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5) Let λ∗: 2R → [0,∞] be the outer measure on R defined by

λ∗(Q) =

{
{
∑∞

i=1 λ
1
0(Ai): A1, A2, . . . ∈ B1

0, Q ⊆
⋃∞

i=1Ai} if {. . .} 6= ∅,
+∞ if {. . .} = ∅.

Using only the definition of λ∗, show that λ∗(C) = 0 if C is a countable subset of R.

6) (A model for countably many fair coin tosses)
Let

Ω = {ω = (ω1, ω2, . . .): ωi ∈ {0, 1} for all i ∈ N},

Cn = {A× Ω: A ⊆ {0, 1}n} =
{
{ω ∈ Ω: (ω1, . . . .ωn) ∈ A}

∣∣∣ A ⊆ {0, 1}n}
and

C =
∞⋃
n=1

Cn.

Define P0: C → [0, 1] such that, for A ∈ {0, 1}n and n ∈ N,

P0(A× Ω) = P0({ω ∈ Ω: (ω1, . . . , ωn) ∈ A}) =
#A

2n
.

(i) Show that C is an algebra (and therefore a ring) on Ω.

(ii) For each c ∈ [0, 1], let Bc = {ω ∈ Ω: 1
n

∑n
i=1 ωi −→

n→∞
c}.

Show that Bc ∈ σ(C).
(Hint: Use that {ω ∈ Ω: | 1

n

∑n
i=1 ωi − c| ≤ 1

m
} ∈ C.)

(iii) Let A× Ω = B × Ω, where A ⊆ {0, 1}m and B ⊆ {0, 1}n.

Show that
P0(A× Ω) = P0(B × Ω).

(iv) Show that P0 is a content on C.
(Actually, it can also be shown that P0 is a pre-measure on C.)


