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COMPUTATION OF QUASI-LOCAL EFFECTIVE DIFFUSION
TENSORS AND CONNECTIONS TO THE MATHEMATICAL
THEORY OF HOMOGENIZATION*

D. GALLISTLT AND D. PETERSEIM?

Abstract. This paper aims at bridging existing theories in numerical and analytical homog-
enization. For this purpose the multiscale method of Malqvist and Peterseim [Math. Comp., 83
(2014), pp. 2583-2603], which is based on orthogonal subspace decomposition, is reinterpreted by
means of a discrete integral operator acting on standard finite element spaces. The exponential decay
of the involved integral kernel motivates the use of a diagonal approximation and, hence, a localized
piecewise constant coefficient. In a periodic setting, the computed localized coefficient is proved to
coincide with the classical homogenization limit. An a priori error analysis shows that the local
numerical model is appropriate beyond the periodic setting when the localized coefficient satisfies a
certain homogenization criterion, which can be verified a posteriori. The results are illustrated in
numerical experiments.
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1. Introduction. Consider the prototypical elliptic model problem
—divA.Vu = f,

where the diffusion coefficient A. encodes microscopic features on some characteristic
length scale e. Homogenization is a tool of mathematical modeling to identify reduced
descriptions of the macroscopic response of such multiscale models in the limit as €
tends to zero. It turns out that suitable limits represented by the so-called effective
or homogenized coefficient exist in fairly general settings in the framework of G-, H-,
or two-scale convergence [37, 10, 31, 32, 3]. In general, the effective coefficient is
not explicitly given but is rather the result of an implicit representation based on
cell problems. This representation usually requires structural assumptions on the
sequence of coefficients A, such as local periodicity and scale separation [6]. Under
such assumptions, efficient numerical methods for the approximate evaluation of the
homogenized model are available, e.g., the heterogeneous multiscale method (HMM)
[11, 1] or the two-scale finite element method [29].

In contrast to this idealized setting of analytical homogenization, in practice one is
often concerned with one coefficient A with heterogeneities on multiple nonseperable
scales and a corresponding sequence of scalable models can hardly be identified or may
not be available at all. That is why we are interested in the computation of effective
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representations of very rough coefficients beyond structural assumptions such as scale
separation and local periodicity. In recent years, many numerical attempts have
been developed that conceptually do not rely on analytical homogenization results for
rough cases. Among them are the multiscale finite element method [22, 13], metric-
based upscaling [34], hierarchical matrix compression [17, 19], the flux-norm approach
[8], generalized finite elements based on spectral cell problems [5, 12], the AL basis
[16, 38], rough polyharmonic splines [35], iterative numerical homogenization [26], and
gamblets [33].

Another construction based on concepts of orthogonal subspace decomposition
and the solution of localized microscopic cell problems was given in [28] and later
optimized in [21, 20, 14, 36]. The method is referred to as the localized orthogonal
decomposition (LOD) method. The approach is inspired by ideas of the variational
multiscale method [23, 24, 27]. As most of the methods above, the LOD constructs
a basis representation of some finite-dimensional operator-dependent subspace with
superior approximation properties rather than computing an upscaled coefficient. The
effective model is then a discrete one represented by the corresponding stiffness matrix
and possibly right-hand side. The computation of an effective coefficient is, however,
often favorable and this paper reinterprets and modifies the LOD method in this
regard.

To this end, we revisit the LOD method of [28]. The original method employs fi-
nite element basis functions that are modified by a fine-scale correction with a slightly
larger support. We show that it is possible to rewrite the method by means of a dis-
crete integral operator acting on standard finite element spaces. The discrete operator
is of nonlocal nature and is not necessarily associated with a differential operator on
the energy space H3(Q) (for the physical domain  C R?). The observation scale
H is associated with some quasi-uniform mesh Ty of width H. We are able to show
that there is a discrete effective nonlocal model represented by an integral kernel
Ag € L>®(Q x Q; R¥4) such that the problem is well-posed on a finite element space
Vi with similar constants and satisfies

lu(f) —uu(F)llz2

sup < swp f lu(f) — vz

+ H?
fer2(@)\{o} 1f1lL20) rerz\foyvaeVa [ fllzze)

Based on the exponential decay of that kernel Ay away from the diagonal, we propose
a quasi-local and sparse formulation as an approximation. The storage requirement
for the quasi-local kernel is O(H ~?[log H|).

For an even stronger compression to O(H ~?) information, one can replace Ag by
a local and piecewise constant tensor field Ay . It turns out that this localized effective
coefficient Ay coincides with the homogenized coefficient of classical homogenization
in the periodic case provided that the structure of the coefficient is slightly stronger
than only periodic and that the mesh is suitably aligned with the periodicity pattern.
In this sense, the results of this paper bridge the multiscale method of [28] with
classical analytical techniques and numerical methods such as HMM. With regard to
the recent reinterpretation of the multiscale method in [25], the paper even connects
all the way from analytic homogenization to the theory of iterative solvers.

This new representation of the multiscale method turns out to be particularly
attractive for computational stochastic homogenization [15]. A further advantage of
our numerical techniques when compared with classical analytical techniques is that
they are still applicable in the general nonperiodic case, where the local numerical
model yields reasonable results whenever a certain quantitative homogenization cri-
terion is satisfied, which can be checked a posteriori through a computable model
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error estimator. Almost optimal convergence rates can be proved under reasonable
assumptions on the data.

The structure of this article is as follows. After the preliminaries on the model
problem and notation from section 2, we review the LOD method of [28] and introduce
the quasi-local effective discrete coefficients in section 3. In section 4, we present the
error analysis for the localized effective coefficient. Section 5 studies the particular
case of a periodic coefficient. We present numerical results in section 6.

Standard notation on Lebesgue and Sobolev spaces applies throughout this paper.
The notation a < b abbreviates a < Cb for some constant C' that is independent of
the mesh-size but may depend on the contrast of the coefficient A; a ~ b abbreviates
a < b < a. The symmetric part of a quadratic matrix M is denoted by sym(M).

2. Model problem and notation. This section describes the model problem
and some notation on finite element spaces.

2.1. Model problem. Let Q C R? for d € {1,2,3} be an open Lipschitz poly-
tope. We consider the prototypical model problem

(2.1) —div(AVu) = f in Q, ulaq = 0.

The coefficient A € L*°(2;R?*9) is assumed to be symmetric and to satisfy the
following uniform spectral bounds:

£ - (A(@)¢) § - (A(@)¢)

(2.2) 0 <a<essinf inf 2>——-2%<esssup sup

— =< p
z€Q  ¢eR4\{0} £-¢ zeQ  £eR4\{0} §-¢

The symmetry of A is not essential for our analysis and is assumed for simpler nota-
tion. The weak form employs the Sobolev space V := H{ () and the bilinear form a
defined, for any v,w € V, by

a(v,w) := (AVv, Vw)r2(q)-

Given f € L*(Q2) and the linear functional
F:V >R with F(v) :z/fvdx for any v €V,
Q

the weak form seeks u € V' such that
(2.3) a(u,v) = F(v) forallveV.

2.2. Finite element spaces. Let Ty be a quasi-uniform regular triangulation
of  and let Vi denote the standard P, finite element space, that is, the subspace of
V' consisting of piecewise first-order polynomials.

