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Abstract

For a discretization of the Reissner—Mindlin plate model proposed by
the authors in [STAM J. Numer. Anal. 59(3), 2021], a residual-based
a-posteriori error estimator is proven to be reliable and efficient. The
estimates are robust in the plate thickness parameter. Numerical experi-
ments assess the behaviour of the individual error estimator components
and the application to adaptive mesh refinement.
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1 Introduction

The use of the Helmholtz decomposition of the shear force in the Reissner—
Mindlin plate model [BF86] revealed a structure that established a guideline
for shear-locking free discretizations. This structure is preserved in the low-
order nonconforming method of [AF89a] in a pointwise sense thanks to a dis-
crete Helmholtz decomposition established by those authors. For that method,
[Car02] proved residual-based a posteriori error estimates. A higher-order gen-
eralization of the method [AF89a] was proposed in [GS20, GS21] based on a gen-
eralization [Sch17] of the Crouzeix—Raviart method. What makes the method
from [GS21] attractive is that it is based on the generalized Taylor—Hood pair
[BBF13] and therefore on standard trial spaces. Moreover, the rotation employs
the full approximation properties of the Taylor-Hood space. The interplay of
local forces, corner singularities, and boundary layers of different strengths de-
pending on the boundary conditions makes a priori mesh grading very challen-
ging, in particular for high-order methods. In order to explore the possibility of
adaptive mesh refinement, in this work we prove the reliability and efficiency of
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a residual-based a posteriori error estimator for the methods of [GS20, GS21].
The methods are based on an alternative formulation related to the Schur com-
plement of some mixed system. Given an open, bounded, simply connected
polygonal domain @ C R? and the load function ¢ € L?(Q), the classical
Reissner-Mindlin model [BBF13, Bra07] seeks the displacement w € Hg(£2)
and the rotation ¢ € [H}(Q)]? such that

a(¢,¥) + M3 (Vw — ¢, Vv — ) r2(0) = (6,v) 12(0) (1)

for all (v,9) € H(Q) x [HE(Q)]?. Here, t > 0 is the plate thickness and the
bilinear form a(:,-) is defined by a(¢,v) := (e(¢),Ce(¢)))r2(q) for the linear
Green strain €(-) = sym D(-) and the linear elasticity tensor C that acts on any
symmetric matrix A € R?*2 as follows

E

A=——
¢ 12(1 - ?)

(1—=v)A+vir(A)laxs)

with Young’s modulus E > 0 and the Poisson ratio 0 < v < 1/2. The constant
Ain (1) reads A = (1+v) "' Ex/2 with a shear correction factor x usually chosen
as 5/6. The method of [GS21] considered here and described in Section 2 below
involves ¢ and a scalar-valued variable o with boundary values complementary
to those of w, and a vector field n with the property —divny = £. They are
directly related to the shear force by ( = n — Curl @, with analogous discrete
relations, and therefore these nonstandard variables directly enter the error
estimator based on residuals of the stress (and thus ¢) and the shear force
(. Although the displacement w can be recovered from the system, it is not
further relevant for a posteriori error estimation. The results generalize the low-
order case considered in [Car02]. In particular, the efficiency proof presented
here differs from [Car02], is based on locally adapted bubble functions following
[Ver98, Verl3] (also employed in [CS06, HH10]), and applies to more general
boundary conditions as discussed in Section 2.4. For a posteriori error estimates
and adaptive computations with alternative methods we refer to [CW03, CWO01,
CHO8].

The remaining parts of this article are organized as follows. Section 2 revisits
the alternative formulation and discretization of [GS21], states the main result,
namely the residual-based a posteriori error estimate, and comments on the ap-
plication to more general boundary conditions. The proof of the main result is
given in Section 3, where the system is considered in a non-dimensional form in
order to focus on robustness with respect to the critical parameters in the sys-
tem. The numerical experiments of Section 4 conclude the paper. Appendix A
collects certain longer formulas.

