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Abstract. A method to compute guaranteed lower bounds to the eigenvalues of the Maxwell
system in two or three space dimensions is proposed as a generalization of the method of Liu and
Oishi [SIAM J. Numer. Anal., 51 (2013), pp. 1634-1654] for the Laplace operator. The main tool
is the computation of an explicit upper bound to the error of the Galerkin projection. The error
is split into two parts. One part is controlled by a hypercircle principle and an auxiliary eigenvalue
problem. The second part requires a perturbation argument for the right-hand side replaced by
a suitable piecewise polynomial. The latter error is controlled through the use of the commuting
quasi-interpolation by Falk and Winther and computational bounds on its stability constant. This
situation is different from the Laplace operator where such a perturbation is easily controlled through
local Poincaré inequalities. The practical viability of the approach is demonstrated in test cases for
two and three space dimensions.
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1. Introduction. This paper is devoted to the computation of guaranteed lower
bounds of the Maxwell eigenvalues. The Maxwell eigenvalue problem over a suitable
bounded domain 2 in dimension d =2 or d = 3 seeks eigenpairs (A, «) with nontrivial
u such that

(1.1) (-4 Curl rotu=Auin Q@ and wAv=0 on 9Q.

Here, v is the outer unit normal to 02 and uAv is the tangential trace of u. The usual
rotation (or curl) operator is denoted by rot, while its formal adjoint is denoted by
Curl; precise definitions are given below. The rot operator has an infinite-dimensional
kernel containing all admissible gradient fields, leading to an eigenvalue A\ = 0 of
infinite multiplicity. Sorting out this eigenvalue in numerical computations requires
the incorporation of a divergence-free constraint. In the setting of rot-conforming
finite elements, the divergence constraint is necessarily imposed in a discrete weak
form because simultaneous rot- and div-conformity may lead to nondense and thus
wrong approximations [14, 32]. In conclusion, a variational form of (1.1) in an energy
space V' is in general approximated with a nonconforming discrete space Vi, € V
and no monotonicity principles are applicable for a comparison of discrete and true
eigenvalues. Upper eigenvalue bounds can be expected from discontinuous Galerkin
schemes [9], but the practically more interesting question of guaranteed lower bounds
has remained open until the contributions [4, 5]. For a detailed exposition of the
eigenvalue problem and its numerical approximation, the reader is referred to [27, 32,
6] and the references therein.
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In the finite element framework for coercive operators in some Hilbert space V'
(e.g., the Laplacian), guaranteed lower eigenvalue bounds were successfully derived by
the independent contributions [31] and [11], which basically follow the same reasoning,
illustrated here for the first eigenpair (A, u) of a variational eigenvalue problem,

a(u,v) =Ab(u,v) forallveV

with inner products a and b and corresponding norms || - ||, and || -||5. For a (possibly
nonconforming) discretization V;, with the first discrete eigenpair (An, uy), the discrete
Rayleigh-Ritz principle [38] implies

Mllonlls < lonlla

for any vy, € V3. Given an a-orthogonal projection operator GG, (assuming a is defined
on the sum V + V},), this and some elementary algebraic manipulations show

Ml Grully < lIGwully < llullz = llu = Grul3.

Assuming the normalization |jul|, = 1 so that |Ju|? = ), it turns out that explicit
control of |ju — Grul|p by ||u — Grul|, yields a computational lower bound. In [31] Gy,
is the standard Galerkin projection, while in [11] it is the interpolation operator in a
Crouzeix—Raviart method. Further approaches to the computation of lower eigenvalue
bounds were provided by [37, 10].

In this paper we aim at extending the idea of [31] to the Maxwell eigenvalue
problem (1.1) discretized with lowest-order Nédélec (edge) elements [32]. The main
novelty in contrast to [31] is the guaranteed computational control of the Galerkin
error in a linear Maxwell system with right-hand-side f. In general, the estimate
takes the format

lu —unlla < M| fllo

with a mesh-dependent number M}, for which we propose a computational upper
bound in this paper. In [31] such a bound is achieved for the Laplacian by splitting
f in a piecewise polynomial part f; and some remainder. The first part of the error
is quantified through a hypercircle principle [8] and an auxiliary global eigenvalue
problem. This idea goes back to the work [28] on a posteriori error estimators and
was used in the context of eigenvalue problems by [31, 34, 29, 30]. The second
part of the error is—in the case of the Laplacian, where fj is simply the piecewise
mean of f—easily controlled because it reduces to elementwise Poincaré inequalities
whose constants can be explicitly bounded [33]. In the present case of the Maxwell
system, the situation is more involved. The rot operator maps the Nédélec space to
the divergence-free Raviart-Thomas elements [7], and the L?-orthogonal projection
to the latter is nonlocal and explicit bounds on that projection are unknown. In
order to obtain a computable bound, we make use of recent developments of finite
element exterior calculus [3, 2], namely the Falk—Winther projection [18]. This family
of operators commutes with the exterior derivative and is locally defined, so that it
is actually computable. Practical implementations of the operator have been used in
the context of numerical homogenization [22, 25, 26]. In this work, the advantage of
the local construction is that the involved stability constant can be computationally
bounded from above. In a perturbation argument for the Maxwell system, this tool
replaces the Poincaré inequality from the Laplacian case. The bounds are achieved
by solving local discrete eigenvalue problems combined with standard estimates.
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The main result is a computabe upper bound Mh to M}, which results in the
guaranteed lower bound

Aiﬁg/\
1+ MZEN,

from Theorem 4.1 for the kth Maxwell eigenvalue A\. The quantities on the left-
hand side are the kth discrete eigenvalue A\, and the computable mesh-dependent
number M,. In particular, the computation of M, involves guaranteed control over
the bound for the Galerkin error in a linear Maxwell problem and the local stability
constants of the Falk—Winther interpolation. The guaranteed computational bound
M, for My, is carefully described in this paper. The mesh-dependent quantity M}, is
required to be uniform with respect to the right-hand-side f and is therefore related
to elliptic regularity of the linear Maxwell problem on the specific domain of interest.
On polytopal domains it is expected to scale like the power h® of the maximum mesh
size h with some exponent 0 < s < 1. This limits efficient computations to the case
of lowest-order Nédélec (edge) elements. Such limitation is also encountered in the
existing works [11, 31, 29] for the Laplacian.

