THE ADINI FINITE ELEMENT
ON LOCALLY REFINED MESHES

D. GALLISTL

ABSTRACT. This work introduces a locally refined version of the Adini finite
element for the planar biharmonic equation on rectangular partitions with at
most one hanging node per edge. If global continuity of the discrete functions
is enforced, for such method there is some freedom in assigning the normal
derivative degree of freedom at the hanging nodes. It is proven that the con-
vergence order h? known for regular solutions and regular partitions is lost
for any such choice, and that assigning an average of the normal derivatives
at the neighbouring regular vertices is the only choice that achieves a super-
linear order, namely h3/2 on uniformly refined meshes. On adaptive meshes,
the method behaves like a first-order scheme. Furthermore, the reliability and
efficiency of an explicit residual-based error estimator are shown up to the best
approximation of the Hessian by certain piecewise polynomial functions.

1. INTRODUCTION AND MAIN RESULTS

While Galerkin methods enjoy the error bound from Céa’s lemma and, therefore,
local mesh refinement with nested spaces does not increase the approximation error,
in nonconforming discretizations —a popular choice for the biharmonic equation—
local refinement of the mesh resolution may potentially disimprove the situation.
The main purpose of this work is an analysis of this phenomenon in a model situ-
ation. The Adini finite element method (FEM) is one of the earliest methods for
numerically solving the biharmonic equation [1, 6]. It is a standard four-noded
rectangular element in the engineering literature, and therein also referred to as
Adini—Clough—Melosh element [13]. Given a rectangular partition T of the under-
lying domain  C R?, the shape function space for every rectangle T is the space of
cubic polynomials over T enriched by the two monomials 23y and zy3, where the
Cartesian coordinates of a point in the plane are denoted by x,y and the mesh is
assumed to be aligned with the Cartesian axes. The corresponding twelve degrees
of freedom are the point evaluation of a function and the evaluation of its first-
order partial derivatives in any of the four vertices. The resulting finite element,
schematically shown in the mnemonic diagram of Figure 1, is easy to implement
and its a priori error analysis is theoretically well understood when regular parti-
tions are used. Regularity of a partition T means that if any vertex z of an element
T € T belongs to some element K € 7, it is automatically also a vertex of K. For
such regular meshes it is known that the method converges at the order h? under
uniform mesh refinement if the solution is sufficiently regular, h being the maximal
mesh size [6, 12, 11]. In presence of singularities of the solution, the convergence
order is significantly reduced and adaptive mesh refinement towards the singularity
becomes mandatory, a case not studied so far in the literature on the Adini FEM.
On rectangular partitions with bounded aspect ratio, such refinement necessarily
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FIGURE 1. Mnemonic diagram of Adini’s finite element (left); de-
grees of freedom at a hanging node (right).

requires elements with irregular vertices (commonly called hanging nodes), i.e., a
vertex z of a rectangle T may belong to an edge of another rectangle K without
being a vertex of it. The degrees of freedom attached to that hanging node are
then subject to some interpolation constraint. The typical situation is displayed
in Figure 1. In the case of the Adini element, the value and the derivative in the
direction tangential to the edge are prescribed by the condition of the function to
be globally continuous. The continuity condition for the partial derivative in the
direction normal to the edge, however, is not canonically prescribed because the
Adini FEM is a nonconforming method, meaning that the discrete functions are
globally continuous but their gradients may be discontinuous so that the discrete
functions may possibly not belong to H?(f2), the energy space for the biharmonic
equation. Two obvious possibilities (out of many others) are: either the degree
of freedom is set in such a way that it interpolates the partial derivative on the
neighbouring element; or it is simply chosen as the average by linear interpolation
of the partial derivatives at the neighbouring vertices determining the edge that
contains the irregular vertex z in its interior. It is obvious that the latter choice
cannot retain the quadratic approximation order A2 known from the regular case
because the averaging operation does not conserve cubic polynomials. However,
in this work it is proven that it is the only possible choice (in the class of linear,
local, and scaling-invariant couplings) that yields a superlinear order, namely h3/2
on uniform refinements of an initial irregular mesh subjected to the condition of
Definition 2.1 below.

The design of the Adini element does not involve average integrals of normal
derivatives over edges as degrees of freedom, in contrast to nonconforming methods
like the Morley element and others [12]. This prevents the element from passing
certain patch tests, and the error analysis is more involved and relies on the choice
of the shape function space, which is the same as for the lowest-order Serendipity
element [3]. Consequently, a reliability proof for a residual-based error estimator
has not been available [4, 8]. Furthermore, the definition of the element on meshes
with hanging nodes is not straightforward because an analogue to [5, condition
(A2)] is not satisfied by the normal derivative. As the first main result in this
work, it is shown that the quadratic approximation order is necessarily lost in the
presence of hanging nodes, showing that best-approximation results in the fashion
of [10] are unavailable. It is shown that a suitable assignment of local degrees of
freedom at hanging nodes can lead to h3/? convergence.

Theorem A (a priori error estimate). Let f € L2(2) be such that the exact solution
u to the biharmonic problem (2.1) satisfies u € H*(Q) N W3>(Q). Let (Tn)n be
a sequence of uniform refinements of an initial partition that satisfies the mesh
condition of Definition 2.1 and contains at least one irreqular vertex. Let up € Vj,
denote the finite element solution to (2.2) where V}, is the Adini finite element space
with reqular assignment in the sense of Definition 3.1. The averaging assignment,
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that is the choice of Vi, according to (3.2), satisfies

lu = unlln S B2 [lullmago) + hllull s g,
where UT™ from (4.1) is the area covered by elements with irreqular vertices. In
particular, it satisfies the asymptotic bound

lu = unlln S B2 ([l i) + llullws.=(2))
on uniformly refined meshes. For any other admissible assignment there exists a
right-hand side f such that the solution uw € C*°(Q)) is smooth, but

llw — unlln Z A

Furthermore, a residual-based a posteriori error estimator is shown to be reliable
and efficient up to terms that are second-order accurate on regular meshes, but only
first-order on more general meshes (details on the notation follow in §2).

Theorem B (a posteriori error estimate). Let T be a partition satisfying the mesh
condition of Definition 2.1 and V}, be chosen according to the averaging assignment
(3.2). The solution u to the biharmonic problem (2.1) with right-hand side f €
L2(Q) and its Adini finite element discretization uy from (2.2) satisfy, with n,
n(T) defined in (5.2), the reliability estimate
lu = wnlln < n
and local efficiency
N(T) S llu—unllnewr + 11 = T7) D?ullr + (1 = o) flor

for any T € T with element patch wr and the projection 117 from (5.1).

While its efficiency part is not new and can be proven with standard arguments
[14], more importantly Theorem B also provides a reliability result of an a posteri-
ori error estimator for the Adini element, which partly proves a conjecture of [4]
and explains the results of their numerical experiments. Therein, the error estim-
ator m (up to the additional local projection error ||(1 — II7)D?u||7 not considered
there) was experimentally observed to be an upper error bound on uniformly re-
fined meshes. Theorem B theoretically justifies the observed convergence rates of
the error estimator in [4].

