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Abstract

Complex dynamical reaction networks consisting of many components that interact
and produce each other are difficult to understand, especially, when new component
types may appear and present component types may vanish completely. Inspired by
Fontana and Buss (Bull. Math. Biol., 56, 1-64) we outline a theory to deal with such
systems. The theory consists of two parts. The first part introduces the concept of
a chemical organisation as a closed and self-maintaining set of components. This
concept allows to map a complex (reaction) network to the set of organisations,
providing a new view on the system’s structure. The second part connects dynam-
ics with the set of organisations, which allows to map a movement of the system in
state space to a movement in the set of organisations. The relevancy of our theory
is underlined by a theorem that says that given a differential equation describing
the chemical dynamics of the network, then every stationary state is an instance of
an organisation. For demonstration, the theory is applied to a small model of HIV-
immune system interaction by Wodarz and Nowak (Proc. Natl. Acad. USA, 96,
14464-14469) and to a large model of the sugar metabolism of E. Coli by Puchalka
and Kierzek (Biophys. J., 86, 1357-1372). In both cases organisations where uncov-
ered, which could be related to functions.

Key words: reaction networks, constraint based network analysis, hierarchical
decomposition, constructive dynamical systems

1 Constructive Dynamical Systems

Our world is changing, qualitatively and quantitatively. The characteristics
of its dynamics can be as simple as in the case of a friction-less swinging
pendulum, or as complex as the dynamical process that results in the creative
apparition of novel ideas or entities. We might characterise the nature of a
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dynamical process according to its level of novelty production. For example,
the friction-less swinging pendulum implies a process where the novelty is only
quantitative. Whereas the process of biological evolution is highly creative and
generates qualitative novelties, which then spread in a quantitative way.

Fontana and Buss (1994) called processes and systems that display the pro-
duction of novelty, constructive (dynamical) processes and constructive (dy-
namical) systems, respectively. Constructive systems can be found on all levels
of scientific abstraction: in nuclear physics, where the collision of atoms or sub-
atomic particles leads to the creation of new particles; in molecular chemistry,
where molecules can react to form new molecules; or in social systems, where
communication can lead to new communication (Luhmann, 1984). As a result
of a combinatorial explosion, it is easy to create something that is new, e.g. a
molecule or a poem that is unique in the whole known universe.

Despite the fact that a large amount of interesting dynamical processes are
constructive, classical systems theory does not, conveniently, take novelty into
account. Classical systems theory assumes a given static set of components
(Murray, 2004; Heij et al., 2006). For example, a classical systems analysis
would first identify all components and their relations; then would identify
a state space with fixed dimensionality, and then study the behaviour of the
system in such space. For example to study a pendulum a scientist would
describe its state as specified by angle, radius, and angular velocity and plot
the orbit in that state space.

This kind of anaysts assumes that all components are always present in the sys-
tem, and the change in time will mainly be a changed in the relative amount,
thus a quantitative change. What we claim here is that this represents only
a tiny percentage of systems, but for the great majority new object are pro-
duced. A simple example would be any natural system that evolves. Not only
new objects are produced but objects previously present diminish in quantity
and eventually disappear. Thus the movement is not so much a quantitative
movement in the fixed state space, but a qualitative movement that goes from
state space to state space, as new objects appear and old objects disappear.
Following Fontana and Buss (1994) we will refer in this paper to the theory
necessary to study such systems as constructive dynamical system theory.

The lack of a theory for constructive dynamical systems has been presented,
identified and discussed in detail by Fontana and Buss (1994) in the context of
a theory for biological organisation. As a partial solution, they suggested the
important concept of a (biological) organisation as a set of objects (molecules
in that context) algebraically closed and dynamically self-maintaining. Before
we define a (chemical) organisation precisely in Section 2.3, we give a brief
overview of the concept, here.



An organisation is defined as a set of objects that is closed and self-
maintaining. Closure means that no new object can appear because of
the interaction within the set (Section 2.2.1). As such no novelty can sponta-
neously appear. Self-maintaining means that every consumed object of the set
has a way to be generated within the set so that it does not disappear from
the system (Section 2.3.1). Although those two properties do not assure that
a set of objects will remain unchanged in time, the lack of them does imply
that the system will eventually qualitatively move to a different set of objects
(Section 3.2). In a vast class of systems, which we call consistent (Section 2.4),
it is possible to define a generator operator such that from any set of objects
an organisation is uniquely defined. The organisation generated by a set A
represents the largest possible set of objects that can stabely exists when
starting with A. This implies that the set of all organisations partitions the
set of all possible sets of objects. Thus, as the system qualitatively progress
from one set to another we can follow it on the more tractable set of all
possible organisations (Section 3.3). The study of this movement together
with a theorem relating fixed points to organisations will be the core concepts
of Section 3, where the dynamical analysis is presented.

1.1  Reaction Systems

The theory described herein aims at understanding reaction systems. A reac-
tion system consists of objects, and interaction rules among objects that lead
to the appearance or disappearance of other objects.

Reaction systems are not used only to model chemical phenomena. Their ap-
plications range from ecology (Schuster and Sigmund, 1983), proto-biology
(Segré et al., 1998), systems biology (Puchalka and Kierzek, 2004), bioinfor-
matics to computer science (Banatre and Métayer, 1990) and reach even the
study of language and social systems (Dittrich et al., 2003). For this reason the
same concept took different labels in different context. What gets referred to
as a “species” in ecology might be referred as a “molecule” in chemistry, as a
“word” in study of language, as a “token” (Petri, 1962) or “process” (Banatre
and Métayer, 1990) in computer science, and as a “cultural meme” or “com-
munication” in sociology (Luhmann, 1984). All this refers to the same concept:
objects, that through the reaction laws generate other objects. Instead of us-
ing always the neutral and vague term “object”, in this paper, we will use a
series of terms as absolutely equivalent: “molecule”, “molecular species”, or
simply “species”. While we will avoid to use the (too context specific) terms
like “language” or “word”. The interaction among molecules that lead to the
appearance or disappearance of molecules will be called a reaction.

Note that we have to distinguish between a reaction system as an abstract



description of all possible molecules (and their reactions), and an actual reac-
tion vessel, which contains concrete instances of molecules from the set of all
possible molecules.

As we will see in the course of this paper, the description of a reaction system
can be subdivided into three parts: (1) the set of all possible molecules M,
(2) the set of all possible reactions among all the possible molecules R, and
(3) the dynamics (e.g. kinetic laws), which describes how the reactions are
applied to a collection of molecules inside a reaction vessel (see e.g. (Erdi and
Téth, 1989; Heinrich and Schuster, 1996)).

2 Static Analysis

In the first part of the paper (Section 2), we are only concerned with the static
structure of a reaction system, that is, the molecules M and the reactions R.
Instead of considering a state, e.g. a concentration vector, we limit ourself to
the analysis of the set of molecules present in that state.

2.1 Algebraic Chemistry

We introduce the concept of an algebraic chemistry, which effectively is the
reaction network (including stoichiometric information), but that neglects the
dynamics (kinetic laws). The algebraic chemistry represents the required input
data structure, from which we will derive the organisational structure of the
reaction system.

In this work we will refer often to multisets. A multiset is a collection of objects
such that each object can appear with a multiplicity higher than 1. As such a
multiset is essentially a set where the same object can appear more than one
time. Generally the frequency of occurrence of an element @ in a multiset A is
denoted by #(a € A). Also given a set C' we will also refer to Py, (C) as the
set of all multisets with elements from C'.

Definition 1 (algebraic chemistry) Given a set M of elements, called

molecules, and a set of reaction rules R given by the relation R : Py(M) X
Pr(M). We call the pair (M, R) an algebraic chemistry.

For simplicity, we adopt the notation from chemistry to write reaction rules.

Instead of writing ({s1, S2,...,8n}, {8}, 8h, .-, 8 }) € R we write: s; + sg +
oo+ 5, — sy +sh+ -+ s, . Given the left hand side molecules A =
{s1,$2,...,8,} and the right hand side molecules B = {s,s},...,s,}, we
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Fig. 1. Example with four species. Reaction network (a “2” means that two molecules
are produced) and graphical representation of the lattice of all sets. The vertical
position is determined by the set size. The solid lines depict the lattice of organisa-
tions.

write (A — B) € R instead of (A, B) € R. A — B represents a chemical
reaction equation where A is the multiset of molecules on the left hand side
(also called reactants) and B the multiset of molecules on the right hand side
(also called products).

Input and Output. There are many processes that give rise to an inflow and
outflow, such as, incident sunlight, decaying molecules, or a general dilution
flow. In this paper we interpret the reaction rule ) — a as an input of a, and
a — ) as an output of a ( () denoting the empty set). In the example that
follows (Fig. 1) b, ¢ and d decay spontaneously.