The remaining parts of this article are organized as follows. Section 2 lists prelim-
inaries on the Maxwell problem, discrete spaces, and the Falk—-Winther interpolation.
Guaranteed computational bounds on the Galerkin error are presented in section 3.
The lower eigenvalue bounds are shown in section 4, the practical computation of the
relevant constants is described in section 5, and actual computations are shown in the
numerical experiments of section 6. The remarks of section 7 conclude this paper.

2. Preliminaries.

2.1. Notation. Let Q C R for d € {2,3} be a bounded and open polytopal Lip-
schitz domain, which we assume to be contractible. The involved differential operators
read

821)3 — 83’()2
rotv=01v9 — Oovq for d=2 and rotv= | O3v1 — dvg | for d=3.
611}2 — 32’01

For the formal adjoint operators we write

Curl¢g = <882¢¢> ford=2 and Curl =rot for d=3
1

(¢ is a scalar function for d = 2) so that the integration-by-parts formula
/ protvde = (—1)4"1 / Curl¢-vdx
Q Q

holds for sufficiently regular scalar functions (d = 2) or vector fields (d = 3) ¢ and
vector fields v with vanishing tangential trace over 0f2.

Standard notation on Lebesgue and Sobolev spaces is employed throughout this
paper. Given any open set w C R?, the L?(w) inner product is denoted by (-, )2 (w)
with the norm || - || 2. The usual L?-based first-order Sobolev space is denoted by
H'(Q) and H}(Q) is the subspace with vanishing trace over 9. The space of L?
vector fields over 2 with weak divergence in L?(Q) is denoted by H(div,(), and the
subspace of divergence-free vector fields reads H(div", Q). The space of L?(Q) vector
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fields with weak rotation in L?(f2) is denoted by H(rot,{)), while its subspace with
vanishing tangential trace is denoted by Hy(rot, ).

In the context of eigenvalue problems, the L? inner product is also denoted by
b(-,-) and the L? norm is denoted by || - ||p-

On Hy(rot,2), we define the bilinear form

a(v,w) := (rotv,rotw)r2(q) for any v,w € Ho(rot, Q).

Let V := Hy(rot, Q)N H(div®, Q). On V, the form a is an inner product [32, Corollary

4.8] and the seminorm || - ||, = v/a(-,-) is a norm on V. Given a divergence-free
right-hand-side f € H(div?, ), the linear Maxwell problem seeks u € V' such that
(2.1) a(u,v) =b(f,v) forallveV.

It is well known [32] and needed in some arguments of this article that (2.1) is even
satisfied for all test functions v from the larger space Hy(rot,{2).

Let 7 be a regular simplicial triangulation of 2. The diameter of any T € T
is denoted by hr and hpax := maxpey hr is the maximum mesh size. Given any
T €T, the space of first-order polynomial functions over T is denoted by P;(T). The
lowest-order standard finite element space (with or without homogeneous Dirichlet
boundary conditions) is denoted by

SYT):={ve H(Q):VT € T,v|r € P(T)} and S}(T):= H(Q) NS (T).
The space of lowest-order edge elements [32, 7] reads
No(T)={ve H(rot,Q):YT € T Jar e R Ipr € P|(T)Wr e T:
v(x) =ar + Br(z) and Br(z) -z =0}

and we denote

No,p(T) :=No(T) N Hy(rot, Q).
The approximation of (2.1) with edge elements uses the space
(2.2) Vi = {tn, € No,p(T) : You € S§(T) (Vun, ¥n) 120y = 0}-

The elements of V}, are weakly divergence-free and in general need not be elements of
V,ie., Vi, € V. It is known [32] that a is an inner product on V},. The finite element
system seeks up, € V3, such that

(2.3) a(up,vyp) =b(f,vy) for all v, € Vj,.

We remark that, in practical computations, systems like (2.3) are solved as mixed
systems with a Lagrange multiplier enforcing the linear constraint in (2.2). Given wu,
its approximation up, = Gpu is called the Galerkin projection. This terminology is
justified by the fact that the approach is conforming when viewed in a saddle-point
setting. In particluar, since (2.1) is satisfied for all v € Hy(rot,2), the following
“Galerkin orthogonality” is valid:

(2.4) a(u —up,vp) =0 for all v, € V},.
The Raviart-Thomas finite element space [7] is defined as

RTo(T) :={v € H(div,Q) ¥VT € T3(ar, fr) ER? xR
Vo e T,v|r(x) = ar + frz}.
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Curl
H(Curl, Q) — H(div, Q)

7.(.Cur1 div

Curl
Sy, T RTo(T)

Fic. 1. Commuting diagram of the Falk—Winther operator.

2.2. Falk—Winther interpolation. Given a regular triangulation 7 and any
element T' € T, the element patch built by the simplices having nontrivial intersection
with T is defined as

wr:=int(W{K eT:KNT#0}).

There is a projection 74V : H(div, ) — RT,(T) with local stability in the sense that
there exist constants C1 giv, Co,div such that for any T'€ 7 and any v € H(div,2) we
have

(2.5) H7TdiV'UHL2(T) § Cl,div”UHL?(wT) + hTCQ’diV”diV 'U”LQ(WT)-

Furthermore, there is a projection 7" : H(Curl, Q) — S}, where

1 .2 : _ 1 o —
H(Curl,Q):{H (R?) if d=2 _{S (T) ifd=2

H(rot,Q?) ifd=3 No(T) ifd=3

with constants Ci curl, C2,curt such that for any T € 7 and any v € H(Curl, Q) we
have

(2.6) H?TCMI’UHLZ(T) < Cl,CurlHU||L2(wT) + hTCQ’Cur]HCurl v”Lz(wT).

The crucial property is that these two operators commute with the exterior derivative
in the sense that 79V Curl = Curl 7. The corresponding commuting diagram is
displayed in Figure 1. For the construction of the operators 74V and 7! the reader
is referred to [18] and section 5.3 below.