The results presented here allow for two conclusions. The first one is that the
Adini FEM can be used as a first-order method for resolving corner singularities and
hints potential for resolving non-rectilinear (possibly curved) domains. Since the
Adini shape function space is that of the Serendipity family [3], the element cannot
be mapped to general quadrilaterals like trapeziums without loss of approxima-
tion quality, see the discussion in [12]. The local resolution variant of the method
proposed here thus makes the Adini FEM more competitive for such situations.
In some cases, it even satisfies superlinear convergence. Secondly, and perhaps
more fundamentally, the analysis shows that the quadratic convergence order is
necessarily lost under fairly reasonable coupling conditions at hanging nodes. This
highlights that nonconforming methods do not naturally generalize to irregular par-
titions in absence of further structural conditions. In particular, local refinement
can significantly deteriorate the approximation (as proven in Theorem A and illus-
trated by numerical results in §7.1), and best-approximation results analogous to
those formulated in [10] do not hold in this case.

This article is organized as follows: §2 defines the necessary data structures
around finite element meshes and introduces the Adini element. The assignment at
hanging nodes is discussed in §3. The proof of Theorem A is provided in §4, while
§5 provides the proof of Theorem B. Comments on the extension to more general
boundary conditions follow in §6. Numerical experiments are shown in §7. Finally,
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some important but technical estimates for discrete functions are provided in the
Appendices §A—§D.

Throughout this work, standard notation on Lebesgue and Sobolev spaces is
used. The L? norm over a measurable set w is denoted by || - ||, with the convention
-1l =1"llo. Polynomial functions of total resp. partial degree not greater than k
are denoted by Py resp. Q. The notation a < b or b 2 a indicates an inequality
a < Cb with a constant independent of the mesh size; a =~ b means a < b < a.

2. ADINI'S FINITE ELEMENT FOR THE BIHARMONIC EQUATION

Let Q C R? be an open and bounded rectilinear Lipschitz polygon. Given a right-
hand side f € L?(Q2), the biharmonic problem with clamped boundary conditions
seeks u € HZ(2) such that

(2.1) a(u,v) = (f,v)r2() for all v € H{(Q),

where the bilinear form a is defined by
a(v,w) = / D?*v: D*w for any v,w € H?*(Q)
Q

and the colon : denotes the Frobenius inner product of matrices.

The following notation related to a partition T of € is used. The set of vertices
(extremal points) of a rectangle is denoted by V(T'). The set of all vertices of T is
denoted by V. A vertex z € V for which z € T € T implies z € V(T), i.e., z is one
of the four vertices of T, is called a regular vertex, and the set of such vertices is
denoted by V**&. The remaining irregular vertices are denoted by Vi'* = V \ Vree,
Throughout this work, the notions hanging node and irregular vertex are used
interchangeably. Any irregular z € V' necessarily lies on the interior of an edge
E of some rectangle T that is the convex hull of two vertices z1, zo € V(T'), called
the neighbouring vertices. In particular z € F = conv{z1,29}. Throughout this
paper, we work on classes of partitions with uniformly bounded aspect ratio. The
L? projection to piecewise (possibly discontinuous) Py functions is denoted by Ilj.
For z € Vand T € T we define the usual patches

w, =it(UW{K €T:2€ K}) and wr:=UH{w,:z€V(T)}.

The outer unit normal of the boundary of a rectangle T is denoted by ny. The
set of all edges is denoted by €. Every edge has a (globally fixed) normal vector
ng and a tangential vector tg. If the meaning is clear from the context and there
is no risk of confusion, the symbols n and ¢ are sometimes used without index in
expressions like 92, , 92,, etc. The diameter of a rectangle 7" and an edge E are
denoted by hr and hg, respectively. The piecewise constant mesh-size function h
is defined by h|p := hp for any T € T. If the letter h is used in global expressions
like O(h?®) or outside norms, it denotes the maximum of the mesh size function.
The piecewise Hessian with respect to T is denoted by DZ, and the index h is
also used to indicate piecewise partial derivatives d; j, of piecewise smooth functions.
Any rectangle T C R? will be assumed to be aligned with the Cartesian axes, so
that any of its faces is parallel to either the = or y axis. The shape function space
A is that of cubic polynomials enriched by the two elements zy® and 23y, written

A= P3 + <xy3,z3y>,

where angle brackets denote the linear hull. If there is no risk of confusion, a
polynomial function will not be distinguished from its restriction to or its extension
from some subdomain of R? throughout this work. Given a rectangle T', the twelve
degrees of freedom of the Adini finite element are the point evaluations of a function
and of its first partial derivatives in those vertices. A corresponding diagram is
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displayed in Figure 1. Given (2, let T be a finite partition into rectangles such that
the elements of T' cover the domain UrcgT = €2 and the intersection of the interior
of any two distinct elements is empty. The space of piecewise Adini functions reads

A(T) :={v e L>®(Q) :v|r € A for any T € T}.
If T is any such partition (with or without hanging nodes), the global finite element
space with clamped boundary condition and gradient continuity at the regular
vertices reads

~ _ Vv is continuous in the interior regular vertices of T
Vi = C(Q)O{UE\A(‘T)‘ }

v and Vv vanish on the boundary vertices of T

The continuity requirement shows that V, is spanned by A(T) functions that are
continuous in all vertices, with continuous gradient in all regular vertices and with
continuous tangential derivative at irregular vertices (‘tangential’ referring to the
edge containing the hanging node). No condition is made on the normal derivative
at such vertex although it is a local degree of freedom for the finite element. For
regular partitions, V, = \A/h is the standard Adini finite element space known from
the literature. In this case it is known that Vj, € C(f) is a space of continuous
functions with possibly discontinuous piecewise derivatives. This means that V}, is
a subspace of the Sobolev space Hg(£2) but in general not a subspace of the energy
space HZ(S) for the biharmonic problem, whence it is referred to as nonconform-
ing. If the partition contains irregular vertices, a subspace V} C ‘A/h needs to be
considered such that the discrete problem is well posed. The Adini finite element
discretization is based on the discrete bilinear form

ap(v,w) = / D?v: Diw for any v,w € HZ(Q) + Vj,
Q

where D%L denotes the piecewise Hessian with respect to J. Under the admissibility
condition of Definition 3.1 below, V}, is such that aj is positive definite over V.
The seminorm induced by ap and denoted by ||-||5 is a norm on Vj, under this
assumption. The discretization seeks uy, € V}, such that

(2.2) ap(up,vp) = (f, ’Uh)Lz(Q) for all vy, € V.

It is well known that, for regular partitions, this is a convergent method on a
sequence of uniformly refined rectangles with maximal mesh size h. The error
bound shown in [11] states the quadratic order
lu—unlln < W[l ms(o)-

In the general case of possibly nonconvex domains, the assumed regularity is un-
realistic, and local mesh refinement is required for resolving singularities or the
domain geometry. For rectangular and shape-regular partitions, this necessarily
leads to hanging nodes. The main question is which continuity properties to en-
force at hanging nodes in the definition of V}, in order to obtain a method with good
convergence properties. Here, we focus on l-irregular partitions with a maximum
of one hanging node per edge.

Definition 2.1 (mesh condition). We say that T satisfies the mesh condition if for
any irregular z € V' (1) its neighbouring vertices 21, zo are regular and (2) any
pair z1,z9 € V™ of regular vertices forming an edge hosts at most one irregular
vertex, i.e., card(conv{zy, zz} N Vi) < 1.

