Mathematical Statistics, Winter term 2018/19
Problem sheet 1

1) (i) Let
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Prove that X7 X is regular if the set {vy,...,v,} contains at least k + 1 different
values.

Hint: Choose ¢ = (c1, ..., cxi1)T # Opy1 == (0,...,0)T and compute ¢ XT Xec.
(ii) Let

v V2 vF

vy V3 v
X = . .

v, V2 oF

Prove that X7 X is regular if the set {vy,...,v,} contains at least k different
non-zero values.
Hint: Consider the matrix

1 0 0 0
1 v vl oy
X = | 1 vy 03 vh
1 v, 02 vF
2) Suppose that
Y = XpB + ¢

holds for some 3 € R* and that Ee = 0,,, Cov(e) = ¥, where ¥ is a regular matrix.

(i) Show that
f = (XTo ' X)) ' XxTe y

is an unbiased estimator of  and compute Ejg [(B\— 6)(5 — ﬁ)T} .

(ii) Let E = LY be any arbitrary unbiased estimator of [.

Show that B B R R
B (3-8 -8)"] - B |(B-5)(B-5)"]

is non-negative definite.



Hint: A symmetric and positive definite (n x n)-matrix M can be represen-
ted as M = Y."  Neel, where A, ..., \, are the (positive) eigenvalues and
e1,...,e, are corresponding eigenvectors with el'e; = 0 for i # j. Then M'/? :=

Yoy VAiesel and MYV? =370 (1/y/ Niee]

To prove (ii), use the fact that
<L21/2 . (XTZle)leTEfl/2) <L21/2 . (XTle)lXTEI/Z)T

is non-negative definite.



