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Exercise 1(*): Let K the triangle with vertices (0, 0), (1, 0), (−1, µ) with 0 < µ ≪ 1. Consider the
function u(x, y) = x2. Compute the P1 Lagrange interpolant as we have defined in lecture notes,
see Definition 3.3.4. Then, show that

∥∇(v − IKv)∥L2(K) ≥
1

µ
|v|H2(K),

where |v|2H2(K) =
∑

α=2 ∥Dαv∥2L2(K), i.e., the H2−seminorm on K.

Hint. Compute the interpolant directly. See also the Example 3.3.9.

Exercise 2(*): Let Ω̂, Ω affinely equivalent bounded domains in Rd, see Remark 3.4.2. Let P be a finite
dimensional subspace of Lp(Ω) ∩ Lq(Ω) where 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞. Prove that, there exists a

constant C depending only on P̂, Ω̂, p, q, γ, such that for all v ∈ P, we have Prove that

∥v∥Lp(Ω) ≤ Chd( 1
p−

1
q )∥v∥Lq(Ω).

Hint. This is a special case of Lemma 3.4.5. Use the same arguments of that lemma and derive
the result.

Exercise 3: Prove Theorems 3.5.1 and 3.5.2

Exercise 4: Let Ω be a Lipschitz domain in Rd. Prove that exists constants C1, C2, that depends on Ω,
such that

∥v∥Lp(∂Ω) ≤ C1∥v∥Lp(Ω) + C2∥∇v∥1/pLp(Ω)∥v∥
1−1/p
Lp(Ω) ,

for all 1 ≤ p < ∞ and all v ∈ W 1,p(Ω).

Exercise 5: 1. Let k ≥ 1, 1 ≤ p ≤ ∞. We define the reference simplex on Rd, as

K̂ :=

{
(x̂1, . . . , x̂d) ∈ (0, 1)d :

d∑
i=1

x̂i ≤ 1

}
.
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Why the

ĉk,p := sup
v̂∈Pk,d

∥∇̂v̂∥Lp(K̂)

∥v̂∥Lp(K̂)

is finite? Here Pk,p is composed of d−variate polynomial functions p : Rd → R of total degree
at most k, i.e.,

Pk,p := span{xα1
1 · · ·xαd

d , 0 ≤ α1, . . . , αd ≤ k, α1 + · · ·+ αd ≤ k}.

2. Let K be a simplex in Rd and let ρK denote the diameter of its largest inscribed ball. Show
that

∥∇v∥Lp(K) ≤ ĉk,p

√
2

ρK
∥v∥Lp(K), ∀v ∈ Pk,d(K).

Exercise 6: Let W be a Hilbert space with inner product ⟨·, ·⟩W . Let U be a subset of W and V a closed
subspace of W. Let

β := inf
u∈U

∑
v∈V

|⟨u, v⟩W |
∥u∥W ∥v∥V

.

1. Prove that 0 ≤ β ≤ 1.

2. Prove that

β = inf
u∈U

∥ΠV (u)∥W
∥u∥W

m

where ΠV is the orthogonal projection onto V.

3. Prove the estimate

∥u−ΠV (u)∥W ≤ (1− β2)1/2∥u∥W .


