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1 Models for time series

This course is intended to familiarize you with some popular models for time series and
their properties, as well as with statistical methods for estimating unknown parameters.
The following table shows measurements of the daily temperatures (in degree centigrade)
in the city of Jena in March 2021. These data, which are recorded at discrete times, form
a so-called time series. Loosely speaking, a time series is a set (x;)e7 of observations, each
one being recorded at a specified time t. In our case, we have three series, (x,gi))te{475 ,,,,, 31},
where xii) is the maximum, minimum or average temperature measured at day ¢, for
1 =1,2,3, respectively.

’ day ‘ maximum ‘ minimum ‘ average H day ‘ maximum ‘ minimum ‘ average ‘

3/4 12.6 2.5 6.0 || 3/18 74 0.3 2.9
3/5 5.8 22 2.2 | 3/19 5.0 23 1.3
3/6 6.8 43 0.5 || 3/20 3.0 4.0 0.2
37 7.5 A7 0.9 || 3/21 0.3 2.5 5.3
3/8 6.1 2.1 1.8 || 3/22 9.6 2.3 5.4
3/9 74 2.3 2.0 || 3/23 7.3 1.1 5.5
3/10 8.4 2.4 49 | 3/24 16.1 0.9 7.7
3/11 14.4 46 8.7 3/25 17.3 1.2 9.1
3,/12 11.0 4.2 7.7 | 3/26 17.8 3.6 9.9
3/13 11.0 4.1 6.9 || 3/27 12.2 1.5 6.5
3/14 8.6 3.8 5.8 | 3/28 14.0 0.0 7.3
3/15 9.5 3.1 5.0 | 3/29 22.0 7.8 13.7
3/16 8.8 2.7 5.0 || 3/30 23.8 3.5 12.8
3/17 45 1.7 2.9 | 3/31 25.8 3.8 14.1

Some structure in these three time series can be detected in the picture on the bottom
of this page. The red curve shows the maximum temperatures while the blue and the
green curves show the minimum and average temperatures, respectively. When we think
of these measurements as realizations of random variables we can guess that these
random variables show a similar behavior over the entire period of measurements, a
property which will be called “stationarity”. Moreover, temperatures measured at day t
are not far from those measured at day ¢ — 1. This indicates that an appropriate model
for our data should allow for dependence between the random variables. This course will
familiarize you with a few simple models for time series and with tools to deal with time
series data.
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1.1 Basic concepts, the Daniell-Kolmogorov existence theorem

In this subsection we introduce a few basic concepts which will be needed throughout
this course. We begin with a formal definition.

Definition. A stochastic process is a family of random variables X = (X;);er defined
on a common probability space (Q2, F, P).

For each w € Q, the function ¢t — X;(w) on T is called realization, trajectory or
sample path of the process X.

The term time series is used for the process X but also for a realization of X, where
the index set T is usually some set of equidistant points in R, usually but not necessarily
thought of time points.

In this course we restrict our attention to the following cases:
e T=N={1,2,..},7T=Ny={0,1,2,..} or T =7Z

e X, takes values in R or (sometimes) in C or R?

Problem: Suppose we have a (real) time series (X;);er which is defined on a prob-
ability space (2, F,P). Since each of the X; is a random variable on (2, F, P) it is
clear that X '(B) := {w € Q: X(w) € B} holds for all Borel sets B € B, and so
P({w: X,(w) € B}) is well-defined. (Note that X' does not denote the inverse map-
ping; X ~!(B) is the inverse image (preimage) of the set B.) What is less clear, however,
is to what extent we can draw conclusions about the random behavior of this process
over finite or even infinite time periods.
Let, for definiteness, T' = N. Does the probability measure P carry information about the
“joint distribution” of a finite or even an infinite number of random variables X, X5, ...?
In other words, for what kind of sets C' C R* := {(xl,:cg, )y € R} is the proba-
bility of the event {w € Q: (Xi(w), X2(w),...) € C} specified by the given probability
measure P? Since P is defined on the o-Algebra F, we have to identify sets C' C R*
such that

{we 2 (Xi(w), Xo(w),...) eC} e F. (1.1.1)

To this end, we make use of the following result from measure theory:

Lemma 1.1.1. Let (Q,F) and (¥, F') be measurable spaces, and let f: Q — Q' be an
arbitrary mapping. If f~Y(E') € F holds for all E' € &', where & is a collection of
subsets of V' such that o (E') = F', then the mapping f is (F — F')-measurable.

Proof. We use the good set principle and define the system of good sets,
G:={ECQ: fYE)eF}
The set G is a o-algebra on €. Indeed, we have:

a) f7HQ)=Q € F, hence Q' € G.



b) If E' € G, then f~'(E') € F, and so f~}(E") = (f~(£"))" € F, which means that
E*°eg.
¢) If E|,E),... € G, then f~'(E.), f(E),... € F, and hence f*1<Ufi1 E) -
U2, /7 (E]) € F. This implies that | J;2, E] € G.
Since by assumption £ C G we therefore obtain that
F' =0(&) Co(9) =6,

ie. fTY(E') € F for all E' € F'. Hence, the mapping f: Q — Q' is (F — F')-measurable.
[l

By assumption, X, Xy, ... are random variables which means that X;: Q — Ris (F—B)-
measurable, i.e. X; '(B) := {w: X;(w) € B} € F holds for all B € B. It follows from
Lemma that (X1,...,X,): Q@ — R is (F — B")-measurable. Indeed, we have, for
arbitrary By,..., B, € B,

(X1, .., X)) ' (Brx - x By) = {w: (Xi(w),...,X,(w)) € By x---x By}
= {w: Xi(w eBl}ﬂ...ﬂ{w: X,(w) € B,} € F.
eF eF

Since o ({By x -+ x B,: By,..., B, € B}) = B" we obtain by Lemma that

(X1,....X,)"(B) € F VBeB" (1.1.2)
(1.1.2) means that the joint distribution of a finite number of random variables is specified
by P.

The transition from the finite-dimensional to the infinite-dimensional case is achieved
by using so-called finite-dimensional sets (cylinder sets). Let

C, = {{(351,:52,...): (T1,...,%,) € B,Tpi1, Tpio, ... GR}: BGB”} = {BX]ROO: BEB"}

be the collection of all n-dimensional cylinder sets. Then the union of these sets,

C = an,

is the family of all cylinder sets. C is an algebra, and therefore also a ring on R* but
not a o-algebra. (C contains R* and is stable under the formations of complementation
and finite unions; but is not stable under the formation of countable unions.)

Let X(w) = (X1(w), Xa(w),...) and let C' € C be an arbitrary cylinder set. Then, there
exist some n € N and C,, € B™ such that C' = C,, x R*. Hence

XHNC) = {w: X(w) e C} = {w: (Xi(w),...,X,(w)) €C,} € F.
This implies, again by Lemma [I.1.1] that

(weQ: (X1(w), Xa(w),..)€CY = X1CO) € F  VC e o) (1.1.3)



While the o-algebra o(C) generated by the cylinder sets is too small for some purposes
in the case of processes in continuous time (i.e. 7' = [0,00) or T = R), this set is usually
rich enough when we deal with processes in discrete time. For example, the set {x €
R®: n~' >0 2y — p} (p € R) is contained in o(C) which means that the probability
n—oo
P({w: Xn(w) — p}) is well-defined, where X, =n~' >} | X; is the mean of a sample
n—oo
of size n. Although the probabilities of events {w € Q: (X;(w), X2(w),...) € C} are well-

specified for all sets C' € ¢(C), it might be difficult or even impossible to compute the
probabilities P({w € Q: (Xi(w), Xs(w),...) € C}) explicitly unless the set C' € o(C)
has a very simple structure. This is because X = (X3, X, ...) is an infinite-dimensional
object and sets C in ¢(C) may have a complex structure, leaving the simple case of
cylinder sets aside. Fortunately, it turns out that important aspects of the behavior of
a process (X;)ier can be read off from the so-called finite-dimensional distributions.
Here is a formal definition:

Definition. Let (X;)er be a stochastic process on a probability space (2, F, P). For
k € N and distinct times ¢, ..., t; € T, PXt-Xt is a finite-dimensional distribution
of the process X.

Knowledge of the finite-dimensional distributions is sufficient for many pur-
poses. Actually, if for a process (X;)ieny the probabilities PXt-%n(B) =
P({w: (Xi1(w), Xa(w),...) € BxR>®}) are given, it follows from the uniqueness theorem
of measure theory that P({w: (Xi(w), X2(w),...) € C}) is specified for all C' € o(C).
Therefore, it should not come as a surprise when the definition of stationarity given in
the next Subsection [[.252.1 is based on the finite-dimensional distributions.

Exercises

Ex. 1.1.1 Show that C is an algebra but not a o-algebra on R*°.

Ex. 1.1.2 Show that, for y € R,
{x € R*: lixt — u} € O'(C).
Ex. 1.1.3  Let (X})ic[,00) be a stochastic process on a probability space (€2, F, P) such

that

— Xy = 0 with probability 1,

— for0 <t <ty <...<t k €N, the increments X;,, X;, = X3, ..., Xy, = X4, |
are stochastically independent.

— for s < t, Xt—XSNN(O,t—S).

Find the finite-dimensional distributions PXt1Xtx



With our definition of a time series (X;):er we have tacitly assumed that we have an
infinite number of random variables on a probability space (2, F, P) at our disposal. But
does such a probability space that supports a countable or even uncountable number of
random variables with given properties exist a all? Few results in probability theory are
more fundamental or more well-known than the Daniell-Kolmogorov existence theorem.
It was first discovered by the British mathematician Percy John Daniell in a slightly
different setting, and later rediscovered by the famous Russian mathematician Andrey
Nikolaevich Kolmogorov. This theorem is also referred to Kolmogorov existence theorem,
Kolmogorov extension theorem or Kolmogorov consistency theorem. It basically states,
for any “reasonable” family {Htl,...,tk: ti,.. ty €T (t; #tjfori # j),k € N} of prob-
ability distributions (j, 4, is a probability measure on (R¥, B¥)), that there exists a
suitable probability space (Q, F, P) and a stochastic process X = (X;)ier on (Q, F, P)
such that

Pth""’th = Mty 1 Vk € N, th, oty € T (tz 7é tj for i 7é ])

Before we state this theorem, we take a closer look at the finite-dimensional distributions
of a given stochastic process (X;)er. It is obvious that, for each £ € N and arbitrary
distinct ¢4, ..., € T, the following properties are fulfilled:

1) For all permutations 7 of {1,...,k} and all By,..., By € B,

PXtW(l)""’XtW(’V) (Bw(l) X oo X Bw(k)) = Pth""’th (Bl X oo X Bk)

2) For k> 2 and all By,...,By_1 € B,

PXuroXu (B x oo x By x R) = PXoXie (By x -+ x By_q).

While the validity of these two properties is clear, it is far less obvious that some sort of
converse statement holds true.

Theorem 1.1.2. (Daniell-Kolmogorov existence theorem)

Let T' be a non-empty set. For each k € N and distinct ty,...,t, € T, let py, 4 be
a probability measure on (R, B¥). Suppose that these probability measures satisfy the
following consistency conditions:

1) For all permutations = of {1,...,k} and all By,..., By € B,
Pty (Br) X -+ X Baiy) = gyt (Br X -+ X By). (1.1.4)

2) For k> 2 and all By,...,B,_1 € B,

lu‘tl,...,tk (Bl Xoee X Bk*l X R) = lutl,...,tk,1 (Bl X X Bk,l). (115>

Then there exist a probability space (Q,]:, P) and a stochastic process X = (Xy)ier on
(Q,]:, P) such that, for each k € N and distinct t1,...,t, €T,

PXuXue =y (1.1.6)

[7%)

i.e. the process X has fi, . 1, as its finite-dimensional distribution relative to ty, ..., t.

k



Before we turn to a proof of this theorem we recall two well-known results from measure
theory and prove two auxiliary lemmas. The first of these theorems from measure the-
ory, named after the Greek mathematician Constantin Carathéodory, is one of the main
tools for the construction of measures. It states that a non-negative and o-additive set
function p on a ring R can be extended to a measure on the o-algebra generated by R.

Theorem 1.1.3. (Carathéodory’s extension theorem)
Suppose that €2 is a non-empty set and that R is a collection of subsets of Q0 such that

e DeR,
e ifA BER,then A\B€eR,
o ifABeR,then AUBER.

(R is a so-called ring (of sets) on (2.)
Suppose further that pg: R — [0,00] is a set function such that

e (D) =0,

o if A, Ay, ... €R are pairwise disjoint sets such that |J._, A, € R, then
Mo( U An) = ZMO(An).
n=1 n=1

(o is a pre-measure on R.)
Then there ezists a measure i on o(R) such that

W(A) = @(A)  VAER.

In other words, any pre-measure py on a ring R can be extended to a measure p on the
o-algebra o(R) generated by R. Note in passing that any ring R of sets is intersection-
stable, if A;B € R, then AN B € R. Indeed, this follows from AN B = A\ B® =
A\ (AN B =A\(A\B).

Carathéodory’s extension theorem will be complemented by the Uniqueness theorem

which ensures that such an extension is unique if there exists a sequence (F,),en of sets
that belong to R such that Uf;l E, =Q and py (En) < Q.

Theorem 1.1.4. (Uniqueness theorem)
Suppose that € is a non-empty set and that € is an intersection-stable collection of subsets
of Q. Let v and v be measures on o(E) such that

(i) u(E)=uE) VEEE,

(ii)  there exist sets By C Ey C ... that belong to €, U — E, = Q, and p(E,) =
v(E,) <oco VneN.

Then
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In particular, a probability measure P on a o-algebra A is completely specified by its
values on an intersection-stable collection of sets £ which generates A.

In order to make the proof of our main result in this section, the Daniell-Kolmogorov
theorem, transparent, we put some of the technical considerations in two lemmas. Since
we make use of Theorems [1.1.3| and [L.1.4] it essentially remains two show that a certain
set function which is obviously a content (i.e. finitely additive) is also countably additive.
Recall that one typically uses in the simpler case of the construction of Lebesgue measure
on (R% BY) two major arguments: The ring of sets on which the construction is started
is given by the collection of finite unions of half-open rectangles. In this case it is obvious
that such sets can be approximated from below by closed rectangles such that the content
of the difference set is arbitrarily small. And it is easy to see that the intersection of a
non-increasing sequence of non-empty closed rectangles is also non-empty. In the present
case the situation is less obvious. Instead of the simple Lebesgue measure we have to
deal with arbitrary probability measures and since we work in the space R* we cannot
directly use the result for intersections of compact sets mentioned above. The following
two lemmas provide corresponding results which are tailor-made for our proof of the
Daniell-Kolmogorov theorem.

Lemma 1.1.5. Let P be a probability measure on (R? B?), and let A € B* and € > 0 be
arbitrary. Then there exists a compact (i.e. closed and bounded) set C' such that C C A
and P(A\ C) <e.

Proof. In a first step we show that there exists a closed set F' such that FF C A and
P(F\ A) <¢/2. To this end, we define a suitable collection of good sets,

g = {B € B%: for all § > 0 there exist a closed set Fs and an open set U
such that F5 C B C Us and P(Us \ F5) < 6}.