Given any subdomain S C Q, define its neighborhood via

N(S) :=int (H{T € Ty : TNS#0}).
Furthermore, we introduce for any m > 2 the patch extensions
N'(S):=N(S) and  N™(S):= N(N""(S)).

Throughout this paper, we assume that the coarse-scale mesh Ty belongs to a family of
quasi-uniform triangulations. The global mesh-size reads H:= max{diam(T) : T€Ty }.
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Note that the shape-regularity implies that there is a uniform bound C(m) on the
number of elements in the mth-order patch, card{K € Ty : K C N*(T)} < C(m)
for all T' € Ty. The constant C'(m) depends polynomially on m. The set of interior
(d — 1)-dimensional hyper faces of T is denoted by Fp. For a piecewise continuous
function ¢, we denote the jump across an interior edge by [¢]r, where the index F
will sometimes be omitted for brevity. The space of piecewise constant d x d matrix
fields is denoted by Py(Tz; R4*4).

Let Iy : V — Vg be a surjective quasi-interpolation operator that acts as a H'-
stable and L?-stable quasi-local projection in the sense that Iy o Iy = Iy and that
for any T' € Ty and all v € V' there holds

(2.4) H o = Igv|z2¢ry + IVIgvl L2y < Cry IV 2nery)s

(2.5) [Lavl 2y < Cryllvllzover))-

Since Iy is a stable projection from V' to Vi, any v € V is quasi-optimally approxi-
mated by Ixv in the L?(Q) norm as well as in the H!(2) norm. One possible choice
is to define Iy := Eg o Ily, where Il is the L? projection onto the space Py(Tg) of
piecewise affine (possibly discontinuous) functions and Fp is the averaging operator
that maps Py (7g) to Vi by assigning to each free vertex the arithmetic mean of the
corresponding function values of the neighboring cells, that is, for any v € P (Ty)
and any free vertex z of Ty,

(2.6) (Eag(v))(z) = Z U|T(z)/card{K €Ty : z€ K}.

TET
with zeT

This choice of Iy is employed in our numerical experiments.

3. Nonlocal effective coefficient. We introduce a modified version of the LOD
method of [28, 21] and its localization. We give a new interpretation by means of a
nonlocal effective coefficient and present an a priori error estimate.

3.1. A modified LOD method. Let W := ker Iy C V denote the kernel of
Iy. Given any T' € Ty and j € {1,...,d}, the element corrector gr,; € W is the
solution of the variational problem

(3.1) a(w,qr ;) = / Vw - (Ae;)dx  for all w e W.
T

Here e; is the jth standard Cartesian unit vector in R?. The gradient of any vy € Vg
has the representation

d
Vog = Z Z(aij|T)ej.

TeTy j=1

Given any vy € Vy, define the corrector Cvy by

d
(3.2) Com= Y Y (Oulr)er;.

TeTy j=1

We remark that for any vy € Vi the gradient Vuy is piecewise constant and, thus,
Cvp is a finite linear combination of the element correctors qr ;. It is readily verified
that, for any vy € Vi, Cvy is the a-orthogonal projection on W, i.e.,

(3.3) a(w,vg —Cvg) =0 for all w e W.
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Clearly, by (3.3), the projection Cv € W is well-defined for any v € V. The represen-
tation (3.2) for discrete functions will, however, be useful in this work.
The LOD method in its version from [28] seeks uy € Vg such that

(3.4) a((1-C)um,(1—C)uvg) = F(1 —C)vg) for all vy € Vy.
By (3.3), it is clear that this is equivalent to
(3.5) a(tg, (1 —C)vg) =F((1 —C)vy) for all vy € V.

A variant of this multiscale method employs a problem-independent right-hand side
and seeks uy € Vg such that

a((l1=Clug, (1 —=C)vy) = F(vg) for all vy € Vg
or, equivalently,
(3.6) a(ug, (1 —C)vg) = F(vy) for all vy € Vy.

3.2. Localization of the corrector problems. Here, we briefly describe the
localization technique of [28]. It was shown in [28] and [21, Lemma 4.9] that the
method is localizable in the sense that any T € Ty and any j € {1,...,d} satisfy

(3.7) IVar,

2@ wm () S exp(—em)llejllp2ery, — m > 0.

The exponential decay from (3.7) suggests to localize the computation (3.1) of the
corrector belonging to an element 7 € Ty to a smaller domain, namely, the extended
element patch Q7 := N*(T') of order £. The nonnegative integer ¢ is referred to as the
oversampling parameter. Let Wq, C W denote the space of functions from W that

vanish outside Q7. On the patch, in analogy to (3.1), for any vy € Vg, any T € Ty,

(0

and any j € {1,...,d}, the function qTeij € Wq,. solves

(3.8) ; Vuw - (AVq%)j) dx = /TVw - (Aej)dz for all w € Wo,.
T

Given vy € Vi, we define the corrector CQvy € W by

d
J4
(39) C(Z)’UH = Z Z(aj’UH|T)q§«,)j.
TeTn j=1

A practical variant of (3.6) is to seek u%) € Vy such that

(3.10) a(u(l_ll), (1—-CYy) = F(vg) forall vy € Vg.

This procedure is indispensable for actual computations and the effect of the trun-
cation of the domain on the error of the multiscale method was analyzed in [28] and
[21]. We will provide the error analysis for the method (3.10) in subsection 3.4.

3.3. Definition of the quasi-local effective coefficient. In this subsection,
we do not make any specific choice for the oversampling parameter ¢. In particular,
the analysis covers the case that all element patches Q0 equal the whole domain €.
We denote the latter case formally by ¢ = co.
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We reinterpret the left-hand side of (3.10) as a nonlocal operator acting on stan-
dard finite element functions. To this end, consider any uy,vy € Vy. We have

a (uH7 (1 — C(Z)) UH) = / Vupg - (AVvg) de — / Vug - (AC(QVUH) dx
Q Q

The second term can be expanded with (3.9) as

/ Vug - (AVCYvy) da
Q

d

TET k=1

= ¥ /VuH (Z][ (y)) dy (akaT)> z
K,T€Ty

= Z |K||T| Vug |k - (K1, kVou|T)
K, TeTy

for the matrix IC(T{)K defined for any K,T € Ty by

0y o oL A
(’CT,K)J,k : |T| |K| / VqT . d.

Define the piecewise constant matrix field over Ty X Ty, for T, K € Ty by

é
Ag?'T,K = |:,];%I|( TAd‘T_IC%)K

(where § is the Kronecker symbol) and the bilinear form a®) on Vi x Vi by

a(z)(vH,ZH / / Vg (y (a: y)Vzp(z))dydx for any vy, zg € V.
We obtain for all vy, zg € Vg that

(3.11) a(vH, (1 - C(Z))ZH) = a(e)(vH,zH).

Remark 3.1 (notation). For simplices T, K € Ty with x € T and y € K, we will
sometimes write (9 (x,y) instead of IC(T{)K (with analogous notation for A®).

Next, we state the equivalence of two multiscale formulations.