This condition means that every edge containing an irregular vertex in its interior
connects two regular vertices and does not contain any further irregular vertex. Fig-
ure 2 shows some configurations excluded by this condition, while typical admissible
configurations are displayed in Figure 3 or Figure 6. Let T be a partition satisfying
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FIGURE 2. Mesh configurations excluded by Definition 2.1. Left:
some neighbouring vertices are irregular. Right: an edge contains
more than one irregular vertex.

the condition of Definition 2.1. Such partitions allow for simple ) interpolation.
For any function v over £ that is continuous in the regular vertices V™8, the in-
terpolation Qu is the globally continuous and piecewise bilinear function defined
by assigning the nodal value of v at the regular vertices and, for irregular vertices,
the value of the affine interpolation between the values at the two neighbouring
vertices. That is, Qv is defined by

(2.3)

Quz) = v(2) it z € Vree
Tl O+ M) H(aw(z1) + Mw(z2)) if 2 € VI has neighbours 21, 2

with the weights A\; := |z — 2;|, j = 1,2. The approximation properties of @ are
discussed in Lemma B.1 in §B of the appendix.

The Adini space V};, over T is assumed to be a subspace of \A/h from §2. This
fixes the point values in all vertices, the gradient values in regular vertices, and, for
any irregular vertex z, the partial derivative in tangential direction of the edge F
containing z. It does not fix the partial derivative at z in the direction normal to
E. We will now discuss possible choices in the next section.

3. CONTINUITY CONDITIONS AT HANGING NODES

For a l-irregular partition T, an interior edge with a hanging node z € Vi*
will be shared by three rectangles: one rectangle T for which z is not a vertex,
z ¢ V(T), and two rectangles K, Ko which have z as a vertex, see Figure 3. The
local degrees of freedom related to z cannot be a global degree of freedom. Instead,
a choice for the value of the function and its gradient at z has to be made. For global
continuity, it is necessary that v and the tangential derivative of v are continuous
at z. The only freedom that is left is the choice of the derivative normal to T at
z. Any sensible choice must guarantee approximation and consistency. We ask the
assignment of the normal derivative to be linear, local, and scaling-invariant:

Definition 3.1 (admissible assignment). Let 2 € V'™ be an irregular vertex. There
exist exactly three elements T, K1, Ko € T that contain z, where z is a vertex of
K, K5 and belongs to the interior of an edge E of T' (see Figure 3) with normal
vector ng. A function v € ‘A/h is said to satisfy an admissible assignment at z if

(2)

for a linear operator L that (1) is invariant under relabelling coordinates and under
linear scaling (homothety), i.e., if ¢ is defined by x +— v(Az) for a positive real
A, then Lo = ALw, and (2) conserves the normal derivative at z for all quadratic

81}‘[(1
8TLE

_ 8’U|K2

onp (z) = L(v|T)

polynomials. A subspace V}, C Vh is said to satisfy an admissible assignment if any
v, € Vj, satisfies an admissible assignment at every z € V" and if the kernel of ay,
over V}, equals {0}.
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FI1GURE 3. Left: Configuration with a hanging node Z. Right:
Mesh configuration with a regular vertex z and exactly one irreg-
ular vertex Z on Ow,.

Throughout this work, we assume that V}, is a linear subspace of ‘711 satisfying
an admissible assignment; in particular ay is a scalar product on V},. Then problem
(2.2) has a unique solution u, € Vj,, and the classical a priori error bound 3,
Lemma 10.1.7] known as Berger—Scott—Strang lemma states that

(3.1) max{A, B} <|lu—up|ln < A+ B
for the approximation and consistency errors
A:= iof |lu—wv|ln and B:= sup ap(u— uh,vh)/\||vh|\|h.
v €V vh€VR\{0}

For the method to converge at rate h® it is necessary that both A and B decrease
at least at that rate. A priori error estimates are usually formulated on sequences
of uniformly refined meshes. Here, uniform refinement means that every rectangle
is split into four equal sub-rectangles by connecting the midpoints of opposite edges
with straight lines. If this refinement process is started from an initial 1-irregular
partition, eventually the partition will contain regular vertices z with exactly one
irregular vertex on the boundary of their vertex patch w,, as displayed in Figure 3.

We say a method is O(h®) if there exists a constant C' > 0 such that |Ju—up|n <
Ch*(||ull gac) + llullws.=(q)) provided the norm of u on the right-hand side is
finite. According to the assignment rule of Definition 3.1, the space V}, is spanned
by global basis functions related to the degrees of freedom at regular vertices.
The following lemma states that necessary for convergence better than O(h) is
that certain basis functions related to regular vertices are continued by 0 by the
admissible assignment.

Lemma 3.2. Let T be a 1-irregular partition such that there exists a reqular vertex
2 € V'8 with 0w, C Q and exactly one irreqular vertex Z € V'™ on the boundary of
its vertex patch and without irreqular vertices inside w, (see Figure 3). Let E C Ow,
denote the edge containing zZ and let 2’ denote the vertex forming an edge with z and
being neighbour to Z. Let ¢ = @, o with |a| < 1 denote the Adini basis functions
with respect to function or derivative evaluation at z (defined in §A of the appendiz)
with respect to the multiindex o. If Oy p02.a(Z2) follows an admissible assignment
and ¢, o 15 not continued by 0 outside w,, then there exists an f such that the
solution u belongs to H(Q) NW3>°(Q), but |lu —up||n > c1hg — cah% with positive
numbers ¢y, co independent of the mesh size. The same holds true if the admissible
assignment depends nontrivially on the function value at 2'.

Proof. Let u be the solution to (2.1) and assume u € H*(Q). Consider the consist-
ency term B from the a priori result (3.1). Due to (2.2) it satisfies

B > flel;! <ah<u,sa> /s 9") ‘

We follow the notation of Figure 3 and denote by K, K> the rectangles with
zZ € V(K1) N V(K3). Clearly, due to the locality in Definition 3.1, ¢ vanishes
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Z4 zZ3
T Z
21 22

FI1GURE 4. Notation for the reference rectangle used in Lemma 3.3.
identically outside w, U K7 U K. We assume that ¢ is not continued by 0 outside

w, and therefore we have with some nonzero real number ¢ that

(p‘K1UK2 = 677[}

where 1 is the (local) basis function with ¢ = ¢z g on K; U Ky with 8 # 0 parallel
to ng (see §A of the appendix for the notation around the Adini basis functions).
From standard scaling we thus have

~1
IRl ~ el and [ Digllzee.) ~ b
The scaling invariance of Definition 3.1 implies |¢| &~ hlg‘_l so that

—1
lolln ~ hlg=1.

B> hy 1 (/ D2u: D2y —/ f(p) .
w, UK UK> Q

From scaling of ¢ we also have

/Q fw‘ < WE £l e -

Further, it can be computed (see Lemma A.4 in §A of the appendix) that

Thus,

/ p@?hhg@ =0 for any affine p € P; and any j,k =1,2.

Standard estimates thus show that | fw D?u : D}¢| is bounded by a constant times
hE|[ull rayllelln. We thus obtain constants Cy, Cy such that

B2 ~Culfy(Jullmso) + Ifll2) + Caby™™ [ D DR
KiUKo
Now, by the above requirements, ¢|x,uK, must coincide with cip. We explicitly
compute with Lemma A.6 that

0 .
/ D}zLSD - ChE |:’B1 :| with Y17Y2 = 0 and Y1 + Yo # 0.
KiUKo 72

Without loss of generality, assume that cy; > 0. Then, if D?u is uniformly positive
definite in a neighbourhood of K7 U K5, we get the asserted lower bound for B
from the scaling of |¢|. Such u can be easily obtained by multiplying the function
(22 + y?)/2 with a smooth cutoff function which is constant 1 in a neighbourhood
of K3 U Kj, so that the Hessian of u equals the unit matrix in that region.