It is easy to see that G is a o-algebra on R?. Indeed, we have that
a) R e G since R? itself is both closed and open.

b) Let B € G be arbitrary, i.e. for each § > 0 there exist a closed set F' and an open
set U such that F C B C U and P(U \ F) < §. Note that the set U° is, as the
complement of an open set, a closed set, and F° is, as the complement of a closed
set, an open set. It holds that U¢ C B¢ C F° and P(F°\U®) = P(U\ F) < 6.
Hence, B¢ also belongs to G.

c) Suppose that Bj, By, ... are sets that belong to G. Then there are open sets
Uy, U,, ... such that B, C U, and P(U, \ B,) < 2=™*§ for all n € N. The
set U :=J—, U, is an open set, | J>-, B, C U, and

P(U\ D Bn> < iP(Un\ D Bk> < iP(Un \B,) <6/2.  (1L7)

Furthermore, there exist closed sets Fy, Fy, ... such that F,, C B, and P(B,\ F,) <
2-("*2)§ for all n € N. Unfortunately, the set F' := (J°°, F,, is not necessarily a
closed set. However, since P is continuous from below and Uf:f:l F, "FasN — oo
there exists some N such that P(F\Uivil F,) <6/4. The set F .= Ugil F, is, as
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a finite union of closed sets, a closed set, and it holds that F C U2, B, as well
as

P(GBn\ﬁ) - P<GB,L\F) + P(F\ﬁ) < 6/4+6/4=05/2.  (118)

n=1

To summarize, we have that F C U2, B, C U and it follows from {) and
(1.1.8) that P(U\ F) < 8. Hence, By, By, ... € G implies that )2, B, € G.

It follows from a) to c) that G is a o-algebra on R%.

Next we show that G contains all half-open rectangles. Indeed, for an arbitrary
half-open rectangle (a,b] := (a1, b1] x -+ X (ag4,bq] such that —oo < a; < b; < ©
for all @ = 1,...,d, we define F,, = [a; + 1/n,by] X -+ X [aqg + 1/n,by) and U,
(a1,by +1/n) X -+ X (ag,bg + 1/n). Since F,, 7 (a,b] it follows from continuity from
below that P(F,) / P((a,b]). Similarly, since U, \, (a,b] we obtain from continuity
from above that P(Un) AW P((a, b]) Hence, there exists for each ¢ > 0 some sufficiently
large N = N(¢) such that, besides Fy C (a,b] C Uy, P(UN \ FN) = P(UN \ (a,b]) +
P((a,b]\ Fy) <.

Now we can complete the proof of the first step in the usual way. Let Z¢ := {(a, b: —
o<a <b<oco Vi=1,... ,d} denote the collection of all half-open rectangles. Since
7% C G we obtain that O'(Id) C a(g). It is well-known that O(Id) = B¢. Furthermore,
since G is a o-algebra we have that a(g) = @. This implies in particular that there exists
a closed set F such that F' C A and P(F \ A) <¢/2.

The sets F,, := F N ([-n,n] x -+ x [-n,n]) are closed and bounded, hence compact
sets. Since F,, /' F we obtain that P(Fn) s P(F) Therefore, there exists some
N < oo such that P(F \ FN) < ¢/2 and we have, besides Fy C A, P(A \ FN) =
P(A\F)+P(F\FN)§5. O

Before we turn to the next auxiliary result we note that, for an arbitrary sequence
(Dp)nen of non-empty compact sets of R? such that D,.; € D, holds for all n € N,
the intersection of these sets is also nonem;c)ty. To see this, assume the contrary,
ie. (_; D, = 0. Then Dy C <ﬂ;’°:2 Dn> = U2, D;. The sets D3, D5, ... are,
as complements of compact sets, open sets and they cover the compact set D;. We
can find a finite subcover, e.g. D§,..., D%, i.e. D; C (ﬂnNZQ Dn)C which implies that
Dy = UiLV:1 D, = (0. This, however, contradicts our hypothesis that all sets Dy, D, ...
are non-empty. The following lemma provides a corresponding result in the infinite-
dimensional case.

Lemma 1.1.6. Suppose that (D,,)nen is a sequence of non-empty compact sets, D, C R",
such that
D,.1 € D, xR Vn € N.

Then there ezists a sequence (x,,)nen such that

0o
fL‘l,IQ,... Gﬂ D XROO

n=1
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Proof. In order to find an appropriate sequence, we first direct our focus on single com-
ponents. To start with, we pick for each n € N an arbitrary (argn), . (")) eD,.

Since D, is compact there exists a subsequence (né1 ) of N such that ( (i ))

converges to some 33[11] € D;. The sequence (nl(:) contams a further subsequence

) ) ) L 2 2
( ny )keN such that ((.1'1 By " ))keN converges to some limit, say (zj",z5') € Ds.
This procedure will be continued as follows. Suppose that the (m — 1)th subsequence

(n,(gmfl)) e has already been chosen. Then there exists a further subsequence (n,(cm

keN

)kEN

)

keN
(n{™) (n{™) imit (2™ gl -

such that ((z3* 7,..., zm ))keN converges to some limit (z7 ", .. ) € D,,. Since

this construction is based on subsequences we obtain that x[m] = x,[%n H xLT 2

The sought sequence (wn)neN is given by x, = xgl 3 Indeed, we have that
(xl, e ,xn) € D, for all n € N, which implies that

(Il,ZEQ,... Em D, XROO
n=1
[

After these preparatory considerations we are in a position to prove the Daniell-
Kolmogorov theorem.

Proof of Theorem[1.1.3. We have to find a suitable probability space (Q,]—" , P) and to
define a stochastic process X = (X;);er on this space such that (1.1.6) is fulfilled. To
simplify notation and in order not to obscure the main ideas by too many details of minor
importance, we consider the simple case where T'= N. We choose

Q = R* = {(wl,wg,...): xtGR},
Fo= o),

and define, for each t € T,
Xt((JJ) = Wt.

It follows from the construction that all mappings X; are (F — B)-measurable. Indeed,
we have for B € B

X '(B) = {w: Xy(w) € B} = {w: (w1,...,w) R x B} C C.

To some extent, the choice of the probability measure P is now canonical. In order
not to violate condition ([1.1.6]), we have to choose P on the collection of cylinder sets C
such that, for each k& € N and arbitrary B € B*,

P(B X ]ROO) = P({w eR>®:  (wy,...,wg) € B}) = p1..k(B). (1.1.9)
———
= (X1(w), s Xk (w))
As a starting point, we define the set function Py: C — [0, 1] as
Py(BxR®) == pi, x(B). (1.1.10)

We obtain from the second consistency condition (1.1.5)) that such a definition does not
lead to a contradiction. Note that it is easy to see that the family of cylinder sets C is an
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algebra in 2 but not a o-algebra. Therefore, it remains to extend the definition of F to a
probability measure P on a suitable o-algebra. At first sight, such an extension may seem
to be out of reach since e.g. the o-algebra o(C) also contains sets with a very involved
structure. Fortunately, an explicit definition of all probabilities is not necessary.

It can be shown that Fy is a so-called content (a finitely additive set function) on
the algebra C. We will show that P, is even a pre-measure (a o-additive set function)
on C. Suppose that A, Ay, ... are pairwise disjoint sets that belong to C, and that
A=, A, also belongs to C. We will show that

By( G 4y) = iPO(An). (1.1.11)

Since Py is a content and therefore finitely additive we have

PO(QAn) - PO(A\]QAk) +P0<IQAk)
= Py(Bn) + iPO(Ak),

where B,, := A\ U;_, As. Since Y ;_, Py (Ak) — Y B (Ak) it remains to show that
n—oo

Py(B,) — 0. (1.1.12)

n—o0

Since B,.1 C B, for all n the sequence (PO(B"))neN is non-increasing and therefore
converges. Let us assume that (1.1.12)) is not true, i.e. there exists some € > 0 such that

Py(B,) > € VneN. (1.1.13)

We shall prove that in that case
ﬂ BTL 7é ®7
n=1

which is obviously wrong since J;_; Ax " A, and so B,, \, 0. Suppose for simplicity of
notation (otherwise we can add sets in the sequence of sets B,,) that B, = C,, x R>, for
some C, € B". It follows from Lemma [I.1.5]that there exist compact sets Cy; C C), such
that

Po((Co x RE)\ (G x R®)) = 1, (Co \ C3) < €27

-----

Let
D, = (C; xR" ) n---n(Ci_y xR NCy.

It follows that D,, C C),, and D,,.; C D,, x R. Moreover,

Hi,..n (Dn) = HM1,..n (Cn) — H1,..n (Cn \ Dn)
Z Hi,...n (Cn) — H1,..n (Cn N ((Cf X Rn_l) AEERE (C:;—l X RI) N O;)C>
Z Hi,...n (Cn) — Hi,..n (Cn \ (Cik X Rn_l)) - — Hi,..n (Cn \ (O;;_l X Rl))

Hi,..., n(Cn) - ,Ml(Cl\Cf) R ¥ 2 T nfl(cnfl\c;ifl) - M1,..., n(Cn\
€ — 6(2_1 + o+ 2_”) > 0.

vV 1V
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Hence, D,, # () and it follows from Lemmal[1.1.6|that ()", D,, xR> % . Since ()7, D, x

R>* C (2, B, we get a contradiction and we conclude that holds true. Hence,

Py is a pre-measure on C. At this point, we can simply use Caratheodory’s extension

theorem (Theorem and the Uniqueness theorem (Theorem to conclude that

there exists a unique extension of P, to a probability measure P on the o-algebra o(C).
It follows from for each k € N and distinct ¢,...,t; € T, that

as required. O]

Many classical theorems in probability require that there exists a sequence (X;)en
of independent and identically distributed random variables satisfying appropriate reg-
ularity conditions. One such example is the strong law of large numbers which states
that with probability 1 the sequence of sample means X,, converges to EX;, as n tends
to infinity. As usual in mathematics, “existence” means that one can construct a cor-
responding model free of contradiction. To obtain such a model for a sequence (X;);en
of independent random variables following a common distribution @), choose a family of
distributions as

iy, t, = Q®®Q7 t17"’7tk€N7 tz%t] for Z#]
—_——

k times

This family satisfies the consistency conditions and . According to the
proof of Theorem , we can choose a probability space (€2, F, P) such that Q = R>,
F = 0(C), and P such that P({w: (wy,,.1,) € C}) = puy,..1,(C) for t; # t; in case of
i # j and C' € B*. Then the random variables X; given as X;(w) = w; are independent,
X~ Q.

In cases where T = N, it is convenient to use the order structure of N and take the
e, ¢, to be specified initially only for k-tuples (¢y,...,t) = (1,2,...,k). Using the
consistency conditions and this completely specifies the finite-dimensional
distributions . 4, for all k-tuples of distinct points of N.



15

1.2 Stationarity

Typical problems in the statistical analysis of time series are the estimation of model
parameters or the prediction of future values. Suppose that we observe realizations
x1,...,2, (our data) of the random variables Xj,..., X, where (X});ey is our time
series. The prediction of future values X, 11, X,,12,... can only be successful if the X;
are not completely unrelated to each other. Consistency of (sequences of) estimators for
certain parameters will be possible if we obtain an increasing amount of new information
about the underlying situation as the sample size n tends to infinity. This is usually the
case if the dependence between the observed random variables is not too strong and if
the parameters do not change over time. The latter requirement leads to the important
concept of stationarity of a process. Stationarity roughly means that the properties of
the process do not change as time proceeds. An exact definition of such a notion will be
given on the basis of the finite-dimensional distributions of a process.

Definition. Let X = (X;)icz be a (real-valued) stochastic process on (2, F, P).

(i) X is said to be strictly stationary if

pracoXu — pXuseeoXust oyt € 7, Yk € N,

(ii) X is said to be stationary (weakly stationary) if

a) EX? <oco VteZ,
b) EX; =p Vt € Z and some p € R,
c) cov(X,, Xs) = cov(X, iy, Xsre) Vr, s, t €Z.

In this case, vx (k) := cov(X,ix, X;) is the autocovariance at lag k,
vx: Z — R is the autocovariance function.

If T'=Np or T =N, then the above definition has to be adapted accordingly.

As already mentioned, a process (X;)eny with the property of strict stationarity as
defined above has also a shift-invariant behavior when infinite stretches are consid-
ered. Indeed, since the finite-dimensional distribution determine probabilities such as

P({w: (Xi(w), Xa(w),...) € C}) for C € o(C), we conclude that
P{w: (X1(w), Xao(w),...) € C}) = P({w: (Xpt1(w), Xpyo(w),...) € C}) Vk €N, VC € o(C).

Therefore the above definition of strict stationarity will be sufficient for (almost?) all
purposes. The following proposition clarifies the relation between strict and weak sta-
tionarity.
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Proposition 1.2.1. Let X = (X}):ez be a real-valued process on (Q, F, P).
(i) If X is strictly stationary and EXZ < oo, then X is also weakly stationary.

(ii) The converse statement is not true in general.

Proof. (i) First of all, since EX? < oo the expectation of Xj exists and is finite. There-
fore we obtain from P*t = PXt+s that EX; = EX;,, Vt, s € Z. Furthermore, cov(X,, X;)
also exists and it follows from PXrXs = PXr+t:Xstt that cov(X,, X,) = cov(X,4t, Xeit)
for all r,s,t € Z.

(ii)  Here is a counter-example: Let X = (X;)ez be a (two-sided) sequence of indepen-
dent random variables, where

X Poisson(\), if ¢ is odd,
t NN, if t is even

Then FX; = A\ Vt € Z and

A, ift=s,
cov(Xe, Xs) = { 0, ift#s
Hence, X is weakly but not strictly stationary. O]

An important special case is that of a Gaussian process.

Definition. X = (X}):cz is a Gaussian process on ({2, F, P) if all finite-dimensional
distributions are Gaussian.

Lemma 1.2.2. If X = (X})iez is a Gaussian process on a probability space (2, F, P),
then the following two statements are equivalent.

a) X is strictly stationary,
b) X is weakly stationary.

Proof. |[a) = b)|]  Gaussianity implies that EX2 < oo. Therefore, b) follows from (i)
of Proposition [I.2.1]

[b) = a)] Suppose that X is weakly stationary. Let k € N and ¢1,...,t,t € Z be
arbitrary. We have to show that

PXey Xy pXiyrtrn Xy to (1.2.1)

We have that

where
cov(Xy, Xy,) .. cov(Xy, Xy,)

p=(EX,,....EX,)" and ¥ = : . :
cov(Xy, X)) ... cov(Xy, Xy,)
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Analogously, B
XS o N(7, ).

We obtain from weak stationarity that
~ T
n= (EXt1+t7 e 7Eth+t) = M

and cov(Xy, 44, Xy, 4¢) = cov(Xy,, Xy,), which implies that

Y =3
Therefore, ([1.2.1)) is satisfied which means that X is strictly stationary. ]

Examples

1) Let (g4)ez be a sequence of i.i.d. random variables. This process is strictly station-
ary. If in addition E[e?] < oo, then it is also weakly stationary.