Standard notation on Lebesgue and Sobolev spaces applies throughout this
paper. The L? inner product is denoted by (v, w)r2(y) for a domain w C Q and
o]l := [|®||z2(.) and ||e]| := [|e]|o denote the L? norm. The H* seminorm over
w C Q is denoted by |e|; ., and |e|; := |e|; . The space of H*(Q) functions
with vanishing global average is denoted by H'(Q2)/R. For a function v and a
vector field 1, the following differential operators are defined

divep = 0191 + O2tpa, 1Ot = 0199 — Oa7p1, Curlv = <_8?jjv> ’
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The notation A < B abbreviates A < CB for some constant C' that is inde-
pendent of the mesh size, the plate’s thickness ¢, and Young’s modulus E (but
it may depend on the fixed constant x and on the bounds 0 and 1/2 of v). The
notation A ~ B abbreviates A < B < A.

2 Discretization and a posteriori error estimate

2.1 Equivalent formulation

The a posteriori error analysis below will rely on a reformulation of the Reissner—
Mindlin equation (1) that is based onn € H(div, Q) satisfying — divn = ¢, which
can be computed based on £. Define the bilinear forms b : L?(Q; R?) x H'(Q2) —
R and c: HY(Q) x H'(2) — R by

b(i/), 5) = (1/}3 Curl B)LZ(Q) s
(o, B) = (Curler, Curl B) 12y -
The introduction of a Lagrange multiplier o € H*(2)/R in the Schur comple-
ment of [GS21] yields the problem: Find (¢, «) € [HE(Q)]? x H'(Q)/R with
a(d)? 1/)) + b(wa a) = (777 ’(/})LQ(Q)
b(¢7 6) - )\711520(04, ﬁ)LQ(Q) = 7)‘71t2b(773 5)
for all (v, 8) € [HE(2)]? x H(Q)/R. Note that this is a standard saddle point

problem with penalty term [Bra07]. The following result from [GS21] proves
the equivalence with (1) and provides the formula for the shear force.

Theorem 1 ([GS21, Prop. 4.2]). The problems (1) and (2) are equivalent in
the following sense: If (¢,w) € [HE(Q)]? x HF(2) is a solution of (1), then
there exists a € HY(Q)/R such that (¢, ) solves (2). On the other hand, if
(¢, ) € [H(2)]2 x HY(Q)/R solves (2), then there exists w € H}(Q), such that
(¢, w) solves (1). Furthermore, w and « satisfy

(2)

Vw4 A" Curla = ¢ + A2y
and, therefore, the shear force is given by

¢ =M"3(Vw— ¢) =n— Curla. (3)

2.2 Discretization

Let T be a regular triangulation of €2 from a shape-regular family, consisting of
at least three triangles. Let Py (7) denote the space of piecewise polynomials of
degree not larger than k and let II; denote the L? projection to Py(T). Further
define

SHT):= Po(T)NHY Q) and  SE(T) := P(T) N HL(Q).
The discretization of (2) employs the following discrete spaces for k& > 0
B = S5 (T;R?)
Qp = ST N HY(Q)/R



A posteriori error estimates for Reissner—Mindlin

and seeks (¢, ap) € @ X Qp, with

a(@n, ) + o(¥n, an) = (g0, ¥n)L2(0)
b(dn, Br) — X c(an, Br)r2) = —A~'%b(n, Br)

for all (¢n, Br) € P x Qp. Note that ¢, and @), are the stable (generalized)
Taylor-Hood pair [BBF13] for the Stokes system.

The approximation (5, of the shear variable ¢ is defined according to (3),
namely

(4)

¢ = My — Curl oy, € P(T; R?). (5)

Remark 1. Similar to the continuous case, the discretization (4) is equivalent to a
problem of the form: Find (o}, ¢p,) € Zp x Py, such that for all (75, ¢p) € Zp x Py,
there holds

a(on, ¥n) + A2 Mydn — o, ethn, — ) 12(0) = (10, Th) 22(02)» (6)
where
Zy = {Jh € Pk(T; R2) | (Jh, Curl qh)Lz(Q) = 0 for all qn € Qh}

denotes a space of discrete (nonconforming) gradients. Here, the L? projection
II; plays the role of a reduction or reduced integration operator. Such operators
are commonly met in the discretization of Reissner—-Mindlin plates [Bra07]. In
the lowest-order case, k = 0, the discrete Helmholtz decomposition of [AF89a]
shows that Z,, equals the space of piecewise gradients of the nonconforming P;
finite element functions [CR73]. According to (3), the approximation o, of Vw
can be directly reconstructed by

op = Hk(¢h + )\_1t277) — 21 Curl oy, € Z,. (7)

The equivalence is shown in [GS21, Prop. 4.3], compare also [GS20, Section 2.2.2]
for a version formulated with matrices.