In the case that the assignment for the normal derivative at Z depends nontrivi-
ally on the function value at 2’, consider the global basis function ¢ = ¢/ (g,0)-
Since, by Lemma A.5, the diagonal derivatives 97, ,¢ are L? orthogonal to affine
functions, and since by the tangential continuity of ¢ the mixed derivative 85% he
can be integrated by parts against 8§yu without interface jumps, we have as above
that | [, D?*u : Di¢| S h3||lullgao)ll¢lln- The lower bound then follows with an
argument analogous to the one above. U
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The foregoing Lemma 3.2 has the following implication. For |a| < 1, the lower
bound in the proof is better than linear only if ¢ = 0. If 0,9, «(2) follows an
admissible assignment and the method convergences like O(h®) with s > 1 on
quasi-uniform meshes, then necessarily ¢, , is continued by 0 outside w,. Likewise,
the normal-derivative degree of freedom must not be coupled with the point evalu-
ation at a neighbouring vertex. For the assignment operator L, using the notation
for a reference element as displayed in Figure 4 with hanging node z, the lemma
states that L must map the basis functions ¢,, o and ¢., o with |a| < 1 to zero.
The next result shows that the averaging is the only potentially superlinear admiss-
ible refinement rule that preserves quadratic polynomials. Recall the Adini basis
functions from §A of the appendix.

Lemma 3.3. Consider the reference square (—1,1)? from Figure 4 with vertices
21,...,24 in counterclockwise enumeration starting with zy = (—1,—1). Further
denote Z = (r,0) with —1 < r < 1. The only linear admissible (in the sense of
Definition 3.1) map L : A — R L., 9,0y = 0 as well as

Lp., 3 =0 for j=1,4 and |B| <1, and O.p(Z)=Lp forallpc P,
is the averaging
Lp = L((1 = 1)p(z2) + (14 1)0up(zs).
The space Ps of cubic polynomials is not invariant under such assignment.

Proof. Since P3 C A, any cubic polynomial can be represented in the Adini basis

as
4
p= Z Z 8ap(zj)90z3-7a-

J=1lal<1
From linearity of L and the assumptions, we obtain

Lp = Z Z 9°p(2;) Loz, a-

7=2,3 |a|<1

Plugging in the polynomials ¢ = (x — 1)y and ¢ = (z — 1) and equating with the
z-derivative at Z then yields

r=Lqg=—Ly. 1,0 + Lezy,a,0 and 1=Lg= L., 1,0 + Lz, a0

and therefore Ly, 1,0y = (1 —7)/2 and Lg., 10y = (1 +7)/2. Similarly, the
polynomials 1 (the constant) and (y? —1)/2 lead to

0= Ly, 0,0+ Lz, 00 and 0=—Le,, 0,1)+ L, 01)

which implies L., 0,00 = —L¢z, 0,00 and Ly, 0,1) = Lz, 0,1)- Using the as-
sumption L, ,0) = 0 thus shows L., 0,0) = 0 = Ly, 0,0)- Plugging in the
polynomial y further yields

0= "Ly, 0,1) + Lz 0,1)

which results in Ly, 0,1y = 0 = Ly, (0,1)-

Altogether, the only choice for an admissible map L is the asserted averaging.
It remains to check that this choice cannot preserve all cubic polynomials. For the
choice p = (1 —y?)(1 — z), we see that d,p vanishes at all vertices. Hence, we have
Lp =0 but 9,p(2) = —(1 —1r2) #0. O

The foregoing two Lemmas 3.2-3.3 show that the averaging assignment is the
only candidate that potentially achieves superlinear convergence, which in particu-
lar proves the lower error bound stated in Theorem A. Hence, the choice proposed
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here is to assign the average of the normal derivatives at the neighbouring vertices:
The global Adini finite element space is defined by

(3.2) W, = {v € Vi : QVv is continuous at Vi”}

with the bilinear interpolation operator @} defined in (2.3).

4. ANALYSIS OF THE CONSISTENCY ERROR, PROOF OF THEOREM A

Throughout this section, the choice of V}, is fixed through the averaging rule
(3.2). On any T we introduce local coordinates

E(z,y) =hy(x —m) and n(z,y)=h," (y —m)

ranging from —1 to 1, where m is the midpoint of 7" and A, h, are the half widths in
x, y direction, respectively. By @) we denote the globally continuous and piecewise
bilinear interpolation from (2.3). By the assignment of the hanging node value as
n (3.2), the expression Q9,w is well defined for any w € V},. We note the following
fact, which is essentially contained in [11].

Lemma 4.1. Let T be a rectangle with E an edge orthogonal to the x-axis. Then
any w € A satisfies
3

h

Proof. We express the monomials of the Adini space in terms of &, 7. It is obvious
that 9, P, and 0,(£%n, ) belong to Q. Further 9,(¢3,£3n) consists of functions
that are linear in 7 and thus are interpolated exactly by @ on E. Therefore, the
only two remaining monomials are £n?, ¢n?, and

(1-Q)ow|g = (1 — Q)0y(aln® + b&n?) |k

with real coefficients a,b. The chain rule reveals 0, = h !, 9yn = hy, 1. Taking
derivatives of w and comparing coefficients shows that

6 1
a4 ——a and 02 w= 6an + 2b),
yyy W ~ h h3 vy B hi( N )
which leads to
hyh3 hyh?
a= Y aﬁyyy and b= Y 8£yyw — 3an.

A direct computation of derivatives and interpolatlon leads to

(1= Q)u(atn® + bén*)|e = hy 't (aln® —n) +b(n” - 1)).
Inserting the values for a and b in this formula reveals the asserted identity. U
The previous lemma will be essential for bounding the consistency term in the
next lemma. We denote

(4.1) T8 :={T € T : all vertices of T are regular} and T =T\ JTeE,

Lemma 4.2. Let the partition T satisfy the condition of Definition 2.1 and let V},
be chosen according to (3.2). Let g € C*(Q) be a piecewise polynomial function and
w € Vy,. Then,

> /BT (1=Q)Vw-nr S ([[(1 = )gllugres + [|(1 = To)glugier)

TeT

thH

The constant hidden in the notation < may depend on the polynomial degree of g.
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Proof. We consider the edges orthogonal to the x or y axis separately. For a rect-
angle T we denote by n, the x component of the outer unit normal (left —1, right
1, top and bottom 0). Fix any T with local coordinates (£,7). For (1 — Q)0,w
we use the expression from Lemma 4.1 and the fundamental theorem of calculus so
that

h3
(4.2) /aTg(l—Q)&Cwnw = —Ey/T@mgaiyyy -I-*/ 02903, w(n” —1),

where is has been used that the fourth and third derivatives of w appearing in
Lemma, 4.1 do not depend on z. Since the function 1® — 1 has vanishing average
over T, and since the fourth derivative of w is constant, we can use orthogonality
to constants and the Cauchy inequality for the first term on the right-hand side of
(4.2) to see

3

hZ?; 4 3 hy 3
(430) =2 [ 0:008y,00° =) < N0 ~T0)0.glr108 el = e~

With the inverse estimate and 0 < n < 1 we obtain that this is bounded by some
constant times

