Measure Theory, Winter semester 2021/22
Problem sheet 6

12) Let pand 1, (n € N) be measures on a measurable space (€2, .A) such that p,(A) 7 u(A)
for all A € A, and let f: Q — [0,00] be an (A — B)-measurable functions satisfying

Jo fdp < oo
/Qfdun / /Qfdu-

Show that
Hint:  Show first that (fﬂfdun)neN is a non-decreasing sequence, and then that
iy, oo [o f dpin < [ fdp and [, fdp < limy, o [ f dpn + € Ve > 0.

13) Let (£2,.A) be a measurable space, let © be an arbitrary measure on (£2,.4), and let v
be a finite measure on (£2,.4).

Show that v < p if and only if for each € > 0 there is some § = d(¢) > 0 such that
each A-measurable set A that satisfies u(A) < § also satisfies v(A) < e.

Hint:  For the proof that v < p implies that for each € there is a suitable §, assume
that there exists some € > 0 and that there exist sets Ay, € A satisfying pu(Ax) < 1/2F
and v(Ay) > €. Show then that p( ()~ Ure, Ak) = 0 and v((,—; Ure,, Ak) > €.