Example 2 (algebraic chemistry) In this paper we will illustrate the new
concepts using a small example where there are just four molecular species
M = {a,b,c,d}, which react according to the following reaction rules R =
{a+b—a+2ba+d— a+2db+c— 2c,c - bb+d— c,b— 0c—
0,d — 0}. A graphical representation of this reaction network can be found in
Fig. 1.



2.2 Semi-Organisation := Closed and Semi-Self-Maintaining Set

In classical analysis, we study the movement of the system in state space.
Instead, here, we consider the movement from one set of molecules to another.
As in the classical analysis of the dynamics of the system, where fixed points
and attractors are considered more important than other states, some sets of
molecules are more important than others. In order to find those sets, we intro-
duce some properties that define them, namely: closure, semi-self-maintenance,
semi-organisation, self-maintenance, and finally being an organisation. All def-
initions herein refer to an algebraic chemistry (M, R).

2.2.1 Closed Sets

The first requirement, called closure, assures that a no new molecule can be
generated by the reactions inside a set or equivalently that all molecules that
can be generated by reactions inside a set are already inside the set

Definition 3 (closed set) A set C C M is closed, if for all reactions (A —
B) € R, with A a multiset of elements in C (A € Py(C)), then B is also a
multiset of elements in C' (B € Py(C)).

Given a set S C M, we can always generate its closure G (S) according to
the following definition:

Definition 4 (generate closed set) Given a set of molecules S C M, we
define Gop(S) as the smallest closed set C' containing S. We say that S gen-
erates the closed set C'= G (S) and we call C' the closure of S.

We need to prove that this definition is unambiguous: Let us suppose, ad
absurdum, that we can find two smaller closed sets U,V with S C U,V and
U # V. Since the intersection of closed sets is trivially closed, so U NV would
be closed too but S C U N V. Thus we have found a closed set smaller than
U and V that contains S, against the supposition. O

Example 5 (closed sets) In our example test bed (Example 2) there are
10 closed sets: {}, {a}, {b}, {d}, {a,b}, {b,c}, {a,d}, {a,b,c}, {b,c,d} and
{a,b,c,d}. The empty set is closed, because there is no input. If there would
be an input, the smallest closed set would be the closed set generated from the
input set. Assume, for example, that the reaction rule ) — c is added to the
set of reaction rules R. In order to find the closed set generated by the input
set {c}, we have to add all reaction products among molecules of that set and
insert them into that set, until no new molecule can be inserted anymore (for
infinite systems, a limit has to be taken). So, the smallest closed set would be
{c,b}, and there would be a total number of 4 closed sets left, namely: {b, c},



{a,b,c}, {b,c,d} and {a,b,c,d}.

A common algebraic concept that we shall use very often, from now on, is the
lattice. A lattice, is a partially ordered set (poset) in which any two elements

have a greatest lower bound and a least upper bound (see Supplement or
Wikipedia (2004)).

Given the generate closed set operator we can trivially define two basic oper-
ations, a union operation (U U¢y V') and an intersection operation (U Mer V):

Ulcr, V=Ger(UUV), and (1)
U |_|CL VEGCL(U N V) (2)

Trivially, closed sets, with the operations Loy, and Mgp, form a lattice
(Ocr,Ucr,Mer)-

Closure is important because the closed set generated by a set (its closure)
represents the largest possible set that can be reached from a given set of
molecules. Furthermore a set that is closed cannot generate new molecules and
is in that sense more stable respect to novelty. As such the concept of closure
alone can already give valuable insigh into the structure and organisation of
complex chemical networks as shown by Ebenhéh et al. (2004).

2.2.2  Semi-Self-Maintaining Sets

The next property, called semi-self-maintenance, assures that every molecule
that is consumed within a set, is produced within that set.

We say that a molecule k € M is produced within a set C' C M, if there exists
a reaction (A — B), with both A, B € Py/(C), and #(k € A) < #(k € B). In
the same way, we say that a molecule k € C' is consumed within the set C if,
there is a reaction (A — B) with A, B € Py (C), and #(k € A) > #(k € B).

Definition 6 (semi-self-maintaining set) A set of molecules S C M is
called semi-self-maintaining, if all molecules s € S that are consumed within
S are also produced within that set S.

Example 7 (semi-self-maintaining sets) In our example system (Ezam-
ple 2) there are 8 semi-self-maintaining sets: {}, {a}, {a,b}, {b,c}, {a,d},
{a,b,c}, {a,b,d}, and {a,b,c,d}.

Note that the concept of (semi-) self-maintenance is closely related to the
concept of an autocatalytic set (Rossler, 1971; Eigen, 1971; Kauffman, 1971).
An autocatalytic set is usually defined as a set of molecules such that each



molecule is produced by at least one catalytic reaction within that set, see e.g.
Ref. (Jain and Krishna, 2001).

2.2.3  Semi-Organisations

Taking closure and semi-self-maintenance together, we arrive at the concept
of semi-organisation.

Definition 8 (semi-organisation) A semi-organisation O C M is a set of
molecules that is closed and semi-self-maintaining.

Example 9 (semi-organisation) In our example system (Example 2) ex-
cept {a,b,d}, all semi-self-maintaining sets are closed, so there are 7 semi-

organisations: {}, {a}, {a,b}, {b,c}, {a,d}, {a,b,c} and {a,b,c,d} .

2.8  Organisation := Closed and Self-Maintaining Set

In a semi-organisation, all molecules that are consumed are produced; yet
this does not guarantee that the total amount of mass can be maintained. A
simple counterexample is the following reversible reaction in a flow reactor:
M = {a,b},R = {a — bb — a,a — 0,b — 0}. Both molecules, a and
b, decay. O = {a,b} is a semi-organisation, because the set is closed, a is
produced by the reaction b — a, and b is produced by the reaction a — b.
But, obviously, the system {a, b} is not stable, in the sense that there is no
stable state in which the two molecules a and b have positive concentrations:
both molecules decay and cannot be sufficiently reproduced, and thus they
will finally vanish.

The solution to this problem is to consider the overall ability of a set to
maintain its total mass. We call such sets simply self-maintaining.

2.3.1 Self-Maintaining Sets

Definition 10 (self-maintaining) Given an algebraic chemistry (M, R)
with m = | M| molecules and n = |R| reactions, and let S = (s;;) be the
(m x n) stoichiometric matriz implied by the reaction rules R, where s;
denotes the number of molecules of type i produced in reaction j. A set of
molecules C° C M s called self-maintaining, if there exists a flux vector
v € R™ such that the following three conditions apply: (1) for all reactions
(A — B) with A € Py(C) the flux via.p) > 0; (2) for all reactions (A — B)
with A & Pr(C), via—p) = 0; and (8) for all molecules i € C, the production
rate f; = (Sv); > 0 with (f1,..., fm)’ = Sv.



v(a—p) denotes the element of v describing the flux (i.e. rate) of reaction
A — B. f; is the production rate of molecule i given flux vector v. It is
practically the sum of fluxes producing ¢ minus the fluxes consuming . For
the example above, the stoichiometric matrix becomes S = ((—1,1), (1,—1),
(—1,0), (0,—1)), and we can see that there is no positive flux vector v € R*,
such that Sv > 0. In fact, in that example, only the empty semi-organisation
{} is self-maintaining. In case a and b would not decay, R = {a — b,b — a},
the set {a,b} would be (as desired) self-maintaining, because there is a flux
vector, e.g., v = (1.0, 1.0), such that Sv =0 > 0 with S = ((—1,1), (1, —1)).

Example 11 (self-maintaining) In our example system (Ezample 2) all
semi-self-maintaining sets, except {b,c}, are also self-maintaining, so there
are 7 self-maintaining sets: {}, {a}, {a,b}, {a,d}, {a,b,c}, {a,b,d}, and
{a,b,c,d}. The criterion for self-maintenance will be illustrated by looking
at the self-maintaining set S = {a,b} in more detail. Let us first look at the
stoichiometric matrix:

000 0 0 0 0 O
10-11 -1-1 0 O
001 -11 0 -120
010 0 -10 0 —-1

Each column represents a reaction, and each row one molecular species. A
positive number implies that the molecule gets produced by the reaction while a
negative that the molecule gets consumed by the reaction. Now we have to find
all the reactions active within S, this means to find all reactions (A — B) € R
where the lefthand side A is a multiset from S (A € Py (S)). There are two
such reactions in the system: a +b — a + 2b and b — (). These reactions
correspond to column 1 and column 6 of the matriz S and to the fluxes v; =
V(atboat2p) 0nd Vg = Vpp), Tespectively. According to the definition of self-
maintenance, these two flures must be positive while the remaining flures must
be zero. Now, in order to show that S = {a,b} is self-maintaining, we have
to find positive values for vy and ve such that a and b are produced at a non-
negative rate. Here, this can be achieved by setting v, = vg = 1. So that the



flux vector v becomes:

U1
o)
U3
Uy
Us
Vs

U7

o O = O o o o =

Ug

and

1
0
000 0 0 0 0 01)]0 0 A
g _ 1011110 0ol Jo| |f -
001 —-11 0-101]]0 0 f3
010 0-10 0-1/]1 0 f4
0
0

As we can see, both molecules are produced at a non-negative rate (f; > 0)
and (fa > 0). So, we can conclude that {a,b} is self-maintaining. Note that
we can also chose vy and vg such that b is produced at a positive rate (fo > 0),
e.g., forvi = 2 and vg = 1 we get fo = 1. Note further that, in Ezample 1,
molecule a will always be produced at zero rate (f; = 0), independently on how
we chose v.