(4.3b) hyl|(1 = o) Dugll7 |95, wl|7-
Next, consider the second term of (4.2). With the global bilinear interpolation Q

from (2.3) we obtain with the abbreviation e := w — Qw (note that 93, w and

93, e coincide) and integration by parts with respect to y that

Yy
h2

7y 939(772 - 1) zyyW = _7/ aiyg iye - hy/ 80697783146
T T

Again, with integration by parts with respect to z,

—hy/ agggn@iye:hy/ ingnaye—hy/ 0z gn0yens.
T ) T oT

Integrating by parts along any edge E parallel to the y axis with end points z_, z
reveals

“hy [ 0.gmoge =ty [ @gnet [ 0.ge 10,9000 + @uge)(c))

Comblmng the three foregoing displayed identities yields

/ 2,9(n° =192 e + hy/Taiwgnaye + hy /aT 92,9nenq + R(T)

with
Ozgen, — hyng(0zg€)(2).
i [t 2

We note that the inverse inequality implies for any second-order derivative 62k of
the polynomial g|r that

1029l < hytll(1 — o) g7

The combination of (4.2)—(4.4) with this estimate, the bound 0 < 7 < 1, trace
and inverse inequalities, and the approximation and stability properties of ) from
Lemma B.1, lead to

/8 9(1 = Q)0zwny < hr||(1 = o)dugllr|| Dy wllwy + R(T).
T
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Of course we have hr|(1 — Ip)d.g|lr < |[(1 — I1)gllz for the polynomial g|r.
Considering the sum over all T', since d,g and e are globally continuous and since
e vanishes on 02, we have that

aac r =
Z/{)T gen 0.

TeT

We further note that e(z) = 0 for every regular vertex z. Therefore,

SRT)SY > |hr(age)(2)].

TeT TET zeV(T)NVirr

Given z € V(T)NVT trace and inverse estimates show with the stability properties
of () from Lemma B.1 that

[y (Buge) ()] £ NI(1 = To)gll 7| D wlley

Combining the above estimates results in the asserted estimate with np replaced
by n;. An analogous argument shows the same bound for nr replaced by n,, so
that eventually the full assertion follows. O

Proof of Theorem A. The abstract a priori error estimate (3.1) shows that
the error is bounded by A + B. We start by bounding A. Let Ipu denote the
standard Adini interpolation of u described in §D of the appendix. On any ele-
ment T € T8 with regular vertices, the standard interpolation bound shows
D2 (u — Inw)||lr < h2||D*ullr. If T € T contains an irregular vertex, Ij pre-

serves quadratic functlons and therefore the standard interpolation bound shows
| D7 (u — Inu) |7 < he||D3ul|r. Altogether,

A? < || Dj(u = Inu) [Fgees + 1 D7 (u = Inu) [Zigaee S B 3 oeeey + 12 el 3o i)

For bounding the term B, consider any vy, € V}, with ||vp || = 1. Then, the solution
property of uy, integration by parts, and A?u = f show

a(u — up, vp) Z / 82anvh “np = Z / Q)Vuy - nr

TeT TeT

because QVuy, is continuous and vanishes on the boundary. Let g := dD%*u €
[C(Q)]?*? denote the (component-wise) BFS averaging of D?u defined in §C.
Adding and subtracting g in the above identity results in

an(u—up,vn) = Y / W= Gnn) (1= Q)Vop np+ Y / Gnn(1—Q)Vup - nr.
TeT TeT

Trace inequalities and the approximation and discrete stability properties of @) and
d from Lemma B.1 and Lemma C.1 bound the first sum on the right-hand side as
follows

S [ (@00 = QVun - Sl

TeT
The second term in the above split is bounded with the help of Lemma 4.2. A
piecewise use of Poincaré’s inequality and Lemma C.1 then conclude the proof of
the first stated upper error bound in Theorem A. Under uniform mesh refinement,
the area covered by elements with irregular vertices scales like

meas(UTT) < h.
The first error bound and the assumed L°° bound on the third derivatives thus

imply
llw = unlliy < B ull s gresy + B2 ullys, gy



ADINI FEM WITH HANGING NODES 13

and thus the second stated upper error bound. The stated lower error bound follows
from Lemmas 3.2-3.3.
5. A POSTERIORI ERROR ESTIMATE, PROOF OF THEOREM B

We define the projection operator II7 by

(5.1) 7oy = {

Any edge is equipped with a fixed normal vector ng and tangential vector ¢tg. The
jump across E is denoted by []g; for boundary edges, [/|g denotes the trace.

For any T' € T define the local error estimator contribution by
2

Moly if T € T2
Ho’U|T if T e gir,

i Bjuh
(5.2a) n*(T) = h%"Hf”T"’Z Y wPRET : + (1 = 1I7) D2up |7,
on’}
i=1Ee&(T) ElElE
where €(T) is the set of edges of T and
o J0 ifj>2and ECoQ,
J 1 otherwise

is introduced for excluding boundary edges from the sums when second- and third-
order normal derivatives of uj, are considered. Define the total error estimator

1/2
(5.2b) n= (Z n2(T)> :

TeT

Proof of Theorem B. As in [4], the error is orthogonally split as follows

2
ap\U — Up,
fo—wlp=| sup LTI, 2.
PEHZ(Q)\{0} el vEHG(Q)

Since the second term on the right-hand side is directly bounded by n? after plug-
ging in the BFS averaging v = Jouy with zero boundary conditions from §C and
using the bound from Lemma C.1 and inverse estimates, it remains to bound the
first term. Let ¢ € HZ(Q) with [|¢]ln, = 1 and denote by Ide its Adini quasi-
interpolation from §D of the appendix and abbreviate ¢ := ¢ — I,Jp. Equation 2.1
and the discrete solution property (2.2) yield

ap(u—up, ) = | f&—an(un, @).
Q

The first term on the right-hand side is readily bounded by n through (D.1). For
the analysis of the second term, consider its contribution on any element 7". Two
integrations by parts reveal

/ D?uy, : D*p = / 02, unOn@ +/ 02 undrp — / (div D?up) - ng.
T aT aT aT
Summing over all elements and noting that ¢ and so 0;¢ is continuous, we obtain
ap uh, = / 6‘2nuh8ngo + Z </ ntuh Eatga / [le D2uh]E nEgb> .
TeT Eeg E

Standard estimates [14] with (D.1) bound the last two terms by n. In particular,
by ¢ = 0¢p = 0 on 0N the boundary edges do not contribute to the sum. For
the analysis of the first sum on the right-hand side, denote by g := JD?uy, the
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component-wise BFS averaging of the piecewise Hessian from §C. We have with
¢ € HZ(2) and the continuity of g and QVI,J that

Z / @%nuhan@ = Z (/ (ainuh - gnn)an()b +/
oT e

TeT Teg \WOT ar

Gnn(Q — 1)VILde - nT) .
The trace and inverse inequalities and Lemma 4.2 show that this is bounded by a

constant times
> U102un — gjjll + 111 = T17) g5,
§j=1,2

where we used (D.1) and ||D3¢|| = 1. Since, obviously,
11 = 17) gyl < 111 = T7)0Fun | + llgjs — OFjunl|

we eventually have

> /BT Onpundn® S (|1 Djun — gl + 111 = II7) D?uy ).
TeT

The last term is part of (and thus bounded by) 1. The bound of the first term
follows from Lemma C.1. This concludes the proof of reliability. The efficiency
follows from known arguments [14, 4].