3. Bounds on the Galerkin projection. The goal of this section is a fully
computable bound on the Galerkin error.

3.1. L? error control. From elliptic regularity theory (see [32, Theorem 3.50)
and [15]), it is known that the solution u € V' to (2.1) satisfies

lull s (@) + llrot ull s () < C| fll

for some positive s > 1/2, where || - || () is the usual fractional-order Sobolev space
[32]. The Galerkin property (2.4) and well-known interpolation error estimates [32,
Theorem 5.25] show that

(3.1) lu— Grulla < 11611; |u = valla < Ch®|rotull g (q)-
Vh h
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Hence, there exists a mesh-dependent (but f-independent) number M}, such that
(3.2) [ = Ghulla < M| fllo,

where it is understood that M}, is the optimal choice (uniformly in || f||5). On convex
domains, My, is proportional to the mesh size h, while in general, reduced regularity
implies that M}, is proportional to h° with some 0 < s < 1. Theorem 3.6 below states
a computable upper bound M}, < M.

Given some u € V, the Galerkin approximation Gpu is usually not divergence-free
and therefore possesses a nontrivial L? orthogonal decomposition

(3.3) Ghu=V¢+R

with ¢ € H}(2) and R € H(div’,Q). The inclusion Gru € Hy(rot, ) furthermore
shows that R € V. The following lemma states an L? error estimate. The proof uses
the classical Aubin—Nitsche duality technique.

LEMMA 3.1. The divergence-free part uw — R of the error u — Gpu satisfies the
following error estimate:

lu = Rllp < Mn[lu = Grulla-

Proof. The error e := u — R is divergence-free and thus e € V. There exists a
unique solution z € V satisfying

a(z,v) =b(e,v) forallveV.

Since e € V, we infer with the symmetry of a and rot V =0 that

lel|? = b(e,e) = a(z,e) = ale, 2) = a(u — Gru, 2).

The Galerkin property (2.4) shows that u — Gpu is a-orthogonal to any element of V.
Thus

||e||f =a(u— Gru,z — Gpz) < ||lu— Grullq ||z — Grzl|a-

The application of (3.2) to z with right-hand-side e reveals that the Galerkin error
Iz — Gpz||a is bounded by Mjy|le||y, which implies the asserted bound. |

3.2. Perturbation of the right-hand side. In this section, we quantify the
error that arises in the solution of the linear Maxwell system when the right-hand-side
f is replaced by a piecewise polynomial approximation f,.

The regular decomposition [17, Proposition 4.1] states that there exists a constant
Crp such for that every f € H(div®,Q) there exists 3 € H*(Q;R??73) such that

(3.4) Curlp=f and ||Dﬂ||L2(Q) SCRD”fHL?(Q),

where D denotes the derivative (Jacobian matrix) of the vector field 8. We remark
that in the two-dimensional case the field Curl 8 is a rotation of D so that Crp =1
if d=2.

Given T € T and its element patch wr, the Poincaré inequality states for any H*
function v with vanishing average over wr that [|v||r2(w,) < C(T)|| Dol 12(w,) With a
constant C'(T) proportional to hy. By ¢ we denote the smallest constant such that

vl 22 (wr) < hre|| Dol L2 (wr)

holds for all such functions uniformly in 7' € 7.
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Recall that, due to its commutation property, the Falk-Winther interpolation 74V
maps H (div®, Q) to RTo(T)N H(div", Q). We denote the overlap constant of element
patches by

= d{ K T Cwrt.
Cor ITnea%ccar{ eT:TCwk}

LEMMA 3.2. Let f € H(div°,Q) and let f =74 f € RTo(T) N H(div®,Q) be its
Falk-Winther interpolation. Let u and @ denote the solution to (2.1) with right-hand-
side f and f, respectively. Then

lu — 1t < @hmaxé||f||L2(Q)

for the constant

A (1 + Cl,Curl)é + Cv2,Cu1rl Zf d= 2,
- \/2(((1 +C1,cun))éCrp)? + C3 ) if d=3.

Proof. Abbreviate e :=u — . The solution properties imply
u—l? =a(u—1a,e)=b(f— f,e)=b(f — 74V [ e).

From the regular decomposition (3.4) and the commuting property of the operators
a4V 7Cul we obtain

f—m4Y f =Curl B — 7%¥Curl = Curl(g — 7).
Thus, integration by parts and the homogeneous boundary conditions of e imply

b(f — v £, e) =b(Curl(s — ﬁcu“ﬁ), e)
= (=18 — 7B, rot €) < |8 — 7By lela-

The combination with the above chain of identities implies
(3.5) lu—alla <18 = 7Bl

Let T € T be arbitrary. Since 7€ locally preserves constants, we obtain for the

patch average
B = ][ Bdx
wr

that the difference 3—7C"!3 can be split with the triangle inequality and the inclusion
T C ot as follows:

18 =Bl L2y <18 = BllL2 ey + 177 (B = B)ll 21y

Estimate (2.6) with Curl 8 = f followed by the Poincaré inequality on wp with con-
stant hr¢ thus reveal

18 = 7Bl L2 (1) < hré(1 + Crcun) 1DB| L2 (wr) + Co.cunthr | 1l 22 wr)-
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This local result generalizes to the whole domain 2 as follows:

18 =Bl = Y 118 = 7Bl 2y

TeT

(3.6) <> (hré(1+ Crcun) IDB L2 (wr) + Co.cunhr | £l 2w ) -
TeT

If d =2 we have the identity || Df||12(wr) = || fl|£2(wr) and therefore conclude

18 =7 *BIIE < > h3(E1 + Crcun) + Co,cun)* 172 wn)
TeT

< COLh?nax(é(]- + Cl,Curl) + CQ,Curl)2||f||%2(Q)'

The squared expression in parentheses on the right-hand side equals C if d =2, whence
the assertion follows in that case. If d =3, we again use (3.6) and compute

1B =7"BI5 <2 > bt (€1 + Croun) DBl 2(wr)? + (Cocunll fll 22 (wr))?)
TeT

<2001 ((E(1+ Croun) DBl L2 @) + (Co,cun| fll 2())?) -
We estimate || D3| 12(q) with (3.4) and obtain

18 — 7By < V/2C 01 hmaxC| | £2(0)-

The combination with (3.5) concludes the proof. |

3.3. Error bound on the Galerkin projection. We denote the space of
divergence-free Raviart-Thomas functions by X, := RTo(T) N H(div®,9). Given
fn € Xp, let

Sp, = {vp € Sy : Curlv, = (,1)d71fh}'
Define

Tp — roto
(3.7) Kp:= mmax min min ) nllz2(@)
fr€Xn\{0} vh €V THES], ”thLQ(Q)

The next lemma states that, for discrete data, the Galerkin error can be quantified
through xp,.