Lemma 12 FEvery self-maintaining set is semi-self-maintaining.

Proof: Given a self-maintaining set S C M, we have to show that every
molecule that is consumed by a reaction within the set S is produced by a
reaction within that set. Formally, we have to show that for all £ € S, if there
is a reaction (A — B) € R with A € Py(5), and #(k € A) > #(k € B), then
there is also reaction (A — B) € R with A € Py (S) and #(k € A) < #(k €
B). So, we have only to care for the molecules k that are consumed: molecules
that are consumed have a negative entry in the stoichiometric matrix. Since
we demand for a self-maintaining set that their net production is non-negative

10



there must be at least one additional positive entry, which represents a reaction
rule in which & is produced. O

Note that the empty set is always self-maintaining (as it has nothing to main-
tain) and the set of all possible molecules is always closed (as there is nothing
that can be added to it). On the other hand the empty set is not necessarily
closed, and the set of all possible molecules is not necessarily self-maintaining.

2.3.2  Organisations

Together, closure and self-maintenance together lead to the central definition
of this work?:

Definition 13 (organisation) A set of molecules O C M that is both closed
and self-maintaining is called an organisation.

An organisation represents an important combination of molecular species,
which are likely to be observed in a large reaction vessel on the long run. A
set of molecules that is not closed or not self-maintaining would not exists
for a long time, because new molecules will appear and others will vanish,
respectively.

From Lemma 12 trivially follows that:
Lemma 14 FEvery organisation is a semi-organisation.

Example 15 (four species reaction system) In our example (Exam-
ple 2) there are 9 closed sets, 8 semi-self-maintaining sets, 7 self-maintaining
sets, and 7 semi-organisations, 6 of which are organisations. Although the
reaction system is small, its organisational structure is already difficult to see
when looking at the rules or their graphical representation (Fig. 1). In Fig. 1,
all 16 possible sets of molecules are shown as a lattice.

Finding all organisations of a general reaction system appears to be computa-
tionally difficult (Section 5.2). One approach is to find the semi-organisations
first, and then check, which of them are also self-maintaining.

2.4 Consistent Reaction Systems

The property of the set of organisations and semi-organisations depends
strongly on the type of system studied. In this section we discuss a class

2 Note that our definition of an organisation reads like the definition by Fontana
and Buss (1994), however we are using a more general definition of self-maintenance.

11



of systems, called consistent reaction systems, where given any set we can
“nicely” generate an organization and where the set of organisations always
forms an algebraic lattice. We will gradually build the definition of a consistent
system by presenting some useful intermediate concepts:

Definition 16 (semi-consistent) An algebraic chemistry (M, R) is called
semi-consistent, if given any two sets A and B, both semi-self-maintaining,
then their union AU B is still semi-self-maintaining; and given any two sets
A and B, both self-maintaining, then their union AUB is still self-maintaining.

This definition trivially implies that given any set C' there always exists a
bigger (semi-)self-maintaining set contained in C'. Note also that because in
general systems the intersection of closed sets is closed, then also for every set
C, there is a smallest closed set containing C'.

We now start to define three basic operators: generate closure, generate semi-
self-maintenance, and generate self-maintenance.

Definition 17 (generate semi-self-maintaining set) Given a  semi-
consistent algebraic chemistry, on a set M, and given a set of molecules
C C M, we define Gssy(C) as the biggest semi-self-maintaining set S
contained in C. We say that C generates the semi-self-maintaining set

S = GSSM(C)-

Definition 18 (generate self-maintaining set) Given a semi-consistent
algebraic chemistry, on a set M, and given a set of molecules C' C M, we
define Ggpr(C) as the biggest self-maintaining set S contained in C. We say
that C' generates the self-maintaining set S = Ggp(C).

For semi-consistent reaction systems, Ggp/(C) is always defined, because the
union (U) of two self-maintaining sets is self-maintaining; and further, every
set is either self-maintaining, or it contains a unique biggest self-maintaining
set. Thus from every set we can generate a self-maintaining set. As usual, the
union Ugy; and intersection Mgy, of self-maintaining sets Sy, So are defined as
Sl |—|SM Sg = GSM(Sl U Sg) = Sl U Sg, Sl |_|SM Sg = GSM(Sl N Sg), respectively.
Thus also the set of all self-maintaining sets Og);, in a semi-consistent system,
forms a lattice (Ogar, Usar, Msar). Equivalently we can generate the lattice of
semi-self-maintaining sets.

Note that we make no requirement that the largest semi-self-maintaining set in
C be itself self-maintaining. In other words we do not require that the largest
semi-self-maintaining set and the largest self-maintaining set be the same.

Lemma 19 In semi-consistent systems the following statements are equiva-

lent: the closure of a (semi-)self-maintaining set is (semi-)self-maintaining
and the (semi-)self-maintaining set generated by a closed set is closed.

12



Proof: Let us suppose that the first statement is true, we shall prove the second:
Let C be a closed set. Let S = Gy (C) be the self-maintaining set generated
by C. Let D be the closure of S. Then D C C, because the closure of S cannot
produce any molecule not contained in the closed set C'. So S C D C C'. But
D is self-maintaining (because the closure of a self-maintaining set is closed).
Yet S by construction is the biggest self-maintaining set in C'. Thus S = D.
So S is closed.

Let us now suppose that the second statement is true, we shall prove the first:
Let S be a self-maintaining set. Let C' = G¢(S) be the closure of S. Let D
be the self-maintaining set generated by C. Then S C D, because D is the
biggest self-maintaining set, and if not we could take the union between S
and D, which would still be a self-maintaining set, bigger than D. Since the
self-maintaining set generated by a closed set is closed, then D is closed. So
D is closed and self-maintaining. But since C' is the closure of S, then C' has
to be the smallest closed set containing S. Thus C' C D. So C = D. Thus C
is closed and then the closure of S must return the smallest closed set that
contains S. So C' must be self-maintaining. O

Definition 20 (consistent) A semi-consistent algebraic chemistry is called
consistent if the closure of a semi-self-maintaining set is semi-self-maintaining
and the closure of a self-maintaining set is self-maintaining.

With Lemma 19 this implies also that the (semi-)self-maintaining set gener-
ated by a closed set is also closed. Trivially, the self-maintaining set gener-
ated by a semi-self-maintaining set is semi-self-maintaining and the semi-self-
maintaining set generated by a self-maintaining set is the set itself, thus is
self-maintaining.

In other words consistent reaction systems are systems where the three gener-
ate operators behave nicely one respect to the other: each operator can be used
after any other, and the acquired properties are not lost when the new oper-
ator is applied. This gives us the possibility to define the (semi-)organisation
generated by a set.

There are many ways in which we can generate a semi-organisation from a set.
We will present here the simplest one, which implicitly assumes that molecules
are produced quickly and vanish slowly. This assumption leads to the largest
possible semi-organisation generated by a set:

Definition 21 (generate semi-organisation) Given a consistent alge-
braic chemistry and a set of molecules C C M, we define Ggo(C) as
Gssm(Gerp(C)). We say that C generates the semi-organisation O = Ggo(C).

Finally, in consistent reaction systems, we can also generate uniquely an or-
ganisation, (here, again, the largest organisation that can be generated from
a set) according to the following definition:

13



Definition 22 (generate organisation) Given a set of molecules C' C M,
we define G(C') as Gsy(Gern(C)). We say that C generates the organisation
0 =G((0O).

The following lemma summarises the situation for consistent reaction systems:

Lemma 23 In a consistent reaction system, given a set C', we can always
uniquely generate a closure Gor(C), a semi-self-maintaining set Gssn(C),
a semi-organisation Gssy(Geor(C)), a self-maintaining set Gy (C), and an
organisation Gsp (Gerp(C)).

Following the same scheme as before, the union (Usp) Uo and inter-
section (Mgo) Mo of two (semi-)organisations U and V is defined as
the (semi-)organisation generated by their set-union and set-intersection:
(U Uso V = Gso(UU V), U MNso V = Gso(U N V)), U Lo V = G(UU V),
UNoV =G(UNYV), respectively. Thus, for consistent reaction systems, also
the set of all (semi-)organisations (Osp) O forms a lattice ((Ogso,Uso, Mso))
(O,Up,Mo). This important fact should be emphasised by the following
lemma:

Lemma 24 Given an algebraic chemistry (M, R) of a consistent reaction
system and all its organisations O, then (O,Up,Mo) is a lattice.

