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Viscosity solutions — Problem sheet 3
Problem 15. Prove that uniform ellipticity implies degenerate ellipticity.

Problem 16 (properties of Pucci’s operators I). Let 0 < A < A and M € S**™. Let the
eigenvalues of M be denoted by aq,...,a,. Prove that

fP(M)\A—)\Za]+AZa] and PT(M,\A) = AZaj—i—/\Zoz]

a;>0 ;<0 ;>0 ;<0
Problem 17 (properties of Pucci’s operators II). Let M, N € S"*™. Prove

M) < PH(M)

M, N, N) <P (M, \A) and PH(M, N, AN) >P (M, N, A)if N <A< AN

4. PE(aM) =aPE(M) ifa >0

P
P(
3. P~ (M) = —PH(—M)
(
5. PH(M

)+ P (N) <PH(M+N) <PHM)+ PH(N)

6. P"(M)+ P (N) <P (M+N) <P (M)+P(N)

7. MN|| < P(N,X\A) <PHN, A A) <nA||NJ|if N >0

8. P~ and P* are uniformly elliptic with ellipticity constants A, nA.

Problem 18. For matrices A, B € R"*" we define the Frobenius inner product A : B =
> k1 AjxBjr. Prove that A: B = tr(AB") and " Ay = A: 2@y for x,y € R". (Recall
r@y=u1xy'.)

Problem 19 (Hamilton-Jacobi-Bellman operator). Let A be an index set and 0 < A < A
be given. Let, for any a € A, A, : 2 — S™™ be measurable and bounded 0 < A\ <
A, < AT uniformly in Q; and let f, € L*(Q2). Prove that the operator

F(z, D*u(z)) = inf (tr(A,D*u(z)) — fal(z))

acA

is uniformly elliptic.

Problem 20. Prove Ishii’s lemma under the assumption wy,w,; € C?(Q).
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