2) Let Y and Z be uncorrelated random variables such that EY = EZ = 0 and
EY? = EZ? = 1. We define, for any 6 € [—n, 7],

X := Ycos(0t) + Zsin(6t).
Then
EX, =0 Vit
and
cov(Xpyr, Xy) = E[{Ycos(0(t+r)) + Zsin(0(t + 1))} {Y cos(6t) + Zsin(6t)}]
= cos(0(t+r)) cos(ft) + sin(8(t + r)) sin(6t)

= cos(0r).

The latter equation follows from one of the trigonometric identities. We have, on
the one hand,
e = cos(u —v) + i sin(u —v),

and, on the other hand,
e = M e™ = (cos(u) + i sin(u))(cos(v) — i sin(v))

= cos(u) cos(v) + sin(u) sin(v) + i (sin(u) cos(v) — cos(u) sin(v)).

Therefore, the autocovariances are also shift-invariant which means that the process
(X})iez is weakly stationary.

3) Let Xy, ¢e1,¢9,... be independent, X, ~ N(0,0%), and g, ~ N(0,02) Vt € N.
We obtain a so-called autoregressive process (X;):cn, by defining recursively

Xt = Xt—l + & Vit € N,

where « is a real constant, |a| < 1.

Question: Is it possible to choose 0% such that the process (X;)sen, is stationary?
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Since
X, = aXy+e ~ N0 a*o%+0?)

a necessary condition for any kind of stationarity is that var(Xy) = 0% = var(X;) =
a’0% + 02 ie 0% =d2/(1 —a?).

Suppose that 0% = 02/(1 — a?). We have that
X,=g+aX 1 =...=c+ac_1+...+a e +a X,

Since (Xo, X1,..., X))T = M, (Xo,¢€1,...,e)7, for some (¢+1) x (t+1)-matrix M, we
see that (Xo, X1,...,X;)T has a multivariate normal distribution, and so (X;)sen,
is a zero mean Gaussian process. We obtain, as above, that

var(Xy) = var(X;) = ... = var(X;) VieN.

Furthermore, for £ € N, we obtain from independence of X, 11, ... 41 that

k-1 k k2
cov(Xyix, Xy) = cov (€t+k + a1+ a e +at Xy, Xt) = ao" oy.

Hence, (X;)ien, is a weakly stationary process. Moreover, as a Gaussian process, it
is also strictly stationary.

The following lemma contains a few elementary properties of the autocovariance function
of a stationary process.

Lemma 1.2.3. Let v be the autocovariance function of a real-valued stationary process
(Xt)tEZ' Then

(i) ~7(0) =0,
(i) Iy <~(0) vreZ,
(i)  ~(r) = vy(—r) VrelZ

Proof. (i) is a statement of the obvious fact that
~v(0) = var(X;) > 0.

(ii) is an immediate consequence of the Cauchy-Schwarz (Cauchy-Bunyakovsky-Schwarz)
inequality,

Y (r)] = [ cov(Xipr, Xp)| < /var(Xey,)y/var(X;) = (0).

Finally, (iii) follows from

Y(r) = cov(Xepr, Xt) = cov(Xe, Xipr) = y(—7).
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Remark 1.2.4. If (X})ez is a complez-valued process and E[|X|*] < oo Vt, then
COV(Xt+7», Xt) = E[(Xt+r — EXt+7“> (Xt — EXt):|7

where Z denotes the complexr conjugate of a complex number z. Since, for a complex-
valued random variable Y, |EY| < E|Y|EL an analogue of the Cauchy-Schwarz inequality
holds true:

|E[Y. Y| < B[V Yel] < VEYirr?] VEIY:].

Next we intend to find a characterization of autocovariance functions.

Definition. A real-valued function on the integers, x: Z — R, is said to be non-
negative definite (positive semidefinite) if

Zaim(ti—tj)aj >0 VneN,‘v’al,...,anER,Wl,...,tnGZ.

ij=1

Theorem 1.2.5. Letv: Z — R be a real-valued function. Then the following statements
are equivalent.

(i) ~y is the autocovariance function of a real-valued stationary process (Xi)iez,

(ii) ~ is an even and non-negative definite function.

Proof. (i) = (ii)]  Assume that v is the autocovariance function of a real-valued
stationary process X = (X;);ez. Then

v(k) = cov(Xg, Xo) = cov(Xo, Xi) = y(—k),

i.e. v is an even function. Moreover, we have, for arbitrary n € N, ay,...,a, € R,
t1,... tn € Z,

Z a; V(i — 1) a; = Z @i cov (Xti’th) a;

i,j=1 4,j=1
n n

= Z cov (a,-Xti,antj) = var (ZaiXti> > 0,

ij=1 i=1

i.e., v is non-negative definite.

1 Suppose that E|Y| < oo. Then
|[EY|? = EY .EY = E[Y -EY]
= Re(E[Y-EY]) = E[Re(Y - EY) |
~—_——
<|Y|-|EY]
B[|Y|-|BY| = EIY|-|EY],

IN

which implies that |[EY| < E|Y].
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[(ii) = (i)] Let v be an arbitrary even and non-negative definite function. For
each m,n € Z, m < n, we consider the matrix

y(m—m) ... y(m—n)
Iy = : : :

)

Since v is an even function it follows that I',,,, is a symmetric matrix. Moreover, I';, ,
is a non-negative definite matrix. Actually, let ¢ = (¢, ..., c,)T € R"™™F! be arbitrary.
Then T, ¢ = szzm ¢y(i — j)e; > 0. Hence, I',, ,, has the properties of a covariance
matrix. We define

Pm,n = n—m+1(0n—m+1a Fm,n)a

where 0, = (0,...,0)7 denotes a vector of length k consisting of zeroes. It follows that
the family of distributions (P, ., )m<, satisfies the consistency condition of Kolmogorov’s
existence theorem. Therefore, there exists a stochastic process X = (X;)ez on a suitable
probability space (€2, F, P) such that

PXm,..‘,Xn — P '
It follows that the process (X})iez is both weakly and strictly stationary and that
COV(Xt+k, Xt) = ’Y(k?> Vk € Z7

as required. O

Exercises

Ex. 1.2.1 Suppose that (g;);cz is a sequence of i.i.d. random variables, Fey = 0,
Fe} =: 02 < 00, and
Xt =& + 6&}_1.

Is the process (X;)iez (weakly) stationary?

Ex. 1.2.2  Let (8y)rez be a sequence of real numbers with > > 2 < oo. The
function v: Z — R is defined by v(k) = Z;’i_oo Bj+kBj-

Is v an autocovariance function?
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1.3 Hilbert spaces

First of all, the contents of this section seems to be completely out of place in a course
on time series. But why do we pay attention to such an abstract subject as a Hilbert
space? In what follows we will be faced with the following questions.

(i) As a simple class of models for time series, we consider so-called linear processes.
Given an underlying process (€;)¢cz, we consider a process X = (X})iez, where

Xi =Y B (1.3.1)

k=0
This raises the following questions.
— Does the infinite sum on the right-hand side of (1.3.1]) converge? And if so, in
which sense?

— What is the covariance structure of (X;)ez?
Of course, COV(ZTZO Bi€s—j, > neo Br€i—k) can be easily computed since we can
take out the finite sums. But what about cov(}_ 7" Bjes—j, D_peg Brer—1) Where
infinite sums are involved?

Answers to these questions can be easily deduced in the general context of Hilbert

spaces.
(ii) Suppose that we observe realizations xq,...,z, of random variables X, ..., X,,
where (X;)ien is a stationary process. How can we best predict future values,
eg. X,i1?
We will see that a best linear predictor is given by the orthogonal projection of X,
onto the linear space spanned by X, ..., X,,. This can be reformulated as a projec-

tion in an appropriate Hilbert space and its characterization is most conveniently
derived in such an abstract context.

Definition. Let H be a complex (real) vector space which is closed under the operations
of vector addition (if z,y € H then x + y € H) and complex (real) scalar multiplication
(ifx € H and a € C or a € R then ax € H).

For a complex vector space H, a mapping (-, -): H x H — C is called inner product
(scalar product) if

(i) (z,x) > O Vo e H
(x,x) = & =0 (0 denotes the zero element of H.),
(i) (z,y) = (y, ) (The bar denotes complex conjugation.),
(iii) (ax,y) =a(zr,y) Vr,y € H,Va e C,
(iv) (x+y,2) = (r,2) + (y,2) Vo,y,z € H.

The complex number (z,y) is called the inner product of z and y. A vector space H
equipped with an inner product is called inner-product space (scalar space).

Note that it follows from (ii) and (iii) that (x, ay) = (ay, z) = a (y,x) = @ (y,z) = a(x,y).
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Remark 1.3.1. A real vector space H is an inner product space if for all x,y € H there
exists a real number (x,y) such that suitably adapted versions of (i) to (iv) are satisfied.
(Of course, (i) obviously reduces to {x,y) = (y,x) and (iii) has to be satisfied for all
real «v.)

Examples

1) Real Euclidean space R?
d
i=1

2) Complex Euclidean space C?

d
=1

Definition. Let H be an inner-product space, x € H. The norm of = is defined to be

]l = v/ (@, 2).

Actually, in order to justify the term norm we still have to prove that || - || satisfies all
axioms of a norm. In particular, validity of the triangle inequality has to be verified.
Before we turn to this point, we state a few auxiliary results.

Lemma 1.3.2. (Cauchy-Bunyakovsky-Schwarz inequality)
Let H be an inner-product space. Then

(1) Koyl < lzll vl Yo,y e#,

(i) [z, 9)| = l=ll vl if and only if Iyl = = (z,y) y.

Proof. (i) Let z,y € H be arbitrary. Using the axioms of an inner product we obtain
that

0 < (lwlPz—(zyy lW*e - (z,y)y)

= ll® Iyll* + (2o () Iyll* = lyll* (2,9) (2.9) = (@) [yl (v,2)

= lyll® {ll=l* lly1* = [z, 917}

Now we distinguish between two cases.

Case 1:  If ||y|]| # 0, then the term in curly braces is non-negative which yields that
assertion (i) holds true.

Case 2:  If ||y|| = 0, then y = 0 which implies that (z,y) = 0. In this case, the term in
curly braces is equal to 0.
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i) (=) o
It |2, y)| = ] yll, then {llz]2 lyl]2 = (. 5)[?} = 0, which implies that

(wl?z = (=) y, lyl*z — (z,y)y) =0

and, therefore, ||y||*z = (z,y)y.
(<)
If [lylI* = = (z,y) y, then

Iyl? LNzl 1yl — Kz, )]} = 0.
Case 1:  If |ly|| = 0, then [{x,y)| = 0= =] ||y
Case 20 If ||y|| # 0, then [(z,y)| = ||| [[y[]. -

Now we are in a position to verify that || - || shares all axioms of a norm.

Lemma 1.3.3. Let H be an inner-product space and let ||x|| = \/(x,x). Then
(i) |lz]| >0 and ||z|| =0 if and only if x =0,
(i) |az| = |a||z|| Vze H,VaeC,

(iii) Nz +yll < flell + vl Ve, y € H.

Proof. (i) is obvious. (ii) follows from |az|? = (ax,az) = aazr,z) = |af*|z|>
Finally, we have
lz+yl? = (e+ya+y) =zl + (z.9) + () + [yl
= [l + lyl* + 2Re((z,y))
—_——
<2y <2zl Iyl

(Il + [lylD*-

IA

]

The following lemma provides an important property, the so-called continuity of the
inner product. This allows us, among others, to compute autocovariances of a linear
process (X;)iez, where Xy => 77 Byery.

Lemma 1.3.4. Let (x,)nen and (yn)nen be sequences of elements of an inner-product
space H with ||z, — x| — 0 and ||y, — y|| — 0, for some z,y € H. Then
n—oo n—oo

@) laall = izl

(i)  (Tn,yn) — (z,9). (“continuity of the inner product”)
n—,oo
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Proof. (i)  We obtain from the triangle inequality

[znll = llz + (zn —2)|| < |zl + [0 — 2]
as well as
2] = [lzn + (=)l < [J@nll + [0 — 2.
Therefore,
llzall = llzll| < llzn — 2l — 0.

(ii) It follows from linearity of the inner product and by the Cauchy-Schwarz inequality
that

‘(xnvyn> - <x,y>| = ‘(xnayn_y> + <$n—$,y>‘
<zl llyn =yl + llzn — 2l {lyll — 0.
N~ n—00
bounded

]

In the next section of these lecture notes, we consider linear processes (X;);ez, where X; =
Z;O:foo Bret—r. The following definitions and results will be used to deduce convergence
of the infinite series.

Definition. A sequence (x,)nen of elements of the inner-product space H is said to be
a Cauchy sequence if

|zn — xm|| — 0 as m,n — oo,
that is, for every € > 0, there exists some N(¢) € N such that

20 — m| < € ¥m,n > N(e).

Definition. A Hilbert space H is an inner-product space which is complete, that is,
an inner-product space in which every Cauchy sequence (z,),en converges in norm to
some element © € H (||z, — x| = ns00 0).

Example #H =R?
Let (x,)nen be a Cauchy sequence in RY, ie. |z, — x| — 0 as m,n — oo. Since
20 — Z|> = 320 (€ns — Tm)? We have that

|Tpi — Tmi| — 0 as m,n — o0,

i.e. (pi)nen is a Cauchy sequence in R. By completeness of R, there exists some xg; € R
such that
Tni — To;-
n—oo
This yields, for x = (xqy, . .., Toa)’,

|t — z|| — 0.
n—oo



25

The space L*(Q, F, P)
Let (2, F, P) be a probability space. We define

L*(Q, F,P) = {X: X is a real-valued random variable on (2, F, P),
/X2(w) dP(w) < oo}.
Q

L3(Q), F, P) is a real vector space. In particular, if X,Y € L?*(Q2, F, P) and « € R, then
X +Y € L*(Q, F,P) and aX € L*(Q, F, P). Moreover, the axioms of a vector space
(commutativity, associativity, ...) are fulfilled. We are going to define an inner product as

(XY%:EMYMiAXWH@mWW)

(Since E[|XY|] < (EX? + EY?)/2 < oo the inner product of X and Y is well-defined
and finite.) Moreover, for X,Y,Z € L*(Q2, F, P) and a € R,

(X, X) >0,

(X,Y) = (Y, X),

(aX,)Y) = a(X)Y),
(X+V,2) = (X,Z) + (V. 2).

However, if (X, X) = 0, then it does not necessarily follow that X (w) = 0 for all w € 2.
Only P(X # 0) = 0 follows in general. In view of this, we have to consider equivalence
classes and we say that random variables X and Y are equivalent if P(X # Y) = 0.
This relation partitions L*(€2, F, P) into equivalence classes, and the space L*(Q, F, P)
has to be defined as the collection of these classes with an inner product defined as above.
With this agreement, we actually have that

(X,X) =0 ifandonlyif X =0,

where 0 is the class of those random variables such that P(X # 0) = 0.

To simplify notation, we will continue to use the symbols X,Y, ... for elements of
L?(Q, F, P). But we should keep in mind that we actually have to deal with classes of
random variables. Next we will show that L?(Q, F, P) is complete which means that this
space is actually a Hilbert space.

