THEORIE UND NUMERIK PARTIELLER DIFFERENTIALGLEICHUNGEN [

L Projection in 1D

Let I =[0,L], L > 0, be an interval and let N + 1 point {x;}Y, to define the partition
O:$0<$1<...<1‘N1<$N:L, (1)

that subdivides the interval I into N subintervals I; = [x;_1,2;], i = 1,..., N of length h; = x; — 2;_1. Define,
the space V},, of continuous piecewise linear functions by

Vh={v:velCl),:v

I; epl(Ii)}v (2)

where P (1;) denotes the space of linear functions on I;. Let {¢;}¥, a basis functions of V}, such that ¢;(z;) = &;;,
where §;; = 1 if and only if i = j, and otherwise is zero. Since {¢;}}¥, form a basis of V},, every function vj, € Vj,
may be written as linear combination of the basis functions, i.e.,

N
vp = Zai@(x)a a=(ag,...,any)" e RV
=0

The functions ¢; are given by

7w_5571 , if z € I,L',
X —x .

(bl({E) = };7117 if ve Ii+1;
0, otherwise.

1 L, projection

Given a function f € Lo(I), we are we seek function mj, f € V3, such that

/I(f—mf)xdx _0, VxeVi

The latter defines the a projection of function f onto V},, since the difference f —m, f is required to be orthogonal
to all functions of V}. But how good is the Ly in the approximating f? The following result gives the answer.
The Lo projection 7y, f of f is the best approximation on V}, with respect to Lo-norm, i.e.,

1f =m0 flleay < I = Xllea), VX € Va
Moreover, if f € H?(I), the error can be estimated as follows,

If = 7h fllLacry + RIS =70 ) oy < C RPN | Lar)s (3)

where [|v]|, ) = (f; v dx) "2 The constant C is independent of i and h = maxi<;<n h;.

1.1 Derivation of a Linear System of Equations

Since 7, f € Vi, may be written as linear combination of the basis functions, i.e.,

N
T f = Z&@(I), €= (&,...,&n)T e RVHL

=0

Given a function f € Lo(I), in order to determine its Lo-projection 7, f on Vj,, we need to solve a linear
system of equations. In fact, using its definition with y = ¢;, i =1,..., N, we have

N N
/Ifgmdx:/I ;Owj asidx;/ymd:c, i=0,. N



If further, we define the matrix M = {mij}%zo, with elements

mij = /¢j¢i dz,
I
we get the following linear system for the determination of the coefficients ¢;, j =0,..., N,
ME=b,

where b; = fl foidx, i=0,..., N. Solving the latter linear system, we get the coefficient vector &.
To compute the vector b we need to employ a quadrature rule. For this exercise we may use the Simpson
formula that integrates exactly polynomial up to order 2.

1.2 Simpson’s rule

Given interval [a,b], with midpoint ¢ = (a + b)/2, the Simpson’s rule for the computation of the [, gdz, g €
C([a,b]), is

_ g(a) +4g(c) + g(b)
/Igda: =(b-a) 6 .

1.3 Programming exercises
Exercise 1 Let I = [0,1] and f(x) = 22, x € I. Write a program that
1. computes the Lo—projection wp, f € Vi, of f,
2. determines the experimental order of accuracy in Ly and H' norm, (see hint), and

3. plot your results and compare with the function.

Hint Compute the norms of (3) for two different natural numbers N1 < Na, then the experimental order of
convergence with N1, No, is given by

In (£402)
(M
s vy = D).
In (ﬁ)
where first in (4) take E(N) := || f — 7 fllL,r), h = 1/N. See that p(Ni,N2) =~ 2. Nest, take E(N) :=
I(f = 7n f)'llLacry, h=1/N. See that p(N1, N) ~ 1.

(4)

Exercise 2 Take f(x) = arctan((x — 1/2)/¢), « € I. Run the program with different values of ¢ = 0.1,0.01.
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