()

PROPOSITION 3.2. A function uy’ € Vi solves (3.10) if and only if it solves

(3.12) a® Wl vp) = Fug).
Proof. This follows directly from the representation (3.11). |

Remark 3.3. For d = 1 and Iy the standard nodal interpolation operator, the
corrector problems localize to one element and the presented multiscale approach coin-
cides with various known methods (homogenization, multiscale finite element method
(MSFEM)). The resulting effective coefficient Ag) is diagonal and, thus, local. This
is no longer the case for d > 2.
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3.4. Error analysis. This subsection presents an error estimate for the error
produced by the method (3.10) (and so by the method (3.12)). We begin by briefly
summarizing some results from [28].

LEMMA 3.4. Let u € V solve (2.3) and uy € Vi solve (3.4). Then we have the
following properties:
(i) upg coincides with the quasi interpolation of u, i.e., ug = Igu.
(ii) The Galerkin orthogonality a(u— (1 —C)Igu, (1 —C)vg) =0 for all vy € Vi
is satisfied.
(iii) The error satisfies |V (u — (1 = C)un)|z2) S H| fllz2(0)-

Proof. See [28] for proofs. 0
We define the following worst-case best-approximation error:

(313) WCba(A, TH) = sup inf Hu(g) - UH||L2 ()
geL2(@)\{0} v EVr lgllz2 (@)

)

where for g € L?(Q), u(g) € V solves (2.3) with right-hand-side g. Standard interpo-
lation and stability estimates show that always wcba(A, Ty) < H, but it may behave
better in certain regimes. For example, in a periodic homogenization problem with
some small parameter ¢ and some smooth homogenized solution ug € H?(S), the
best-approximation error is dominated by the best-approximation error of ug in the
regime H < /¢ where it scales like H2. By contrast, the error is typically not im-
proved in the regime 1/ 2 H 2 ¢. This nonlinear behavior of the best-approximation
error in the preasymptotic regime is prototypical for homogenization problems with
scale separation and explains why the rough bound H is suboptimal.

The following result states an L? error estimate for the method (3.6). The result
is surprising because the perturbation of the right-hand side seems to be of order H
at first glance. In cases of scale separation the quadratic rate is indeed observed in
the regime H < /¢ and cannot be explained by naive estimates.

PROPOSITION 3.5. The solutions uw € V' to (2.3) and ugy € Vi to (3.6) for right-
hand-side f € L*(Q) satisfy the following error estimate:

|u—unlr20)

< H? + wceba(A, Ty).
1fllz2 (e

Proof. Let f € L*(Q) \ {0} and let @y € Vi solve (3.5). We begin by analyzing
the error ey := uy — uy. Let z € V denote the solution to

a(v,z) = (e, Igv) 2y forallveV.

To see that the right-hand side is indeed represented by an L? function, note that
Iy is continuous on L?(£2) and, hence, the right-hand side has a Riesz representative
¢ € L*(Q) such that (ey, Igv)r2(0) = (6,v)r2(0)- In particular, z solves (2.3) with
right-hand-side é. Its L? norm is bounded with (2.5) as follows:

€172y = (em, Inen) 2y S llerll 2@ llél 2@

hence

(3.14) lelz2) S lerllz2)-
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We note that, for any w € W, we have a(w, 2) = (em, [gw)r2(q) = 0. Thus, we have
aler,Cz) = a(Cep, z) = 0. With (1 —C)z = (1 — C)Igz we conclude

(3.15) ||eHH%2(Q) =alemy,z) =aleg,(1 —C)Igz).

Elementary algebraic manipulations with the projection Iy show that
—Clgz=(1—-1Ig)((1=C)gz—2)+ (1 — In)=.

The relation (3.15) and the solution properties (3.5) and (3.6), thus, lead to

(3.16)  llenliai) = F(CInz) = |F((1 = Im)((1 = C)lmz — 2)) + F((1 — In)2)].

We proceed by estimating the two terms on the right-hand side of (3.16) separately.
For the second term in (3.16), the L2-best-approximation property of Iy and (3.14)
reveal

~ ||Z—UHHL2(Q)
F((1—-1Ig)2)| < é inf ——————=
(3.1 (= L) S Il ez inf, ==

S ez @ lles ll 2@y weba(A, Tr).

For the first term in (3.16), we obtain with the stability of Iy and the Cauchy in-
equality that

[F((1 = 1u)((1 =)z = 2))| S [fll2@llz = (1= C)Iuzl L2 (@)
Let §:=2z— (1 —C)Igz and let ¢ € V denote the solution to
a(C,v) = (,v)r2(q) forallveV.

As stated in Lemma 3.4(i), the function Iz € Vg is the Galerkin approximation to
z with method (3.4) with right-hand-side e. We, thus, have by symmetry of a and
the Galerkin orthogonality from Lemma 3.4(ii) that

Iz = (1 = C)Irzlz2(q) = alg, 2 = (1 - C)Ip2)
a((—(1-C)pC,z—(1—-C)lgz).

Continuity of @ and Lemma 3.4(iii) reveal that this is bounded by

H?(|gll L2 llél 2oy = H?[lz — (1 = C)Inz| 120 llél L2
Altogether, with (3.16),

llerllz20) < H? + weba(A, Ty).
1f1lz2(2)

Since

—Hu — 20 < wcba(A, Ty)
Il 220

(which follows from the fact that 4y = Iyu), the triangle inequality concludes the
proof. 0
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With similar arguments it is possible to prove that the coupling ¢ ~ |log H| is
sufficient to derive the error bound

(3.18) lu =l || L2y S (H? + weba(A, Ta)) || fll 22(0-

The proof is based on a similar argument as in Proposition 3.5: Since the L? distance
of u — ﬂg) is controlled by the right-hand side of (3.18) [21], where a%) solves a
modified version of (3.10) with right-hand-side F((1 — C¥)vy), it is sufficient to

control u%) — E(Iﬁ) in the L2 norm. This can be done with a duality argument similar
to that from the proof of Proposition 3.5. The additional tool needed therein is the
fact that

IV(C — CNIpz| 12 S exp(—cl)C(0)]|Vz|| L2

for the dual solution z (see [21, Proof of Theorem 4.13] for an outline of a proof), where
C(¢) is an overlap constant depending polynomially on ¢. The choice of ¢ = |log H]|
therefore leads to (3.18). The details are omitted here and the reader is referred to
(28, 21, 36, 25).

4. Local effective coefficient. Throughout this section we consider oversam-
pling parameters chosen as £ ~ |log H|.

4.1. Definition of the local effective coefficient. The exponential decay
motivates us to approximate the nonlocal bilinear form a(e)(~, -) by a quadrature-like

procedure: Define the piecewise constant coefficient A%) € Py(Tg; R¥*4) by
AQ | = ][ Adz — > |K|KPy.
T KeTu

and the bilinear form @ on V x V by
a9 (u,v) := / Vu - (A;?Vv) dx.
Q

Remark 4.1. In analogy to classical periodic homogenization, the local effective
. (©) .
coefficient A}, can be written as

(ADY, 4l = 7] /Q e; - (Alxres — V)

_ ‘ ¢
=|T| 1/9 (ej — Vq(T;») - (A(xrer — ngr)k))
T

for the characteristic function y7 of T and the slightly enlarged averaging domain
Qp. See section 5 for further analogies to homogenization theory in the periodic case.

The localized multiscale method is to seek 1155) € Vg such that

(4.1) a® (ﬂ(l_?,vH) = F(vg) forall vy € V.

