Measure Theory, Winter semester 2021/22
Solutions to Problem sheet 2

3) Let @ =Nand let C:={A C Q: Aor A is a finite subset of Q}.

(i) Show that C is a ring but not a o-algebra on 2.
(ii) For A€ C,let u(A) = 0if A is finite and p(A) = 1 if A is infinite.

Show that u is a content on (£2,C). Is p a pre-measure on (2,C)?

Solution

(i)

We verify that the axioms of a ring are fulfilled by C:

a) () € C since () is a finite set.

b) Let A, B € C. We have to show that A\ B = AN B¢ belongs to C.
Case 1: If at least one of the sets A and B¢ is finite, then AN B¢ is finite, and
so A\ B eC.
Case 2: If both sets A and B¢ are infinite, then A¢ and B are finite. In this
case (A\ B)° = (AN B¢ = A°U B is finite; hence A\ B € C.

c) Let A,B €C.
Case 1: If both A and B are finite, then AU B is also finite. Hence, AUB € C.
Case 2: If at least one of the sets A and B is infinite, then at least one of A¢
and B¢ is finite. Hence, (A U B)° is finite, and so AU B € C.

C is not a o-algebra on N since {1}, {3},... € C but |J;=,{2i — 1} ¢ C.

It is easy to see that u is a content on C:

@ is a non-negative function and u(0) = 0.

Let A; and A, be disjoint sets that belong to C.

Case 1: If both A and B are finite, then u(AU B) =0 = u(A) + u(B).

Case 2: If one of the sets A and B is infinite and the other set is finite, then
W(AUB) =1 = u(A) + pu(B).

Both sets A and B cannot be infinite simultaneously. Since AN B = ) we have
that A C B¢ If A is infinite, then B¢ is also infinite which implies that B is finite.

i is not a pre-measure on C. To disprove c-additivity, consider the singletons

A; = {i}. Then Uf;{Z} =N e C, but Uf;{l}) =1>0= Z?:l n({i}).



4) Let P: B¢ — [0, 1] be a probability measure on (R?,B¢), and let F: R? — [0, 1] be the
corresponding distribution function, i.e.

F(zy,...,2q) = P((—00,21] X -+ x (=00, x4]) Vay,...,zq € R.
Show that, for all xq,...,24 € R, y1,...,yq4 >0,

d .
P((z1, xatp] X - x(2q, 2atya]) = Z (=)==1 O F 21401y, - ., wa+0aya).
(01,-...04)€{0,1}4

Hint: Consider the sets A; = (—oo,x1 + y1] X -+ X (=00, ;1 + y;i—1] X (—o0,x;] X
(=00, Tit1 + Yir1] X -+ X (=00, 24 + yd].

Solution
Let A; = (=00, 214+ y1] X - X (=00, Ti—1 + Yi—1] X (=00, ] X (=00, Tiy1 +Yip1] X -+ ¥
(=00, z4 + yal-

We obtain by the inclusion-exclusion principle that

P(AjU---UAs) = Y (=D Y P(A,n---NA4,)

d
k=1 1<ih <. <ip<d

d _
- Z (—1)== T () + Oy, g+ Oaya)-
0€{0,1}4,0+#£(1,...,1)

Then

P((z1, 21 + 1] X - X (24, Tq + Ya])
= P((—o0,x1 +y1| X -+ X (00,24 + yaq]) — P(AyU---U Ay)
(—1)d+dF(£L'1 +Y1,..., g+ yd)

+ Z (_1) ?:1(1_6i)F(m1 _’_glyla"')xd—'—edyd)‘
0e{0,1}4,64(1,...,1)