Knowing that the semi-organisations and organisations form a lattice, and that
we can uniquely generate an organisation for every set, is a useful information.
In order to find the whole set of organisations, it is impractical just to check
all the possible sets of molecules. Instead, we can start by computing the
lattice of semi-organisations, and then test only those sets for self-maintenance.
Furthermore, if the semi-organisations form a lattice, we can start with small
sets of molecules and generate their semi-organisations, while the Ligo operator
can lead us to the more complex semi-organisations.

Now we will present three types of consistent systems, which can be easily (ie.
in linear time) identified by looking at the reaction rules.

2.4.1 Catalytic Flow System

In a catalytic flow system all molecules are consumed by first-order reactions
of the form {k} — 0 (dilution) and there is no molecule consumed by any
other reaction. So, each molecule k decays spontaneously, or equivalently, is
removed by a dilution flow. Apart from this, each molecule can appear only
as a catalyst (without being consumed).

Definition 25 (catalytic flow system ) An algebraic chemistry (M, R) is
called a catalytic flow system , if for all molecules i € M: (1) there ezists a
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reaction ({i} — 0) € R, and (2) there does not exist a reaction (A — B) € R
with (A — B) # ({i} — 0) and #(i € A) > #(i € B).

Examples of catalytic flow system are the replicator equation (Schuster and
Sigmund, 1983), the hypercycle (Eigen, 1971; Eigen and Schuster, 1977), the
more general catalytic network equation (Stadler et al., 1993), or AlChemy
(Fontana, 1992). Furthermore some models of genetic regulatory networks
and social system (Dittrich et al., 2003) are catalytic flow systems .

The proof that a catalytic flow system is a consistent reaction system will be
given later as part of the more general proof that the more general reactive
flow system with persistent molecules is a consistent reaction system (Lemma
32).

Example 26 (Catalytic Flow System ) As an ezample, we present a
three-membered elementary hypercycle Figen (1971); FEigen and Schuster
(1977) under flow condition. The set of molecules is defined as:

M ={a,b,c} (6)

and the reaction rules as:

R=A{ (7)
a+b—a-+2b, (8)
b+c—b+ 2c, 9)
¢+ a—c+2a, (10)

a—10, (11)
b— 0, (12)
c—1 (13)

}. (14)

We can see, that all three molecules decay by first-order reactions (represent-
ing the dilution flow), and that no molecule is consumed by any of the three
remaining reactions.

Lemma 27 In a catalytic flow system , all semi-self-maintaining sets are
self-maintaining.

Proof: We proof the lemma by constructing a flux vector v = (vy,...,v,),n =
|R|, that follows the self-maintaining conditions. From the definition note that
in a catalytic flow system all molecules are consumed by first-order reactions
of the form {k} — () and there is no molecule consumed by any other reaction.
Also from the definition of a catalytic flow system we know that all molecules
decay. Given a semi-self-maintaining set S C M we construct v as follows:

(1) set all fluxes for reactions among molecules that are not a subset of .S to 0:
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va—p) =0 for (A — B) e R, A& Pu(S).

(ii) Since all molecules decay we set all fluxes of molecules from S that corre-
spond to decay reactions to 1:

Vie S, V({i}—0) = 1.

(iii) Because S is semi-self-maintaining, there must be for each i € S one or
more reactions of the form (A — B) € R, A € Py(S) where ¢ is produced.
We set the flux of those reactions to v4_py > 1.

Since all reactions are purely catalytic, no molecule is consumed by (iii). On
the other hand each molecule in S is generated by (iii) with a flow greater
than the dilution flow. Thus we found a flow that meets the conditions of a
self-maintaining set, thus S is self-maintaining. O

Note that, as before, when writing v(4_p) we use the reaction A — B as
an index in order to refer to the flux vector’s element corresponding to this
reaction.

Lemma 28 In a catalytic flow system , every semi-organisation is an organ-
1sation.

Proof: follows immediately from Lemma 27. O

In a catalytic flow system we can easily check, whether a set O is an organisa-
tion by just checking whether it is closed and whether each molecule in that set
is produced by that set. Furthermore, given a set A, we can always generate an
organisation by adding all molecules produced by A until A is closed and then
removing molecules that are not produced until A is semi-self-maintaining.
With respect to the intersection and union of (semi-)organisations the set of
all (semi-) organisations of a catalytic flow system forms an algebraic lattice
(see below). A result which has already been noted by Fontana and Buss
(1994).

2.4.2  Reactive Flow System

In a reactive flow system all molecules are consumed by first-order reactions of
the form {k} — () (dilution). But in addition to the previous system, we allow
arbitrary additional reactions in R. Thus note how a catalytic flow system is
a particular kind of reactive flow system .

Definition 29 (reactive flow system ) An algebraic chemistry (M, R) is
called a reactive flow system , if for all molecules i € M, there exists a
reaction ({i} — 0) € R.

This is a typical situation for chemical flow reactors or bacteria that grow

and divide (Puchalka and Kierzek, 2004). In a reactive flow system , semi-
organisations are not necessarily organisations. Nevertheless, both the semi-
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organisations and the organisations form a lattice (O, Up,Mp). Moreover, the
union (Llp) and intersection (M) of any two organisations is an organisation.
Also the proof that a reactive flow system is a consistent reaction system will
be given later as part of the same general proof that the more general reactive

flow system with persistent molecules is a consistent reaction system (Lemma
32).

Example 30 (Reactive Flow System ) As an example, we take the three-
membered elementary hypercycle as before, but add an explicit substrate s. The
set of molecules is defined as:

M ={a,b,c, s} (15)

and the reaction rules as:

R=A{ (16)
a+b+ s—a-+ 2D, (17)
b+c+s—b+2c, (18)
c+a+s—c+ 2a, (19)

a— 10, (20)
b— 0, (21)
c— 0, (22)
s—0 (23)

b (24)

We can see, that again all molecules decay by first-order reactions (represent-
ing the dilution flow), but now a molecule, s, is consumed by other reactions
(Eq. 17-19). Note that in this example there is only one organisation (the
empty organisation), and even no semi-organisation that contains one or more
molecules, because there is no inflow of the substrate. If we would add a reac-
tion equation ) — s representing an inflow of the substrate, we would obtain
two organisations: {s} and the “hypercycle” {a,b,c,s}.

2.4.3 Reactive Flow System with Persistent Molecules

In a reactive flow system with persistent molecules there are two types of
molecules: persistent molecules P and non-persistent molecules. All non-
persistent molecules kK € M \ P are consumed (as in the two systems before)
by first-order reactions of the form {k} — 0 ; whereas a persistent molecule
p € P is not consumed by any reaction at all.

Definition 31 (reactive flow system with persistent molecules ) An  alge-
braic chemistry (M,R) is called a reactive flow system with persistent
molecules , if we can partition the set of molecules in persistent P and
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non-persistent molecules P (M = P U P, PN P = 0) such that: (i) for
all mon-persistent molecules i € P: there exists a reaction ({i} — 0) € R;
and (i) for all persistent molecules i € P: there does not ezist a reaction
(A— B) € R with #(i € A) > #(i € B).

An example of a reactive flow system with persistent molecules is Example 2,
where a is a persistent molecule. The reactive flow system with persistent
molecules is the most general of the three systems where the semi-organisations
and organisations always form a lattice, and where the generate organisation
operator can be properly defined. As in a reactive flow system , in a reactive
flow system with persistent molecules not all semi-organisations are organisa-
tions.

The previously mentioned fact that reactive flow system with persistent
molecules , reactive flow system and catalytic flow system are consistent will
be now formulated as a proposition and proven by Lemmas 33-38. Since
a catalytic flow system is a particular kind of reactive flow system , and a
reactive flow system is a particular kind of reactive flow system with persistent
molecules , it is sufficient to consider a reactive flow system with persistent
molecules .

Proposition 32 A reactive flow system with persistent molecules is consis-
tent.

Proof: we need to show that: (1) given any couple of (semi-)self-maintaining
sets, their union is (semi-)self-maintaining (thus is a semi-consistent sys-
tem); (2) given a (semi-)self-maintaining set the closure of it is (semi-)self-
maintaining. We shall also prove, although not strictly necessary that (3)
given a closed set the (semi-)self-maintenance generated by it, is closed;

Lemma 33 In a reactive flow system with persistent molecules , given two
semi-self-maintaining sets, A, B C M, their set-union A U B 1is semi-self-
maintaining.