LEMMA 3.3. Let fr, € Xp, and let 4 € V and up, € V3, be solutions to (2.1) and
(2.3), respectively, with right-hand-side f = f,. Then the following computable error
estimate holds:

1@ — @nlla < &nll fallo-

Proof. Let vy, € V), be arbitrary and let 7, € S, . Integration by parts implies the
orthogonality

(Th — 10t @, TOt (% — vh)) £2(0) = 0.
Thus the following hypercircle identity holds:

(3.8) [T — rot @) 72y + llrot(@ — vn)[|7 20y = 7 — rot va |72 (q -
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Thus,
1@ — vnlla = [[rot (@ — vp)|l L2(q) < TrélSiIflh [ Th — rot v L2(q)-
The left-hand side is minimal for @, among all elements vy, € V},, whence

i —Gnlla < min min I7h = rotvnl[r2(0) < KallfullL2(),

where the last estimate follows from the definition (3.7). 0

Remark 3.4. Hypercircle (or Prager—Synge) identities like (3.8) are often used in
the context of a posteriori error estimation [8, 35, 36, 13].

Remark 3.5. The asymptotic convergence rate of kj is that of the sum of the
primal and dual mixed finite element error. This can be seen from taking the minimum
over v, and 75, in the hypercircle relation (3.8) for the “worst” L?-normalized right-
hand-side f,. Thus, kj is proportional to ~A® with the elliptic regularity index s from
(3.1).

For possibly nondiscrete f, the Galerkin error is bounded by the following per-
turbation argument.

THEOREM 3.6. Given f € H(div®,Q), let u eV solve (2.1) and let uj, € Vi, solve
(2.3). Let My, with

My, > (hmaxC + £1.Chaiv) vV Cor,

(with C from Lemma 3.2) be given. Then, the following error bound is satisfied:

lu = unlla < Ml f]l22(0)-

In particular, My < Mh.

Proof. Let f;, =74V f denote the Falk-Winther interpolation of f and denote as
in Lemma 3.3 by @ and @ the solutions with respect to f;. Since uj € V}, minimizes
the error ||u — vy ||, among all vy, € V},, we have ||ju — up|lo < ||Ju — @nllq. The triangle
inequality then leads to

(3.9) [w—unlla < lu—lla + 1@ — tnlla-
The second term on the right-hand side is bounded through Lemma 3.3 as follows:
1% = nlla < mnll fall z2) = mallm ™ fll 22 0)-

The local stability (2.5) of 74V (note that divf = 0) and the overlap of element
patches imply

7 F ey = 20 17 Py < 30 Chasnllfzeon) < CorCanl iz
TeT TeT

Thus,

(3.10) @ — tinlla < Knv/ CorCraivll fllz2(o)-
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The first term on the right-hand side of (3.9) is bounded through Lemma 3.2 by
VCorhmaxC. The combination of this bound with (3.9) and (3.10) concludes the
proof. 0

The foregoing theorem shows that a computable upper bound M, to M), can be
found if values or upper bounds of C, k5, C1 giv are available. Their computation is
described in section 5.

4. Eigenvalue problem and lower bound. The Maxwell eigenvalue problem
seeks pairs (A, u) € R x V with ||ul|y =1 such that

(4.1) a(u,v) = Ab(u,v) forallveV.

The condition u € V implies that divu = 0 and, thus, the noncompact part of the
spectrum of the Curlrot operator (corresponding to gradient fields as eigenfunctions)
is sorted out in this formulation. It is well known [32] that the eigenvalues to (4.1)
form an infinite discrete set

0<A <A <. with lim Aj =o0.

J]—00

The discrete counterpart seeks (Ap,up) € R x V, with ||up||p = 1 such that
(4.2) a(up,vp) = Apb(up,vp)  for all v, € V.

We now focus on the kth eigenpair (A,u) and its approximation (Ap,up). Recall
My, from (3.2), which in practice is bounded by M}, from Theorem 3.6.

THEOREM 4.1. Let (\,u) € RxV with |lullp =1 be the kth eigenpair to (4.1) and
(An,up) €R X V3, with |lup|lp =1 be the kth discrete eigenpair to (4.2). The following
lower bound holds:

Ak

— <\
1+M}%/\}L -

In particular, we have the computable guaranteed lower bound

My
1+ MZEN,

with M, from Theorem 3.6.

Proof. We denote an a-orthonormal set of first k eigenfunctions by wq,...ux. If
k =1, we denote the first eigenfunction by v := u; and note that the discrete Rayleigh—
Ritz principle implies A\, ||Grov||2 < ||Gro||2. If k > 2, we consider in a first case that
the space spanned by Grui,...,Gru, has dimension k. The discrete Rayleigh—Ritz
principle [38] for the kth discrete eigenvalue A, states

= mi [lonlls [
p= min 5 < 5
v v vnev (o3 IUnlly ~ vnespan{Grur,....Grur\{0} [[0nll}

where the minimum runs over all k-dimensional subspaces V,fk) of V3. There exist
real coefficients &1, . .., & with Z§:1 sz =1 such that the maximizer on the right-hand
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side equals Gpv for v = Zle &uj. Recall the Helmholtz decomposition (3.3) with
the divergence-free part R of v. The above Rayleigh—Ritz principle implies

2
J < Il
1Groll3
and therefore (for k£ >1)
(4.3) ARG < AllGrollf < Gl

We expand the square on the left-hand side, use that |[v||7 = 1, and use the Young
inequality with an arbitrary 0 < <1 to infer

IRIls =R —vllp +1+2b(R—v,v) > (1 =0 )[R~ vl + (1 -9)
(note that 1 — 6~ < 0). The combination with Lemma 3.1 results in
(4.4) MlIRIE = An (1 =671 ME(IGro — o]l + (1= 4)).