2.3 Main result

We are now in the position to define the error estimator for the discretization
of (1). Let € denote the set of edges of T and £(Q) the set of interior edges.
For any interior edge F' € &(Q) we fix the two triangles Ty, T € T with
F =T, NT_, while for a boundary edge, let T’y € T be the unique triangle with
F CT,. Then, let vp = vr, | be the unit normal on F and 77 = (0, -1;1,0)vp
denotes the unit tangent on F. Furthermore, for an interior edge F' € &£(1Q),
let [v]r := v|r, — v|7_ denote the jump across F' and for a boundary edge
F e &\EQ), let [v]p :=v|r, . The diameter of 7" and F is denoted by hr and
hg, respectively. Recall that (, := IIxn — Curlay, denotes the discrete shear



A posteriori error estimates for Reissner—Mindlin

force, see (5). For every T' € T, we define the local error estimator contributions

h?2 )
pA(T) i= 5] - divCe(6n) - Gul3,

h
(1) = Y pllCe(@n)rvrlF,
Fee(Q)
FCT
2 9 9
[L%(T) = min {la h;l\—'/\%x} rot <¢h + t)\Ch> Ta

3 hr vV
2T = ————min 1,7T R,
0= ¥ v { T2 e el
FCT
h2 t2
2 . T 2
()= (55 + 5 ) In - Tl

and the total local and global error estimator

5
pAT) =Y @3 (T)  and = [y p3(T).
J=1 TeT

The following main result states reliability and local efficiency of the error
estimator up to data approximation errors.

Theorem 2. The exact solution (¢, ) € [HL(Q)]? x HY(Q)/R and its discret-
ization (¢n,an) € O X Qp, satisfy

|6 = dnly + B~ o — anl| + a—ap)i Sp

t
vVEM |
and

w(T) S o= dnliwr + B = anllu,
t hr t
o= anlrr + ("E + = ) 0~ e
b —la = anlion + (4 =) = Tunllr
where wp = |J{K € T| T NK # 0} is the element patch.

Proof. The proof follows from a direct re-scaling of the result in Theorem 3
below in combination with (9). O

Remark 2. Theorem 2 measures the error ¢ — ¢, in the H! seminorm. An
error estimate in the energy norm corresponding to the form a can be directly
derived with Korn’s inequality and the scaling [t)|; ~ E~'||CY/2¢(3))|| for any
¥ € [Hy ().

Remark 3. If n € H(div,) is piecewise smooth and in a suitable finite-di-
mensional space allowing for discrete estimates, (; can be replaced by fh =
1 — Curl o, in the definition of the error estimator. The differences in the error
estimator can be estimated via an inverse and a trace inequality by ps. There-
fore, the two definitions are equivalent. However, for arbitrary n € H(div, ),
the rotation and tangential jumps of 17 do not exist in general.
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Remark 4. The discretization of [GS20] employs a generalized Mini finite ele-
ment pair for the discretization of ®;, and @}, instead of the Taylor—-Hood finite
element pair in this paper. Since the discrete formulation then has the form
(4), see also [GS20, Section 2.2.2], the proof of Theorem 2 carries over to this
discretization as well.

2.4 Boundary conditions

The theory from the foregoing sections as well as that of [GS20, GS21] easily
extends to other boundary conditions. Table 1 lists the most relevant boundary
conditions following the exposition in [AF89b] and their implications on the
nonstandard variables o and 7 on the boundary. The boundary is assumed to
be decomposed as

o0 = The UTge U Thgs U Tges U T

in hard clamped (hc), soft clamped (sc), hard simply supported (hss), soft simply
supported (sss), and free (f) parts, where we assume that I'y is connected. We
assume that the edges of the triangulation match with this partition of the
boundary and denote by Eync, Esc, Enss, Csss, ©f the edges belonging to the
respective parts of the boundary.