The unique solvability of (4.1) is not guaranteed a priori. It must be checked a pos-

teriori whether positive spectral bounds ay, Gy on A%) exist in the sense of (2.2).
Throughout this paper we assume that such bounds exist, that is, we assume that
there exist positive numbers ag, Gy such that

(4.2) anl¢l? < & (A (@)6) < Bulél
for all £ € R? and almost all = € €.
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4.2. Error analysis. The goal of this section is to establish an error estimate
for the error

~ (¢
llu — @ || 220

Let u%) € Vi solve (3.10). Then the error estimate (3.18) leads to the a priori error
estimate

(4.3) lu—u$ || L2y S (H? + weba(A, Tar)) || fll 12(0-

We employ the triangle inequality and merely estimate the difference ||u$q —1 H) |2 (0)-

With the finite localization parameter ¢, the quasi-local coefficient A®) is sparse
in the sense that A (z,y) = 0 whenever |z — y| > C/H. We note the following
lemma, which will be employed in the error analysis.

LEMMA 4.2. Given some x € Q with x € T for some T € Ty, we have
1K (@, )| 2 (00ay) S H V2.
Proof. From the definition of (¥, the boundedness of A, and the Hélder inequal-
ity we obtain for any j,k € {1, ...,d} that
0541 S ot IVarmalloa ) S porrrrs IVamell e
|T] K] |K\ |T| | K|/
Hence, we conclude with the stability of problem (3.8) and ||e||3. 1) = = |T| that
KO @, 9) 320, = Y KNk =TI 2 Var e i) S H
KeTy
This implies the assertion. ]
In what follows, we abbreviate
(4.4) p:=CH|log H|
for some appropriately chosen constant C'.

PROPOSITION 4.3 (error estimate I). Assume that (4.2) is satisfied. Let u(é)
Vi solve (3.12) and let Nﬁq) solve (4.1). Then,

4 ~ (¢ — ~ (£ ~ (¢
IV (s = @i)llsz@) S H-2IVa7 @) = Valy @)las, w.an)|

L2(Q,dx)
Proof. Denote ey := ug) u%). In the idealized case, £ = oo, the orthogonality
(3.3) and relation (3.11) show that

V(- Cw))‘fHH%Z(Q) S a(é)(eH, er)-

The case ¢ 2 |log H| again follows ideas from [28] with the exponential-in-¢ closeness
of C and C, and is merely sketched here. From the stability of Iy and the properties
of the fine-scale projection C) we observe (with contrast-dependent constants)

||V€H||2L2(Q) = ”VIHBH”i?(Q) = [[VIu(1 —C(Z))eHH%%Q)
SV =Cen 32

S a(em, en) + exp(—ch)|[Ver |7 o)
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for some constant ¢ > 0. Hence, with positive constants C7, Cs,
||V6H||2L2(Q) < CraB ey, eqy) + Cy exp(—cﬁ)”VeHH%z(Q).

If, for some sufficiently large r, the parameter £ is chosen to satisfy £ > r|log H| such
that Cy exp(—cf) < 1/2, then the second term on the right-hand side can be absorbed.
Thus, we proceed with (3.12) and (4.1) as

IVenlia@ S ol —ulg en) = a®(@) en) —a (@l en).
The right-hand side can be rewritten as

o)y, err) — a0 (il en)
Q

- | [ i) =i @) [AD @) Ven(@)] dyds

+ /Q {aﬁfﬁ(x). ( i A%) (z,y)dy — A?(a:)) VeH(x)} i

The second term vanishes by definition of Ag). Hence, the combination of the pre-
ceding arguments with the Cauchy inequality leads to

IVenlle@) S IVenllz)| /B A @) (Vi ) ~ Vi) (2)) dy|

L2(Q,dz)’

where it was used that A%) (z,y) = 0 whenever |z — y| > p. Note that (vaﬁ? (y) —
Vﬂg)(a:)) = 0 for all z and y that belong to the same element T' € Ty. Thus,

A%) (z,y) in the above expression can be replaced by ICg) (z,y). This and division by
Ver| L2 (o) lead to

Ven L2

(4.5) </ </
Q

This term can be bounded with the Cauchy inequality and Lemma 4.2 by
2
dx)

This finishes the proof. O

2
/ KO (2, y)* (Valy) (y) — Vi) («)) dy\ d:c> .
Bp(z)

~(¢ ~ (£
Na ( / \uc“) (@, 9|28, (2).ay) VS () = VL (@) | £2(8, (2),dy)

— ~ (¢ ~ (£
< HP| 19 ) = V) @)z, |

It is worth noting that the error bound in Proposition 4.3 can be evaluated with-
out knowledge of the exact solution. Hence, Proposition 4.3 can be regarded as an
a posteriori error estimate. Formula (4.5) could also be an option if it is available.
We expect Proposition 4.3 to be rather sharp. Below we provide the main a priori
error estimate, Proposition 4.5, which is fundamental for the mentioned link between
analytical and numerical homogenization. The following technical lemma is required.

LEMMA 4.4 (existence of a regularized coefficient). Let Ay € Po(Ta; RY*?) be
a piecewise constant field of d x d matrices that satisfies the spectral bounds (4.2).
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Then there exists a Lipschitz continuous coefficient Al € WHo°(Q;RI*?) satisfying
the following three properties: (1) The piecewise integral mean is conserved, i.e.,

/A;;gd.%':/AHdl‘ for all T € Ty.
T T

(2) The eigenvalues of sym(A%?) lie in the interval [y /2,20y]. (3) The derivative
satisfies the bound

VAL =) < Cn(An)
for some constant C' that depends on the shape-regularity of Ty and for the expression

(4.6) n(An) == H [Aull g0y (1 + g 1AB] Lo 7)) -

Here [-] defines the interelement jump and Fyg denotes the set of interior hyperfaces

Of TH

Proof. Consider a refined triangulation 77, resulting from L uniform refinements
of Ty. In particular, the mesh-size in 77, is of the order 2~ VH. Let E; Ay denote
the Tr-piecewise affine and continuous function that takes at every interior vertex the
arithmetic mean of the nodal values of Ay on the adjacent elements of 77, (similar
to (2.6)). Clearly, for this convex combination the eigenvalues of sym(Ep Ay ) range
within the interval [ag, Bg]. It is not difficult to prove that, for any T € Ty,

(47) ][T A — By Ag|dz < 27| [An]ll 1o (5 or)
as well as
(48) lAsr — BrAm o= < NAH 1= s or)-

Here, Fy(wr) denotes the set of interior hyperfaces of Ty that share a point with
T. Let, for any T € Ty, by € H(T) denote a positive polynomial bubble func-
tion with f.brdz = 1 and |[bp|/pe~(r) =~ 1. The regularized coefficient A3Y =
Ep(An)+br £.(Au—FEL(Ag)) dz has, for any T € Ty, the integral mean f, A} do =
fr A dz. For any £ € R? with |¢] = 1 and any T’ € Ty, the estimate (4.7) shows

'5 : ][ (A — EpAp)dx brg| <
T

][(AH — ELAH) dxr bT
T

< C27H|[[An]ll Lo (Fpr wr)-

If L is chosen to be of the order |10g(al__110||[AH]HLOO(]:H))| (for small jumps of Ay it
can be chosen of order 1), then