The Galerkin orthogonality (2.4) in the a-product and the estimate ||v||? < X for the
right-hand side of (4.3) result in

(4.5) 1G]z <A = llv = Gnvll3.

The choice 6§ = (A, M7?)/(1 4+ A, M?) and the combination of (4.3)—(4.5) result in

A A

4.6 —_—
( ) 1+M5>\h_

In the remaining case that the space spanned by Gpuq, ..., Grui has dimension strictly
less than k, there exists a b-normalized function v in the linear hull of the functions
Uy, ...,ug such that Gpv = 0. The divergence-free part R of Gpv is thus zero and
Lemma 3.1 implies

1= vl =llv = R} < Millv — Guollg = Mi||v][3.

Since v is taken from the linear hull of the first k£ eigenfunctions, the orthogonality of
the latter implies ||v[|2 < Ag. Therefore M, ? < \;, (excluding the trivial case Mj, =0),
which implies the bound (4.6) also in the second case. The stated computable bound
follows from (4.6) M, < Mj, and the monotonicity of the left-hand side in the proven
estimate. O

5. Bounds on the involved constants. This section describes how the critical
constants are computed or computationally bounded.

5.1. Computation of kj. In this paragraph we briefly sketch the numerical
computation of kj,. The reasoning is similar to [31], and we illustrate the extension
of their approach to the Maxwell operator. Recall from subsection 3.3 the space X}
and the set S¢, for given f, € X},. Let furthermore % € V' denote the solution to the
linear problem (2.1) with right-hand-side f;,. Expanding squares and integration by
parts then shows for any 7, € Sy, and any vy, € Ny p(T) the hypercircle identity (3.8)
because Curl(ry, —rot @) = 0. Thus, the optimization problem

min min ||, — rotvy||?
o i |74 nllZz2 o)
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is equivalent to

min rot (@ — vp)||? + min ||, — rota|? .
cmin ot i — o)l agoy & i 7 —rot a0,
The minimizer to the first term is given by the solution to the primal problem (2.3),

while the minimizer to the second term is given by o as part of the solution pair
(0h,pn) € Sk X X}, to the following (dual) saddle-point problem:

(O'h;Th>L2(Q) + (—1)d(curlTh7ph)L2(Q) =0 for all 73, € Sy,
(=14 (Curlon, ¢n)r20) = —(fr dn) 12(0) for all ¢y, € Xp.

This can be shown with arguments analogous to [8, Chapter 3, section 9, Lemma 9.1].

Let Tj, : Xp, — No,p(T) denote the solution operator to the primal problem and
let Sy, : X, — Sp, Ry : Xj — X, denote the components of the solution operator to the
dual problem. The operators Ty and Rj, are symmetric, and straightforward calcula-
tions involving the definitions of Sy, T}, Ry prove that the error can be represented
as

[rot un — onll72(q) = —(fr Tnfn) L2() + (fos Rifn) 2(0)-

The divergence-free constraint in the primal problem is practically implemented
in a saddle-point fashion. In what follows, we identity the piecewise constant function
fn with its vector representation. The matrix structure of the discrete problem is as

follows:
wr \_ [ Bfn (D FT
L<w2>_( 0 >, whereL.-(F 0 )

The solution can be expressed by
wy = L™ (%,%)Bf, = HBfy,

where H := L™1(x,*) denotes the relevant rows and columns of L~! for the compu-
tation of the first component of the solution.

The dual system can be implemented by introducing Lagrange multipliers related
to the interior hyper-faces to enforce normal continuity. In terms of matrices, the dual
system reads

z1 0 A —GT 0
K| z |=| Mfi |, where K .= | G 0o C
23 0 0 cT 0

The solution can be expressed by

29 = K (s, %)M fr, = HM fi,,
where H := K~ (%*, %) denotes the relevant rows and columns of K~! for the com-
putation of the second component of the solution.

Thus,

[rotun — onll2) = fif BTHBfw+ fit MTHM fr, = £ Q fn,
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where Q := BTHB + MTHM. Then xj, has the following representation:

Kh

||rotuh—0h||L2(Q) (yTQy>1/2
= m = max T .
frneXn\{0} Il fullz2 (o) yerm\{0},cTy=0 \ yT My

The constraint C7'y = 0 accounts for the fact that the elements of X}, are the piecewise
constant vector fields satisfying normal continuity across the element boundaries.
Since @ is symmetric, kj is the square root of the maximum eigenvalue p of the

eigenvalue problem
Q CT _ M 0
c o )JY7F o o)¥

The eigenvalue problem can be numerically solved with a power method and an inner
iteration. The idea of this method is similar to the Lanczos method with an inner
iteration [23].

5.2. Bound on local Poincaré constants. It is well known that the Poincaré
constant over a domain w equals p~/2 for the first Laplace-Neumann eigenvalue f.
We compute upper bounds on the Poincaré constant of element patches by determin-
ing lower bounds on the first Neumann eigenvalue. To this end, we use the method of
[11] (with improved constants from [12]) on a subtriangulation of the patch. In our
computation, for every possible cell patch wr a Neumann eigenvalue problem for the
Laplacian is solved. The lower bound for the first eigenvalue A\; is given by M

“ A
5, - CR,1

1 <A,

1+ Hz)\CRJHQ -
where x2 2 0.0889 in two dimensions and x? ~ 1.0083 in three dimensions, H is the
maximum mesh size of the subtriangulation of wr, and Acg,1 is the first discrete
eigenvalue computed by the Crouzeix—Raviart method. We remark that improved
values for k were worked out in [29]. To get an adequate lower bound of the Poincaré
constant we use a submesh generated by three uniform refinements of the patch. We
divide the resulting Poincaré constant diam(wr )¢ by diam(wr) and obtain a mesh-size
independent upper bound ¢, which in our two-dimensional computations on structured
meshes takes the value ¢ =0.2461 for the chosen sequence of red-refined meshes.