The modifications for the method and the a posteriori error estimator are
described in this section. In absence of free boundary parts, only boundary
conditions on ¢ are prescribed in the Schur complement while the boundary
data of n are not relevant and uniqueness of « is enforced by the usual condi-
tion fQ a = 0. If the free boundary has positive surface measure, « satisfies
homogeneous Dirichlet conditions there and 7 must be chosen with vanishing
normal trace on that part of the boundary. The proofs of [GS20, GS21] are eas-
ily adapted to these more complicated configurations. The same applies to the
residual-based a posteriori error estimator. While the volume terms 4 (T") and
u3(T) are not modified, the terms us(7T) and py(T) have different contributions
for boundary edges. Let Rrp and Sp denote the edge residuals from po and pg,
respectively, see Section 3 for the precise definition. The term p3(7") then reads
as

Z he|RelF + Z hr||RE - TF |7 + Z hp||Rr - ve|3

Fe&(Q)UE(Ty) Fe&(Tse) FE&(Thss)
UE(Tass) FCT FCT
FCT

while pi4 is written as

PA(T) = (kp/d) > 1SF|I%
Fe&\&(Ty)
FCT

with d = t\/E/\ and kp = min{l, hr/d} as in Section 3.

3 Proof of the main result

Since we are interested in error estimates uniform in the material parameters
E.,t, )\, we rewrite the system (2) in a dimensionless format with & = E~'a,
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physical variables our variables

T v w o« n-v natural BC
he 0 0 0o — — —
sc — 0 0 — — T-ov=10
hss 0 — 0o — — v-ov=>0
SSS — — 0o — — ov =20
free — —  — 0 0 ov=0and (Vw—¢) - v=0

Table 1: Boundary conditions. We denote o = Ce(¢).

C=E"'C,a=E"'a, a,=E'a, f=E"'n, g=—X"'t21 and the rescaled
thickness d :=t\/E/\ as

(8)

By Korn’s inequality [Bra07] the energy norm with respect to a is equivalent to
the standard H' norm. The theory for saddle point problems with penalty term
[Bra07] proves the equivalence of the error with the residual of the system (8),
ie.,

|6 — dnl1 + [|& = nll1,a = [IRes1l|m-1(a) + [[Resz| (1 (0)/r)* 4 (9)
with the residuals Res, € ([H1(Q)]2)* and Ress € (H'(2)/R)* defined by
Res; (¢) := a(¢n,¥) + b(¥, an) — (f,¥)12(0),
Resa (8) = b(¢n, B) — d*c(an, B) — b(g, B)
for all ¥ € [H1(Q)]? and 8 € H'(Q)/R. Here,

F(v)
1Bll1,q =18l +d|Bl, and |[F[l(z (o)) a = T
ve(H(Q)/R)\{0} \|U||1,d

For a triangle T" € T and an edge F' € € we define the local residuals as
Ry = (—divCe(¢n) + Curléy, — I f)|7, Rp = [Ce(én)]rrp,
Sr = rot(¢y, — d? Curl &y, — I1g)|r, Sp = [pn — d* Curl &, — Mig)p - 7p.

We define
kr = min{1, hr/d}.

Define the local error estimator contributions
fir(T) := hr|Re|r + he||(f = We H)lls A3(T) = krl|Srllr +d~ g — kgl 7,
f(T) = | > helRelf, fa(T) = (rr/d)?

FeE(Q)
FCT

The following result proves the reliability and efficiency of the error estimator
for the rescaled system.
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Theorem 3. The error estimator is reliable and efficient in the sense that

Resullr-(o) S [ > (A3(T) + A3(1)),

TeT

IResa | (1) /r)*d S Z (1))

TeT

(10)

and, for any T € T,

i1 (T) + f2(T) S b = dnlrwr + 16 = dnllwr + 1o (f = i f)llwr,

f13(T) + ua(T) S krld = Pnliwr +d|& = dnliwr +d 7 |g = gl
Proof. Proof of reliability, first part. Let ¢ € [H}(Q)]? with |[Vy| = 1
be arbitrary. Let ¢, € ®;, be an L?-stable quasi-interpolation [Ver13] of .
The discrete equation (4) shows that Resi(¢n) equals —(f — Il f, ¥n)r2(q)-

Therefore, a piecewise integration by parts and the continuity of ey := ¥ — ¥y,
prove

Resi (1) = Resi(ey) — (f — Wi f, ¥n) 120
=Y (Rriep)zy+ Y, (Rrey)rzr) — (f =T f, )2

TeT FeE(Q)

A weighted Cauchy inequality reveals

Resi($) < Y |hrRellr [|hptesllr + Y |Relle leyllr
TeT Fee(Q)

+ Y b (f = T )|z llhz (& — Te) |7

TeT

The trace inequality [Verl3, Remark 3.6], the approximation properties of 1y,
and standard estimates imply the claimed bound.