Theorem 1.3.5. Let (Q, F, P) be a probability space. Then L*(Q), F, P) is complete.
Proof. Let (X,,)nen be an arbitrary Cauchy sequence in L?(2, F, P). We have to show

that there exists some X € L*(Q, F, P) such that
| X, — X|| — 0.
n—oo

(i) (Identification of a prospective limit)
Since (X, )nen is a Cauchy sequence we can find a strictly increasing subsequence (ny)gen
of N such that

1X, — Xl < 27° Yn,m > ny,
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which implies in particular that

[

Ng4+1

X, | <27  VkeN.

With ny = 0 and X,,, = 0, we obtain that

E Z | X5, — an1]] = ZE|an — X, | (by monotone convergence)

IN

Z 1 X0, — X, || (by Cauchy-Schwarz)

< Xl + DX, — X, ] < oo

-~

<2—-(-1)

Therefore, the random variable » 77, |X,,, — X, | is finite with probability 1, and

k
= Z;(an - X)) — Z — X, )
e

holds true with probability 1. We define

._ limy o0 Xnk (w) if Z]Oil |an - anfl‘ <00
X(w) = { 0 otherwise :

(ii) (Convergence of the full sequence)
Using the fact that | X, — X|> = liminfy_, | X, — X,,,|* holds true with probability one
we obtain by Fatou’s lemma that

/]Xn—X|2dP = /liminf\Xn—XndeP < hmmf/ X — X, |* dP.
Q q k—oo

The right-hand side of this display can be made arbitrarily small by choosing n large
enough. This shows that [ |X,, — X|*dP — 0.
n—oo

(iii) (X € L*(Q,F, P))
We obtain, again by Fatou’s lemma, that
/XQdP = /hmme2 dP
Q Q k—o0

< hmmf/sz dpP

k—o0

2
< limi . — . .
—_ hkl;lig.}f <Zl ||an an—l”) < 00
]:
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Exercise

Ex. 1.3.1 Let (&)tez be a sequence of i.i.d. random variables on (Q, F, P) and (5 )kez
be a sequence of real numbers. Assume that Eg; = 0, 02 := Fe? < oo, and

(i) Show that (Xt,m)meN defined by

Xt,m = Z BrEt—k
k=—m
is a Cauchy sequence in L?*(2, F, P).

(i) Let X; be the L2-limit of (Xt,m)

meN’
Compute cov(Xy g, X¢).

(iii) Let m: Z — Z be a bijective function. Then, for each t € Z, (@T(k)et,,r(k))
is a rearrangement of the sequence (5k5t_k)

kEeZ
tez’

a) Show that ()?t:m)meN defined by

Xim = Z Br(k)Et—m(k)

k=—m

is also a Cauchy sequence in L?(Q, F, P).
b) Show that
HXt,m - Xt,m” — 0

m—0o0

and conclude that _
P(Xt - Xt) = 1,

where X, denotes the L2-limit of ()?t,m)meN.
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Projections in Hilbert spaces

I what follows we consider orthogonal projections in a Hilbert space and derive an eas-
ily applicable characterization of it. This sounds again rather abstract but we will see
that such a general result is quite useful when “best” predictors of future values of a
process have to be specified. (The word “best” is in quotation marks since we still have
to specify what we mean by it.) Suppose that X;, X5 and Y are squared integrable real-
valued random variables on (€2, F, P). We observe realizations x; and x5 of X; and X,
respectively, and we may wish to approximate the value of Y by using a linear combi-
nation Y = ¢1 X7 + ¢2 X5 of X; and X5, which minimizes the mean squared error of
prediction (MSEP),

S(p1,02) = E[[Y — ¢1X1 — 9 Xof’] = |V — 01X1 — 02X0|%

where || - || denotes the norm in L*(2, F, P). Suppose, for simplicity, that X; and X, are
not collinear, i.e., neither one of X, X5 is a multiple of the other. This means that the
Cauchy-Schwarz inequality is strict, i.e. E|X;Xs| < \/E[X?]\/E[X?]; see Lemma .
We have that

S(g1,¢2) = E[Y?| + GiE[XT] + $3E[X3] + 20102 E[ X1 Xs] — 201 E[Y X1 — 202 E[Y X, ]|

= E[Y?] + (¢1,¢2)M< z; ) - ZE[(YXl’YX2)< 2: )]’

where
M = ( EE[)[()l()lf]g} EE[)[(;(E?} )

Since det(M) = E[X{] E[X3] — (E[XleDQ > 0 we conclude that the matrix M is
regular. Therefore we obtain that

S(é1,¢2) > E[Y?] + {AmmEJM) H( Z; >H - QH( g%ﬂ >H} ' H< fil )H oo ™

which means that we can restrict our search for a minimizer ($;3> of S, if it exists at

all, to a sufficiently large compact subset C' := {¢ € R?: |¢|| < ¢} of R®. The
function S: R? — R is continuous which implies that its infimum on C' is attained. As
a necessary condition for a minimum, the partial derivatives of S must be zero. It holds

that 3%5(% $2) = %S(gbl, $2) = 0 if and only if

Loy e ) () - (26a)

J

~~

i.e., the values of ¢19 and ¢o9 we are seeking are solutions to the so-called normal equation.
Since the matrix M is regular,

¢10 — M—l E YX].
P20 E|Y X,
is the sought solution and the best linear predictor is given by

Y = D10X1 + P20Xo.
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It can be conjectured from these computations that the computation of best predictors
may get quite cumbersome in more involved situations. For example, it is not clear what
happens if the matrix M were singular. Therefore, we use again the abstract context of
Hilbert spaces to derive a general characterization which will be easily applicable. We
begin with a definition.

Definition. A linear subspace M of a Hilbert space H is said to be a closed subspace
if M contains all of its limit points, i.e., if ,, € M Vn € N and ||z, — z|| — 0 for some
n—o0

r € H, then x € M.

Theorem 1.3.6. If M is a closed subspace of the (real or complex) Hilbert space H and
x € H, then

(i)  there is a unique element T € M such that

—_ 7l = inf _
o = &) = inf llo — yl,

(T is the projection of x onto M, denoted Pyx.)

(i) TeM and |z —Z| = infyen |z -y
iof and only of
TeM and (x—7Z,y)=0 Yye M.

To summarize, the above theorem ensures that a projection always exists and is unique.
Moreover, part (ii) provides a criterion which can be used to determine this projection
almost effortlessly, even in complex situations. This will be illustrated by the example
given after the proof of this theorem.

Proof of Theorem[1.3.6, (i) Let d := infycr ||z — y||. Then there exists a sequence
(Yn)nen of elements of M such that ||z — y,| — d. We show that (y,)nen is a Cauchy
n—oo

sequence. To this end, we use the so-called parallelogram law:
2lall® + 2b]|* = |la+0b]* + |la—b|]*  Va,b€ H. (1.3.2)
Indeed, we have

la + 1" + lla = bl* = Jal*+ [[6]* + (a,b) + (b,a) + llal* + [[b* = (a,b) — (b, a)
= 2[lal* + 2|lb]*

We obtain from (|1.3.2])
Hym - ynH2 = ”(ym _I) - (yn _x)||2
= 2ym — 2I* + 2llyn — 2* = (Y + ) — 22|
= 2y — 2> + 2lgn — = — 4] (Ym + ¥n)/2 — 2|
————
eM
< 2lym — 2’ + 2|lyn — z|* — 44*> — 0.

m,n—00



Hence, (y,)nen is a Cauchy sequence and there exists an 7 € ‘H such that

lyn — 2| — 0.
n—00
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Since M is closed, we conclude that 7 € M. By continuity of the inner product (see (ii)

of Lemma [1.3.4]) we obtain that

le =2 = (z-T,2-7)

= lim ||z — y,|]* = &*
n—oo
To establish uniqueness, suppose that * € M is an arbitrary projection. Then
lo — 2| = [lo —Z|| = d

and, again by the parallelogram law (|1.3.2]),

~ = ~ ~ L e
| @E+8)/2 -2l + |[@E=2)/2 — @ —2)/2> = S |17 -2l + 5 |7 -2l = ¢
N—— ~ o 92 2

-~
eM =||z—7|2/4

If ¥ # 7, then ||[7 — Z|| > 0, and so |[(Z + Z)/2 — z||* < d?, which contradicts our

assumption that both Z and 7 are projections of x onto M. Hence 7 = 7.
(i) (=)

Suppose that 7 € M and ||z — Z|| = infyer ||z — y||. Suppose further that there exists

some y € M such that

We will show that there exists some ¥ € M which is closer to x than Z. As a possible
candidate, we take T = T + ay, where @ € C. (In case of a real Hilbert space, a € R.)

Since M is a linear space we also have that * € M. Then

le =32 = lle -2 — ayl? = (¢ — &) — ay, (& — 7) — ay)

= |l = 2 + [l [lyll* - afy,z - 7) — aly,z - 7).
Now we specify o as o = e(z — T, y), where ¢ € R. With this choice,

lz = 2l = llz = 3l° + el{z =2, 9)* {elyll* — 2} < |z — 2|

holds for sufficiently small € > 0. This is a contradiction to the assumption that Z is the

projection.
(=)
Suppose that T € M and (x — Z,y) = 0 Vy € M. Let T € M be arbitrary. Then
le =2 = @ -2 +2 2,20 -2 +2 — 1)
= |lz—-2P+ 2 -2+ -2, -2+ (T -7, — 7).
=0 =0
This implies that
— 7| = inf ||z —y].
o~ 7l = inf o~
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Application: Best linear prediction of a stationary process

Let X = (X})ien be a (weakly) stationary real-valued process on (€2, F, P) and let vy
be the autocovariance function of this process. To simplify matters, we assume that
EX, = 0. Suppose that realizations z1,...,x, (our data) of Xi,..., X, are observed.
We want to find the best linear predictor of X, 1,

n
Xn+1 = E ¢jOXn+l—ja
Jj=1

where

~ - 2

E[(Xn—l—l - Xn+1)2] = S(¢10,- -+, Pno) = ¢1in E[<Xn+1 - Z¢an+1—j> ],

- =i
that is, )?nﬂ minimizes the mean squared error of prediction.

To determine X,, 1, we could use basic calculus as above and set the partial derivatives
of the functional S equal to zero. If, in addition, the analogue of the matrix M in the
above example is regular, then there actually exists a unique solution. On the other hand,
we could also employ the results of Theorem [1.3.6] This theorem tells us that a unique
solution exists in any case, no matter if the counterpart of the matrix M is regular or
not. Moreover, it will be shown below that this solution is easily obtained using part (ii)
of this theorem.

Let H = L*(Q, F, P)and M = {377 jXpy1-5: ai,...,a, € R} Ttis clear that M

is a closed linear subspace of H. Since

n 9 n
E[<Xn+1 - Z ¢an+1—j> ] = HX’rH-l - Z gijn—H—j
j=1 j=1

it follows that the sought best predictor is just the orthogonal projection of X, ,; onto
the subspace M. Therefore we see without hesitation, that the best linear predictor
exists (i.e. the corresponding infimum is actually attained) and is unique. Part (ii) of
Theorem [1.3.6/helps us to find coefficients ¢y, . . . , ¢ such that X, = Z?Zl GjoXnt1—j-

Since (X411 — )A(nH, X) has to be zero for all X € M these coefficients have to solve the
following system of equations:

2

(X1 =) joXnp1—, Xi) =0 Vh=nn—1,..,1

J=1

This is fulfilled if and only if

<Xn+17 Xn> <Xn+1—17 Xn) s <Xn+1—m Xn> ¢10
(Xong1, X1) (Xnt1-1, X1) oo (Xpg1-n, X1) ®no
™ o7 -

As already mentioned, Theorem [I.3.6|guarantees that there exists at least one solution, no
matter whether or not the matrix I', is regular. If I, is singular, then there exist infinitely
many solutions. However, Thqgrem guarantees that every solution provides the same
(uniquely defined) predictor X, .
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1.4 Linear processes

In this section, we consider so-called linear processes. Their simple structure allows us to
derive their properties without much effort. Even a counterpart to the Lindeberg-Lévy
central limit theorem can be easily derived. Moreover, it will be shown in the next section
that certain processes with a more involved structure can be represented as such a linear
process. We begin with a few definitions.

Definition. The process € = (g;)icz is said to be white noise if

o? ifth=0

€

Ee =0 WVt cov (e, &) = { 0 ifhAO

Notation:  (g;)iez ~ WN(0, 02).
If (4)¢ez is a sequence of independent and identically distributed random variables such
that Fe; = 0 and var(e;) = o2, then we use the notation

(e0)ez ~ 1ID(0, 02).

Definition. Let (g;);cz be a real-valued process on (2, F,P). Then the process
X = (X¢)tez defined by

X; = Z Brei—k

k=—o00

is said to be a linear process. In this context, the ¢, are called innovations.

Special cases:

L4 X = ZZ:O Bk&fk
Then (X;);cz is an MA(q) process (moving average process of order ¢).

i Xy = Zzozo Brei—r
Then (X})ez is an MA(oo) process. (causal linear process)

Remark 1.4.1. Regarding the sequence of innovations, there are different definitions
of linear processes in the literature. For example, Brockwell and Davis (“Time Series:
Theory and Methods”) suppose that (i)icz, ~ WN(0,02) whereas Kreiff and Neuhaus
(“Einfiihrung in die Zeitreihenanalyse”) assume that (e;)sez, ~ IID(0,02). In what follows,
we adapt our assumption on the innovation process to the respective purpose.

Note that the definition of a linear process involves an infinite series and it is not clear
whether or not this series converges. The following proposition provides sufficient condi-
tions for their convergence.
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Proposition 1.4.2. Let (¢4):ez be a sequence of real-valued random variables on (§2, F, P)
and (B )kez be an absolutely convergent series, i.e. Y .- |B] < oc.

—0o0

(i) If sup, {E|e:|} < oo, then the series

Xi = Z Brei—k

converges absolutely with probability 1.

(i) If sup, {E[gf]} < 00, then the series converges in mean square to the same limit X,
1.e.,

m
L2
Xim = Z Bret—r — Xi.

k=—m

Proof. (i)  The monotone convergence theorem yields that

E[ Z |Bk5t—k|} - mh_rgoE[ i |Bk||5t—k|i|
k=—m

m
= im 3 (G Eles
m—oo
k=—m

IN

(nll_r&)k; |ﬁk]> sup {Ele:|} < oo.