‘f : ][ (Ag — EpAp)de bpé| < 2.
T

This and the triangle inequality prove the claimed spectral bound on sym(A}?). For
the bound on the derivative of A%, let ¢ € T, and T' € Ty such that ¢ C T. The
diameter of ¢ is of order 2% H. Since ||Vby| pe(ry < H™', the triangle and inverse
inequalities therefore yield with the above choice of L (note that V(Ag|r) = 0)

VAR Loty SIIV(Ar — BL(An)llee) + H H[Ag — EL(An)|l L@
S H NAB o (5 wr) (1 + o NAB] Lo (Frr @) -

This proves the assertion. 0
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By Lemma 4.4, there exists a coefficient A% € W1>°(Q) such that Al is the
piecewise L? projection of A% onto the piecewise constants. Let u™ € V solve

(4.9) / Vu'™ - (AG'Vv)de = F(v) forallve V.
Q

In particular, 4y is the finite element approximation to ™. In the following, s refers
to the H1*4(Q2) regularity index of a function. Recall that the H1**(Q2) norm [2] of
some function v is given by
2
Vo(@) - Vo), 1"
4.10) V|| gi+s ) = [ |3 +/ | dy dz
( Iollrsecoy = (Il + [ [ S,

We have the following error estimate.

PROPOSITION 4.5 (error estimate IT). Let ¢ ~ |log H| and assume that (4.2) is

satisfied. Let u%) solve (3.10) and let 4 N( ) solve (4.1). Assume furthermore that the
solution u™ to (4.9) belongs to H'T5(Q ) for some 0 < s < 1. Then,

IV (uly) = 5 1200 S H* log HI™H/ (14 1(AT)) [ fll (-
Proof. Recall the estimate from Proposition 4.3,

4 ~ (¢ — ~(£ ~
IV (s = @i)llna@) S H-2IVa7 @) = Valy @)las, w.an)|

L2(Qdx)
To bound the norm on the right-hand side, we denote e := V(ﬂ%)
with the triangle inequality

~ (£ ~ (¢
1V W) = Ve @) 2, (0100

— u™) and infer

L2(Q,dz)

< HH N r2(B, @), dy)‘
(411) L2(Q,dz)

1956~ T ]

+H” Mz2(5, @).an) L2(Q,dz)

The square of the first term on the right-hand side of (4.11) satisfies

)| dy d
11050 o, 0 0

- / / @) dzdy < ptllelZaq.
Q J{z with yeB,(x)}

Similarly, the third term on the right-hand side of (4.11) satisfies

2
dydr <
o //B( D2 dydz < p?llela0

The second term on the right-hand side of (4.11) reads for any 0 < s < 1 as

|19 ) — v <x>nm<3p<m>,dy>|

HII Nzz8, @), dy)‘

|lle(@) 2, 010

L2(Q,dx)

1/2
d+2s)/2 | Cureg — Vu'™ (y)|2
pd+25)/ (/ /B " MS dy dzx

5 p(d+2s)/2”u

"N e (e)-
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Here we have used the representation (4.10) and the fact that the value of the double
integral increases when, first, in the denominator p is replaced by |z —y| and thereafter
the integration domain of the inner integral is replaced by €. In conclusion,

(0N _ o0 ‘
197 @) = VR @llze .00 | g
gpd/QHBHL?(Q) _|_p(d+25 /QHuregHHlJrS ©)-

Since ﬁ(l_? is the finite element approximation to Vu'™Y, standard a priori error esti-

mates for the Galerkin projection yield
lell 2y S H 4™ || g1+ (-
Thus,

~(¢ ~(¢ s
(4.12) H ||Vu5,{) (y) — Vugq) (I)”LQ(BP(w),dy) (d+2s)/2

Sp 1" || s () -

L2(Q,dx)

If u™9 belongs to H2(Q), then the results of [18, 9, 30] lead to

||Ureg||H2(Q) N ”Ag[zg||W1’°°(Q)(Hf||L2(Q) + ||ureg||H1(Q))
SNAT lwrse @) fll 22

The assertion in H'T%(Q)) can be proved with an operator interpolation argument.
Indeed, as shown in [18], the operator — div(A"™V-) maps H2(Q) N HE () to a closed
subspace Y7 of L%(). Let T denote the solution operator, which maps Y; to X; :=
H?(Q) and furthermore maps Yy := L?(Q) to Xo := H'(Q). The real method of
Banach space interpolation [7] shows that H!'™%(Q) = [Xo, X1]s2, which together
with the H! stability of the problem and (4.13) proves

" llzsss@) S AR i@l f 1220

The combination with Lemma 4.4 proves

(4.13)

w7 | ey S (1+0(AG)° 1 fllz20)-

The combination with Proposition 4.3 and (4.12) proves

”V(U'H _UH )HL2(Q S H™Y? (d+25)/2||umg||H1+> (Q)
< H\log HI* 2 (1 + (A" 11f112200-

This implies the assertion. 0

Remark 4.6 (homogenization indicator). If the relations
H_1||[Ag)]||LOO(}‘H) <1 and a;{lH <1

are satisfied, then the multiplicative constant in Proposition 4.5 is of moderate size.
Hence, we interpret n(Ag)) as a homogenization indicator and the above relations as
a homogenization criterion.

Remark 4.7 (local mesh-refinement). We furthermore remark that local versions
of r](A(}?) involving the jump information H_1||[Ag)]||Loo(F) for interior interfaces
F may be used as refinement indicators for local mesh-adaptation. This possibility,
however, shall not be further discussed here.
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Remark 4.8 (global homogenized coefficient). If the global variations of Ag) are
small in the sense that there are positive constants c1, ¢, such that, almost everywhere,

alé? <€ (APE) < col¢? for any € € R

holds with |c; — ¢1| < H, then Ag) can be replaced by fQ A%) dzr without effecting
the accuracy.

The combination of Proposition 4.5 with (4.3) leads to the following a priori error
estimate. The parameter s therein is determined by the elliptic regularity of the model
problem with a W1°°(Q) coefficient.

THEOREM 4.9. Let ¢ =~ |log H| and assume that (4.2) is satisfied. Let u solve

(2.3) and let ﬂ%) solve (4.1). Assume furthermore that the solution u™9 to (4.9)
belongs to H'T5(Q) for some 0 < s < 1. Then,

~ (£ s s Y4 s
= a2y S (H -+ B log HI"H/2 (14 n(Af))" ) I fll 120,

In particular, under the homogenization criterion from Remark 4.6, a convergence
rate is achieved. If the domain is conver, then s can be chosen as s = 1, i.e., the
convergence rate is linear up to a logarithmic factor.

Proof. This follows from combining Proposition 4.5 with (4.3), the triangle in-
equality, and the Friedrichs inequality. If the domain is convex, elliptic regularity
theory [18, 9, 30] shows that s = 1 is an admissible choice. d

Remark 4.10. We emphasize that n(A%)) is not an error estimator for the dis-
cretization error. It rather indicates whether the local discrete model is appropriate.
If n(Ag)) is close to zero, then the multiplicative constant on the right-hand side of
the formula in Theorem 4.9 is of reasonable magnitude.

