Measure Theory, Winter semester 2021/22
Solutions to Problem sheet 6

12) Let p and pui, (n € N) be measures on a measurable space (€2, A) such that 1, (A) 7 pu(A)
for all A € A, and let f: Q@ — [0,00] be an (A — B)-measurable functions satisfying

Jo fdp < 0.
/chmn / /Qfdu-

Show that
Hint:  Show first that (fodun)neN is a non-decreasing sequence, and then that
iy, oo [o f dpin < fo, fdp and [, fdp < limy, o [ fdpn + € Ve > 0.

Solution
Let
Sy = {s: 2 — [0,00) is an A-simple function, s(w) < f(w) Yw € Q}.

Then, for any s = Zle a;l4, € Sy,

k k
/Sd/in = Z%Mn(Ai) S Z%M(Ai) = /Sd%
2 i=1 i=1 Q
which implies that

/fd,un = sup{/sd,un: sESf} < sup{/sduwrl: SESf} = /fdun+1 Vn e N
Q Q Q Q

as well as

/Qfd,un = Sup{/gsdpn: SESf} < Sup{/ﬂsdu: SGSf} = /Qfd,u.

Hence, the limit of the integrals fQ f du, exists and

n—o0

I duy < | fdp. 1
lmeM</QfM (1)

To prove the reverse inequality, choose any € > 0. Then there exists an A-simple
function s = Zle a;14, € Sy such that

/fd,uﬁ/sdu%—e.
Q Q

On the other hand, we have that [, sdu, 7 [, sdu, which implies that

/fd,ug lim/sdun—l—eg lim/fdun—l—e. (2)

(1) and (2) together imply that lim,, o [, f du, = [ f dp.



13) Let (€2,.A) be a measurable space, let © be an arbitrary measure on (€2,.4), and let v
be a finite measure on (€2, A).

Show that v < p if and only if for each € > 0 there is some § = §(¢) > 0 such that
each A-measurable set A that satisfies (A) < ¢ also satisfies v(A) < e.

Hint:  For the proof that v < p implies that for each € there is a suitable §, assume
that there exists some € > 0 and that there exist sets Ay, € A satisfying u(Ay) < 1/2F
and v(Ay) > €. Show then that p( (.~ Ure,, Ak) = 0 and v((,_; U, Ak) > €.

Solution

(=)

Suppose that v < p.

We prove the conclusion by contradiction. Assume that there exists some € > 0
such that there exist A-measurable sets Aj, satisfying p(Az) < 1/2% and
v(Ag) > e. Then p(Upe, Ar) < dopo, (Ag) < 27" Since pu(Up—,, Ax) is fi-
nite for all n it follows by continuity from above that

(A0 - 0a) 0w

n=1k=n

On the other hand, we have that v({J;,, Ax) > v(A,) > € for all n. Since v is a
finite measure we have that v(|J;—, Ax) < oo and it follows again by continuity
from above that

(A0 - mme(0n)ze

(3) and (4) together contradict v < p and our assumption that there exists some
€ > 0 for which there is no suitable 6 must be wrong.

Suppose that for each ¢ > 0 there exists some § = d(¢) > 0 such that each
A-measurable set A that satisfies u(A) < ¢ also satisfies v(A) < e.

Suppose now that A € A and u(A) = 0. Since pu(A) < 6(1/2%) for all k € N it
follows that v(A) < 1/2%, and so v(A) = 0. Hence, v < p.