Therefore,
P( Z ’Bkstfk’ < OO) = 1,
k=—oc0

that is, the series Y - Brei_j converges absolutely with probability 1. We denote the
limit by X;.
(i) Let X;, :=> 1o Brer—g. Then, for m < n,

[ Xen — Xemll? = < Z Biet—j, Z 5k€t—k>

m<|j|<n m<|k|<n

= > > BibEled

m<|j|<n m<|k|<n

2
< (X 18) sup{EE}.
m<|j|<n K
— 0 as m,n—o0
Therefore,
| Xen — Xemll — 0 as m,n — 0o,

i.e., (X¢m)men is a Cauchy sequence in L*(Q, F, P). Tt follows from Theorem m
(completeness of L*(€), F, P)) that there exists some X; € L?(Q, F, P) such that

| Xem — X — 0.
m—ro0
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It follows from (i) that X ,, 2% X, as m — oo. Therefore, we obtain by Fatou’s lemma
that

E[p@ _ thg] _ E[linrgigfp?t - Xt,m|2]

< liminf B[|X, - X,| =0,

- m—oo

which implies that
P <55t - Xt) - 1

Stationarity of linear processes

In the following we investigate issues of stationarity. But why is this important? We
have already learned that stationarity means that the statistical properties of a process
generating a time series do not change over time. It does not mean that the series does
not change over time, just that the way it changes does not itself change over time.
As we have seen, future values of stationary processes can be predicted, as the way
they change is predictable. Furthermore, besides the goal of predicting future values,
stationarity also means that targets of a statistical analysis, as for example the mean
of the random variables or the autocovariance structure, do not change over time. This
means, the more values of the process we observe, the more information about such a
fixed object we collect. This also makes a meaningful asymptotic analysis of statistical
procedures possible. Typically, we can prove consistency of (sequences of) statistical
estimators, that is, such a sequence of estimators converges to the target quantity as the
size of the sample tends to infinity. Next we show that a linear process inherits properties
of stationarity from the underlying innovation process.

Proposition 1.4.3. Let (g)icz be a real-valued process on (Q,F,P), X, =
> e oo BrEt—k, where 3707 | Br] < oo,

(i) If (e)iez is strictly stationary and Eleg| < oo, then (Xi)iez defined by X; =
S ore o BrEi—k is also strictly stationary.

(ii)  Suppose that (g;)iez is weakly stationary with autocovariance function .. Then
(Xi)iez defined by Xy = o0 Brer—k is also weakly stationary and

o0

EX, = Eeo (Y B),

k=—o00

yx(h) = cov(Xen, Xi) = > BiBive(h—j+k).

jykz*oo
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Proof. (i)  To prove strict stationarity of the process (X;)i ez, we have to show that
PXuraXy = pXott Xy Vty, ..., g, t € Z, Yk € N.

Let ty,...,ts,t € Z, k € N be arbitrary. To simplify notation, we assume that
t1 <... <t It is quite easy to show strict stationarity for a linear process with finite
memory. We consider the truncated variables X, ,, = Z;"zfm Brei—r. We have that

m m T
(Xthm)"'ath,m)T = < Z /ngh—ja"'a Z ngtk—j> = g(gtl—ma"'7€tk+m)7

Jj=—m J=—m
. _ T .
for some function g: R#—t+1+2m _ RE We can represent (Xtﬁtm, . 7th+t,m) in an
analogous manner,
T
(Xt1+t,m> e ath-l—t,m) = g(€t1+t—m; e ,5tk+t+m)7

Since ()7 is strictly stationary, we have

Patlfmv---vathrm — P5t1+t7m7---75tk+t+m
Y

which implies that

Pth,m,...,th,m — Pg(ftl—mw'vgtk-ﬁ—m) — P9(5t1+t—m7--~75tt+m) o PXt1+t,m7--~7th+t,m. (141)

This means that the truncated variables X, ,, form a strictly stationary process.

To obtain stationarity of the process of interest, we make use of the convergence
results stated in Proposition . According to statement (i) of this proposition, we
have

Xsm 2% X, Vs € Z, as m — 00,

which yields

Xvwms - Xogm) | =3 (X0, 0, X)) "

as well as
T a.s.

(Xt stms s Xoprim) ' 25 Xyt s Xorr) -

It is well-known that almost sure convergence of a sequence of random variables im-
plies its convergence in distribution. Since this is equivalent to weak convergence of the
corresponding laws we conclude that

Pth,’mv---vth,m . Pth 7...,th

and
PXtttme o Xebem . pXegtir Xt

Now it follows from ([1.4.1) and uniqueness of the weak limit that

Pth e Xty PXt1+t7--~7th+t

(i)  While the expected value of X;,, is easily computed, the justification for the ex-
pected value of X; requires more care. By weak stationarity of (g;):ez,

Ee? = Bel < 00 VteZ.
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Therefore, we obtain by the second statement of Proposition that
E|Xim — Xi|> — 0.

m— 00

Since E| X, — Xy < \/E(Xtm — X;)? we see that

B, = Jin B = Jin [ 3 fie]
= Feo ((Jim 30 ) = B0 ( 30 5)

Before we derive the second order properties of the process (X;)ez, note that linearity
of the inner product applies to finite sums. Since || X;,, — X;|| — 0 we can use the
m—0o0

continuity of the inner product (see (ii) of Lemma|1.3.4)) and we obtain that
E [Xt+hXt] = <Xt+h> Xt>
= n%l—lgcl)o <Xt+h,m> Xt,m>

= %%@(Z Bi€t+h—j, Z Bret—k)

j=-m k=—m

m
= lim Z BiBr  (€th—j>Etr)
j7k:_m 2
Ye(h—j+k) + (EEO)

> 2

=Y Bk CONPIEIE

J,k=—o00 k=—o00

This implies that
yx(h) = Y BiBive(h —j+k).

j,szoo

Exercises

Ex. 1.4.1 Suppose that Y and Z are uncorrelated random variables with FY = FZ =
0and EY?=FEZ?=1. For t € N, let X; =Y cos(6t) + Z sin(0t), where 6§ € R.

Show that X; = 2 cos(0) Xy — X is the best linear predictor of X3 given X;, Xo.
Hint:  E[X,X{] = cos(6(s—1t)) and cos(20) = (cos(#))* — (sin(0))>.

Ex. 1.4.2  Let (g/)iez ~ WN(0,02) and X; = Y ;7 a¥e;_y, for some a € R, |af < 1.

Show that )?n-i-l = aX,, is the best linear predictor of X, .1 given X;,..., X,,.
Hint: Argue that X, +1 — aX,, = e,41 and use (i) of Lemma m
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A central limit theorem for linear processes

In what follows we derive a central limit theorem for linear processes. Because of their
particular structure, we can build on a well-known CLT for sequences of independent and
identically distributed random variables. As a reminder, we quote a version of a CLT
which is usually attributed to the Finnish mathematician Jarl Waldemar Lindeberg and
the French mathematician Paul Pierre Lévy.

Theorem 1.4.4. (Lindeberg-Lévy central limit theorem)
Suppose that (X;)ien s a sequence of i.i.d. random variables such that EX; = 0 and
var(X;) =: 0% € [0,00). Then

1 n
NG STX -5 Y ~ N0, 0.
t=1

We use this well-known result to prove the following central limit theorem for linear
processes.

Theorem 1.4.5. Let (g)icz ~ IID(0,02). Suppose that X, = > oo Brei—k, where
(Br)kez is a sequence of real numbers such that > ;- |Bx| < co. Then

1 n
%th Ly Z ~ N(0,v),
t=1

where
o0

v = 03( Z 5k>2.

k=—oc0

This theorem will be proved in two steps. First we prove such a result for a simpler case
where the random variables X, are replaced by their truncated versions X, ,,. This allows
us to derive the desired result mainly by a simple re-arrangement of the terms in certain
double sums.

Lemma 1.4.6. Let (¢4)iez ~ IID(0,02), Xy =Y o . Brct—i. Then

1 n
NG S Xim =5 Zon ~ N(0,vm),
t=1

where

Uy = O'?( Z Bk)Q.

k=—m



38

Proof. First of all, we change the order of summation,

1 n 1 n m
%;Xt,m = %;k;mﬁkgt—k

n+m

1
% Z €s Z 51@

s=1-m  k: |k|<m,1<s+k<n

Now we split up

1
n
1
% E €s E B
se{l—-m,...,0}U{n+1,....n+m}  k: |k|<m,1<s+k<n

= Tn,l + Tn,2 + Tn,37
say. It follows from the Lindeberg-Lévy central limit theorem (Theorem [1.4.4) that

Tpi —2 Z. (1.4.2)

The terms 7T, 5 and T}, 3 both consist of a bounded number of summands with bounded
expectation. (To see this for 7}, 2, note that #{k: k| <m,s+k ¢ {1,... ,n}} =0 if
se{m+1,...,n—m}.) Therefore,

E|Tn,2 + Tn,3| = O<1/\/ﬁ)7

which implies that
Tho + Ths — 0. (1.4.3)

(1.4.2) and ([1.4.3)) yield the assertion. O

Proof of Theorem[1.4.5 The proof of this result will be split into three steps. We show
that

a) \/Lﬁ > i1 X can be well approximated by \/Lﬁ > Xims

b) by Lemma [1.4.6] \/Lﬁ > Xem converges to a random variable with a N(0,vy,)
distribution,

c)  N(0,v,) = N(0,v), as m — 0.
We begin with justifying the first approximation. Let )Zt,m = X; — Xy, Note that
cov ()’Zs,m7)/20,m) = Cov ( Z Bkgs—k’ Z /ng—])

k: |k|>m j:ljl>m

= E ﬁkﬁj <€s—k> 57j>
, . —
k.j: |k[,|7]|>m =0 if j#k—s

= o2 Y BB

k: |k|,|k—s|>m
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Therefore we obtain that
1 — 1 — 2 1 LS
E[(—th _ —ZXMZ) ] — Zvar (th,m)
v t=1 Vn t=1 n =1

1 & ~ =
= - ZCOV (Xs,m,thm)

s,t=1
n—1 n — ‘S| " _

= Z T cov (Xs,ma XO,m)

) T 2 kst BB
2
< af( Z |ﬁk]> = Cp Vn € N.
k: |k[>m
Furthermore, > |Bx| < oo implies that
C,, — 0.

m— 00

Note that a) to ¢) contain results with different modes of convergence: While a) is an L*-
approximation, b) states convergence in distribution for sequences of random variables,
and c) is related to weak convergence of probability measures. Furthermore, approxima-
tions a) and c) require that m — oo whereas b) holds for fixed m and is based on n — oc.
To bring together these results, we employ the concept of characteristic functions.

Let g denote the characteristic function of a generic random variable S. According to
Lévy’s continuity theorem, convergence in distribution of a sequence of random variables
is equivalent to pointwise convergence of their characteristic functions. Therefore, it
suffices to show that

©p-1/2 X (U) 7H—o>o goZ(u) YVu € R. (144)
Let v € R and € > 0 be arbitrary. We split up:

Pp-1/23n Xt(u) - ¢Z<u>‘ < ‘@n*1/2 S Xt(u> = Pn-1/2 Z?let,m(u)‘
+ ’%4/2 z;;lxt,m(u) - SOZM(U)|
+ [z, (1) = z(u)]
= Tl,m,n + T2,m,n + T3,m;
say. Since | — e%¥| < |x — y| Vz,y € R we obtain

T17m7n S E|e7’u(n_1/2 Z?:l Xt) — eiu(n_l/z Z?:l Xt»m) ‘

< wBp YN - Y X
t=1 t=1

< u+Cp Vn € N.

From Lemma [[.4.6] we conclude that

T27m7n — 0 VYm € N.

n—oo
Finally, we obtain from v,, —,, 00 v that

—u? a2
uivm /2 e uv/Q‘ 0.

Tgym = ‘6
m—00
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For the e chosen above, we can find some my = mg(€e) such that
Tingn + T3my < €/2 Vn € N.
Moreover, there exists some ng = ng(e, mg) such that
Ty mon < €/2 Vn > nyg.
The latter two estimates yield that
[Guvas (W) — 97| <€ V>,

which proves ([1.4.4)). This completes the proof. O

Exercise

Ex. 1.4.3 Let (g;)icz ~ IID(0,02) and let X, be an arbitrary random variable. The
stochastic process (X;)ien, is defined recursively by

Xt = Oéthl + &¢ YVt € N,
where |a| < 1.

(i) Show that <= 37, (X; — X;) —— 0, where X, = 3.3 ok

(ii) Does Z, = \/Lﬁ > 1 X, converge in distribution to a normally distributed
random variable Z7 If so, what is the variance of Z7
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Nonparametric estimation of the mean and the autocovariance
function

Suppose that (X¢):ez is a weakly stationary (real-valued) process with mean p and au-
tocovariance function . Assume that realizations x1,...,z, of Xi,..., X, are observed.
If nothing is known about the time series, besides that it is (weakly) stationary, then
natural estimators for the parameters p and (k) are

and
n—|k|

1 _ _
(k) = — Xipw — X)) (Xy — X)) El<n-—1
(k) ”Z;(l )( ). (k] )
For |k| > n, our sample does not provide information about (k) and we simply set
An(k) = 0. These estimators are called nonparametric because they are not based on
a model described by a finite-dimensional parameter. Their advantage is that they work
for (almost) every stationary time series. In what follows we investigate the statistical
properties of these estimators.
We begin with the estimator fi,, of the common mean g of the X;. This estimator,
or more exactly, the sequence (i, )nen 18 consistent under appropriate conditions. For
example, if

Xt = /’L + Z ﬂk’gtfka

k=—00

where (g¢)1ez ~ IID(0,02) and Y 7 |Bk| < oo, then it follows from Theoremmthat

1 n ¢]
Vi =) = Z=32 30 fen <> Z~NOw),  asnoro,

t=1 k=—o00

where v = 03( Yoo o ,Bk)Z The statistical relevance of this result is that the sample
mean is an asymptotically consistent estimator of p, with precision of the order 1/+/n.
This result may be used in a preciser way to derive an asymptotic confidence interval
for p. If v > 0, then R
o Z 1 4y 7y~ N(0,1). (1.4.5)
Vo/n

Let, for a € (0,1), ® (1 — «/2) denote the (1 — a/2)-quantile of a standard normal
distribution, i.e., for Zy ~ N(0,1), P(Zo < ®7'(1 — a/2)) =1 — /2. Then

Cp = [fin — Vo/n® (1 —a/2),, + Vv/n® (1 — a/2)]

is a confidence interval for p with an asymptotic coverage probability of 1 — . Indeed,

it follows from that
PpeC,) = P(lfn—pl < Vo/md(1-a/2))
- P(“” A a/2)) - P(“” e a/2)>

N

3 1-a/2 L
— 1-a. (1.4.6)

n—oo
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Of course, this result is of limited value since prior knowledge of the parameter v is
hardly available in practice. We will see later how v can be estimated. For the time
being, suppose that (v, )nen is any consistent sequence of estimators of v, i.e.

~ P
Up —> U as n — oo.

Here, « Ty denotes convergence in probability which means that, for all € > 0,
P([9, — v| > €) — 0. We conclude from (1.4.5 tha
n—oo

fn — 1 _ VO Zo ~ N(0,1)
U/ Vo, Jv/n
N~ ——

B1 4y

Therefore,

Coo = [fin — VO /n® (1 — /2),fin + /Tu/n® (1 - a/2)]

is a meaningful asymptotic (1 — «)-confidence interval for p.

2 Here we use the result that, for two sequences (X,,)nen and (Y3, )nen of real-valued random variables,
X, % X and Y, 5 1 together imply that X, - Y, % X.