5. The periodic setting. In this section we justify the use of the local effective
coefficient Ay in the periodic setting. We show that the procedure in its idealized
form with ¢ = oo recovers the classical periodic homogenization limit. We denote by
V.=H ;ﬁ (2)/R the space of periodic H! functions with vanishing integral mean over
Q2. We assume 2 to be a polytope allowing for periodic boundary conditions. We adopt
the notation of section 3; in particular, W C V is the kernel of the quasi-interpolation
I, Vi is the space of piecewise affine globally continuous functions of V, and C),
a, a®), a®, Ag), Ag), K are defined as in section 3 with the underlying space V'
being H4(Q)/R. We assume that the domain € matches with integer multiples of
the period. We assume the triangulation 7z to match with the periodicity pattern.
For simplicial partitions this implies further symmetry assumptions. In particular,
periodicity with respect to a uniform rectangular grid is not sufficient. Instead we
require further symmetry within the triangulated macro-cells; see Example 5.1 for an
illustration. This property will be required in the proof of Propositon 5.2 below. In
particular, not every periodic coefficient may meet this requirement. Also, generating
such a triangulation requires knowledge about the length of the period.

Ezxample 5.1. Figure 1 displays a periodic coefficient and a matching triangula-
tion.

We remark that the error estimate (3.18) and Proposition 4.5 hold in this case as
well. Due to the periodic boundary conditions, the auxiliary solution u"® utilized in
the proof of Proposition 4.5 has the smoothness u™ € H?({2) so that those estimates
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Fic. 1. Periodic coefficients with respect to a square grid and triangulations: nonmatching
(left) and matching (right).

are valid with s = 1. In the periodic setting, further properties of Ag) can be derived.

First, it is not difficult to prove that the coefficient A%) is globally constant. The
following result states that, in the idealized case ¢ = oo, the coefficient A%) is even

independent of the mesh-size H and coincides with the classical homogenization limit,
where for any j =1,...,d, the corrector §; € H#(Q)/R is the solution to

(5.1) div A(V§; — e;) = 0 in Q with periodic boundary conditions.
PROPOSITION 5.2. Let A be periodic and let Ty be uniform and aligned with the

periodicity pattern of A and let V., W be spaces with periodic boundary conditions.

Then, for any T € Ty, the idealized coefficient AEY;O) |7 coincides with the homogenized

coefficient from the classical homogenization theory. In particular, Ago) s globally

constant and independent of H.

Proof. Let T € Ty and j,k € {1,...,d}. The definitions of ASO)|T and K ()
lead to

75 Az — (A1) = 17170 30

(52) KeTy K
= \T|_1 / ej - (AVqry)de.
Q

ej - (AVqry) dx

The sum over all element correctors defined by g := ZTeTH qr,k solves
(5.3) a(w,qr) = (Vw, Aey)r2(q) for all w e W.
The definitions of ¢r ; and g5 and the symmetry of A lead to

\T|_1/ ej - (AVqry)dx = |T|_1/ Vg, - (AVqry) dz
(5.4) @ @

= ][ ex - (AVg;) dz.
T

Let v € V. We have (v — Igv) € W and therefore by (5.3) that

/ Vo (A(Vg; - e)) do = / (VInv) - (A(Vg; - ¢;)) da
Q Q

= > /K(VIHU)de']iA(Vq]‘*ej)dx,

KeTu
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where for the last identity it was used that VIgwv is constant on each element. By
periodicity we have that f, A(Vq; —e;)dx = f, A(Vq; — e;)da for any K € Ty.
Therefore, for all v € V|

Vv - (A(Vgj —ej))de = /

(VIgv)dzx - ][ A(Vg; —ej)dz =0
Q Q

Q

due to the periodic boundary conditions of Izv. Hence, the difference Vg; —e; satisfies
(5.1). This is the corrector problem from classical homogenization theory and, thus,
the proof is concluded by the above formulae (5.2)—(5.4). Indeed, by symmetry of A,

(A7)0 = ][ Ajp dz —][ e - (AVg;) dx = ][ (ej = Vg;) - Aey du. U
T T T

Remark 5.3. For Dirichlet boundary conditions, the method is different from the
classical periodic homogenization as it takes the boundary conditions into account.

The remaining parts of this section are devoted to an L? error estimate for the
classical homogenization limit. Let the coefficient A = A, be periodic, oscillating on
the scale €. Let H be the observation scale represented by the mesh-size of the finite
element mesh. We couple H to ¢ so that the ratio H/e is constant. Recall from

Proposition 5.2 that the idealized coefficient Ag;o) = A for a constant coefficient Ay
that is independent of H. It is known (see, e.g., [4]) that, in the present case of a
symmetric coefficient, Ay satisfies the bounds (4.2). Denote, for any ¢, by u. € V the
solution to

(5.5) / Vu. - (A.Vv)dz = F(v) forall v € V.
Q

Denote by ug € V' the solution to

(5.6) / Vug - (AgVo)dz = F(v) for all v e V.
Q

In periodic homogenization theory, the function ug is called the homogenized solution.
The aim is to estimate ||uo —uc| 12(q) in terms of . The following perturbation result
is required.

LEMMA 5.4 (perturbed coefficient). Let H and € be coupled so that H/e is
constant. Let the localization parameter ¢ be chosen of order ¢ = |log H|. Then,

1A = A o) S H.
There exist eg > 0 and 0 < o/ < ' < oo such that for all € < &g
o|¢f* < & (A (@)8) < Flel?
for all ¢ € R and almost all x € .
Proof. Remark 4.1 shows that A(;O) and Ag) are given on any 1" € Ty through

(Al = 1717 [ e+ (Alvrer = Var,)

and (Al = |T|71/Q ej - (Alxrer — ngfi)k))
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for any j,k € {1,...,d}. Thus,
0o ¢ — 4
(A jlr = (AR )slel = 1717 / e (A(V(ars — a¥))))
< TI7H|AY2e5 20y | A2V (ark = airi) 20
_ ¢

<7 1||Al/2V(QT,k - q(T,)k)HL?(Q)-

It is shown in [21, proof of Corollary 4.11] that

1AY2V (qrs, — 4y o)l L2y S exp(—ct)|T]V2.

In conclusion, the choice ¢ ~ [log H| implies the first stated estimate. The second

stated result follows from a perturbation argument because it is known [4] that A(HOO) =
Ay satisfies (2.2). |

The following result recovers the classical homogenization limit u. — ug strongly
in L? as ¢ = 0. In particular, it quantifies the convergence speed and states that for
[ € L*(Q) an almost linear rate is achieved.