Proof of reliability, second part. Let now 3 € H'(Q2)/R be given with
18Il = 1 and By € @y its quasi-interpolant. We write eg := 8 — 8. The
inclusion @}, C ker(Resz) from (4) proves

ReSQ(ﬁ) = ReSQ(e,B) = ((Zsh - d2 Curl ééh — Hkg, Curl e,B)LQ(Q) + b(g — Hk-g, 6[3).

Integration by parts yields

Resy(8) = — > (St.es)r2ry + Y (Srres)rar) + blg — kg, ep). (11)

TeT Feé

The approximation properties of the quasi interpolant [Ver13]

legllr < min]| 8w, Lwr}t and gl S 1Bl wr (12a)

prove

—1/2
hellegllr S 4/ 1Bllor 1Bl1wr  and lesllr S rrllBllar (12b)
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for the local norm

18I0, := IBll7 + d|Bl1,7-

The multiplicative trace inequality and the Young inequality therefore prove

—1/2 1/2 1/2 _
lesllr < hp?lleslre + llesllr leslime < d™2|Bllur, +dY18l1wr,

for any Tr € T with FF C T. On the other hand, the standard trace inequality
and (12) lead to

—1/2 1/2 1/2
legllr < b *llesllrs +hi leshre S ht21B

l,wTF M

Hence,

legllr < min{dY2,n%/d} |1Bl1awr, = (1o /d)? [1Bll1.dwr, -

Therefore, the second term in (11) can be estimated as

S (Srep)em S | D, D A kr 1Sk}

Feeg TeT Feé
FCOT

This and (12b) and standard estimates for the remaining terms of (11) show
the second estimate of (10).

Proof of efficiency of i1 and [io. Since the volume residual can be
rewritten as

Ry = (—div(Ce(¢n) — apIt) — I f) | with I+ = [9 1],

well-known local efficiency estimates [Ver13] show the stated bound for fiy, fia.

Proof of efficiency of jiz. To this end, define the volume bubble by €
H(T) by br := A2z for the barycentric coordinates \;, j = 1,2,3 of T
and let ¢ := by St. Equivalence of norms and the second equation of (8) with
piecewise integration by parts lead to

IS7(|72 ¢y = (S5 @) 12(1) = b() — b, ) — d° e(& — i, ) — bg — Tig, ).
The local support and the scaling of ¢ then lead to
kr |Srllr S K1 ld — dnlir + dléd — aplir +d g — gl r (13)

where we used the elementary formula dkr/hr < 1.

Proof of efficiency of [i4. Similar to [Ver98, Verl3], we define the d-
dependent edge bubble b 4 in the following way. For any T = conv{a,b,c} € T
and any edge F' = conv{a,b} € &(T), define the triangle K 4 by

Kprg=T ifd>hrp, and Ky g = conv{a,b,cq} ifd<hrp,

where ¢ = (a+b)/2+d(c— (a+b)/2) and hr p = |c— (a+b)/2|, see Figure 1.
In what follws, we fix T' € T and an edge F of T and will bound iy (T). If F
is an interior edge, let T, T_ € T denote the two triangles with F' =T, NT_
(one of them being T'). Let bp 4 € H{(2) be the edge bubble of F with respect
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Figure 1: Subtriangles for d < hr.

to the triangles K7, 4 and K7_ 4. In particular, supp(brq) = @p,q with wp,q :=
int(Kr, qUKr_ 4). Moreover, [brql/z0) <1 and

Vb rall Lo () S min{d, by} ™' ~ (drr) " (14)

Let J € Hl(wgd) be a continuation of Sg that is constant in the normal direc-
tion. Define ¢ :=bp 4J € H}(wp,4). Then

lpll < 1T llwp.q S min{d, b} 2T\ p ~ (dig) 2] T . (15)

Moreover, the product rule, the properties of the continuation .J, an inverse
inequality along F', and the scaling property (14) imply
Vel SNV I llwra + (dor) " I op
< min{d, hy}/2(|0J /07| F + (drr) ||| #) (16)
< (dor) 2| ||
where for the last step, elementary calculations show k! (dkr)/? < (drg)~1/2.