5.3. Computation of the projection operator constant. The goal of this
section is to explicitly determine the constants C1 dgiv, C2 divs C1,curl; C2,curl from (2.5)
and (2.6) in the two-dimensional case. We briefly review the construction [19] and the
main steps in bounding the involved constants. In order to stay close to the notation
of [19] and to refer to the construction in their format, we consider the complex built
by the operators V and rot. By the isometry of Curl and V and of rot and div in two
dimensions, the results can then be used for the Curl-div complex. More precisely,
after rotation of coordinates, the operator mV replaces 7" from section 2.2 and the
operator 7! replaces 741V from section 2.2 (with identical stability constants).

Given a triangulation 7, we denote by Ag(7T) the set of all vertices and by A1 (7))
the set of all edges of 7. For any T € T, A¢(T) is the set of vertices and Ay (T) is
the set of edges of T'.

5.3.1. Falk—Winther operator for the gradient in two dimensions. Given
any y € Ag(7), the associated macroelement (or vertex patch) w,, is defined as follows:

wy=int (T eT:yeT}).
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The subset of T of triangles having nonempty intersection with w, is denoted by
T (wy). Analogous notation applies to other open subsets w C Q. Given u € H(Q),
the discrete function 7Vu is given by its expansion

aVu= Z cy(u) Ay,
yEAQ(T)

where ), is the piecewise linear hat function associated the vertex y, i.e., Ay(y) =1
and A, =0 on the complement of the macroelement w,. The coefficient ¢, (u) is given
by

¢y (u) = f wdz + (Q0u)(y),

where QYu € S'(T (w,)) solves the discrete Neumann problem
V(Qyu—u)-Vupdr =0 for all v, € S'(T(wy)),

qudx =0.

Wy

We denote by Ci(y,T) the constant such that

lon()1* < C1(y, D) VonllZa(o,)

holds for all v, € S*(T (wy)) with fwy vp dr =0. It is readily verified that Cy(y,T) is
independent of the mesh size. For the actual computation of Cy(y,T’) we introduce
bilinear forms

a(u,v) =u(y)v(y) and bu,v)=(Vu,Vv)rz(,)

on the space S1(T (wy)). It is direct to verify that Cy(y,T) equals the largest eigen-
value of the generalized discrete eigenvalue problem which seeks (u1,u) € Rx S (T (wy))
such that

(5.1) a(u,v) = pb(u,v) for all v € S*(T (wy)).
Given any T € T, we then compute with triangle and Young inequalities

IV ullzzery <3 Y Il Il e
y€A(T)

For any vertex Ag(T") we use the definition of ¢, and the definition of Cy(y,T’) to infer

][ udx

Yy

<2 meas(T)*1||uH%2(wy) + 201(y7T)||VQ2U||2L2(wy)~

2

+(Qyu) (y)]?

|Cy‘2§2

The bound [|[VQYul|r2(w,) < [[Vul|L2(w,) is immediate and so concludes the stability
analysis. The norm of A, satisfies ||A[|72 5, =meas(7")/6. The resulting bound reads

meas(T)

”Trqu%?(T)S3H“H%2(WT)+T > i, T) BVl 7 -
yEA(T)
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Summarizing, we have
H7Tvu||L2(T) < C1cunllull 22 wr) + Co,cunhr |Vl 22w,

where

meas
CYl,Curl = \/§ and C2,Cur1 = Z Cl yv

T y€A(T)

5.3.2. Falk—Winther operator for the rotation in two dimensions. The
space No(T) is spanned by the edge-oriented basis functions (¢Yg)geca,(7) that are
uniquely defined for any E € A;(7) through the property

/¢E~tEds:1 and //wE-tEds:O for all E' € A1(T)\ {E},
E E

where tp denotes the unit tangent to the edge E with a globally fixed sign. For each
vertex y € Ao(T), the piecewise constant function zg is given by

0o (meas(wy))_l in wy,
T 0 else.

The extended edge patch of an edge F = conv{y,y2} with y1,y2 € Ag(T) is given by
W = wy, Uwy,.
The piecewise constant function (§2°)p € L?(w%) is given by
(620 = 221 - 222.

The Falk—-Winther operator 7™t is defined as

7% = Stu + Z / (I —SHQku) -tgds ¢g,

EcAq(
where
Slus=Mu+ Y (Q _u)(y)VA,
YyEAL(T)
and M'u:= Z u-zhdryp.
EeA(T)”¥E

The definition of the involved objects Ql’f, 2L, Q, is as follows.
The operator Q, _ : H(rot,w,) = S*(T (wy)) is given by the solution of the local
discrete Neumann problem

(u—VQ, u,Vv)r2(,)=0 for all v € S* (T (w,)),

/ Ql _udr=0

We denote by RTo.p(T (w)) the space of elements from RTo(T (w%)) with van-

ishing normal trace on the boundary of w%. The weight function 2} is given as
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the solution to the following saddle-point problem: Find (z4,v) € RTo p(T (w%)) X
S3(T (w%)) such that

(divz]lg, diVT)Lz(wE) + (7, Curlv)Lz(w%) = (—(6zO)E,div7')Lz(w%),
(5.2) (2, Curlw)pz(e ) =0
for all 7€ RTo p(T (w%)) and all w € SH(T (wE)).

Given an edge E and some u € H(rot,w$), the function QL(u) € No(T (w%)) is
defined by the system
(u — QLu, VT) L2 (ws) =0 for all 7 € S(T (w%)),
(rot(u — QLu),rot V)L2(we) =0 for all v e No(T (wg)).

We proceed by computing upper bounds to the stability constant. Let T € T.
The triangle inequality implies

rot

7™ ul| g2y < I Mullpay + || Y0 (@) _u)(y)VA,
yGAo(T) LZ(T)
(53) H X [ 80Qku) -teds
Eea(T)Y E L2(T)

In what follows we refer to the three terms on the right-hand side as the first, second,
and third terms.
Bound on the first term. Elementary estimates imply

Ml < S / uzh dl [,
EeA,(T) Y¥E

<3l 72y Z ||Z}E||%2(wg) 1bEZ2ry-
EcAq(T)

With the constant

Chy, = |3 Z ||Z1E||%2(w%) W)EH%Z(T)
EcAq(T)
we thus have the local bound
1M w2y < Coan, lull L2 (wor)-

Bound on the second term. A scaling argument shows that there is a mesh-size
independent constant Cq 7 such that

1Qy—w(W) IV [|72 ) < CEAIVQy, —ull72(,,)-

The value of the constant Cg 1 can be computed with the help of the following discrete
eigenvalue problem. Define bilinear forms

G(U,’U) :u(y)v(y)”V)‘yH%%T) and b(um) = (VU7VU)L2(wy)~
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Then, C%’T equals the maximal eigenvalue p with eigenfunction u € S*(7 (wy)) such
that

(5.4) a(u,v) = pb(u,v) for all ve S (T (wy)).