PROPOSITION 5.5 (quantified homogenization limit). Let Q be convez, let u. € V
solve (5.5), and let ug € V solve (5.6). For any e < gy (for ey from Lemma 5.4) we
have

[ue — uoll 20 < ellog e 2| fll L2(0)-

Proof. As before, we couple H and ¢ such that H/e is constant. We denote by
u%) € Vi the solution to (3.10), by ﬁ%) € Vp the solution to (4.1), and by ﬂgo) € Vy
the solution to (4.1) with the choice £ = oo, where in all problems A is replaced by A..
Note that Lemma 5.4 implies stability of the discrete system (4.1) and thereby unique
existence of 11([_?. We employ the triangle inequality to split the error as follows:

4 4 ~ (¢
5 s = wollpae) S llue = wig 2o + ufy’ = @37 20

~ (¢ ~(co ~ (0o
1) — a5 2oy + 1857 = woll 12(0)-

Estimate (3.18) allows us to bound the first term on the right-hand side of (5.7) as

¢
llue — ug’{)”LQ(Q) Sellfllzz)-

The second term on the right-hand side of (5.7) was bounded in Proposition 4.5. With
the Friedrichs inequality the result reads

0

[ |1

~ (¢
_ug{)HL?(Q) Selloge I1fllz2 ),

where it was used that n(A(If)) = 0 because A%) is spatially constant. In order to
bound the third term on the right-hand side of (5.7) we use the stability of the discrete
problems and the perturbation result of Lemma 5.4 to deduce

~ (£ ~ (00 [eS) £
ity — a5l S 1A% — AR =@ fllz2e) € el fllze)-
For the fourth term on the right-hand side of (5.7) it is enough to note that a;‘;")
the Galerkin approximation of ug in Vg, which satisfies

is

135°) = wollz2) S €21 fll2@y

on convex domains. The combination of the foregoing estimates concludes the
proof. ]
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6. Numerical illustration. In this section, we present numerical experiments
on the unit square domain Q = (0,1)? with homogeneous Dirichlet boundary condi-
tions. We consider the following worst-case error (referred to as the L? error) as error
measure:

”u(f) - udiscrete(f)”Lz(Q)
sup

FEL2(Q)\{0} Il L2

where u(f) is the exact solution to (2.3) with right-hand side f and udiscrete(f) 2
discrete approximation (standard FEM or local effective coefficient or quasi-local ef-
fective coefficient or L?-best approximation). The error quantity is approximated by
solving an eigenvalue problem on the reference mesh.

6.1. First experiment: Convergence rates. Consider the scalar coefficient A,

11 (2 . (2 . (27 . (2 -t
A(zy,22) = — +sin | —xq |sin [ —zy ) + 4 sin | —2; ) sin [ —ao
2 €1 €1 €2 €2

with e = 272 and e, = 27°. We consider a sequence of uniformly refined meshes
of mesh-size H = v/2 x 2-1 .., V2 x 276, The corrector problems are solved on a
reference mesh of width A = /2 x 279, The localization (or oversampling) param-
eter is chosen as ¢ = 2. Figure 2 displays the coefficient A. The four components
of the reconstructed coefficient A(If) for H = /2 x 279 are displayed in Figure 3.
Figure 4 compares the L? errors of the standard FEM, the FEM with the local effec-
tive coefficient, the method with the quasi-local effective coefficient, and the L?-best
approximation in dependence of H. For comparison, also the error of the MSFEM
from [13] is displayed. As expected, the error of the FEM is of order O(1) because the
coefficient is not resolved by the mesh-size H. The error for the quasi-local effective
coeflicient is close to the best approximation. The local effective coefficient leads to
comparable errors on coarse meshes. On the finest mesh, where the coefficient is al-
most resolved, the error deteriorates. This effect, referred to as the “resonance effect,”
will be studied in the second numerical experiment. Table 1 lists the values of the

11.4
0.8

11.2

0.6 [
0.4

0.2 8

0
0 0.2 0.4 0.6 0.8 1

Fi1G. 2. The scalar coefficient A for the first experiment.
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1 1 ]
11.4
0.5 0.5 |
0 0 |
0 0.5 1 0 0.5 1
0.8
1 1
0.6
0.5 0.5
0.4
0 0 0.2
0 0.5 1 0 0.5 1

Fi1Gc. 3. Matriz entries of the reconstructed localized coefficient (A(}?) in the first experiment
for H= V2 x 276,

—»— FEM

—A— MSFEM
—O— loc. eff. coeff.
—&O— quasi-loc. eff. coeff. [19—2
—— L? best

107% |

1072 1071t 10°

F1a. 4. Convergence history under uniform mesh refinement.

estimator n(Ag)) as well as the bounds ay and Sy on (Ag)). The estimator n(A%))

is small on the first meshes, which corresponds to an effective coefficient close to a
constant. The estimator increases for the meshes approaching the resonance regime.
The values of the coefficient A range in the interval [a, 5] = [0.096, 1.55]. In this
example, the discrete bounds ap, By stay in this interval.

6.2. Second experiment: Resonance effects. In this experiment we investi-
gate so-called resonance effects of our homogenization procedure. These effects occur
because, unlike in section 5, in the present case we deal with Dirichlet boundary
conditions as well as meshes that do not satisfy requirements in the spirit of Exam-
ple 5.1. We consider a fixed mesh of width H = V2 x 274 and the scalar coefficient
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TABLE 1
Values of the estimator n(A%)) and the bounds ay and By on Ay for the first experiment.
The values of the coefficient A range in the interval (o, 3] = [0.096, 1.55].

H n(A(}?) ag Bu

V2 x 271 || 3.2108¢-02 | 1.9223¢-01 | 2.0786e-01
V2x272 || 1.1267e-02 | 1.9568e-01 | 1.9954e-01
V2 x 273 || 1.4765e-02 | 1.9579e-01 | 1.9986e-01
V2 x 274 || 5.3952¢-01 1.8323e-01 | 2.1992e-01
V2 x 275 || 1.7199e4+00 | 1.6909e-01 | 2.3257e-01
V2 x 276 || 1.5538e4+01 | 1.4070e-01 | 3.0277e-01

T T
50 |- —
40 |- —

—— FEM

MSFEM
—O— loc. eff. coeff. 301 N
—&O— quasi-loc. eff. coeff.
¢

- n(al) 20 |- |

10 |- .
Y

o L G=0=—=0— ——
1072 10~ 10°

FIG. 5. Resonance effect: normalized (by L?-best error) errors of FEM, local effective model

and quasi-local effecitve model; and values of the estimator n(Ag)).

2 2T -1
Az, 20) = <5 + 4 sin (6x1> sin (6x2)>

for a sequence of parameters e = 22,271, ..., 275, The coefficient (A%)) was computed
with the same reference mesh and the same oversampling parameter as in the first
experiment. Figure 5 displays the L? errors normalized by the L? error of the L?-best
approximation. On the third mesh, where H and ¢ have the same order of magnitude,
the local effective coefficient leads to a larger error compared to the coarser meshes
(where the coefficient is resolved by H) and finer meshes, where H is much coarser
than e and the effective coefficient is close to a constant. We observe that the values
of the estimator r](A(}?) are large in the resonance regime where also the error of
the method the local effective coefficient is large. For smaller values of ¢, the values
of n(Ag)) are close to zero, which indicates that the homogenization criterion from
Remark 4.6 is satisfied; cf. also Remark 4.10.

Acknowledgments. The main parts of this paper were written at the Institut
fir Numerische Simulation (Bonn). The authors thank the Hausdorff Institute for
Mathematics in Bonn for the kind hospitality of during the trimester program on
multiscale problems.



[20]

NUMERICAL HOMOGENIZATION 1551

REFERENCES

A. ABpULLE, W. E. B. EnGQuisT, AND E. VANDEN-EIJNDEN, The heterogeneous multiscale
method, Acta Numer., 21 (2012), pp. 1-87.

R. A. Abpams, Sobolev Spaces, Pure Appl. Math., Academic Press, New York, 1975.

G. ALLAIRE, Homogenization and two-scale convergence, SIAM J. Math. Anal., 23 (1992),
pp. 1482-1518.

G. ALLAIRE, Mathematical approaches and methods, in Homogenization and Porous Me-
dia, U. Hornung, ed., Interdiscip. Appl. Math. 6, Springer, New York, 1997,
pp- 225-250, 259-275.

