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Exercise 1(*): Let Ω = [0, 1] a compact interval on R. We define the following weak formulation. We
seek u ∈ U such that ∫

Ω

u′v dx =

∫
Ω

fv dx, ∀ v ∈ V,

where ′ denotes the derivative. The spaces V := L2(Ω) and

U := {u ∈ H1(Ω) : u(0) = 0}.

We also assume that f ∈ L2(Ω), given. Prove that the above problem is well–posed (existence and
uniqueness).

Hint. Use the Banach–Necas–Babuska theorem.

Exercise 2(*): Let α ∈ (0, 1). Consider the Lagrange P1 shape functions φ1(x) = 1 − x and φ2(x) = x
on Ω = [0, 1]. Let a sequence of continuous functions {un}n∈N\{0} on Ω defined by un(x) = nα − 1
for 0 ≤ x ≤ 1/n and un(x) = x−α − 1, otherwise.

1. Prove that the sequence ins uniformly bounded in Lp(Ω) for all p such that pα < 1.

2. Compute it Lagrange interpolant IΩ(un). Is the intepolant stable in Lp norm? Equivalently,
exists a constant c1 such that ∥IΩ(un)∥Lp(Ω) ≤ c1∥un∥Lp(Ω) ?

3. Is the interpolant IK stable in any Lr norm with r ∈ [1,∞) ?

Exercise 3: Let Ω ⊂ Rd a Lipschitz domain and F : W k+1,p(Ω) → R a bounded linear functional, i.e.,
F ∈ (W k+1,p(Ω))∗. Further, we assume that F(p) = 0, ∀Pk,d, where the real vector space Pk,d is
composed of d−variate polynomial functions p : Rd → R of total degree at most k. Then,

Pk,p := span{xα1
1 · · ·xαd

d , 0 ≤ α1, . . . , αd ≤ k, α1 + · · ·+ αd ≤ k}.

Prove that there exists a constant C such that

|F(v)| ≤ Cdiam(Ω)k+1∥F∥(Wk+1,p(Ω))∗ |v|Wk+1,p(Ω).
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Exercise 4: Let K a simplex in Rd and P := P1,d, as defined in Exercise 3. Recall that the face of K
opposite to zi is denoted by Fi. We define the Crouzeix–Raviart element is defined as

σCR
i (p) :=

1

|Fi|

∫
Fi

p dS, ∀ i = 0, . . . , d.

Set N = {σCR
i }i=1,...,d. Prove that (K,P,N ) is a finite element.

Exercise 5: Let (K,P,N ) a finite element with dimP = m. We define the so–called dof-based norm
(dof=degrees of freedom, i.e., the N1, . . . , Nm), as |||v||| := max1≤i≤m |Ni(v)|, ∀ v ∈ P. Prove that
there exists a constant C such that

C∥v∥Lp(K) ≤ |K|1/p|B−1
K ||||v||| ≤ C−1∥v∥Lp(K),

where |B| denotes the matrix norm induced by the Euclidean vector norm in Rd, i.e.,

|B| = sup
0̸=x∈Rd

|Bx|
|x|

, |x| =

(
d∑

i=1

x2
i

)1/2

.