Furthermore, the stability estimate |[VQ) ullr2(,,) < Hu||L2 (wp) 1S immediate
from the system defining Q, . We then have

(@ W@V, <3 3 | W)V A2 )

yer(T) L2(T) yer(T)

2 2 2 2
<3 Z Corllullzz(w,) <9CG rllulltz (s
y€A(T)
Bound on the third term. We note that there is a constant C's such that

2
IEli2 i) < Csll@pulls(uy)

/ (I-SHYQku-tpds
B

The constant C's can be computed as the largest eigenvalue p of the auxiliary eigen-
value

(5.5) /E(I —SYuy - tpds- /E(I — SYYon - tpds|YellTe iy = p(un, vn) L2ws)

on the space No(T (w%)). In order to bound the norm of QLu, we use the discrete
Helmholtz decomposition

Q%Eu =Va, + R,
where aj, € SY(T(w%)) and R is a discretely divergence-free Nédélec function with

homogeneous tangential boundary conditions. From a discrete Maxwell eigenvalue
problem it follows that

(5.6) IRl 2(r) < | Bl 2 (ws) < earhr|[rot B 2w )-

Moreover, from the definition of Qf, we deduce the stability [lrot Qpullr2(we) <
[rot u| £2(we ). From the definition of Q},, we infer from testing with 7= oy,

Hvah”%z(u};) = (uvvah)L2(wg) < HU||L2(wg) |V04h||L2(w%)~
This yields
IVallL2we) < llullpz(ws)-

The orthogonality of the decomposition therefore shows

QBN T2 () = 1BIIL2 (s + Vol ) < ehrhlrotul Tz e + lull T uy)-
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Thus, we obtain
2

/E (T - 5Y)Qbu) - tpdsip

L2(T)

/ (T — §1)Qbu) - trds
E

EeA(T)

<3

EecA(T)

<9Cs ((enrhr)? [rotulfa ) + lullfar ) -

[elZ2 )

We collect the bounds for the individual terms in (5.3) and conclude

17" ull 2y < Coay lull 2 ry +3C 0l 2 o)

+3v/Cs ((earhr)|rot ull 2 (wr) + llull 22 (or) )
< Craivlull 2wy + Co,aivhl[rot wl L2y,

where

Cl,div = CM1 + 3CQ7T +3y/Cs and C2,div =3y Cscuy.

Remark 5.1. The discrete problems to be solved for the computation of the
interpolation constants are the local discrete linear problem (5.2) and the local discrete
eigenvalue problems (5.1), (5.4), (5.5) as well as the local discrete Neumann problem
described in subsection 5.2 and the local discrete Maxwell eigenvalue problem related
to (5.6).

5.4. Computation of the regular decomposition constant. In two dimen-
sions the value for the constant Crp from the regular decomposition equals 1. In three
dimensions, assuming the domain {2 is star-shaped with respect to a ball B, estimates
on the constant can be derived by tracking the constants from [24]. Sharper bounds
can be expected from the solution of corresponding eigenvalue problems (similar to
[20, 21]), but guaranteed inclusions require some knowledge on the distribution of the
spectrum. By tracking the constants of [24] and explicit calculations we obtained the
bound Crp <2947 for the unit cube in three dimensions.

6. Numerical results. In this section, we present numerical results for the
two-dimensional case (and later a simple test in three dimensions). The Python
implementation uses the FEniCS library [1] and the realization of the Falk-Winther
operator from [25]. The two planar domains we consider are the unit square Q = (0, 1)?
and the L-shaped domain Q= (—1,1)%\([0,1] x [~1,0]). The initial triangulations are
displayed in Figure 2. We consider uniform mesh refinement (red-refinement). The
computational bound M, for M), (see subsection 6.1 for actual values) is achieved
with the techniques described in section 5.

6.1. Values of the individual constants. We begin by reporting our upper
bounds to the individual constant entering the bound on the Falk-Winther constants.
The left column of Table 1 displays the values of the constants entering the computa-
tion of the upper bound for the unit square and the L-shaped domain on structured
grids with h < v/2/4. All these constants coincide for the two domains, which have a
similar local mesh geometry.

We compare the values with results for the unstructured mesh displayed in
Figure 3. The constants for this mesh geometry are displayed in the second col-
umn of Table 1. We note that there is no significant deviation from the structured
case.

© 2023 Dietmar Gallistl And Vladislav Olkhovskiy



Downloaded 03/14/23 to 141.35.40.1 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

LOWER BOUNDS OF THE MAXWELL EIGENVALUES 557

Fi1Gc. 2. Initial triangulations.

TABLE 1
Upper bounds of some of the relevant constants for the square and the L-shaped domain (left).
The same quantities for an unstructured mesh (right).

Constant Upper bound Constant Upper bound
O, 0.94974 Cor, 1.31692
Co,r 0.66666 Co,r 0.66666
Cg 2.25975 Cg 2.99264
Cuy 0.06522 Car 0.06534
Ci(y,T) 1.05409 Ci(y,T) 1.05409
c 0.2461 c 0.2461
Cor 13 Cor 13
CrD 1 CrpD 1
C1,curl 1.7321 C1,curl 1.7321
Cs, curl 0.9129 Co. curl 0.7394
C1,aiv 9.7290 C1,div 12.29484

Distorted Unit square

1.0

0.8

0.6

0.4

0.2 1

0.0 1

0:0 0:2 0:4 076 0:5 lfO
Fic. 3. An unstructured mesh on the square domain.