Proof: In a reactive flow system with persistent molecules there are two types
of molecules: persistent molecules P and non-persistent molecules. We need
to prove that there are production pathways for each non persistent molecule.
From the definition we know that all non-persistent molecules & € M \ P
of a reactive flow system with persistent molecules are used-up by first-order
reactions of the form {k} — ( (meaning that they decay spontaneously).
Because A and B are self-maintaining, there must be a production pathway
of these molecules already inside A or B. Thus AU B is semi-self-maintaining.
O

Lemma 34 In a reactive flow system with persistent molecules , given two
self-maintaining sets, A, B C M, their set-union AU B 1is self-maintaining.
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Proof: In a reactive flow system with persistent molecules there are two types
of molecules: persistent molecules P and non-persistent molecules. A persis-
tent molecule p € P is not used-up by any reaction of R. So, a persistent
molecule cannot have a negative production rate in any set. From the defini-
tion we know that all non-persistent molecules k € M\ P of a reactive flow
system with persistent molecules are used-up by first-order reactions of the
form {k} — 0 (meaning that they decay spontaneously). Because A and B
are self-maintaining, there must be a positive production of these molecules
in order to compensate their decay. In the union of A and B there might by
additional reactions that use up non-persistent molecules, but since there are
pathways in A or B to produce them in arbitrary quantity (note that the
definition of self-maintenance requires only that there exists a flux vector), we
can still find a flux vector such that they are produced at a non-negative total
rate. O

Lemma 35 In a reactive flow system with persistent molecules , given a closed
set the semi-self-maintaining set generated by it, is closed;

Proof: Let C' be a closed set and S = Gggps the semi-self-maintaining set gen-
erated by C'. Let us assume ad absurdum that S is not closed. Then we can find
amolecule a ¢ S that can be produced by S. If SU{a} is semi-self-maintaining,
then we have a set that is bigger than S and semi-self-maintaining, against
the definition of S as the biggest semi-self-maintaining set in C. If instead
S U {a} is not semi-self-maintaining, then there exist a molecule in S U {a}
that is not being generated. This molecule cannot be a, because a is generated
by S. So this molecule would have to be b € S. If b is persistent, then it does
not need to be generated. If b is not persistent, then there is an outflow that
destroys b, thus b must have been generated from within S. So b is still being
generated in S U {a}. So, also this possibility is excluded. Thus the set S has
to be closed. O

Lemma 36 In a reactive flow system with persistent molecules , given a semi-
self-maintaining set the closure of it is semi-self-maintaining.

Proof: Follows directly from the previous Lemma 35 and Lemma 19, which
we can apply because Lemma 33 and Lemma 34 assures that a reactive flow
system with persistent molecules is semi-consistent. ]

Lemma 37 Given a self-maintaining set the closure of it is self-maintaining.

Proof by induction: Let S be a self-maintaining set and C' = G¢(S) = S U
CyUCyU... its closure, where C; contains all molecules from S and the
molecules that can be generated directly by S. ;17 contains all molecules
from C; and the molecules that can be generated directly by C;. Now, let
us suppose that C; is self-maintaining. Then there exist a flux vector v for
C; fulfilling the self-maintenance condition. Let us consider all molecules in
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Ci+1 \ C;. Each of those molecules is produced by the flux vector v at a non
negative rate. So we need now to find a flux vector v’ for C; ;. Let us start by
taking the same flux vector v we had for the molecules of C;. We can produce
the non persistent molecules in C; at an arbitrary large rate. In fact we can
consider the molecule that is generated the least as being overproduced at a
rate of 1. Each of the new molecules can also be generated at a rate bigger
or equal than 1 by the reactions in C;. Now we need to build the flux v’, but
v’ is equal to v for each reaction among molecules that are contained in C;.
Let us consider that we have n new reactions, with m being the maximum
stoichiometric coefficient of those reactions, we can then define the speed of
the new reactions as 1/m(n + 1), guaranteeing that every molecule in Cj,q is
produced at a positive rate. Thus C;; is self-maintaining. a

Lemma 38 Given a closed set the self-maintaining set generated by it is
closed.

Proof: Follows directly from the previous Lemma 37 and Lemma 19, which
we can apply because Lemma 33 and Lemma 34 assures that a reactive flow
system with persistent molecules is semi-consistent. ]

And this concludes the proof that a reactive flow system with persistent
molecules is consistent. a

As a summary, from a practical point of view, we can first calculate the set
of semi-organisations. If our system is a catalytic flow system , we automati-
cally obtain the lattice of organisations. Otherwise we have to check for each
semi-organisation whether it is self-maintaining or not. If we have a consis-
tent reaction system, then we are assured to obtain a lattice, where there is
a unique smallest and largest organisation, and where we can easily obtain
the intersection and union of two organisations from the graphical represen-
tation of the lattice (see examples). For a general reaction system , the set
of organisations does not necessarily form a lattice. Nevertheless, this set of
organisations represent the organisational structure of the reaction network,
which can be visualised and which can provide a new view on the dynamics
of the system by mapping the movement of the system in state space to a
movement in the set of organisations, as will be shown in Section 3.

2.5 General Reaction Systems

When we consider general reaction systems, ie. algebraic chemistries without
any constraints, we cannot always generate a self-maintaining set uniquely.
This implies that in a general reaction system neither the set of organisation
nor the set of semi-organisations necessarily form a lattice. Examples of this
can be found in planetary atmosphere chemistries (Yung and DeMore, 1999).
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{a, c} {b, c}

{a} {b} {c}

{}

Fig. 2. Example of a general reaction system that does not have a lattice of or-
ganisations. There are three molecules M = {a,b,c} and just one reaction rule
R={a+b—c}.

Example 39 (General reaction system without a lattice of organisation)
In this example we present a reaction system where the set of organisations
does not form a lattice, and where we can not always generate an organisation

for any given set of molecules:

M=A{abc}, R={a+b—c}. (25)

This example can be interpreted as an isolated system, where there is no in-
flow nor outflow. a and b simply react to form c. Obviously, every set that
does not contain a together with b is an organisation. So, there are 6 organ-
isations: {}, {a}, {b}, {c}, {a,c}, and {b,c}. As illustrated by Fig. 2, there
s mo unique largest organisation and therefor the set of organisations does
not form a lattice. Furthermore, given the set {a,b,c}, we can not generate
an organisation uniquely, because there does not exist a unique largest self-
maintaining set contained in {a,b,c}. There are two self-maintaining sets of
equal size: {a,c} and {b,c}. Why can this not happen in a reactive flow system
with persistent molecules ¢ In a reactive flow system with persistent molecules |
the set-union of two self-maintaining sets is again self-maintaining. Therefore
there can not exist two largest self-maintaining sets within a set A, because
their union would be a larger self-maintaining set within A (see Lemma 34).
Note that each organisation makes sense, because each organisation represents
a combination of molecules that can stably exists in a reaction vessel, which
does not allow an outflow of any of the molecules according to the rules R.

3 Dynamic Analysis

The static theory deals with molecules M and their reaction rules R, but not
with the evolution of the system in time. To add dynamics to the theory, we
have to formalise the dynamics of a system. In a very general approach, the
dynamics is given by a state space X and a formal definition (mathematical or
algorithmic) that describes all possible movements in X .only Given an initial
state xo € X, the formal definition describes how the state changes over
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time. For simplicity, we assume a deterministic dynamical process, which can
be formalised by a phase flow (X, (7})ier) where (T})icr is a one-parametric
group of transformations from X. T;(xg) denotes the state at time ¢ of a system
that has been in state x¢ at ¢ = 0.

3.1 Connecting to the Static Theory

A state x € X represents the state of a reaction vessel, which contains
molecules from M. In the static part of the theory we consider just the set of
molecular species present in the reaction vessel, but not their concentrations,
spatial distributions, velocities, and so on.

Now, given the state x of the reaction vessel, we need a function that maps
uniquely this state to the set of molecules present. Vice versa, given a set of
molecules A C M, we need to know, which states from X correspond to this
set of molecules. For this reason we introduce a mapping ¢ called abstraction,
from X to P(M), which maps a state of the system to the set of molecules
that are present in the system being in that state. The exact mapping can be
defined precisely later, depending on the state space, on the dynamics, and on
the actual application.

The concept of instance is the opposite of the concept of abstraction. While
¢(x) denotes the molecules represented by the state x, an instance x of a set
A is a state where exactly the molecules from A are present according to the
function ¢.

Definition 40 (instance of A) We say that a state x € X is an instance of
AC M, iff 6(x) = A

In particular, we can define an instance of an organisation O (if ¢(x) = O) and
an instance of a generator of O (if G(¢(z)) = O). Loosely speaking we can say
that x generates organisation O. Note that a state x of a reactive flow system
with persistent molecules , reactive flow system , and catalytic flow system is
always an instance of a generator of one and only one organisation O. This
leads to the important observation that a lattice of organisations partitions
the state space X, where a partition X implied by organisation O is defined
as the set of all instance of all generators of O: Xy = {x € X|G(¢(x)) = O}.
Note that as the system state evolves over time, the organisation G(¢p(x(t)))
generated by x(t) might change (see below, Figs. 3 and 4).
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3.2 Fized Points are Instances of Organisations.