We abbreviate Z := ¢, —d? Curl &, —II;.g. Equivalence of norms and integration
by parts lead to

”SFH% = ([Z]F “TF, @)LQ(F) = (Zv Curl @)LZ(wF,d) + (I‘Otg'Z, 50)L2(wF,d)' (17)

Let wp = T4 UT-_ denote the patch of F. The second equation of (8) proves
for the first term on the right-hand side that

(Z, Curlcp)Lz(wF’d)
= ~b(¢ — o1, p) + d* c(& — G, p) + b(g — g, )
<16 = nliwe Il + 6216 — anlrr IV9] + lg = gl [ V0]
S ((d) 216 = Gl + (drr) ™ H (@210 = @l + 9 = Tegllur) )

where we used the scaling (15)—(16) of ¢ in the last step. The Cauchy inequality
and the scaling (15) lead for the second term on the right-hand side of (17) to

(rotsZ, ) 12(wr) = D, (Sk,@)r2) S (drr) 1Tl > 1Skl
K=T,,T_ K=T,,T_

The combination of the foregoing three displayed formulae with the bound (13)
reveals

(k7 /) 2|SEllr S #7116 = Snhwe +dlé — @nlrwe +d7 g = Mgl

If F' is a boundary edge, the proof follows the same lines with 7 = (). Summa-
tion over the edges of T then proves the stated efficiency of fis (7). O

10
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Figure 2: Initial triangulation and mesh after two refinements of the experiment
from Section 4.1 and initial triangulation of the experiment from Section 4.2.

Remark 5. Estimate (13) reveals the sharper efficiency bound

f13(T) < k1 |¢— ol +min{l,d/hy}d|& — |1 r +min{hyt, d " }||lg — gl 7.

4 Numerical results

This section is devoted to two numerical experiments. In the experiments, the
error estimator was computed with 7 instead of IIyn. According to Remark 3,
these two quantities are equivalent. We refrain from introducing new symbols
for these slightly modified estimators and simply use the notation g, ..., us for

the global estimators p1; := /> pcq 5 (T). Let h := max{hr | T'€ T} denote

the maximal mesh-size of T.

4.1 Disc domain with exact solution

We consider the solution provided by [AF89b] for the unit disc Q = {z%+y? < 1}
with simply supported boundary I'sss = 0€2. In this example, the exact solution
is known and the exact error can be compared to the error estimator. The
precise data can be found in Appendix A. We choose the material parameters
as E =1000, v =0.3, Kk =5/6.

As explained in [AF89b, AF90], in this case D**¢ is of order t~*+1) in a
strip of width proportional to ¢ close to the boundary for £ = 0,1. This im-
plies | D2#¢|| ~ ¢t~ +1/2). The error bound involving h*+1||D?**¢|| therefore
suggests that asymptotic convergence can be observed is visible for h < ¢'/2 if
k=0 and for h <3/*if k= 1.

To resolve the curved boundary of €2, we choose polygonal approximations
from the interior and the following mesh refinement method: uniform mesh
refinement (red refinement), after which the resulting boundary vertices are
projected to the boundary 012, is followed by one local refinement of all elements
near the boundary. More precisely, we mark all triangles containing a boundary
vertex and refine with newest-vertex bisection [Verl3], and then project new
boundary points to the boundary of Q. Since in all diagrams, the symbol h
refers to the maximal mesh size, the locally refined meshes have a resolution
of order h? near the boundary. The initial triangulation and the triangulation
with maximal mesh-size h = 1/2/16 is displayed in Figure 2.

The convergence history of the errors and error estimators for the discret-
ization for £ = 0 and k = 1 is plotted in Figure 3 for ¢t = 1 and in Figure 4

