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Exercise 1(*): [Minimum angle condition] Prove that the shape regularity is equivalent to requiring that
there exists a 6y > 0 independent of T, such that g > 0y, VK € T, where 0 is the minimum
interior angle of K.

Hint. For both directions, use the trigonometric form of the inradius. For the <, use a contradic-
tion argument.

Exercise 2(*): Let m = 2, then define P = Qs with dim(Q3) = 9, and assume that Ny = {Ny,..., Ng}
where N;(v) = v(z;),i = 1,2,3,4, where 21, 22, 23, 24 are the vertices of K and N;(v) = v(z;), i =
5,6,7,8 where zs5, zg, 27, 28, are the midpoints of edges with endpoints (21, 22), (22, 23), (23, 24), (24, 21).
Furthermore, Ng(v) = v(29), with 29 the centroid of K. Prove that N3 determines Q.

Hint. Use similar arguments to Example 3.3.7.

Exercise 3: Let K C R? be any triangle and P,,, m > 1, denote the set of all polynomials in two variables
of degree at most m, i.e.,

P = anx“:caeR

la]<m
Prove that dim(P,,) = 3 (m + 1)(m + 2).
Exercise 4: Let Zx be the P; Lagrange interpolation operator on a triangle K. Prove that
IZxvllci) < lvllex)y Vv € C(K).
Exercise 5: Let i , K affinely equivalent triangles, see Remark 3.4.4. Recall the Gagliardo—Nirenberg—
Ladyzhenskaya inequality

~ >\i~nl/2 o~ 1/2 ~ >
Il o) < Conp ()l IV LG5, for @€ HY(K),

where the constant C'gy may depend on K. Use a scaling argument to prove that there exist a
constant C7, independent of K, such that

||u||L4(K) < CIHUHHl(K)a Yu e HI(K)
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Exercise 6: Let K the triangle with vertices (0,0), (0,1), (1,0). Let ¥ € Py(K), then due to the norm
equivalence of the norms in the finite dimensional spaces, there exists a constant C'z depending on

K such that

~

IXIl oo () < CrIXN 2y, VX € P1(K).
(K) (K)

Let K affinely equivalent to K triangle, see Remark 3.4.3. Use a scaling argument to prove that
there exist a constant ', independent of K, such that

XNz () < Crhg X IlL2(r), X € Pu(K).



