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Exercise 1(*): Show that the Neumann problem

−∆u = f in Ω,

∂u

∂n
= g on ∂Ω

has a unique weak solution u ∈ H1(Ω) satisfying∫
Ω

u dx = 0

if and only if the compatibility condition∫
Ω

f dx+

∫
∂Ω

g ds = 0

holds.

Exercise 2(*): Prove Theorem 2.4.3.

Exercise 3: Let u ∈ C3(Ω). Show that

|∆u|2 − |D2u|2 = div

(
∇u∆u− 1

2
∇|∇u|2

)
.

Exercise 4: Prove that the Laplacian is represented in polar coordinates (r, ϕ) as follows

∆ =
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂ϕ2
.

Exercise 5: Let the function given by

Φ(x) =

{
− 1

2π log |x|, if d = 2,

− 1
d(d−2)α(d)

1
|x|d−2 , if d > 2,

where α(d) ̸= 0 a real number. Show that ∆Φ(x) = 0, ∀x ∈ Rd\{0}.
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Exercise 6: Let α ∈ (0, 2π) and define the domain

Ω = {(r cos θ, r sin θ) : 0 < r < 1, 0 < θ < α}.

Let ΓD = ∂Ω (Dirichlet boundary) and ΓN = ∅, and define f = 0 in Ω, and boundary data

uD(r, θ) =

0 for θ = 0 or θ = α,

sin

(
πθ

α

)
for r = 1.

Show that

u(r, θ) = rπ/α sin

(
πθ

α

)
is a weak solution of the Poisson problem.