I. BABUSKA AND R. LIPTON, Optimal local approrimation spaces for generalized finite ele-
ment methods with application to multiscale problems, Multiscale Model. Simul., 9 (2011),
pp. 373-406.

A. BENSOUSSAN, J.-L. LIONS, AND G. PAPANICOLAOU, Asymptotic Analysis for Periodic Struc-
tures, North-Holland, Amsterdam, 1978.

J. BERGH AND J. LOFSTROM, Interpolation Spaces. An Introduction, Grundlehren Math. Wiss.
223, Springer-Verlag, Berlin, 1976.

L. BERLYAND AND H. OWHADI, Fluz norm approach to finite dimensional homogenization ap-
proximations with non-separated scales and high contrast, Arch. Ration. Mech. Anal., 198
(2010), pp. 677-721.

M. DAUGE, Elliptic Boundary Value Problems on Corner Domains. Smoothness and Asymp-
totics of Solutions, Springer-Verlag, Berlin, 1988.

E. DE GIORGI, Sulla convergenza di alcune successioni d’integrali del tipo dell’area, Rend. Mat.,
8 (1975), pp. 277-294.

W. E AND B. ENGQUIST, The heterogeneous multiscale methods, Commun. Math. Sci., 1 (2003),
pp. 87-132.

Y. EFENDIEV, J. GALVIS, AND T. Y. Hou, Generalized multiscale finite element methods (GMs-
FEM), J. Comput. Phys., 251 (2013), pp. 116-135.

Y. EFENDIEV AND T. Y. Hou, Multiscale Finite Element Methods, Surv. Tutor. Appl. Math.
Sci. 4, Springer, New York, 2009.

D. GALLISTL AND D. PETERSEIM, Stable multiscale Petrov-Galerkin finite element method
for high frequency acoustic scattering, Comput. Methods Appl. Mech. Eng., 295 (2015),
pp. 1-17.

D. GALLISTL AND D. PETERSEIM, Numerical Stochastic Homogenization by Quasilocal Effective
Diffusion Tensors, arXiv:1702.08858, 2017.

L. GRASEDYCK, I. GREFF, AND S. SAUTER, The AL basis for the solution of elliptic problems
in heterogeneous media, Multiscale Model. Simul., 10 (2012), pp. 245-258.

I. GREFF AND W. HACKBUSCH, Numerical method for elliptic multiscale problems, J. Numer.
Math., 16 (2008), pp. 119-138.

P. GRISVARD, Elliptic Problems in Nonsmooth Domains, Monogr. Stud. Math. 24, Pitman,
Boston, MA, 1985.

W. HACKBUSCH, Hierarchical Matrices: Algorithms and Analysis, Springer-Verlag, Berlin,
2015.

P. HENNING, P. MORGENSTERN, AND D. PETERSEIM, Multiscale partition of unity, in Meshfree
Methods for Partial Differential Equations VII, M. Griebel and M. A. Schweitzer, eds.,
Lect. Notes Comput. Sci. Eng. 100, Springer, New York, 2015, pp. 185-204.

P. HENNING AND D. PETERSEIM, Ouersampling for the multiscale finite element method, Mul-

tiscale Model. Simul., 11 (2013), pp. 1149-1175.

. Y. Hou AND X.-H. Wu, A multiscale finite element method for elliptic problems in composite
materials and porous media, J. Comput. Phys., 134 (1997), pp. 169-189.

. J. R. HucHEgs, G. R. FE60, L. MAzzEI, AND J.-B. QUINCY, The variational multiscale
method—a paradigm for computational mechanics, Comput. Methods Appl. Mech. Engrg.,
166 (1998), pp. 3-24.

T. J. R. HUGHES AND G. SANGALLI, Variational multiscale analysis: The fine-scale Green’s
function, projection, optimization, localization, and stabilized methods, SIAM J. Numer.
Anal., 45 (2007), pp. 539-557.

. KORNHUBER, D. PETERSEIM, AND H. YSERENTANT, An Analysis of a Class of Variational
Multiscale Methods Based on Subspace Decomposition, arXiv:1608.04081, 2016.

. KORNHUBER AND H. YSERENTANT, Numerical homogenization of elliptic multiscale problems
by subspace decomposition, Multiscale Model. Simul., 14 (2016), pp. 1017-1036.

. MALQVIST, Multiscale methods for elliptic problems, Multiscale Model. Simul., 9 (2011),
pp. 1064-1086.

H

H

=]

=]

>


https://arxiv.org/abs/1702.08858
https://arxiv.org/abs/1608.04081

1552

D. GALLISTL AND D. PETERSEIM

(28] A. MALQVIST AND D. PETERSEIM, Localization of elliptic multiscale problems, Math. Comp.,

29]
(30]
(31]
(32]
33]
34]

(35]

[36]

83 (2014), pp. 2583-2603.

M. ANA-MARIA AND S. CHRISTOPH, Two-scale fem for homogenization problems, ESAIM Math.

J.

F.

T

M

Model. Number. Anal., 36 (2002), pp. 537-572.

M. MELENK, hp-Finite Element Methods for Singular Perturbations, Lecture Notes in Math.
1796, Springer-Verlag, Berlin, 2002.

MURAT AND L. TARTAR, H-convergence, in Proceedings of Séminaire d’Analyse Fonctionnelle
et Numérique de I’Université d’Alger, 1978.

. NGUETSENG, A general convergence result for a functional related to the theory of homoge-
nization, SIAM J. Math. Anal., 20 (1989), pp. 608-623.

. OWHADI, Multigrid with rough coefficients and multiresolution operator decomposition from
hierarchical information games, SIAM Rev., 59 (2017), pp. 99-149.

. OWHADI AND L. ZHANG, Metric-based upscaling, Comm. Pure Appl. Math., 60 (2007),
pp. 675-723.

. OWHADI, L. ZHANG, AND L. BERLYAND, Polyharmonic homogenization, rough polyharmonic
splines and sparse super-localization, ESAIM Math. Model. Numer. Anal., 48 (2014),
pp. 517-552.

. PETERSEIM, Variational multiscale stabilization and the exponential decay of fine-scale cor-
rectors, in Building Bridges: Connections and Challenges in Modern Approaches to Nu-
merical Partial Differential Equations, G. R. Barrenechea, F. Brezzi, A. Cangiani, and
E. H. Georgoulis, eds., Lect. Notes Comput. Sci. Eng. 114, Springer, New York, 2016,
pp. 341-367.

. SPAGNOLO, Sulla convergenza di soluzioni di equazioni paraboliche ed ellittiche, Ann. Sc.

Norm. Super. Pisa, 22 (1968), pp. 571-597.
. WEYMUTH AND S. SAUTER, An adaptive local (AL) basis for elliptic problems with compli-
cated discontinuous coefficients, PAMM, 15 (2015), pp. 605-606.



	Introduction
	Model problem and notation
	Model problem
	Finite element spaces

	Nonlocal effective coefficient
	A modified LOD method
	Localization of the corrector problems
	Definition of the quasi-local effective coefficient
	Error analysis

	Local effective coefficient
	Definition of the local effective coefficient
	Error analysis

	The periodic setting
	Numerical illustration
	First experiment: Convergence rates
	Second experiment: Resonance effects

	References