To see this, we first show that X, (Y, — 1) 0. Let ¢ > 0 be arbitrary. Since X, % X we have that
P(X, <u) — P(X < u) for all continuity points u of the mapping x — P(X < z). Since the set of
n—oo

discontinuity points u of x — P(X < x) is countable we find some M = M (e) < oo such that —M and

M are continuity points and
P(X<-M or X >M) < ¢/3,

which implies that

P(IXn| > M) < P(X, < —M or X, >M) < (2/3) VYn>N,
and sufficiently large N;. Since Y,, B 1 we obtain, for arbitrary K > 0,

P(X0 (Yo = 1)| > K) < P(X,] > M) + P([Yn—1] > K/M) < ¢
for n sufficiently large. Hence, X, (Y, — 1) 5o

Now we obtain
Xn Y.=X, +X,(V,-1) = X.
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Now we turn to the problem of estimating the autocovariance function . As an
estimator of v(k), we consider

) = { AT (K = X) (G- X) k<L,
" 0 if k| > n.

Note that there seem to be alternatives to the choice of the factor 1/n in the definition
of 4,(k). In the case of independent and identically distributed random variables, it
is well-known that —= 3" (X, — X,,)? is an unbiased estimator of v(0) = var(X;).
Moreover, it also seems to make sense to divide by the number n — |k| of summands in
the definition of 7, (k). However, the following lemma provides a strong argument in favor
of the above choice: The factor 1/n ensures that the function 7,,: Z — R has the desirable
property of being the autocovariance function of an appropriate stationary process. We
will therefore stick to the above definition of this estimator. To see why this holds true,
recall from Theorem the fact that a function x: Z — R is the autocovariance
function of a stationary process if and only if x is an even and non-negative definite
function.

Lemma 1.4.7. The function 7, : Z — R is even and non-negative definite.

Proof. 1t is obvious that 7, (k) = 7,(—k) Vk € Z, that is, 7, is an even function.
To check the property of non-negative definiteness, let t1,...,tx € Z, aq,...,a; € R,
and k € N be arbitrary. We have to show that

k

3,7=1

To simplify notation, we assume, w.l.o.g., that t; <ty < ... <{t;. Note that (1.4.7) can
be rewritten as

a’Ta > 0,
where R R
’Yn(tl — tl) N ’Yn(tl — tk) ay
I' = : . : 3 a = :
Ytk —t1) oo An(te — tr) ag
However, the matrix I' can be represented as
I = MM,
where _
Xl - Xn Otg—tl Otk—tl
. : X - X,
M= — % _ X
\/ﬁ Xn Xn ) Xl X’n
X, — X, D
Otk—tl Otk—tz Xn - Xn

Now we can see that
k
>~ aifulti— t;)a; = a"Ta = "M Ma = |Mal? = 0,
Q=1

that is, the function 7,, is non-negative definite. O
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It may seem tempting to replace the factor 1/n in the definition of 7,,(k) by 1/(n — |k|),
because there are n— |k| terms in the sum. While with our advocated choice of the factor
1/n the function 7, is guaranteed to be non-negative definite, this is not true in general
when we use the alternative factors 1/(n — |k|). To see this, we consider the following
counterexample. Suppose that (X;)cz is a sequence of i.i.d. random variables such that
P(X;=1)=P(X;=-1)=P(X; =0)=1/3. Let n > 3. Then X; =1, X,, = —1, and

Xy =...=X,_1 =0 hold with a probability of (1/3)". We obtain, for
n—\k ¥ ¥ .
;yn(k) _ n_l‘k‘ Zt:1| | (Xt+|k| - Xn) (Xt - Xn) if |k| <n-—1,
0 if |k| > n,
that
:V/n(o) ﬁn( 1) ;;n(2 - n) ;?n(l - n) % 0 0 -1
r, = : =
jn(n 2) N'-. 'fyﬁ(—l) 0 0
'Vn(n_ 1) Vn(n_z) 'Vn(l) 711(0) -1 0 0 %
Let ¢ = (1,0,...,0,1)". Then
—2ti

~ 4
AT, c = - —2 <0,
n

i.e., the matrix I',, is not non-negative definite. Therefore, the function k — 7, (k) cannot
be the autocovariance function of a stationary process.

In contrast to the case of the mean, an analysis of the asymptotic behavior of our
estimator 7,, of the autocovariance function requires more effort. We begin with the bias

of F(k).

Lemma 1.4.8. Suppose that (X;)iez is a weakly stationary process with autocovariance
function «y, where > 77 |y(k)| < o0.
Then, for fized k € Z,

Eq, (k) = ~v(k) + O(n™).



45

Proof of Lemma[1.4.8 Let p = EX,. Then

B3(k) =+ 3 B[ (Ko — = Ko (X — i — X))

n—|k|
- % — {E[(Kew =) (K =) | + B[ (=) (%0 = )|}
n n—n|/€| E[(Xn—,u) }
= n—n\k\ (k)
n—lk| n

~ S e R =D+ (D)

t=1 [=1
n

+ n— |k Zv(s—t).

n3
s,t=1

Since > ;- |v(k)| < oo we obtain that
EFn(k) = v(k) + O(n™").
[

If ~ is the autocovariance function of a stationary process (X;);cz, where X; = p+
S v o BrEtk, (Et)tez ~ WN(0,02), and > ;7 |Bk| < oo, then > 27 |v(k)| < oo.
Indeed, by Proposition [[.4.2] the autocovariance function of a linear process is given by

y(h) = Y BiBrcovienj.e-p).
Jk=—o0

Since cov(ep_j,ex) = o2 if k = j — h and zero otherwise, this reduces to y(h) =
ol Z;i_oo B;Bj—n. Therefore,

i [y (R)]

h=—00

IA

ot 1Bl
J,h

— (Y 3l) <o

j=—00

In order to show that the quadratic risk of 7, (k) tends to 0 as n — oo, we still have to
estimate the variance of this estimator. To this end, we represent 7, (k) as a quadratic
form and make use of the following lemma.
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Lemma 1.4.9. Suppose that Y1,...,Y, are real-valued random variables on (Q, F, P)
such that EY; = 0 and EY,* < oo for all t. Furthermore, let M be a symmetric (n x n)-
matriz and Y = (Yy,...,Y,)T.

Then

var (YTMY) = Z My My, cum(Ys, Y, Y, Y,) + 2tr (MEMY),

s,tyu,v=1

where
(Y., Y, Y, ;) = E[Y.Y,Y.Y,)] - EV.YE[Y.Y,] - E[V.Y,]E[VY.] - E[Y.Y,] B[ViY.)]

denotes the joint cumulant of Y;, Vi, Y., and Y,, tr(A) = Y " | Aj; the trace of an
(n x n)-matriz A, and X = Cov(Y') the covariance matriz of the random vector Y .

Proof. Using YTMY = > eim1 MsYSY; we obtain
var (YTMY) = E[YTMY Y'MY] — E[Y"MY] E[Y"MY]

= Z MoMy (E[VYV.Y,] = E[VY)] E[v.Y])

s,t,u,v=1

= Z MstMuv Cum(Y;?YZ,Yu,YL)

s, tyu,v=1

£33 My EVY] M, BN

t=1 1_
Hv= Mt.s 72.511, 7Eut

+Z Z My E[Y.Y] Moy B[Y.Y]

t=1 s,u,v=1 _ ]\ﬁS —%., —M'uu — %,

— Z My M,, cam(Y;, Y, Y, Y,)

s,t,u,v=1

+2> (MSME)y

t=1
(.

J

~—
=tr(MEMY)
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Before we use Lemmato derive an upper estimate for the variance of 7,,(k), we state
a few useful properties of cumulants which show in particular that a typical assumption
on sums of cumulants will be satisfied under weak conditions. Note that the following
elementary properties follow directly from the definition of cumulants. Let Yi, ..., Y5 be
real-valued random variables with finite fourth moments and let « € R. Then

(i)  cum(Yy,Y2,Y5,Yy) = cum(Yza), Ya@), Ya@), Yaw), for any permutation
m: {1,..., 4} = {1,...,4},
(i)  cum(Yy + Y2, Y3, Yy, Ys) = cum(Yy, Vs, Yy, Vs) + cum(Ys, Ys, Yy, Ys),

(iii)  cum(aYi,Ys, Y3, Ys) = a cum(Yy, Y, Y5, Y)).

Exercise

Ex. 1.4.4 Suppose that (g;)ez ~ [ID(0,0?) and Es} < oo Vt € Z. Show that

: [ Elel] =30 ifs=t=u=nv,
(H)  cum (gs’gt’gu’gv) o { 0 otherwise
(ii) Let Xy = foer + -+ + By1—q. Show that, for arbitrary s € Z,

o)

Z | cum (X, Xy, Xu, Xo)| < |E[eg] — 30 (Z‘ﬁk> < oo.

t,u,v=—00

Lemma 1.4.10. Let (X;)ez be a centered Gaussian process, i.e., EXy =0Vt € Z. Then
cum (X,, Xy, X, X)) =0 Vs, t,u,v € Z.

Proof. Let Zy,...,Zy ~ N(0,1) be independent. Since F[Z}] = 3 = 3(E[Z?])? we obtain
by (i) of Exerc1se 1.7 that

cum (Z, Z;, Zi, ) = 0 Vi gkl e{l,...,4}.

Let now s,t,u,v € Z be arbitrary. Since (X;)icz is Gaussian, the vector X =
(X, Xi, X, X,)T has a multivariate normal distribution, X ~ Ny(04, %), for some sym-
metric and non-negative definite matrix ¥. Let M := X2 be the square root of ¥. Then
the vector X has the same distributions as MZ, where Z = (Zy, Z, Z3, Z4)T, and it
follows that

cum (X57Xt7Xu>Xv) = Cum(ZMliZiaZMQijazMSkaaZMMZZ)
i j k l

4
= Y MyMyMyMy cum (Z;, Z;, Zy, Z1) = 0.
64 k=1 h 7 4
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Now we are in a position to show that the variance of 7, (k) converges to zero as the sample
size n tends to infinity. This yields, in conjunction with Lemma that the squared
error risk of 7,(k) tends to zero which in turn means that the sequence of estimators
(Vn(k))nen is consistent.

Lemma 1.4.11. Suppose that (X;)iez is a strictly stationary process with mean p and
autocovariance function . We assume that Y oo _ |v(k)] < oo, E[X{] < oo, and
D = oo | cum (Xo — g, Xy — pt, Xo — 1, Xy — ,u)’ < 00. Then

~ 2 _
E[(u(k) = 7(k))"] = O(n7").
Proof. In order to employ Lemma [1.4.9, we represent 7, (k) as a quadratic form:

N 1 _ )
(k) = —~ S (X —ptp—X0) (X —p+p—X,)
t=1

= % ; (Ko — ) (X2 — 1)
n—|k|
_ % Z: [(Xt — ,u) (Xn — ,u) + (Xt-Hk\ - ,u) (Xn - ,u)]
N n—n|k:|(Xn_,u>2
= YTMmy,

where Y = (X; —pu, ..., X,,— )" and M being an appropriate symmetric (n X n)-matrix.
The entries of M are such that, for k # 0,
1 1 ~
= + O(=5) if |s—t|=k
_ 2n n ’
M = { O(L) if |5 — | £
and, for k£ =0,
1 1 :
2+ 0Ge) if s =t,
M = { O() if 5 £ ¢

In either case, we obtain from Lemma [1.4.9

var (%(k)) = Z My, M, cum (XS — ey Xy — o, Xy — p, Xy — ,u)
s, tyu,v=1
+ 2 Z Z MstztuMuvas
s=1 tu,v=1
S HE%X{'Mst”’ H;%X{|Muv|} Z Z ‘ cum (XS - ,uaXt - M?Xu - U?Xv - ,U)‘
NG _ — ~ s=1 tu,v=1
=0(n-1) =0(n1) h o0
+ max{(Manf} mae {3712 1Bl } 37 1Ml
N’ . u,v , s,t=
=00 o) —o)
= O(n’l).
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1.5 ARMA processes

In this section we introduce an important class of processes (X;)icz which are defined in
terms of linear difference equations with coefficients that are constant over time.

Definition. Let (g;);cz ~ WN(0, 02). The process (X;)ez is said to be an autoregres-
sive moving average process of order p,q (ARMA(p, q) process) if for every t € Z

Xt — OélXt_l — e = OépXt_p = & + ﬁlgt—l + -+ qut—q- (151)

We say that (X;)iez is an ARMA(p,q) process with mean p if (X; — )iz is an
ARMA(p, q) process.

Note that we do not require by definition that an ARMA process be stationary. As we
will see below, the existence of a stationary solution to the systems of ARMA equations
follows under some extra condition on the coefficients. Under such conditions, requiring
stationarity is one way of making this solution unique.

The class of ARMA processes includes the following special cases.

e (Moving-average process)
If p = 0, then the system of model equations (1.5.1)) reduces to

Xy = & + ﬁlé‘t_l + -+ Bqé}_q Vvt € Z. (152)

The process (X;)ez is said to be a moving-average process of order ¢ (or MA(q)
process). If (g;)iez ~ WN(0, 02), then it follows from Proposition that (X;)sez

is a stationary process and we obtain (defining Sy = 1)

EX, — Eg()(i:ﬁk) —0
k=0

and

25 B8, if [h] <
cov(Xpin, X)) = { g > izo BiBisin ;f ;h; = ;1,

e (Autoregressive process)
If g = 0, then we obtain the following system of model equations:

Xt = OélXt_l + e + apXt—p + Et \V/t & Z (153)

Such a process is called autoregressive process of order p (or AR(p) process).
Note that, in contrast to the case of moving-average processes, the random vari-
ables X; are not explicitly given. The question whether or not there is a stationary
solution (X;);ez to the system of equations will be discussed in what follows.

The imposition of the above additional structure leads to a class of models, the autore-
gressive moving average or ARMA processes, which are described by a finite number
of parameters. Nevertheless, this class is quite flexible in matching a given autocovariance
function. Indeed, for any autocovariance function 7 such that limy_,., y(k) = 0, and for
any integer p > 0, it is possible to find an autoregressive process (X;);cz of order p with
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autocovariance function yx such that vx(h) = y(h), for h = 0,...,p. Another nice fea-
ture of these ARMA processes is that they can be represented as linear processes which
makes an immediate application of tools, which are originally derived in the context of
linear processes, possible.

As some sort of warm-up, we consider first the case of an autoregressive process of order 1.
Suppose that (g¢)iez ~ WN(0, 0?), where 02 > 0. The system of model equations is

Xt = CYlXt,1 + & YVt € 7. (154)

Iterating (1.5.4) we obtain that
Xi = & + aXia

2
= & + a6 + )Xy o

_ k k+1
= & t+ g1 + -+ ajg g + o) Xy g,

which leads us to a guess of a solution. Indeed, if |a;| < 1, then we obtain from Propo-
sition that the series >~ ale;_ is both mean square convergent and absolutely
convergent with probability one. Furthermore, (X})tez with X; = > oo OFery is by
Proposition a stationary process and we obtain that

o oo

- B N -

Xy = E €k = & + O E ajei 1 = a1 Xy 1 + &
k=0 t=0

holds for all t € Z. Therefore, ()?t)tez is a stationary and causal (since only e, with

s <t are involved in the definition of X;) solution to (1.5.4). The issues of stationarity
of an AR(1) process are summarized in the following proposition.

Proposition 1.5.1. Let (&;)iez ~ WN(0,02) and oy € R with |oy| < 1.