11
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Figure 3: Numerical results for the disc domain ¢t = 1 for £ =0 (left) and k =1
(right) from Subsection 4.1.
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Figure 4: Numerical results for the disc domain ¢ = 1/100 for &k = 0 (left) and
k =1 (right) from Subsection 4.1.
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for t = 1/100. The error |¢ — ¢p|; shows a convergence rate of h**2 in all
experiments as predicted by [GS21], while the error t|a — ay|/vVEX converges
with rate h**+1. Moreover, t|a — ay| /v EX shows for t = 1/100 a preasymptotic
stagnation and the start of the asymptotic convergence rate can be observed for
approximately h = 1/10. The single parts of the error estimator also converge
with different convergence rates. While j; and g converge with rate h*+2 for
t = 1, the error estimator parts us, p4, and s converge with rate h**1. While
in the efficiency bound of 3 and p4 in Theorem 3 the norm t|a — ap|i/vVEX
enters, the upper bound for ;1 and s contains only the L? norm of the error in
a. The right-hand side in this example possesses the smoothness n € H2~¢(Q)
for any ¢ > 0, which explains the convergence order h*+! with k = 0,1 for us.
For t = 1/100, the observed asymptotic convergence rates are similar for k = 2,
but the convergence starts after a preasymptotic range. For k = 0, the range of
mesh sizes under consideration seems not sufficient for observing the asymptotic
convergence order h in the case ¢t = 1/100.

4.2 L-shaped domain

We consider the domain = (—1,1)%\ ([0,1] x [-1,0]) with hard clamped
boundary I',e = {0} x [-1,0]U [0, 1] x 0 and free boundary I't = 92\ I',c. The
vertical force ¢ takes the value —16 on the square (f%, 7%)2 and 0 elsewhere.
Accordingly, 7 is chosen as

B {(min{4, 1621 +12},0) ifz; > —2 and — 3 <2y < —1,

n(z) = .
0 otherwise.

The material parameters are chosen as F = 1000, v = 0.3 and x = 5/6.

The discrete solutions and their error estimator terms are computed on a
sequence of uniformly refined meshes and on a sequence of meshes refined by
an adaptive algorithm with the steps Solve, Estimate, Mark, Refine. The error
estimator u is used in the Dérfler marking with bulk parameter 1/2, see [Verl3]
for details. The initial triangulation is displayed in Figure 2. In the numerical
example from Subsection 4.1, the quality of the approximation was bounded
by the approximation of the circle and therefore, we restricted the presented
experiments to £k = 0 and £ = 1. In contrast to that, the full approximation
properties for kK = 2 can be utilized in this example, and therefore the shown
results are mostly for £k =0 and k = 2.

The adaptively generated meshes for k =0 and k =2 and for t =1 and ¢ =
1/100 with approximately 7000 elements can be found in Figure 5. The mesh-
refinement for ¢t = 1 occurs mostly at three places: Near the square (—3 —%)2,
where the force does not vanish, at the re-entrant corner (0,0), and at some
of the other corners. The mesh-refinement at the re-entrant corner seems to
be stronger than at the other corners, which is in accordance with the local
regularity predicted by [RS11] which is H'**(w,) for some neighborhood w,
of (0,0) for s = 0.60404435890. In comparison to that, the predicted local
regularity at the corners (0, —1) and (1,0) is s = 0.75834915, while for the other
corners it is s = 1. Possibly due to the force that concentrates on the lower left
of the domain, the corner (1,0) is not refined for k¥ = 0, while a slight mesh-
refinement can be observed at (0, —1). Since local H? regularity is not enough to
exploit the full approximation properties for k = 2, we expect a local refinement
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Figure 5: Adaptively generated triangulations with approximately 7000 ele-
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Figure 6: The different error estimator terms for t = 1/100 and k = 0 (left) and
k =1 (right) on adaptively refined meshes for the numerical experiment on the
L domain from Subsection 4.2. When (—2, —1) is resolved by the triangulation,
the oscillations of n vanish and are therefore not included in the diagram.

at all corners for k = 2, which can in fact be observed. Moreover, for kK = 2 the
refinement in the interior is not more or less equally distributed at the whole
square (—%, —%)2 as for £ = 0, but it is concentrated at the corners of that
square. For ¢ = 1/100 the solution develops a boundary layer and therefore, the
mesh-refinement concentrates at the boundary layer and at the singularity at
the re-entrant corner, but hardly any mesh-refinement takes place in the interior
of the domain, especially for £ = 2. While for £ = 0, the mesh-refinement at
the boundary is only observed at the free boundary, the mesh-refinement for
k = 2 takes place also at parts of the hard clamped boundary. This conforms
to the theory of [AF90] where it is explained that the boundary layer at the
hard clamped boundary does not affect the first two derivatives of ¢. This is
why the low-order approximation with & = 0 does not suffer from a boundary
layer effect in the hard-clamped configuration, in contrast to the case k = 2,
where higher-order derivatives of ¢ enter the approximation bounds and scale
with negative powers of the thickness t.

