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Exercise 1(*): Let Ω = (−1, 1) and let the function u : Ω → R defined such that u(x) := |x|3/2 − 1.

1. Decide whether u ∈ H1(Ω). If yes, find its weak derivative.

2. We assume that exists functions u1 ∈ C1([−1, 0]), u2 ∈ C1([0, 1]) with u1(0) = u2(0).We define
the function u as u|(−1,0) := u1 and u|(0,−1) := u2. Decide whether u ∈ H1(Ω).

3. What happens in case where u1(0) ̸= u2(0) ? Does u ∈ H1(Ω) ? Explain your answer.

Hint. Use the definition of weak derivative and similar arguments to Examples 1.2.1 and 1.2.2.

Exercise 2(*): Let k ∈ N, k ≥ 1, and v ∈ Ck(Ω). Prove that, up to the order k, the weak derivatives and
the classical derivatives of v coincide.

Hint. Use the fundamental lemma of calculus of variations that holds also for L1
loc(Ω) functions,

i.e., if g ∈ L1
loc(Ω) and ∫

Ω

gψ dx = 0, ∀ψ ∈ C∞
c (Ω),

then g = 0 almost everywhere in Ω.

Exercise 3: Let (H, (·, ·)) a real normed space with inner product and ∥ · ∥ the norm that derived from
that inner product. Let v, w ∈ H, prove that

1. ∥v + w∥2 = ∥v∥2 + ∥w∥2 + 2(v, w).

2. If (v, w) = 0, then ∥v + w∥2 = ∥v∥2 + ∥w∥2.
3. ∥v + w∥2 + ∥v − w∥2 = 2∥v∥2 + 2∥w∥2.

Exercise 4: Let H̃ be a finite–dimensional subspace of an inner product space H, with dim H̃ = d, and
let {x1, . . . , xd} be a basis of H̃. Show that the condition

(y − x, z) = 0 ∀z ∈ H̃
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is equivalent to

(xi, y) = (x, xi), i = 1, . . . , d.

If y = α1x1 + · · ·+ αnxd, prove that the coefficients α1, . . . , αd satisfy the linear system

d∑
j=1

(xi, xj)αj = (x, xi), i = 1, . . . , d.

The matrix

G(x1, . . . , xd) :=
(
(xi, xj)

)d
i,j=1

is called the Gram matrix. Show that G is symmetric and positive definite.

Exercise 5: Let Ω = (0, 1) and H = L2(0, 1) (real-valued). Let f ∈ L2(0, 1) and let G ⊂ H be the space
of real polynomials of degree ≤ n− 1. Find the best approximation to f in G.

Exercise 6: Let v, w ∈ H1(Ω). Prove that the product vw is weakly differentiable and satisfies ∂j(vw) =
(∂jv)w + v(∂jw). Can we say that vw belongs to H1(Ω)?

Exercise 7: For a, b ≥ 0, and 1 < p, q <∞ with 1
p + 1

q = 1, verify that

log

(
ap

p
+
bq

q

)
≥ 1

p
log ap +

1

q
log bq.

Then, using the latter, prove the Young inequality.

Exercise 8: Let Ω = (−1, 1). Prove that if v ∈ L1
loc(Ω) has a second order weak derivative, then it has

also first order weak derivative.