(i) A stationary solution to (M) is given by ()?t)teZ; where

X => afey (1.5.5)
k=0

(ii) a) (Xy)ez is the unique weakly stationary solution which satisfies for all
teZ.

b) Let (Xi)ien, (No = NU{0}) be an arbitrary process which satisfies for
allt € N. Then

Xt — )?t = O[i(XQ —)A(:Q)

and B
}Xt—Xt}%O ast — oo.

If (Xi)ien, is weakly stationary, then

B|(X, - X)°| < 20(BX} + BX}).
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Proof. After the preceding discussion, it only remains to prove part (ii).

a) Let (Xi)iez be an arbitrary solution to (1.5.4). Then
X — Xt = Oél(Xt—l - Xt—l) = ... = @’f(Xt—k - Xt—k)

holds for all £ € N. Since both (X;);cz and ()?t)tez are stationary processes we
obtain hat

B~ K| < ool B[|Xe] + [T

< Jf {y/EIXE) + VE[RLI} 0

This means that £|X, — X,| = 0, which implies that
P(X;# X;) = 0.

b) Let (Xi)wen, be an arbitrary process which satisfies (1.5.4)) for all ¢ € N. Then we
conclude as above that

Xt—Xt:ai(Xo—)’Zo)%o as t — oo.
If in addition (X;);en, is weakly stationary, then

E(X, - X,)° < 22 (EX? + EX?).

Remark 1.5.2. For a one-sided AR(1) process (X¢)ien, it is only required that
1s satisfied for allt > 1. In this case, a stationary solution to may not be unique.
Indeed, suppose that the underlying probability space allows the construction of two inde-
pendent processes (e¢)iez ~ WN(0,0?) and (£})1ez, ~ WN(0,0?). Let

5 = Et th 2 1,
LI = ift <0.
Then .
Xt = Za’fat_k
k=0
and

o0
_ .
X = E Q1€
k=0

are both solutions to for all t € N. However, unless o® = 0, these processes are
not equal.
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Before we investigate autoregressive processes of order p > 1 we stick to p = 1 and take
a brief look at the case of |a;| > 1.

The case of || > 1

Suppose that (g;)iez ~ WN(0,0?), where 0 > 0. We seek again a stationary solution
to the system of equations , for t € Z. Since 0% > 0 it is obvious that the series
> e aie;_i does not converge in mean square. On the other hand, the following system

of equations is equivalent to (|1.5.4)):
thl = (1/&1)Xt — (1/0(1)5,5 Vt € 7. (156)
To guess a solution to (|1.5.5) we iterate this equation and obtain

Xy = —(/ay)er + (1/aq) X
= —(I/)espr — (M aa)’erps + (1/0n)* Xipo

- — 2(1/a1)k5t+k, (1.5.7)

It follows from Proposition m that the series Y7 (1/ay)e; 4 converges both in mean
square and with probability one. Furthermore, (X;);ez with X; = — > 77 (1/a)*eryy is
by Proposition a stationary process. This process satisfies (1.5.6) and, therefore,

(1.5.4) as well.

The case of o = £1

In this case, a stationary solution to does not exist. Suppose again that
(et)iez ~ WN(0,0?%), where 0? > 0. If, for example, o; = 1, then any stationary so-
lution (X})iez has to fulfill

Xt = & + Xt—l = ... =& + -+ Et—(k—1) + Xt—k Vk € N.
Now we have var(X;) = var(X;_) < oo but

var (gp + -+ + &_g_1)) = ko” 0,

which leads to a contradiction.

We would like to note that the stationary solution is frequently regarded as un-
natural. When autoregressive processes are employed to model real-world phenomena
such as the evolution of stock prices, the ; usually describe the effect of external shocks
which influence the further evolution of the stock price. Since such shocks are usually
unforeseeable it does not make sense to include ¢4 for any s > ¢ in the definition of X;.
It is customary therefore when modelling stationary time series to restrict attention to
AR(1) processes with |ay| < 1 for which the unique stationary solution has the represen-
tation ((1.5.5)) in terms of (g5)s<;. This also applies to autoregressive processes of higher
order which will be investigated below.
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Exercises

Ex.

Ex.

1.5.1  Suppose that (;);ez ~ WN(0,0?), where 6> > 0. Show that there is no
stationary solution (Xj)ez to (1.5.4) if g = —1.

1.5.2  Suppose that (g;)icz ~ WN(0,0?), where 0> > 0 and that a; € R such
that |oy| > 1.
Show that the (non-causal) solution ([1.5.7)) also satisfies the AR(1) equations

Xi = (/o)X + & Ve,

for a suitably chosen process (&;)ez.
Show that (£;)ez is a white noise and determine var(&;).
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Now we turn to autoregressive processes of higher order.  Assume again that
(e1)iez ~ WN(0, 0%). The system of model equations is given by . Again we would
like to know if has a causal stationary solution. Suppose for the time being that
()?t)teZ is such a solution. We obtain by a repeated iteration that the following equation
has to be satisfied for all t € Z.

Xt = & + oq)N(t_l + -+ ozp)N(t_p

= & + o (é},l + o )~(t,2 + -+ ozp)?t,p,l) + Qo )Z't,Q —|—oz355t,3 + -+ ozp)?t,p
—— R

:5t72+"' :€t72+"'

[ k
Et + E < E (07 "'Oz]%)&t_k.
k=1

r=1 (k1,...kr): k1t the=k

At this point we want to find a condition on the coefficients a, . . ., , which ensures that
the series on the right-hand side of ([1.5.8)) actually converges. After that we will check
that the corresponding process solves ((1.5.3)). Suppose that

o] + - + Jay| < 1. (1.5.9)

(1.5.8)

[e%s) k oo
L+ ) > > o | o ] = 1+ Y 3 g, |-+ - g, |

k=1 =1 (k1,...k): kit +kp=k r=1 k>r (k1,...ke): ki+-the=k
o0
= > (laal + - + o))"
r=0
! <
= Q.
L—laq| = =y

Therefore, it follows from Proposition that the series on the right-hand side of (1.5.8])
converges absolutely with probability one. This allows us in particular to alter the order
of summation and we obtain that

)?t = & + Z ( Z (07 'ak7->5t—k

k=1 r<k ki+-+kr=k

p
= & + Z (07°% <€t7k1 + Z ( Z O - "OékT>€(t—k1)—k2—~-—kr) .

ki1=1 k>ky r<k,ko+-+kr=k—k1

v~

J

=Xtk

This shows that ()?t)teZ solves {) We can also write this solution in a more compact
form. Let 5y =1 and, for k € N,

Br= > o (1.5.10)
r<k, kyttkp=k
Then

)?t = Zﬁk&flv
k=0

Since D070 1Bkl <1+ D2050 D choby ootk |y | -+ [, | < 00 it is clear that the con-

ditions of Propositions and are fulfilled. The process ()?t)tez is therefore
stationary. We will see in the following that condition ([1.5.9) is stronger than necessary.
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In the following we intend to relax condition ([1.5.9)) which guarantees that the system
of linear difference equations has a causal stationary solution Y .- Bxei_j with
> reo |8k < 0o. (The latter condition ensures that the infinite series converges both in
mean square and absolutely with probability one.) Recall that, for a given sequence of
innovations (;)sez ~ WN(0, 02), the following equations have to be solved simultaneously
for all t € Z.

Xe —anXimn — 0 — Xy, = & (1.5.11a)

and

X, = Zﬁk&_k (1.5.11b)
k=0

To avoid this somewhat bulky notation, we introduce the so-called backward shift
operator B as
BXt - Xt—l‘

Powers of the operator are defined in the obvious way, i.e. B°X; = X, and B*X, = X,_;,

k > 1. We can rewrite (1.5.11a)) and (1.5.11b)) in a more compact way,

Oé(B)Xt = & (1512&)
and

Xt = ﬁ(B)Et, (1512b)
where «(B) = B — a;B' — -+ — ,,B? and B(B) = > -, SB*. Plugging in equation
(1.5.12bf) into (1.5.12al) we obtain that

This is actually fulfilled if a comparison of coefficients yields that
a(B)B(B) = B° (1.5.14)

and, of course, if the infinite series on the left-hand side of converges absolutely.
The latter requirement if fulfilled if Y77 | 5x| < 0o, what we keep in mind in what follows.
For given ay, ..., q,, it remains to solve (|1.5.14)). But this could be equally well done
by solving an equation with polynomials with real arguments. is equivalent to

a(2)B(z) =1 Vzel, (1.5.15)

where I C R is some non-empty interval, a(z) = 1 —agz! —- - — 2P, B(2) = Y pey Biz™.

Coefficients (B )ren which solve ((1.5.15)) are candidates for a possible solution to (|1.5.14)).

Moreover, it will turn out that Y.~ || < oo follows if the polynomial « has all of its
zeroes outside the unit circle. The following lemma provides a sufficient and necessary
condition for the existence of a solution to (|1.5.15)).

Lemma 1.5.3. Let a(z) = 1 — a2 — - — 2P, where oy, ..., o, € R. Then there exist
(Br)ken such that >3 Bk < oo and

a(z)Zﬁkzk =1 Vz e C with |z] <1
k=0
if and only if

a(z) #0 Vz € C with |z] < 1.

In this case, the coefficients By, B1, ... are real.
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Proof. (<=) Suppose that
a(z) #0  Vze Cwith 2] < 1.

The polynomial o can be written as

a(z) = (1 = z/ar) - (1 = 2/e),

where ¢, ..., ¢, are the zeroes of «, according to their multiplicities. Since 1/(1 —z/c) =
> neo(z/c)* holds for all z € C with |z/c| < 1 we obtain, for these values of z,
I 1
alz)  1—-2/q 1—2z/c,
= ( Z cfklz’”) e ( Z c;kpzkp>, (1.5.16)
k1=0 p=

where all series on the right-hand side converge absolutely. In order to obtain that
a(z)B(z) = 1 we choose (0 )ken, such that

oo oo o0
Zﬁkzk _ (Z Cl—klz/ﬂ) < Z C;kpzk,,)
k=0 k1 =0 kp=0

A comparison of coefficients reveals that this is achieved by the choice £, =

- —k . . .
k1 ?. Furthermore, since the power series on the right-

Zkl ..... kp>0: ky+-thp=k €1 " Cp
hand side converge absolutely for = = 1 we obtain > s, |c;"| < oo and therefore

_ —k
Yoo Bl < (ko ler™ ) -+ (Chzolen 1) < o0
To see that the coefficients Sy, 1, ... are real, write 3, = B,? + iﬁ,ﬁ, where 55,% e R.
Then

a(z) (iﬁézk) = %(a(z) iﬁkzk> =0 VzeC(Clz <1
k=0

which implies that >, Bfz¥ = 0Vz € C, |z| < 1, and, hence, 8{ =0 Vk > 0.

(=) This direction is trivial. Indeed, if a(z)> 2, Bz" =1 for all z € C, |2| < 1,
then it is clear that a(z) # 0 for all z € C, |z| < 1. O

It is an immediate corollary of Proposition that operators such as (B) =
> o WiB with 37 || < oo, when applied to a stationary process (Z;)iez, are
not only meaningful but also inherit the algebraic properties of power series. In particu-

lar, if 3277 laj| < o0, 352 18] < o0, a(B) = 35 o B, B(B) = 32 BB,
and Y(B) =>.7° _ ;B’, where

Jj=—00
Y = Z Bk = Z Brctj—k,

k=—o00 k=—o00

then a(B)B(B)Z; is well-defined and
a(B)B(B)Z; = B(B)a(B)Z; = %(B)Z:.

Therefore, the following theorem is mainly a direct consequence of the previous

Lemma [1.5.3]
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Theorem 1.5.4. Let (g;)icz be a stationary process and suppose that
az) =1 — a2t — - — a2 #0 VzeC,|z| < 1. (1.5.17)
(i)  The system of equations
Xi =Xy + -+ Xy, + 5 VteZ (1.5.18)

has a stationary solution ()?t)tez; where X, = Soreo Bk, B =

—k —k
Zkl ..... lep>0: kit +hkp=k €1 Peeegp”
(i)  If (Xy)iez is an arbitrary stationary solution to , then

P(X, = X,) = 1.

, and cy,...,c, are the zeroes of .

Proof. (i) Tt follows from Lemma that >~ |Bk| < oo. Therefore, > 7~ Brer—s

converges both in mean square and absolutely with probability one which means that X; is
well-defined. According to Proposition (Xt)teZ inherits the property of stationarity
from the underlying innovation process (&;)icz. Furthermore, a(2)5(z) = 1 V|z| < 1is
equivalent to a(B)3(B) = B°. Hence,

a(B)X; = a(B)3(B)e; = ¢,
T

ie., ()Z't)tez solves (|1.5.18]).

(i) We have that (a(B)X;),_, and (a(B)X;)
fore (3(B)o(B)X;),., and (B(B)a(B)X,)
@(B))zt = ¢y = a(B)X; that

1e7 are both stationary processes. There-

1ez, A€ also stationary and it follows from

———— —_——
:)~(t :Xt
Hence, X; and )?t are equal with probability one. O

To conclude these considerations, we want to clarify how the regularity conditions ((1.5.9))

and (1.5.17)) are related to each other.
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Remark 1.5.5. (i) If |oq| + -+ + |a,| < 1, then a(z) # 0 for all z € C with |z| < 1.
The converse statement is not true in general.

(1t) If ai,...,«a, are non-negative, then and are equivalent.

Proof. (i)  Suppose that ||+ -+ || < 1 and z € C, |z| < 1. Then
|a121 + -+ apzp| < 1,

which implies that
alz) =1 — a2zt — o — qp? # 0.

To disprove the converse, we consider a simple counterexample (p = 2). Let ¢; and ¢ be
the zeroes of the autoregressive polynomial. Then

a(z) = (1—3) (1—3> —1- <l—|—l>z+L22.

&1 C2 C1 Co C1C2

=

For ¢1,c5 € R with 1 < ¢; < 2, we obtain that |a;| > 1 but (1.5.17)) is satisfied
(ii))  The second statement is trivial. O

In the following we show how flexible the class of autoregressive processes is in matching a
given structure of the autocovariances. We show in particular that, for any autocovariance
function «y such that v(0) > 0 and (k) — 0 0, we can find a causal stationary AR(p)
process with autocovariance function yx such that yx(k) = (k) for £ = 0,...,p. To
this end, we establish first an important relation between the parameters of an AR(p)
process and the autocovariances.

