Measure Theory, Winter semester 2021/22
Problem sheet 2

3) Let @ =Nand let C:={A C Q: Aor A is a finite subset of Q}.

(i) Show that C is a ring but not a o-algebra on 2.
(ii) For A€ C,let u(A) =0if A is finite and p(A) = 1 if A is infinite.
Show that u is a content on (£2,C). Is p a pre-measure on (2,C)?

4) Let P: B¢ — [0,1] be a probability measure on (R¢, B¢), and let F: R? — [0, 1] be the
corresponding distribution function, i.e.

F(zy,...,2q) = P((—o00, 1] X -+ X (—00, x4)) Vay,...,zq € R
Show that, for all z1,...,24 € R, y1,...,yq4 > 0,

d )
P((l’l, x1+y1] X 'X(I’d, l‘d+yd]) = Z (—1)Zi:1(1701)F($1+91y1, .. ,xd+9dyd).
(91 ,,,,, Qd)G{U,l}d

Hint: Consider the sets A; = (—oo,x1 + 1] X -+ X (=00, ;-1 + y;—1] X (—00, 4] X
(=00, Tig1 + Yis1] X - -+ X (=00, 7q + Yal-



