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Problem sheet 7

14) The assumption of σ-finiteness in Theorem 2.6.2 is essential:
Consider the measure spaces (R,B, λ) and (R,B, ν), where λ is Lebesgue measure and
ν is counting measure.

(i) Show that the set E := {(ω1, ω2) ∈ R2: ω1 = ω2} belongs to B ⊗ B.

(ii) Compute
∫
R ν(Eω1) dλ(ω1) and

∫
R λ(Eω2) dν(ω2).

15) Let (Ω,A, µ) be a σ-finite measure space, and let f : Ω → [0,∞] be a non-negative
(A− B̄)-measurable function.

(i) Show that the set Ef := {(ω, y) ∈ Ω× R: 0 ≤ y < f(ω)} belongs to A⊗ B̄.

(ii) Prove that ∫
Ω

f dµ = (µ⊗ λ)(Ef ).

(The set Ef is the “area under the curve” and (µ⊗ λ)(Ef ) is an alternative defi-
nition of the integral.)

16) Let λ be Lebesgue measure on (R,B).

Compute
∫

[0,1]

[ ∫
[x,1]

e−y
2/2 dλ(y)

]
dλ(x).

Hint: Use the fact that (e−y
2/2)′ = −ye−y2/2.