Now we will describe a theorem that relates fixed points to organisations, and
by doing so, underlines the relevancy of organisations. We will show that, given
an ordinary differential equation (ODE) of a form that is commonly used to
describe the dynamics of reaction systems, every fixed point of this ODE is
an instance of an organisation. We therefore assume in this section that x
is a concentration vector X = (r1,%2,...,2n), X = RMI 2, > 0 where z;
denotes the concentration of molecular species ¢ in the reaction vessel, and M
is finite. The dynamics is given by an ODE of the form x = Sv(x) where S is
the stoichiometric matrix implied by the algebraic chemistry (M, R) (reaction
rules). v(x) = (v1(x),...,v,(x)) € R®lis a flux vector depending on the
current concentration x, where |R| denotes the number of reaction rules. A
flux v;(x) describes the rate of a particular reaction j. For the function v,
we require only that v;(x) is positive, if and only if the molecules on the left
hand side of the reaction j are present in the state x, and otherwise it must
be zero. Often it is also assumed that v;(x) increases monotonously, but this
is not required here. Given the dynamical system as x = Sv(x), we can define
the abstraction of a state x formally by using a (small) threshold © > 0 such
that all fixed points have positive coordinates greater than ©.

Definition 41 (abstraction) Given a dynamical system x = f(x) and let x
be a state in X, then the abstraction ¢(x) is defined by

o(x) ={ilz; >0,ie M}, ¢: X —-PM), ©>0 (26)

where x; is the concentration of molecular species i in state x, and © is a
threshold chosen such that it is smaller than any positive coordinate of any
fized point of X = f(x),x; > 0.

Setting © = 0 is a safe choice, because in this case ¢ always meets the definition
above. But for practical reasons, it makes often sense to apply a positive
threshold greater zero, e.g., when we take into consideration that the number
of molecules in a reaction vessel is finite.

Theorem 42 Hypothesis: Let us consider a general reaction system whose
reaction network is given by the algebraic chemistry (M, R) and whose dy-
namics is given by X = Sv(x) = f(x) as defined before. Let x' € X be a
fized point, that is, f(x') = 0, and let us consider a mapping ¢ as given by
Def. 41, which assigns a set of molecules to each state x. Thesis: ¢(x') is an
organisation.

Proof: We need to prove that ¢(x’) is closed and self-maintaining:
(a) Closure: Let us assume that ¢(x’) is not closed, then there exist a molecule
k, k ¢ ¢(x'), generated by the molecules in ¢(x’). Since, x’ is a fixed point,
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f(x") = Sv(x') = 0. First we decompose the stoichiometric matrix S into two
matrices of the same size of S, ST and S™, separating all positive from the
negative coefficients, respectively, such that S = ST+ S~. Since, by definition,
v(x) is always non-negative, then STv(x’) > 0, and S™v(x') < 0. Let 7
and &, be the k-th row of STv/(x) and S™v'(x), respectively, which represent
the inflow (production) and outflow (destruction) of molecules of type k. The
fixed point condition implies that i + i; = @} = 0. Since we assumed that
k is produced by molecules from ¢(x’), #; must be positive, #;7 > 0 and thus
Z,, must be negative, z,, < 0. But this leads to a contradiction, in fact: there
are two possible cases: either z) is equal to zero or zj, is higher than zero. If
xj, = 0, then &, must be zero, too, by definition of flux (intuitively because a
molecule not present cannot vanish). If, instead, ) is bigger than zero, still x},
must be smaller or equal to our chosen threshold. Or zj, would be part of ¢(x),
against the hypothesis. But we have explicitly chosen © to be smaller than
every positive coordinate of any fixed point. Thus also this is not possible.

(b) Self-Maintenance: We have to show that ¢(x’) is self-maintaining. Since x’
is a fixed point Sv(x’) = 0, which fulfils condition (3) of the definition of self-
maintenance (Def. 6). From the requirements for the flux vector v, it follows
directly that va_p)(x’) > 0 for all A € Py(¢(2')), which fulfils condition (1)
of Def. 6. Following the same contradictory argument as before in (ii), 2}, must
be zero for k ¢ ¢(x), and therefore v(a_p)(x’) = 0 for A ¢ Pr(é(x)), which
fulfils the remaining condition (2) of self-maintenance. 0

From this theorem it follows immediately that a fixed point is an instance of
a closed set, a semi-self-maintaining set, and of a semi-organisation. Let us
finally mention that even if each fixed point is an instance of an organisation,
an organisation does not necessarily possess a fixed point. A well known exam-
ple is exponential growth: M = {a}, R = {a — 2a}, © = Sv(z) with S =1
and v(x) = x. There are two organization the empty organization {} and
the organization {a}, which represents an exponentially growing population.
Obviously there is no fixed point with > 0.

Further note that given an attractor A C X, there exists an organisation O
such that all points of A are instances of a generator of O. In fact, it might
be natural to suppose that all points of an attractor are actually instances of
O, yet it is not clear if this is true for all systems or just for some.

3.8 Movement from Organisation to Organisation

3.3.1 ODFEs and Movement in the Set of Organisations

Not all system can be studied using ODEs. In particular a discrete system is
usually only approzimated by an ODE. In a discrete dynamical system, the
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molecular species that are present in the reaction vessel can change in time,
e.g, as the last molecule of a certain type vanishes. In an ODE instead, this
does not generally happen, where molecules can tend to zero as time tends
to infinity. So, even if in reality a molecule disappears, in an ODE model it
might still be present in a tiny quantity. The fact that every molecule ends
up being present in (at least) a tiny quantity, generally precludes us to notice
that the system is actually moving from a state where some molecules are
present, to another state where a different set of molecules is present. Yet this
is what happens in reality, and in this respect, an ODE is a poor approximation
of reality. A common approach to overcome this problem is to introduce a
concentration threshold ©, below which a molecular species is considered not
to be present. We use this threshold in order to define the abstraction ¢, which
just returns the set of molecules present in a certain state. Additionally, we
might use the threshold to manipulate the numerical integration of an ODE by
setting a concentration to zero, when it falls below the threshold. In this case,
a constructive perturbation (ie. a perturbation that causes a new molecular
species to appear) has to be greater than this threshold.

3.3.2 Downward Movement

Not all organisations are stable. The fact that there exits a flux vector, such
that no molecule of that organisation vanishes, does not imply that this flux
vector can be realized when taking dynamics into account. As a result a molec-
ular species can disappear. Each molecular species that disappears simplifies
the system. Some molecules can be generated back. But eventually the sys-
tem can move from a state that generates organisation O; into a state that
generates organisation Og, with Oy always below O; (Oy C O;). We call this
spontaneous movement a downward movement. Figure 4 illustrates this down-
ward movement using the four-species example (Example 2 and Fig. 1). The
simulation is performed by numerical integration of an ODE assuming mass-
action kinetics. Starting with high concentration of all four molecular species
(ie. starting in organisation {a, b, ¢, d}) the system moves spontaneously down
to organisation {a, b, c} and finally to organisation {a,b}.

3.3.83  Upward Movement

Moving up to an organisation above requires that a new molecular species
appears in the system. This new molecular species cannot be produced by
a reaction among present molecules (condition of closure). Thus moving to
an organisation above is more complicated then the movement down and re-
quires a couple of specifications that describe how new molecular species enter
the system. Here we assume that new molecular species appear by some sort
of random perturbations or purposeful interference. We assume that a small
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Fig. 3. Example of an up-movement caused by a constructive perturbation, followed
by a downward movement. (a) reaction network, (b) concentration vs. time plot of
a trajectory, (c) lattice of organisations including trajectory.

quantity of molecules of that new molecular species (or a set of molecular
species) suddenly appears. Often, in practice, the perturbation (appearance
of new molecular species) has a much slower time scale than the internal dy-
namics (e.g., chemical reaction kinetics) of the system.

Example 43 (Upward and downward Movement) Assume a system
with two molecular species M = {a,b} and the reactions R = {a — 2a,b —
2b,a +b — a,a —,b —}. All combinations of molecules are organisations,
thus there are four organisations (Fig. 3). Assume further that the dynamics
is governed by the ODE &) = xy — 2%, &9 = Ty — 75 — T1T2 where Ty and To
denote the concentration of species a and b, respectively. We map a state to a
set of molecules by using a small, positive threshold © = 0.1 > 0 (Def. 41).
Now, assume that the system is in state xg = (0,1) thus in organisation {b}.
If a small quantity of a appears (constructive perturbation), the amount of a
will grow and b will tend to zero. The system will move upward to organisation
{a,b} in a transient phase, while finally moving down and converging to a
fized point in organisation {a}. This movement can now be visualised in the
lattice of organisations as shown in Fig. 3.