6.2. Results on the square domain. For the square domain, it is known that
the first two eigenvalues are given by A\; = 7% ~ 9.8696 and A\ = 272 ~ 19.7392. The
numerical results are displayed in Table 2. The displayed lower bounds are guaran-
teed, but their values become practically relevant after a moderate number of refine-
ments only when Mj, is sufficiently small. Higher eigenvalues are displayed in Table
3.

6.3. Results on the L-shaped domain. On the L-shaped domain, we use the
reference value A = 1.4756218241 from [16] for the first eigenvalue for comparison. The
numerical results are displayed in Table 4 for eigenvalues A\; and A, and in Table 5
for eigenvalues A3 and A4. As in the previous example, the lower bounds take values
of practical significance after a couple of refinement steps.
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Numerical results on the square domain.

TABLE 2

% Kh Mh )\S) Lower bd. )\22) Lower bd.
21 0.1443 9.1034 9.6000 0.0121 20.2871 0.0121
22 0.0721 4.5499 9.8305 0.0481 20.0235 0.0482
2-3 0.0356 2.2592 9.8612 0.1921 19.8205 0.1940
2—4 0.0180 1.1359 9.8676 0.7186 19.7601 0.7458
25 0.0089 0.5648 9.8691 2.3791 19.7445 2.7053
26 0.0044 0.2806 9.8695 5.5530 19.7405 7.7269
2-7 0.0023 0.1421 9.8696 8.2300 19.7395 14.1152
2-8 0.0011 0.0712 9.8696 9.3992 19.7393 17.9431
2-9 0.0006 0.0354 9.8696 9.7488 19.7392 19.2619

TABLE 3

Numerical results on the square domain for higher eigenvalues.

% >\5L3> Lower bd. )\24) Lower bd. A;f’) Lower bd.
2-1 48 0.0121 57.6 0.0121 75.7128 0.0121
22 36.8522 0.0482 46.7216 0.0483 78.5482 0.0483
23 38.8122 0.1949 48.6686 0.1951 79.9595 0.1954
2—4 39.3105 0.7600 49.1763 0.7630 79.2745 0.7675
25 39.4362 2.9040 49.3049 2.9475 79.0401 3.0153
2-6 39.4679 9.6063 49.3372 10.0980 78.9779 10.9382
27 39.4758 21.9696 49.3453 24.7683 78.9621 30.4415
28 39.4778 32.8925 49.3473 39.4697 78.9581 56.3816
29 39.4782 37.6140 49.3482 46.4694 78.9572 71.8367

TABLE 4

Numerical results on the L-shaped domain.

2 . N, Al Lower bd. A2 Lower bd.
2-1 0.1355 8.7947 1.3180 0.0128 3.5356 0.0129
272 0.0709 4.5078 1.4157 0.0476 3.5309 0.0485
2-3 0.0356 2.2592 1.4526 0.1726 3.5327 0.1856
24 0.0180 1.1366 1.4667 0.5067 3.5336 0.6350
275 0.0090 0.5682 1.4721 0.9979 3.5339 1.6506
2-6 0.0045 0.2835 1.4743 1.3182 3.5340 2.7525
27 0.0022 0.1421 1.4751 1.4324 3.5340 3.2987
2-8 0.0011 0.0712 1.4754 1.4643 3.5340 3.4718

TABLE 5

Numerical results on the L-shaped domain for higher eigenvalues.

- A Lower bd. AL Lower bd.
2-1 9.1672 0.0129 11.4797 0.0129
2—2 9.6992 0.0490 11.3247 0.0490
23 9.8272 0.1921 11.3736 0.1926
24 9.8590 0.7177 11.3855 0.7248
25 9.8670 2.3574 11.3885 2.4351
26 9.8689 5.5044 11.3892 5.9472
27 9.8694 8.2299 11.3894 9.2604
2-8 9.8696 9.3992 11.3895 10.7676
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TABLE 6
Numerical results on the cube domain.

% Kh Mh )\](11) Lower bd.

2—1 0.1226 168401.5 20.7306 3.53e-11

22 0.0992 84219.0 20.0256 1.41e-10

23 0.0513 42110.3 19.8221 5.64e-10

24 0.0267 21055.7 19.7600 2.26e-9
TABLE 7

Upper bounds of some of the relevant constants for the cube domain.

Constant Upper bound
¢ 0.2674
Cor 71

CrpD 2947
C1,curl 19.7003
CQ,Curl 4.5713
C1,div 57.1595

6.4. Results on the cube domain. We finally present a numerical test in
three space dimensions on the cube Q = (0,1)2. For our three-dimensional results
we derive upper bounds on the Falk—Winther operator in a fashion analogous to the
computations of section 5. We do not give a detailed account of these calculations
because the general reasoning with the use of trace and inverse inequalities and the
solution of local discrete eigenvalue problems is not different from the two-dimensional
case. For the cube domain, it is known that the first eigenvalue is given by A; =
272 ~ 19.7392. The numerical results are displayed in Table 6. This table shows
that our constants are too large in order to get practically relevant bounds in three
dimensions. Some of the critical constants are displayed in Table 7. The results should
therefore rather be seen as a proof of concept. Practically relevant bounds would
require advanced computational techniques beyond our FEniCS implementation to
achieve a finer spatial resolution or alternative interpolation operators with sharper
stability bounds.

7. Concluding remarks. The theory on computational lower bounds to the
Maxwell eigenvalues applies to the case of two or three space dimensions. The sharp-
ness of the bounds critically depends on the actual value of M), on coarse meshes. We
remark that in two dimensions the eigenvalues coincide with the Laplace-Neumann
eigenvalues, so our computations should rather be seen as a proof of concept. We suc-
ceeded in bounding M}, by M, such that meaningful lower bounds could be achieved
on moderately fine meshes. The novel ingredient is the explicit computational sta-
bility bound on the Falk—Winther operator that makes a full quantification of the
Galerkin error possible. Furthermore, the methodology does not immediately gener-
alize to adaptive meshes in the sense that xj, is expected to scale like (some power of)
the maximum mesh size. The practical use of the bounds provided by the method in
three dimensions is very limited. Tighter interpolation bounds, a refined estimate of
the regular decomposition constant C'zrp, and the combination with iterative solvers
will be the subject of future research.
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