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26) Let X1, . . . , Xn be i.i.d. with Xi ∼ Uniform([0, θ]), where θ ∈ (0,∞).

(i) Compute the maximum likelihood estimator θ̂ML,n of θ.

(ii) Compute the distribution function of n(θ − θ̂ML,n). What is the limit of these
distribution functions as n→∞?

Definition A sequence of real-valued random variables (Xn)n∈N on (Ω,A, P ) is bounded
in probability (or tight), if for every ε > 0 there exists Mε <∞ such that

P (|Xn| > Mε) ≤ ε ∀n ∈ N.

27) Let (Xn)n∈N0 be a sequence of real-valued random variables on (Ω,A, P ) and let

Xn
d−→ X0 (convergence in distribution).

Show that (Xn)n∈N is bounded in probability.

Definition Let (Xn)N be a sequence of real-valued random variables on (Ω,A, P ) and let
(αn)n∈N be a sequence of strictly positive real numbers. Then

(i) Xn = OP (αn), if (Xn/αn)n∈N is bounded in probability,

(ii) Xn = oP (αn), if Xn/αn
P−→ 0.

28) Let Xn = OP (αn), Yn = OP (βn), and Zn = oP (βn).

Show that

(i) Xn + Yn = OP (max{αn, βn}),
(ii) Xn · Yn = OP (αnβn),

(iii) Zn = OP (βn),

(iv) Xn · Zn = oP (αnβn).