6. EXTENSION TO OTHER BOUNDARY CONDITIONS

This section explains how the proofs shown for clamped boundary conditions
in the foregoing sections extend to other boundary conditions, which are relevant
in plate bending, flow problems, or phase separation models. As the prototypical
situation in linear plate theory, we consider a disjoint partition of 9Q as 9Q =
I'cUTs UT'p in clamped (I'¢), simply supported (I's), and free (I'r) part and
consider the energy space

V={veH*(Q):v=00onT¢UTlg and 8,0 = 0 on I'c}
instead of HZ () from prior sections where 92 = I'c was assumed. The variational
problem is then to find v € V solving (2.1) with HZ(Q2) replaced by V. The strong
form reads

A’u=finQ and w=0o0onTcUTg and d,u=0on ¢
with the natural boundary conditions
02, u=00onTgUTp and 9,(02,,u + 204u) = 0 on T'p.

Here n denotes the outer unit vector on d€2 and ¢ = (—ng,n1) is a unit tangent
vector. The problem is well posed provided the boundary configuration is such that
V' does not contain affine functions. For the discretization with the Adini FEM we
assume that the boundary edges match with the decomposition of the boundary
and that I'c and I'c UT'g are relatively closed sets and replace the definition of V},
from §2 by
Vw is continuous in the interior regular vertices of T

XA/h =C(Q)N<veAT)|vand Vo -t vanish on the vertices of 'c UT's

Vv - n vanishes on the vertices of I'c

The Adini finite element space is then V}, from (3.2) where the modified version
of Vh is used. The discrete problem seeks u, € Vj, solving (2.2) where again this
modified V}, is used.

The results of §3 as well as Lemma 4.1 hold without modifications. The error
bound of Lemma 4.2 holds with UT"" replaced by

(UT™YU{T € T:TNTE # 0}
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on the right-hand side. In the proof, only the analysis of the term . 4 R(T)
requires modifications. Indeed, since e therein vanishes on I'c UT'g, but not neces-

sarily on FF, we have
E (9;5967’7,,!‘ = E / ‘936576” B
/BT E !

TeT ECTr

where the sum on the right-hand side is over all edges contained in the closure of
I'p. This term is then bounded with trace and inverse inequalities and leads to the
increased integration domain of (1 —ITy)g mentioned above. Theorem A applies to
this situation as well, again with the same replacement of UT"" stemming from the
use of Lemma 4.2 in the proof. Note that in the proof of Theorem A the product
02, uQVvy, - n still vanishes on the whole boundary due to the natural boundary
condition satisfied by u. In particular, the asymptotic convergence rate h3/2 remains
true because the area covered by the element touching the free boundary I' z scales
like h.

For the extension of Theorem B, we need to modify the projection I17 from (5.1)
in so far as 17 v|7 should equal Iyv|7 also on the elements having an edge on I'f.
With this definition, the error estimator contribution n?(T) is defined as
2

3 .
i u
GERITEES oib it | | IRNTRE e
j=1Ee€&(T) "Elelg
82uh 82uh 2
+ hi [@; (+2>} :
Ee;(T) #\ on% oL ) el

ECTr
where
0 ifj€{2,3}and E CTg,
k¥ =40 ifje{1,3} and ECTsUTp,
1 otherwise

such that the residuals of the natural boundary conditions on I's and I'r and of
the essential boundary conditions on I'c and I's are adequately included. With
these modifications, Theorem B holds for the situation of general boundary as
well. In the proof, HZ(f2) needs to be replaced by V, the BFS averaging J needs
to be defined accordingly so that essential boundary conditions correspond to I'¢
and T'g (see [7, Proposition 2.5] for a similar operator). The same applies to the
Adini interpolation I,. With these adaptations, the proof of Theorem B is very
similar to the one given in §5. As a major modification, on the edges of ', the
prior statement ¢ = 9, = 0 does not hold. Instead, after integration by parts in
tangential direction, the additional residual enters the error estimator.

7. NUMERICAL RESULTS

7.1. Illustration of Theorem A on quasi-uniform meshes. We start by nu-
merically illustrating the upper and lower a priori error bounds in an elementary
setting with the square Q2 = (—1,1)? and f such that the exact solution is given by
the biquartic polynomial v = —(z* — 222 + 1)(y* — 2y% + 1). We consider a reg-
ular coarse initial partition consisting of four congruent squares, and sequences of
meshes following two refinement variants. In the first variant (Variant I), the coarse
mesh is uniformly refined once, and thereafter only one element containing the point
(0,0) is refined, resulting in an irregular partition. From this third mesh on, again
uniform refinements are performed. In the second variant (Variant IT), five uniform
refinements of the initial mesh are performed before the seventh mesh is generated
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FIGURE 5. Left: Numerical illustration of Theorem A with the
errors [|u — up ||, for a smooth u on the unit square, setting of §7.1.
Right: Convergence history for the disk domain from §7.2.

by refining only one element containing (0,0). After that, the refinements are again
uniform.

For the sake of a consistent presentation, in convergence history plots of this
work, the horizontal axis displays the squareroot of the number of degrees of freedom
ndof. For these quasi-uniform meshes in this example, that quantity is proportional
to h, the parameter used in Theorem A. Starting from the third mesh in the
sequence, the partitions of Variant I are irregular. Theorem A predicts the error to
decrease as h?/2 for Vj, as in (3.2) and not better than h for any other choice. Up
to the seventh mesh, the partitions of Variant II are uniform, so that Theorem A
states errors of the order h2? on these regular partitions. After the local refinement,
the partitions are irregular, and Theorem A predicts the error for V}, as in (3.2) to
gradually deteriorate to h3/2, while any other method must immediately deteriorate
from O(h?) to O(h).

Figure 5 (left) displays the convergence history of the ||-||;, error with respect
to the squareroot of the number of degrees of freedom ndof (the dashed lines
showing the asymptotic rates are labelled with powers of the proportional parameter
h used in Theorem A). Two assignments are compared: the assignment (3.2),
abbreviated by V}, in the legend, and the enforcement of strong continuity of the
normal derivative in irregular vertices, abbreviated by ‘hard’. The results are as
expected: for Variant I, the ‘hard’ interpolation results in convergence O(h), while
the method (3.2) reaches the predicted O(h*/?). For Variant II, as soon as a single
element is refined and, thus, the partition becomes irregular, the ‘hard’ interpolation
method immediately deteriorates to O(h).

7.2. Approximation of a curvilinear domain. As an example for local resol-
ution of a curved boundary, consider €2 as the unit disk with f = 1 and the exact
solution given by u(z,y) = 276(2? + y? — 1)? and discretization by the averaging
assignment (3.2). For the domain approximation, we consider a partition of the
square (—1,1)? where all degrees of freedom related to vertices outside (2 are set
to zero. On a sequence of uniformly refined meshes this results in convergence of
order h'/? as can be seen in the convergence history of Figure 5 (right). In a loc-
ally refined variant, from the j-th uniform refinement of the background mesh, the
actual partition is generated by repeating j times: mark all elements that touch
the boundary 92 for local refinement and generate the smallest 1-irregular parti-
tion where the marked elements are refined. Figure 6 (left) shows an instance of
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FIGURE 6. Left: Locally resolved disk, 13875 degrees of freedom.
Middle: Adaptive mesh of the L-domain, 37 119 degrees of freedom,
level 17. Right: Adaptive mesh of the cusp domain, 32 130 degrees
of freedom, level 19.

such a mesh; and the convergence history showing that this local refinement variant
improves the convergence order to y/ndof.