3.3.4  Visualising Possible Movements in the Set of Organisations

In order to display potential movements in the lattice or set of organisations,
we can draw links between organisations. As exemplified in Figs. 3 and 4, these
links can indicate possible downward movements (down-link, blue) or upward
movements (up-link, red). A neutral link (black line) denotes that neither the
system can move spontaneously down, nor can a constructive perturbation
move the system up. Whether the latter is true depends on the definition of
“constructive perturbation” applied. For the example of Fig. 4 we defined a
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Fig. 4. Lattice of organisations of Example 1, including up-links and down-links.
Furthermore a trajectory is shown starting in organisation {a, b, ¢, d} moving down
to organisation {a,b}.

constructive perturbation as inserting a small quantity of one new molecular
species.

The dynamics in between organisations is more complex than this intuitive
presentation might suggest, for example in some cases it is possible to move
from one organisation O; to an organisation Oy, with Oy above (or below) Oy
without passing through the organisations in between O; and O,. In Fig. 4
this is the case for an upward movement from organisation {a} to organisation
{a, b, c} caused by a constructive perturbation where a small quantity of ¢ has
been inserted (simulation and trajectory not shown).

4 Organisations in Real Systems

In preliminary studies (Speroni di Fenizio et al., 2000) we have shown that
artificial chemical reaction networks that are based on a structure-to-function
mapping (e.g., ref. (Fontana and Buss, 1994; Banzhaf, 1993)) possess a more
complex lattice of organisation than networks created randomly. From this ob-
servation we can already expect that natural networks possess non-trivial or-
ganisation structures. Our investigation of planetary photo-chemistries (Yung
and DeMore, 1999) and bacterial metabolism, revealed lattices of organisa-
tions that vanish when the networks are randomised, indicating a non-trivial
structure.

Here we present three brief examples from our ongoing research. The first ex-
ample is a model of HIV-immune system dynamics comprising four species.
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The simplicity of that model allows us to validate our approach analyti-
cally. The second and third example is based on a model of the central sugar
metabolism of F.coli by Puchalka and Kierzek (2004) comprising 92 species.
It shows that non-trivial network complexity can be tackled and that sub-
structures in the model can be identified not known before.

4.1  Example: HIV-Immune System Dynamics

Wodarz and Nowak (1999) developed a model of immunological control of HIV
in order to explain the effect of various drug treatment strategies. Especially
the model shows, why a specific drug treatment strategy does not try to remove
the virus, but aims at stimulating the immune defence, such that the immune
system controls the virus at low but positive quantities.

In the model, there are four molecular species: M = {x,y,w,z}: uninfected
CD41 T cells x, infected CD41 T cells y, cytotoxic T Lymphocyte (CTL)
precursors w, and CTL effectors z. The concentration of each species is spec-
ified by x, y, w, and z, respectively. The dynamics is given by an ordinary
differential equation (ODE) with kinetic parameters a, b, ¢, d, h, p,q, 3, and A:

T = \—dr— Py,
y = Pry —ay — pyz,
w = cryw — cqyw — bw,

z = cqyw — hz.

From the given deterministic ODE model we derive chemical reaction rules,
which form a reaction network (Fig. 5, right top):

0— x,
x+y— 2y, x— 0,
R={ y+z— z y— 0,
X+y+w— x+y+2w, w— 0,
y+w— y+z, z— 0}

The ODE model includes a decay term for each species. Therefore, for each
species, we have a reaction rule transforming that molecular species into the
empty set: x — 0,y — 0, w — 0, and z — (. We observe in passing that
in this particular case, since all species decay, the system is a reactive flow
system (Definition 2.4.2; thus consistent (Lemma 32), and therefore the set of
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Fig. 5. Figure 5: Illustration of the analysis of the HIV immunological response
model by Wodarz and Nowak Wodarz and Nowak (1999). The ODE model given
in Eq. 27 is transformed to a chemical reaction network (right top). The resulting
hierarchy of organisations is shown as a Hasse diagram (right middle). Two of the
organisations represent the attractors: virus under control (top organisation) and
immune system destruction (middle organisation). Dynamic simulations leading to
both attractors are shown on the left. Parameters were taken from Wodarz and
Nowak (1999) as follows: A =1;d =0.1; 3 =0.5; a =0.2; p=1; ¢ = 0.1; b = 0.01;
g = 0.5; h = 0.1. Initial concentrations for left, top plot: x = 0.74; y = 0.75;
w = 0.018; z = 0.49. Initial concentrations for left, bottom plot: z = 0.75; y = 0.14;
w = 0.0095; z = 0.17. At the bottom, the full lattice of sets is shown including
closed and self-maintaining sets.

organisations must be a lattice (Lemma 24), with one well defined largest and
one well defined smallest organisation.

A graphical representation of the network is shown in Fig. 5, upper right
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corner. The corresponding 4 x 9 stoichiometric matrix M reads:

x(1-10 0 0 -1000
y|[0OO-10 0 1 -100
wl|l0OO0 0-10 0 01-1
z\0O O O0-10 001

where each row corresponds to a molecular species x, y, w, z (from the top)
and each column corresponds to a reaction. As we can see, the stoichiometric
matrix does not contain all information of the reaction network. For example,
the reaction rule y +z — z appears only as the column vector (0, —1,0,0)%.

4.1.1 Lattice of Organisations

For applying the theory we check every possible set of species (ie. 16 sets)
whether it is closed and self-maintaining. As a result we found three organi-
sations. The Hasse diagram is depicted in Fig. 5, middle right. The smallest
organisation consists only of the “healthy cells” x (uninfected CD41 T cells).
There can not be a smaller organisation (e.g. the empty set), because x is
an input species and therefore the empty set is not closed. Since x is an in-
put species, the set {x} is obviously self-maintaining. Looking at the reaction
rules we can see that x alone can not produce anything else, thus the set {x}
is closed, too. Formally, we can show that {x} is an organisation.

The second organisation, {x,y} contains “healthy cells” x together with “ill
cells” (infected CD4" T cells). Looking at the reaction network, we can see
that {x,y} is closed, because there is no reaction rule that allows to produce w
or z just using x and y alone. With the flux vector v = (10,1,1,0,0,1,0,0,0)7
we can show that, according to Def. 10, {x,y} is self-maintaining, e.g., Sv =
(8,0,0,0)T.

The largest organisation contains all species and is thus obviously closed.
Looking at the reaction rules, we can see that since x can be produced at an
arbitrarily high rate, we can also produce y, z, and w at arbitrarily high rates,
because we can freely choose the flux vector v according to the definition
of self-maintenence (Def. 10). Actually the production rate Sv of all four
species {x,y,w,z} can be positive, when we chose for example a flux vector
like v = (100, 1,1, 1,50, 1,50, 10)7.

No further organisation exists, which implies according to Theorem 42 (Sec-

tion 3.2) that there is no other combination of species that can form a sta-
tionary state.
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4.1.2  Connecting with Dynamics and Ezplaining a Drug Treatment Strategy

From a mathematical analysis Wodarz and Nowak (1999) and simulation stud-
ies Matsumaru et al. (2004) it is known that the model has two modes of
behaviour belonging to two asymptotically stable fixed points: One of the
attractors is characterized by high virus load and no CTL precursors and ef-
fectors present. This state is interpreted as the complete destruction of the
immune defence. The organisation {x,y} represents this attractor. When the
HIV virus is controlled by the immune defence, all four molecular species are
present in the system, constituting the other attractor. This state is reflected
in the largest organisation {x,y,w,z}. The smallest organisation {x} can be
interpreted as the condition where no CD4" T cell is infected by the HIV
virus.

After identifying the lattice of organisations, we can use it to explain the
strategy of a drug therapy: Looking at the lattice of organisations, we can
describe two strategies for a drug therapy: The first one tries to move the
system into the smallest organisations {x}, where no virus is present at all.
An alternative strategy may move the system into the largest organisation,
where the virus is present, but also an immune system response controlling
the virus.

There are drugs available that can bring down the virus load by several orders
of magnitude. If by this procedure the virus could be completely removed, the
system would move into the smallest organisation, because the set {x,w,z}
generates® organisation {x}. However, it has been observed that although
the virus load can be decreased below detection limit, the virus can not be
fully removed so that the virus appears again after stopping the treatment.
Therefore, the actual strategy of a drug therapy is not to move the system into
the lowest organisation, but into the highest organisation. In practice, this is
achieved by applying the drug periodically allowing the immune defence to
increase (see Wodarz and Nowak (1999) for details).

We can see that the strategy of a drug treatment can be explained on a
relatively high (ie. less detailed) level of abstraction using the lattice of organ-
isations, namely as a movement from an organisation representing an ill state
to an organisation representing a healthy state. It is important to note that
choosing the right level of abstraction depends on what should be explained.
The lattice of organisations is a suitable level of abstraction for describing
the overall strategy, i.e., the quality of a drug treatment. However, how an
actual drug treat should look like quantitatively in order to move the system
into the largest organisation can not be answered by our theory. For this we
have to chose a more detailed level of abstraction, e.g., the ODE model, which

3 Note that we use the word “generate” as a precisely defined technical term.
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provides information on how the system can move from one organisation to
another.

