways:

Dim of blocks \ Description of blocks \ # of cases
All building blocks are one-dimensional, and
1+1+1+1 the metric is essentially the Levi-Civita me- 1
’Elfihc fr?m the intrgdplg'_cion N
e first two building blocks are one-
14142 dimensional, the third is two-dimensional 3
242 Both building blocks are two-dimensional; at 3

least one of them is trivial (i.e., h = const-h)
The first building block is one-dimensional,
1+3 the second is three-dimensional (‘Petrov’, 3
‘Eisenhart’, or trivial)




Summary: | said something about all this (sub)problems

» Problem 1. How to reconstruct a metric by its
unparameterized geodesics?

» Subproblem 1.1. Given a big family of curves 7(t; a), how to
understand whether these curves are reparameterised geodesics
of a certain affine connection? How to reconstruct this
connection effectively? Solved completely

» Subproblem 1.2. Given an affine connection [ = F}k, how to
understand whether there exists a metric g in the projective
class of '? How to reconstruct this metric effectively?
Suggested an effective way for Ricci-flat metrics

» Problem 2. In what situations is the reconstruction of a metric by
the unparameterised geodesics unique (up to the multiplication of
the metric by a constant)?

» Subproblem 2.1. What metrics ‘interesting’ for general
relativity are geodesically rigid? Almost every metric is
geodesically rigid

» Subproblem 2.2. Construct all pairs of nonproportional
geodesically equivalent metrics. Solved completely



Thank youl!!l