7.3. Adaptive mesh refinement. In this experiment, we consider the error es-
timator n with its local contributions n(7T) as a refinement indicator in an adapt-
ive mesh-refinement algorithm with Dorfler marking and bulk parameter chosen
as 1/2 in a standard adaptivity loop [14]. We consider the L-shaped domain
Q = (=1,1)*\ ([0,1] x [~1,0]). With o = 0.5444837... and w = 37/2, the ex-
act singular solution from [9, p. 107] reads in polar coordinates as

(7.1) u(r,0) = (r*cos® 6 — 1)%(r?sin® 0 — 1)%r'Tg(0),

with the function

o0) = (Z -2 ey et - (22 - 21D ) - o)

and the abbreviations sy (z) = sin((a £ 1)z) and ¢y (z) = cos((a £ 1)z). The con-
vergence history with respect to the squareroot of the number of degrees of freedom
(ndof) is displayed in Figure 7 (left). As expected, uniform mesh refinement con-
verges with the suboptimal rate dictated by «. Adaptive mesh refinement with
the averaging assignment (3.2) recovers first-order convergence, while the variant
enforcing the ‘hard’ interpolation constraint performs poorly (on the same adaptive
meshes) because its error is bounded from below by certain elements of large mesh
size (Theorem A), see the adaptive mesh displayed in Figure 6 (middle).

7.4. Approximation of a non-rectilinear domain. As an example for adaptive
resolution of a non-rectilinear domain, consider the corner domain Q = (—1,1)%\
conv{(0,0), (1,—1),(1,0)} with exact solution given by (7.1) for the parameters
a = 0.50500969 ... and w = 7w/4. The line with angle 77w/4 describes the non-
rectilinear part of the boundary. We use an interior approximation with rectangles
and add on elements T" touching the boundary the local error estimator contribution
hzn? to n?(T) in the marking process. This accounts for the error by the boundary
approximation. Figure 7 (right) shows the convergence history. As in the previous
example, adaptive mesh refinement improves the reduced convergence observed on
uniform meshes. An adaptive mesh is displayed in Figure 6 (right).

7.5. Mixed boundary conditions. In this example, the generalization of the
method and the a posteriori error estimator from §6 to more general boundary
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FIGURE 7. Convergence history of the error ||u — up||p and the
estimator n for the L-shaped (left) and the cusp (right) domain
from §§7.3-7.4.
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FIGURE 8. Convergence history of the error |u — up||r and the
estimator n for the L-shaped domain with mixed boundary condi-
tions from §7.5 (left). Adaptive mesh of this problem with 34224
degrees of freedom, level 20 (right).

conditions are applied. On the L-shaped domain, the following mixed configuration
in simply supported and clamped parts is chosen

Is = ({0} x (-1,0]) U ([0,1) x {0}) and T¢=Q\Ts.
and the right-hand f side is chosen according to the exact solution
u(z,y) = r/3 sin(46/3)(1 — 2)2(1 — )

with polar coordinates r, 6 as functions of 2, y. This function belongs to H7/3~" (1)
for every v > 0 but not for v = 0 and it is known [2] that this is the generic sin-
gularity for the simply supported boundary condition at an opening angle 3m/2.
The convergence history of uniform and adaptive mesh refinement and an adapt-
ive mesh are displayed Figure 8. As expected, uniform mesh refinement cannot
converge with a rate higher than 1/3, whereas the adaptive version leads to errors
decreasing like v/ndof.



ADINI FEM WITH HANGING NODES 19

K T

z=(0,0)

FIGURE 9. Vertex z = (0,0) shared by T, K with common edge
lying on the y axis.

APPENDIX A. PROPERTIES OF THE ADINI BASIS FUNCTIONS

The Adini basis function ¢, o € ‘A/h with respect to a regular vertex z € V& and
a multiindex a € {(0,0),(1,0), (0,1)} satisfies

0P, a(2) = 08,500 forall 2€ V™ and g € {(0,0),(1,0),(0,1)}

with the Kronecker §. This uniquely defines ¢, , on regular partitions. On
partitions with irregular vertices, it uniquely defines ¢, ., on elements 7' with
V(T) C V**8, that is, on elements with only regular vertices.

In what follows we consider two rectangles 7', K sharing an edge lying on the
y axis, with one vertex being z = (0,0), as shown in Figure 9. The ratio of the
x-widths of T', K is denoted by

p = diam, (T)/ diam, (K).

The following results are formulated in the coordinates (z,y) if T, K are considered.
If only T is considered, the usual local coordinates £, 7 are employed.

Lemma A.1. In the configuration of Figure 9, ¢ = ¢ (0,0) satisfies

(a)/qazzso:o, (b)/ w020 =0, <c>/ 42,0 =0
T TUK TUK

for any integrable function ¢ = q(y) depending only on y.

Proof. For the proof of (a), we use local coordinates &,n, write ¢(n) = ¢(y), and
observe that ¢ vanishes identically at = 1 and 92_¢ is bilinear, so that there
exists a first-order polynomial p; = p;(€) such that 82, = (1 —n)p1(£). Since dpp
vanishes at all vertices of T, considering n = —1 with the fundamental theorem of
calculus shows that

1
/_ () de =0,

The original integral then reads

1 1
AoNe2 - _ 2 _
[ et =nan, [ im0 —nan [ dpiac=o

For the proof of (b), we use the symmetry ¢|x(x,y) = ¢|r(—pz,y) for x € K. By

the change of variables & = —pxz we have for the (undirected) volume integrals that
02 dedy = [ 22 o) —p~|didy = — [ 3020(0,y) did
2055 (x, y) dody o (2, )| =p™ | d2dy 20530 (&,y) didy.
K T P T
This implies (b). An analogous computation shows (c). O

Lemma A.2. In the configuration of Figure 9, p = . (1,0 satisfies

(a)/fcairso:& (b)/qaiyso=07 (C)/ 02, =0
T T TUK

for any integrable function q = q(y) depending only on y.
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Proof. Since ¢ vanishes on all sides apart from { = —1}, it contains the linear
factors (n—1)(§+1)(€ —1). Since p|r € A, for 0, to vanish on the two endpoints
of the face £ = 1, an additional factor (£ — 1) is necessary. The presence of the
resulting factor (€ —1)? shows that ¢, vanishes on the whole face ¢ = 1. Integration

by parts then reads
/ I@ETQD = / Oz p.

This equals zero because ¢ has zero boundary conditions, which proves (a). For
the proof of (b), integration by parts with respect to y shows

h/ = hZ/ xw/f?yq Dtp-
o==+1 77‘7}

Integration by parts with respect to x shows that all these integrals vanish because
 vanishes identically on the edges parallel to the y axis. This shows (b). We note
the symmetry ¢|x(z,y) = —p~tp|r(—pz,y). A computation analogous to that of
the proof of (b) in Lemma A.1 thus proves (c). O

Lemma A.3. In the configuration of Figure 9, ¢ = ¢ (0,1) satisfies

2
/ q0,,=0 and 2. p=0
TUK
for any integrable function ¢ = q(y) depending only on y.

Proof. With the symmetry ¢|k(x,y) = ¢|r(—pz,y), an argument similar to that of
the proof of (b) in Lemma A.1 proves the first identity. Since the bilinear function
02, vanishes on the faces parallel to the = axis, we have 92 ¢ = 0, which is the
second asserted identity. O

Lemma A.4. Let z be a reqular interior verter whose patch w, does not contain
irreqular vertices. Any

© € {2,000 P=,(1,0), P=,(0,1) }

out of the three global Adini basis functions related to z satisfies

pafkgodx =0 for anyp € Py and any pair (j, k) € {1,2}%
Wz
Proof. The assumptions on w, imply that the patch is a rectangle and is formed
by four rectangular elements. The assertion thus follows from carefully combining
the foregoing three lemmas with suitable changes of coordinates. O

Lemma A.5. In the configuration of Figure 3, the global Adini basis function
© = . (0,0) Telated to the point value at 2’ (with zero assignment for the normal
derivatives at hanging nodes) satisfies

/ 82godx—0 for any p € Py and any j € {1,2}2.

