Mathematical Statistics, Winter semester 2021 /22
Solutions to Problem sheet 7

18) Let Xi,...,X,,Y1,...,Y, be independent random variables, where X; ~ A (6;,1) and
Y; ~ N(QQ, 1)

Find a likelihood ratio test of size a > 0 for

H()i 91 = 02 VS. Hli 91 7& 92.

Solution
Let X := (X1, ..., Xp, Vi, ..., Yo)T. Then X NN((gﬁg),gn).

Testing problem: For 6 := (Z;),

Hy: 06@0::{(3):0461&} vs. Hi: 06@1::{(32):&1,0426]1%}

Let © := (T1,..,Zn;Y1,---,Yn)". Since @ — pg(x) is continuous for all z, and O is
dense in © := Oy U 64,

sup{ps(z): 0 € ©1}  sup{py(x): 0 € ©}  ps(z)

suplp(@): 0€ O} — suplpo(a)s € O] — p @)

L(z) =

where # and 50 are respective maximum likelihood estimators in © and O,

- (5) - (i)

Therefore,

py()
g, ()

exp{ — 5[ ;(xi — 7,)* + X
exp{ — 5[ 22 (@i = T + T — (T + T0)/2)? + D0,Yi = Tn + G — (Tn + Tn) /2)%]}
n B Tp + Un\2 _ To + UYn\ 2
= ep{g] (e -0 ") + (- 257) |

-~ -~

:(fn_gn)2/4 :(fn_gn)2/4

—  L(2)is monotonically increasing in |7, — ¥y|-
Since, under Hy, X, — Y, ~ N(0,2/n), the size « likelihood ratio test ¢, is given by

(z) = { Lo i /2, — gl 2 071 - a/2),
a 0, if /n/20z, — gl <271 - a/2).



19) Assume that Z has a t-distribution with n degrees of freedom.

Show that
P(Z<t)=P(-Z<t) Vvt € R.

Hint: Use the fact that, for X ~ N (0,1), P(X <u) = P(—X < u) holds for allu € R.

Solution
Let X and Y be independent random variables which are defined on a probability
space (€, A, P) such that X ~ A(0,1) and Y ~ x2. Then the random variable Z has

the same distribution as Z := X/\/Y/n has under P.
We obtain that

P(Z<t) = P(Z<t)
— ﬁ()z/ 37/n§t>
= [ P(Z<tyT[7 =) aPT )
T
— [ P <ty aP )
= P(=X<t\/y/m)
= P(-X/V/n<t) = P(-Z <)




20) Show that the one-sided t-test is unbiased.

Solution
Framework for a one-sided ¢ test: Xy, ..., X, ~ N (u,0?) independent,

Hy: (:2) € (=00, o] x (0,00) VS. H;: (52) € (o, 00) x (0, 00)
If o is the prescribed level of significance, then the corresponding likelihood ratio test ¢,
is given by

(2) = 1 if T,(z) > th_11-a,
Pall) =9 if T,(x) < th-11-a

where

\/ﬁ(ffn — o)
T.(z) = .
Vit S (= 2

If = po, then T,,(X) ~ t,_1 and

sup E(u)@a(X) = E(Zg)(pa(X) = P(uo)(Tn(X) > th11-a) = Q.

pp<po o7 o2 \t/—’
If > po, then
E(UHQ)‘Pa(X) = P(U“Q)(TH(X) > th11-a)
- P ( VX — o) >t 14 )
N T (X - X2




