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Exercise 1(*): Let  be an open, bounded Lipschitz domain on R2. Then, in view of Proposition
1.5.1(Inequality Poincaré-Friedrichs) of the lecture notes, we know that exists a constant Cr that
depends only on the €2, such that,

lullL20) < CrlVullL29), Yu € Hy(Q). (1)
Let A > 0 and Q = A~ Show that,
lall oy < A" CrllVall o e Y € HA(), (2)
where the constant C'r is the same in both and .

Hint. To solve this exercise, one needs to use the so—called scaling argument. Define the appropriate

affine mapping between 2 and Q and use (1.

Exercise 2(*): Let K C R? a triangle and v € H?(K) with norm [|v|| g2 (k).

1. Let T a sub-triangle of K defined T := conv{A4, B, C} with F' = conv{ 4, B} and 7 the tangent
vector. Prove that

[v(B) — o(A)] < 21F[?p™ /(1 + diam(T)2) Y2 [[0] 121y,

with p := %

2. For any two points A, B in K, there exists a C € K, such that with F' = conv{A, B}, T :=

conv{A, B,C}, the p~! is uniformly bounded by some constant C(K) that depends only on
K, but not on A, Bor T.

3. Using (1),(2), conclude that v is Holder continuous with exponent 1/2, i.e., the following
Sobolev embedding H?(K) « C%'/2(K). In other words, prove that there exists a constant
C > 0 such that

lvllcorrzky < Cllvflpzx) forall v e H*(K).
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Hint. Apply the trace inequality, e.g., Theorem 1.4.1 for the function Vv - T.

Exercise 3: Let a, b € R, a < b, and p € [1, 00).
1. Show that

max |f(z)| < (b—a) | flloapy + (0= @) "VPIf paqapy, V€ WHP([a,b)).

a<z<b

2. Prove that WP ([a,b]) embeds continuously in C([a, b]).

Exercise 4: Let Q C R? be a bounded Lipschitz domain, partitioned into N Lipschitz subdomains

N
0=J .
n=1

Let k > 0 be an integer and p € [1,00]. Suppose a function v satisfies: (a) v|g, € WkTLP(Q,,) for
each n=1,..., N, and (b) v € C¥(Q2). Show that v € W*+L.P(Q).
Exercise 5: (Poincaré Inequality with Vanishing Mean) Let 2 be an open, bounded Lipschitz domain on

R2. Then, exists a constant Cr that depends only on the €2, such that,

lullz < Cr | Vulle, Yue HY(Q), with / wdz = 0.
Q

Exercise 6: Prove Lemma 1.7.1