Proof. Let ® denote the Adini basis function related to point evaluation at z’ with
respect to a coarser triangulation resulting from unifying the four smaller rectangles
in Figure 3. The function ¢ can be written as

p=B+ Y Caprat @z 01) + s 10
lal<1

for suitable coefficients ¢y, ¢, ¢ with Z, 2, Z as in Figure 3. Lemma A.4 and
Lemma A.2-A.3 (with changes of coordinates) can be applied and yield the asser-
tion. 1
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Lemma A.6. In the configuration of Figure 9, p = . (0,1) satisfies

0 0
D2<p=hT[ } with v =~ 1.
TUK 0 ~
Proof. Lemma A.3 shows that [, .- 9% ¢ = 0 if min{j, k} < 1. From the symmetry

oli(x,y) = ¢|r(—pz,y) and change of variables we further obtain

/ ('973,7;80 = p*l/ 853,90 and therefore / 851190 =(1 +p71)/ 353,%
K T TUK T

Since ¢ vanishes on all edges of T" apart from {£ = —1}, an argument analogous
to that of the proof of Lemma A.2 shows that ¢ = c(n — 1)?(n + 1)(¢ — 1) with
some ¢ ~ h,,. Then, obviously, the integral of 92, = h,?c(§ —1)(6n — 2) over T is
nonzero and scales like hp. O

APPENDIX B. BILINEAR INTERPOLATION WITH HANGING-NODE CONSTRAINT

Given a piecewise polynomial function w that is continuous in the regular vertices
of 7, its globally continuous and piecewise bilinear interpolation Qw is defined in
(2.3).

Lemma B.1 (stability and approximation of bilinear interpolation). Let the parti-
tion T satisfy the mesh condition of Definition 2.1 and let the function w be globally
continuous and piecewise polynomial with respect to T. Then

h?w = Qulir + hz'|V(w = Qu)|z + | D*Qullr < | Diwlw, for any T €T,

with the element patch wr. The constant hidden in the notation < depends on the
polynomial degree of w.

Proof. If T exclusively has regular vertices, @ is the standard bilinear interpolation
on T and the result is obvious. Assume therefore that T" has an irregular vertex z.
Then z belongs to an edge with two neighbouring regular vertices one of them lying
outside T. By the mesh condition, T" must possess at least two regular vertices,
so that in total there are at least three regular vertices inside wr that are not
collinear. At these points w = Qw holds. Since the value at irregular vertices is
compatible with bilinear interpolation, @) locally reproduces affine functions. The
asserted result thus follows from a standard scaling argument and the finite number
of possible local mesh configurations. O

APPENDIX C. BFS AVERAGING

It is well known from the Bogner—Fox—Schmid (BFS) finite element [6] that, on
any rectangle, the 16 linear functionals

v 0%(z) for any vertex z of T and any o € B

for the set B := {(0,0),(1,0),(0,1),(1,1)} of multiindices are linear independent
over (Y3 (bicubic functions). The corresponding dual BFS basis of (3 consists of
the 16 functions 1, o with

5‘sz7&(2) =0,30a,3 forallz zeV(T)anda,peB.

As a basic averaging operator, introduce M and My mapping a piecewise smooth
function v to a piecewise @3 function by assigning the mean of the above local
functionals at all vertices (resp. all interior vertices). More precisely, for every
rectangle T' € T and any vertex z € V(T') of T, they are defined by

M(z) ifzeQ
0 if 2 € 00

(0°Mu|7)(2) :== Z (0%v|Kk)(2) and (0“Mov|1)(2) :== {

KeT:
zeEK
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(the X with the bar represents the average). This function is C! continuous in
all regular vertices, but it may be discontinuous at irregular vertices. From Muv
(resp. Mov) we construct a globally C! and piecewise bicubic (thus BFS) function
dvu (resp. Jov) by assigning the values of Mv (resp. Mov) at regular vertices and by
matching the values at irregular vertices by interpolation, more precisely

(0%9v)(z) = {(aaM”)(z) if z € Vres

(0°Mu|r)(2) if 2 € V'™ and 2z € T\ V(T).
The definition of Jq is analogous with M replaced by Mg in the above formula. In
the general case that v is piecewise H?2-regular, we overload notation and extend J
by defining Jv := Jllg,v for the L? projection Ilg, to piecewise bicubic functions.
As in prior sections we denote by []g the jump across an edge E.

Lemma C.1. Let T be a partition satisfying the mesh condition of Definition 2.1.
Any piecewise Q3 (bicubic) function v € L*(Y) satisfies

lo =300 S Y (hellllslE + hEIVYE - nellf) .
Eece

If v € H%(Q), we have
Ih=2(v = gv)|| + A7V (v = dv)|| + [ D*Fo]| < [|D?0]).

Proof. Let v be piecewise bicubic. Let T' € T and z € V(T') be a vertex of T.
Standard techniques [3, 4] reveal for the basic averaging operator M, that

1/2
> b0 (0 = Mov)(2)] £ ( > (rllllelh +hEI Vol nEnE)) :
acB Ecé:zeE

If 2z is a regular vertex, the same estimate obviously holds for My replaced by Jg. If
z is an irregular vertex and K is the element with z € K\ V(K), then (0%Jov)(2)
is defined by interpolation from information of Mgwv in the neighbouring vertices
21, z2; and a scaling argument shows that

0% (v—J0v)|7(2) = (00| — 0" Mov|x)(2) < Z S AN 08 (0 = Mov)lz, (25)] 4
Jj=1peB

where T7, T, are the two rectangles with {z,z;} C V(T}) (one of them being T').

Since the expansion of v — Jov on T in terms of the BFS basis functions and the

scaling of the latter read

(=30l =3 > 0@ -dov)(a:  and  [acllr S e

a€B zeV(T)

a direct computation with the triangle inequality and the above estimates at the
vertices and the local equivalence hr ~ hg reveal that
1/2

lo=3ovlle S| D Y (helllellE +pEIVe]s - nellE)

2eV(T) E€E:z€E

This and the finite overlap of the element patches proves the first stated estimate
for Jo. An analogous argument shows that the same upper bound is valid for
|lv — Jv||?. The second stated estimate follows from combining this bound with
local trace inequalities and standard estimates for the piecewise L? projection. [

We remark that in the upper bound of ||[v — Jv||? mentioned in the proof of the
foregoing lemma, the boundary edges can be dropped, which is, however, not made
use of in this work.
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APPENDIX D. ADINI QUASI-INTERPOLATION

We denote by I, the standard Adini interpolation with zero boundary data acting

an

a sufficiently smooth function w € C*(Q) as

Ihyw|r = Z Z 0w(z)pr,a forany T €T
zeV(T)NQ |a|<1

with ¢, o defined in §A. Let v € HZ(£). We define the Adini quasi-interpolation
Iydv € Vi, where { is the BFS averaging from §C. With Lemma C.1 and standard
discrete estimates we obtain

(D.1) 1h=2(v = o) || + K71V (v = Indv) || + |1 D} 1ndvl| < || D?v]|.
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