In Figure 6, the single error estimator terms for ¢ = 1/100 and k£ = 0 and
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Figure 7: The error estimator on uniform and adaptively refined meshes for
k=0,1,2and t =1 (left) and ¢ = 1/100 (right) for the numerical experiment
on the L. domain from Subsection 4.2.

k = 2 on adaptively refined meshes are plotted against the number of degrees
of freedom. The error estimator term p4 shows after a large preasymptotic
stagnation up to approximately 10° degrees of freedom a convergence rate of
ndof ~(#t1)/2 The error estimator term ps shows for k = 2 also a convergence
rate of ndof ~(¥+1)/2 hile for k = 0 it is slightly larger, which is in accordance
with Remark 5. The error estimator terms pq and po show as in the numerical
example of Subsection 4.1 a better convergence rate of almost ndof ~(*+2)/2, The
superconvergence result of [GS21] applies in general also to non-uniform meshes.
However, the superconvergence is only with respect to the maximal mesh-size to
the power s, where s is the elliptic regularity constant for the Poisson—Neumann
problem, in this case the limiting regularity is s = 2/3. The superior convergence
rate of p; and ps could be a hint towards the superconvergence of the error in
¢. Since only the whole error estimator is an upper bound of the error in
¢, it is, however, an open question, whether the error in ¢ shows a better
superconvergence behaviour as predicted by the theory.

In Figure 7 the error estimator p is plotted against the number of degrees
of freedom for k =0,1,2 and ¢t = 1 and ¢ = 1/100 on uniformly and adaptively
refined meshes. For ¢ = 1, the error estimator for k¥ = 1 and k = 2 show
a convergence rate of ndof %3 on uniform meshes, while for & = 0, a better
convergence rate of ndof % is observed. However, as pu lies still above the
error estimator for K = 1 and & = 2 on uniform meshes, it is assumed that
the better convergence rate is only a preasymptotic effect. The convergence
rate is in accordance to the predicted regularity of H'*4(Q) with s = 0.6... as
above. For k = 0, it seems that the adaptive refinement has no effect on the
convergence rate in this still preasymptotic regime. For k = 1 and k = 2, a clear
improvement to the optimal convergence rate ndof ~(*+1)/2 can be observed for
adaptively refined meshes. For ¢ = 1/100 the same asymptotic convergence
rates are observed except for the uniform refinement for ¥ = 1 and k£ = 2.
In these two cases, the error estimator shows a convergence rate between 1/2
and 1 in terms of number of degrees of freedom. This is probably due to the
unresolved boundary layer for the uniform mesh-refinement. In contrast to
t = 1, all error estimator terms show a preasymptotic worse convergence rate
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up to approximately 10° degrees of freedom.

A Collection of formulas

The exact solution from [AF89b, Table 4] is given in polar coordinates (r, 6) as

follows.

Given the material parameters F, v, x, and the thickness parameter ¢,

define the constants

A= (1+v)'Ex/2, D=E/(12(1-1?), a=V12k.

Given the right-hand side £(r,0) = cos#, the rotation ¢ (given in radial and
angular parts) and the displacement w read

¢ = [4r®/(45D) + 3ar® + b — e\ 2 +r AT dt? I (ar /t)] cos O
b9 = [-r*/(45D) — ar? — b+ e\t — da\" I (ar/t)]sin 6

w

= [r*/(45D) — A 1%r? /3 + a(r® — SDAT rt?) + br — A" 27 cos 6.

Here, I is the modified Bessel function of the first kind [AS64] of order 1, and
the functions involved in these expressions are given as follows

f = 15[(3a® + v + 8t*) I (a/t) — 8axt I} (e /t)],

a = [—(4a® + &®v + 10t [, (ee/t) + 10atI’ (e /t)]/ (2D ),
b= [(6a® + a®v + 14t3) I, (a/t) — 1dat];(a/t)] /(6D f),
c=a’(1-v)L(a/t)/f,  d=2)/(Df).

Note that n(r,0) = r ( sin® () ) satisfies —divny = /.

— sin(6) cos(0)
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