4.2 Example: Central Sugar Metabolism of E. Coli

In order to demonstrate that our approach can reveal structures in networks
of non-trivial size, we apply our theory to a large stochastic network model of
the central sugar metabolism of E. Coli by Puchalka and Kierzek (2004).

The model consists of 92 species and 197 reactions, including gene expres-
sion, signal transduction, transport, and enzymatic activities. We simplify the
model by ignoring inhibitory links. By doing so we assume that an inhibi-
tion has only a quantitative effect and does not shut off a reaction pathways
completely.

Two slightly different reaction networks can be studied depending if we con-
sider activators as necessary or not in the production of proteins.

When we consider activators to be necessary, a complex lattice of organisa-
tions appears (shown in Fig. 6). The smallest organisation, O;, contains 76
molecules including the glucose metabolism and all input molecules. The in-
put molecules, chosen according to ref. (Puchalka and Kierzek, 2004), include
the external food set (Gleex, Glyex, Lacex) and all promoters (see suppl. ma-
terial). Two other organisations, O3 and Oy, contain the Lactose and Glycerol
metabolism, respectively. Their union results in the largest organisation Oj
that contains all molecules.

If instead we consider the more precise version of the model, which does not
assume the necessary presence of activators for gene expression, we have a
more realistic model, yet a model that focuses at a longer timescale (as those
reaction that we ignore in the previous model are relatively slow reactions).
In this case the resulting lattice collapses into a single huge organisation. In
such case what the theory suggests is a general stability of the system against
perturbations, since no matter what kind of initial combination of compounds
(molecular species) we start off, all other molecular species can be generated,
given the input flux mentioned above and sufficient time such that a gene
depending on an activator can be expressed in the absence of its activators.

5 Discussion

In our preliminary case-studies sketched above the theory of chemical organi-
sation appears as a useful tool, which creates a first, rough map of the struc-
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organization O5

organization O4

G3P GIpDmRNA GIpD GIpFKmRNA1
GIpFKmRNA GIpF GlpK Gly

organization O.

Allo Lac LacZYmRNA1
LacZYmRNA LacZ LacY

organization O

CrpmRNA Crp

organization O1

Glcex Glyex Lacex Glc6P Glg
Glk PromCya ....
[76 species total]

Fig. 6. Lattice of organisations of a model of the central sugar metabolism of F.coli.
(Puchalka and Kierzek, 2004). In an organisation, only names of new molecular
species are printed that are not present in an organisation below.

ture and potential dynamical behaviour of a reaction system. The obtained
scaffold, ie. the set of organisations, can guide further more detailed analy-
sis, which may study the dynamics within or in-between organisations using
classical tools from dynamical systems theory. The results of more detailed
studies can in turn be explained and summarised with respect to the lattice
of organisations resulting in a global picture.

5.1 Related Work

There are a number of other approaches that operate purely on the reaction
network’s topology in order to infer potential dynamical properties.

Classical reaction network theory provides powerful theorems, which can pre-
dict for a specific class of reaction networks whether a network possesses pos-
itive stationary states or whether positive periodic solutions are possible. For
example, the deficiency-zero theorem states roughly that a weakly reversible
mass-action reaction system with deficiency zero contains one unique equi-
librium point in each positive reaction simplex (Feinberg and Horn, 1973).
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This line of research provides probably the strongest mathematical results
that link network structure to potential dynamics. However, the research fo-
cuses on positive solutions, ie. solutions where all molecular species are present.
Here, we are interested in states of the reaction system where only a subset of
species are present. Furthermore, our theory is not restricted to systems with
deficiency zero or one. We do not require for our theorem that the reaction
system is governed by mass-action kinetics; in turn of course, chemical organi-
sation theory can not predict the stability of an organisation. Furthermore, we
do not focus on stationary behaviour, but we aim at understanding complex
transitive dynamics, such as the movement between organisations.

Another class of methods that operate on the network structure identifies so
called flur modes (e.g. Heinrich and Schuster (1996); Papin et al. (2004)). A
flux mode is a set of reaction rules that can operate at a steady state. Flux
modes are similar to T-invariants, a concept from Petri net theory Petri (1962).
Obviously, flux modes can be linearly combined and thus form a complete
lattice (when we also consider the empty flux mode). A flux mode implies a
set of molecules, namely the set of molecules participating in the reactions
of that flux mode. Therefore, a flux mode is similar to the concept of self-
maintenence. However the set of participating molecules is not necessarily
self-maintaining nor closed. And not all self-maintaining sets are represented
by flux modes. For example, a self-replicating molecule whose concentration
growths for ever is self-maintaining. But, since it does not reach a steady state,
it is not captured by a flux mode.

Boolean networks or logical networks are another approach to handle net-
works without requiring detailed kinetics. A boolean network consists of a
set of boolean functions that take their own result of a previous time step as
input. It is not yet clear, how stationary states of a boolean network are re-
lated to organisations, which is an interesting aspect for future investigations.
Boolean networks are a useful tool to model signalling and gene regulatory
networks (e.g. Espinosa-Soto et al. (2004)). However, a boolean network does
not consider stoichiometry, which is essential in general reaction networks as
considered by our theory.

5.2 Computational Complexity

This paper describes the mathematical base of our theory and does not focus
on algorithmic issues. Identifying the computational complexity of algorithms
able to find all organisations would be highly desirable. Especially it would
be interesting to know, which kind of networks can be analysed with contem-
porary computers. Developing efficient algorithms for computing or approxi-
mating the set of organisations and estimating the computational complexity
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of these algorithms is a separate research topic for the future. So far we have
implemented some preliminary algorithms. One of them computes the set of
organisations from the bottom up by starting from the smallest organisation
and then, recursively, adding molecules in order to generated all the organisa-
tions above. With this algorithm we can currently analyse networks containing
up to 200 molecular species. For less than 30 species, a brute force algorithm
appears faster. The brute force algorithm tests every possible set of molecules
whether it is closed and self-maintaining.

5.8 Structure-to-Function Mapping

The aim of the theoretical framework introduced in this paper is to deal with
constructive dynamical systems. However, the examples we presented for il-
lustrating the new concepts where relatively simple: A set of molecules has
always been defined as a list of symbols. And also the reaction rules were given
as an explicit list. In other words, in these examples, all molecules that could
appear were already listed explicitly in the definition of the set of molecules.

When designing the presented theoretical framework we had already more
complex reaction systems in mind, namely those where the set of molecules
and reaction rules are defined implicitly. In these systems, molecules possess a
structure, i.e. there is a grammar specifying their syntax, and reaction rules are
defined implicitly by referring to that structure. A simple example is the prime
number chemistry (Banatre and Métayer, 1990; Banzhaf et al., 1996), where
the set of molecules are all natural numbers and the reaction rules are defined
by the numerical devision operator. More complex examples from the field of
artificial chemistry are AlChemy (Fontana, 1992; Fontana and Buss, 1994),
the combinator chemistry (Speroni di Fenizio, 2000), or the more realistic
toy chemistry by Benko et al. (2002). But also in biochemistry and systems
biology we observe a growing number of models where the reaction network
is defined implicitly, which usually leads to a combinatorial explosion in size.
Examples are models of DNA assembly (Gothelf and Brown, 2005), DNA
computing (Adleman, 1994), or combinatorial signalling networks (Pinkas-
Kramarski et al., 1997; Borisov et al., 2005).

Note that in our approach the set of molecules M and the set of reactions R of
an algebraic chemistry can be defined implicitly. Furthermore, the dynamics
that we assumed in Section 3 is quite general, so that we can theoretically
apply our framework also to the systems mentioned above. However, compu-
tational tools for an automatic analysis of implicitly defined reaction systems
have yet to be developed, which is a significant challenge for future research.
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6 Conclusion

We presented a general way to define organisations in reaction systems, and
proved a theorem that showed that fixed points are instances of those organisa-
tions. We also investigated the relative structure of the organisations, opening
up the door to visualise the dynamical movement of the system through or-
ganisations. Much work still needs to be done, and we believe that this line
of research is just in its infancy. Reaction systems with inhibiting interactions
need to be investigated, as well as the structure inside organisations (i.e. the
relation between attractive states and organisations). In fact the whole issue
of movement among sets of molecules could only be introduced here. The con-
cepts of attractive and stable organisations, which play a fundamental role
in dynamical systems, has still to be formally defined. Yet we believe that
our work represents a step forward towards a formal study of constructive
dynamical system.
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analysis, respectively. Furthermore we thank Anthony Liekens and the anonymous
reviewers for helpful comments improving the paper. We acknowledge financial sup-
port by Federal Ministry of Education and Research (BMBF) Grant 0312704A and
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