Suppose that (X;)cz is a zero-mean stationary and causal autoregressive process of or-
der p obeying
Xt = 061th1 + -+ OépXt,p + & YVt € Z,

where (g¢)iez ~ WN(0,0?) and a(z) =1 —ay2! — - —a,2? £ 0forall 2 € C, |2] < 1. Tt
follows from the uniqueness of the stationary solution stated in Theorem that X; =
Z;O:O Breir—k, where the sequence of coeflicients (B )ren, is determined by Ziio Bz =
1/a(z), |2| < 1. We have in particular Sy = 1 and > ;- |5k < oo. It follows from
continuity of the inner product (see Lemma that

. = 0 if t >0,
EleXo] = lim B [et(kz_o Bre-k)] = { o2 ifr—o
Let  be the autocovariance function of the process (X;)iez. Fort =0,1,..., p, we obtain

the following equations which are called Yule-Walker equations:

V() = E[XtXO} = E[(Ep:akXt—k + 5t)X0]

= iakw(t— k) + Ele; Xo).
k=1
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The Yule-Walker equations can be condensed in matrix/vector notation as

v(1) y1-1) ... v(1-p) ay
: = : : : (1.5.19)
(p) yp—1) ... vp—p) ap
and
7(0) = 7)o + 0%, (1.5.20)
These equations can be used to determine (0),...,v(p) from ¢% and oy, ..., a,. On the

other hand, if we replace the autocovariances v(j), 7 = 0,...,p, appearing in (|1.5.19))
and by the corresponding sample autocovariances 7(j), we obtain a set of equa-
tions for the so-called Yule-Walker estimators aj,...,a, and 02 of ay,...,q, and
o2, respectively. And finally, as shown below, these equations may also be used to find,
for a given set of autocovariances 7(0),...,v(p), parameters a,...,q, and o2 for an
AR(p) process with these autocovariances. To this end, we state first a result that guar-
antees that the matrix I'), = (7(2 — j))i,jzl,-.-vp is regular which means that, for given

v(0),...,7v(p), (1.5.19) has always a solution.

Lemma 1.5.6. Let v be the autocovariance function of a weakly stationary, real-valued
process (Xi)iez.-
If ¥(0) > 0 and v(k) —5—00 0, then the covariance matriz T, = (y(i — j))ij:1 s

reqular for all n € N.

Proof. We prove this result by contradiction. Let )?t = X; — EX;. It is clear that
'y = (7(0)) is regular. Assume that I, is regular and I',; singular. Then since EX; = 0

there exists a = (ay,...,a,411)7 # 0,41 such that
Xi X i
0= aTFnHa =a'FE : ()?1 )?n> a=F a’ : ,
X Xt

which implies that Z?:ll ai)?i = 0 holds P-almost surely. Moreover, we have that
an+1 7 0 since otherwise I',, would be singular. Hence,

n

)?nﬂ = Z(_ai/anﬂ))?i P—a.s.,
i=1 ~

which means in particular that E [(Xn+1 - Z?:l di)?i)z] = (0. By stationarity we then

have E[(Xn+k+1 — Z?:l dz)?z+k)2] = 0, i.e.
Xn+k+1 = ZdiXi_i_k P — a.s., for all £k € N.
i=1

Consequently, for all m > n + 1, there exist constants dgm), e ,d%m) such that

i=1
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We have

> Amin(Th) Z(dz(m))za

=1

where Apin(I',,) denotes the smallest eigenvalue of I',,. Since T, is regular and, as a
covariance matrix, non-negative definite, it follows that A, (I',,) is strictly positive. This

shows that, for each fixed 1, dgm) is a bounded function of m. On the other hand,
0 < 7(0) = cov ()N(m,Zdl(-m))N(i)
i=1

< Do ld™m = i) — 0.
=1

This is a contradiction and our assumption that I',, is singular must be wrong. This
completes the proof. n

Corollary 1.5.7. Let (X;)iez be a stationary and causal AR (p) process,
Xt = 051th1 + -+ Odet,p + & Vt € Z,

where (g¢)1ez, ~ WN(0, %) with o > 0, a(z) # 0 for all |z| < 1.

Then the autocovariance function yx of this process fulfills yx(0) > 0 and >}~ |vx (k)| <
0o, which implies that vx (k) —> 00 0. Therefore, the corresponding covariance matrices
I',, are regular for all n € N.

Now we are in a position to prove that an arbitrary autocovariance function can be
approximated by the autocovariance function of a suitable autoregressive process.

Theorem 1.5.8. Suppose that v is the autocovariance function of a stationary (real-
valued) process such that v(0) > 0 and v(k) — k00 0.
Then there exists a causal stationary AR(p) process (Xi)iez with autocovariance func-
tion yx such that yx (k) = v(k) for all k =0,1,...,p.

Proof. We show that there exists a causal stationary process (X;);cz such that

Xt = 051th1 + -+ OépXt,p + & YVt € Z,

where (g;)ez ~ WN(0, 0?) and cov(Xyyx, Xi) = y(k), k=0,1,...,p.
If there exists such a process at all, then it follows from the Yule-Walker equations ({1.5.19))
and (|1.5.20)) that

(al, o ,ap)T = F;lvp
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and

o® = ~(0) — vy a,
where ', = (y(i—j))szl, % = (v(1),...,7(p))T, and @ = (cu1, ..., )" It only remains
to show that

a(z) =1 —agz! — - —ap? A0 VzeC, o <1 (1.5.21)

We prove this by contradiction and assume that the autoregressive polynomial « has a
zero inside the unit circle, i.e.

a(z) = (1 = z/c) &(2),

for some ¢ € C, |¢| < 1. Then the polynomial £ has the form £(z) = 1 — ?;i b;z7, for
some by,...,b,_1 € C.

Let (Yi,. o, Ype1)' ~ N(Opy1, Tpyr). We define Z; := £(B)Y; and

[ Zpsa ] 2o

Note that the random variable Z; is not necessarily real-valued, it could also be complex-
valued. We define the polynomial

v(B) = (B — pB)¢(B),

which can also be written as
p .
7(B> = BO - Z&jBJ>
j=1
for some ay,...,a, € C. We have

p
E|Yp = Y @Y1 © = E|(B° - pB)&(B)Yp|’
j=1
= E|(BO — pB)Zp+1|2
= E|Zy — p2)|° (1.5.22)

and
ElYp = Y aYpu,[0 = E|(B” = (1/¢)B)&(B)Ypi|
j=1

= E|Zy — (1/0) 2, (1.5.23)

It follows from the projection theorem (Theorem that Z§:1 a;Y, 11— is the pro-
jection of Y, onto the subspace M = {>?  ¢Y,1_;: c,...,¢, € C}. Therefore the
left-hand side of is smaller than or equal to the left-hand side of . On
the other hand, it follows again from the projection theorem that pZ, is the projection
of Z,.1 onto {cZ,: ¢ € C}. Therefore, the right-hand side of is smaller than or
equal to the right-hand side of . Hence we conclude that

E‘ZP-H - pr‘2 = E|Zp+1 - (I/C)Zp|27
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which means that (1/¢)Z, is also a projection of Z,;; onto {c¢Z,: ¢ € C}. Since the
projection is unique we conclude that

0 = Elpz, — (102" = (0 = (1/0))" 12|,
#0

i.e. p=1/c. It follows from the Cauchy-Schwarz inequality that |p| < 1. However, if
|p| = 1 then a simple computation reveals that

Lpy1 = pLy P —a.s.

Since £(B) = B® — S27_! b; B/ we conclude that

p—1
0= Zpe1 — pZp = Ypr1 — Y Y1 — p5(B)Y,  P—a.s.
j=1

This, however, contradicts the regularity of I',; 1, which in turn follows from Lemma m
Therefore, our assumption that a has a zero inside the unit circle was wrong and the
proof is complete. O

Exercise

Ex. 1.5.3 Suppose that (X;)cz is a causal stationary AR(2) process obeying
Xy = an X1 + Xy 9 + &,

where (g;)iez ~ WN(0,0%), 02 > 0, and a(z) =1 — a1z —ap2? #0Vz € C, 2| < 1.
Compute the autocorrelations p(1) and p(2), where p(k) = v(k)/v(0) and (k) =
COV(Xt+k, Xt)



63

A central limit theorem for sums of martingale differences

In the following we consider two popular methods of estimating the parameters of an
autoregressive process, the least squares method and the method of moments, which is
based on a sample version of the Yule-Walker equations. We will also investigate the
asymptotic behavior of the least squares estimator when the sample size n tends to infin-
ity. It will be shown that this estimator, properly normalized, is asymptotically normally
distributed. Such a result can be used to construct confidence sets for the unknown
parameters, where a prescribed coverage probability is asymptotically guaranteed. As a
prerequisite to such a result, we derive a suitable central limit theorem. It will turn out
that we are faced with sums of dependent random variables which have the particular
structure of martingale differences. Next we state and prove an appropriate extension of
the Lindeberg-Feller central limit theorem to martingales.

Recall that the characteristic function ¢ of a standard normal distribution with zero
mean and variance o is given by o(t) = e "*7*/12t € R. In our proof of the central limit
theorem, we make use of the following lemma which shows that the characteristic function
of an arbitrary random variable X with EX = 0 and var(X) = o2 can be approximated,
for small values of o2, by the characteristic function of a normal distribution with the
same first two moments. Recall that the characteristic function ¢ of a standard normal
distribution with zero mean and variances o2 is given by ¢(t) = e 12yt € R.

Lemma 1.5.9. Let X be a real-valued random variable such that EX = 0 and E[XQ] =
0% < 0o0. Then
. 2 2
ox(t) == Be'™™ = U2 (1),

where, for all € > 0,

3 42 4 4
o, PE[X?1(|X] > €)] + Lo

Ir(t)| < e vt € R.

Proof. Since E [X 2] < 00, the characteristic function ¢x is two times continuously dif-
ferentiable and

O (t) = E[iX eitx}, o (t) = E[(Z'X)2 eitX}.

Therefore, we obtain by a Taylor series expansion

2 2

42,2 t t 42,2
[ox(®) = 2] = | ox(0) +1 $x(0) + 5 ¢k (0) + 5 [h(€) — $k(0)] — e
Y T 2 \\,;/ 2
t202 2,2 t2
< _ _ —ta/Q‘ N o ’
< |(1-5) = e+ 5|k - k0],

for some £ between 0 and t. We have, again by a Taylor series expansion, that e™ =

l—u+ “726_’7, for all v > 0 and suitable € (0, u). This implies that

(-5 e

tiot
< —.
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Furthermore,
(&) = ()| = |BLEX0 (X - o))
< BXT X = [ 1(IX] < 6) | + BX? [ — 0] 1(1X] > €|
\l - ’ —_—
<elg|<elt] <2
< et E[X?] + 2E[X?1(]X]| > €)],
which completes the proof. O]

It will turn out that our proof of the central limit theorem for sums of martingale
differences is rather complex. Therefore, we first take a look at the simpler proof of the
classical central limit theorem for independent, but not necessarily identically distributed
random variables, which is named after the Finnish mathematician Jarl Waldemar Lin-
deberg and the Croatian-American mathematician William Feller.

Theorem 1.5.10. For n € N, let X, 1,..., Xk, be independent random variables on
respective probability spaces (Qn,]:n, Pn). Suppose that

(i) EXop=0 Vk=1,.. kn,

(ii)  for o2, = E[X2,],

kn
7= 20 2.0 €[0.00)
k=1
(i1i)  for all e > 0,
kn
o 2
Lu(e) = Y B| X241 (1Xasl > €)| =2 0.
k=1
Then
Sp = Xpi 4+ Xng, —2 ¥V~ N(0,0%).

Remark 1.5.11. Condition (iii) is the so-called Lindeberg condition. Since, for arbi-
trarily small e > 0,

o2 = BIX2] < €+ B[X2,0(1X0il > )] < €+ Lu(e)

we conclude that
max {02} — 0. (1.5.24)

1<k<kn n—00

In other words, the Lindeberg condition guarantees that the contribution of any individual
random variable X, 1, (1 <k <k, ) to the variance o2 of the sum is arbitrarily small, for
sufficiently large values of n.



65

Proof of Theorem[1.5.10 Tt follows from Lévy’s continuity theorem, named after the
French mathematician Paul Lévy, that convergence in distribution of a sequence of ran-
dom variables is equivalent to pointwise convergence of the corresponding characteristic
functions. Let pg denote the characteristic function of a generic random variable S. We
have to show that

0s. (1) — oy (t) = e P72 vieR. (1.5.25)
n—oo
Since 02 —» o2 it suffices to show that
n—oo
s, (1) — 6_752‘7’2’/2| — 0.
n—oo

We know from Lemma that the characteristic function of a zero mean random vari-
able X can be well approximated by the characteristic function of a normal distribution,
provided the variance of X is small. According to , the Lindeberg condition en-
sures that the variances o7, ; of the individual random variables X, s are arbitrarily small,

for large values of n. To bring the smallness of ¢y, , (t) — e *7nr/? into play, we split up

ps, (1) — e i
kn kn
_ 20.2
= E[HSDXn,k(t) - 1[I "’k/z}
k=1 k=1
kn k1 kn
242 1252
= > TTex,® (pxut) = ™) T 2] (15.26)
k=1 j=1 j=k+1
Since | [T¢} ¢x,., ()] < 1 and |15, e “7%5/2] <1 we obtain by Lemma [L.5.9] that
i—1 #x,,; ()] < 1an ik € /%] <1 we obtain by Lemma |[1.5.9| tha
) kn
}S‘st(t) - e_t 0’”’/2’ S Z (fQX'n.k<t) - eit 0’””,‘:/2’
k=1
kn 3,2 4.4
Mdan,k 2 2 t Un,k
t]*a% 2 oy thon
< —= . n
< e + t°Ly(e) + nax. {02} <
= R'n,,1<6) + Rn,?(e) + Rn,3> (1527)
say. Let & > 0 be arbitrary. Since 62 — 0 < oo we have that sup,cy {02} < oo and
n—oo
therefore
|R.i(6)] <6/3 VneN (1.5.28a)
if € = ¢(9) is sufficiently small. It follows from the Lindeberg condition (iii) that
|Ru2(e)] < 6/3  Vn> Ny, (1.5.28b)
for sufficiently large N;. We obtain from ([1.5.24]) that
|Rn3| < 6/3  Vn>Ns, (1.5.28¢)

also for sufficiently large N,. Finally, it follows from ((1.5.27) and ([1.5.28a)) to (1.5.28¢)
that

{@Sn(t) - e_t%?‘/z‘ <9 Vn > maX{N1,N2}7
which completes the proof. O
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Now we generalize the classical Lindeberg-Feller central limit theorem to the case of sums
of martingale differences.

Theorem 1.5.12. For n € N, let X, 1,..., Xk, be random wvariables on respective
probability spaces (Qy, Fn, Py). Let ]—",5") be o-algebras (k =0,1,...,k,) such that

o (Xp1s.o s Xop) € FY C RV C F

Moreover, suppose that

(i) B(Xux|F™) =0 Po—as.  Yk=1,... kn,

(i)  for ol = E(X27k|]:,§i)1),

ol = ZJ?M L 0 <0 (as n — 00),
k=1
(1i)  for all e >0,
kn
La(e) = Y B(X2 (| Xail > | F) 0.
k=1
Then
S = Xo1 + - + Xop, —— Z ~ N(0,07).

Proof. We start out with some preparatory considerations. It follows from the condi-
tional Lindeberg condition (iii) that

o, < &+ E(X2,1(|Xuk| > O)|F)
< €+ Ly(e),

which implies that
max {02,} > 0. (1.5.29)

1<k<kn

In order to make the transition from the not necessarily normally distributed random
variables X,, 1, ..., X, k, to the Gaussian case we apply Lemma to the conditional
distributions of the X,, ; and obtain the following estimate:

kn
Sl -
k=1
i ’t|3 ng,k 2 2 (n) t4 2 2
< ; {ET + t E(ka ]1(’Xn7k\ > e) }"k_l) + 3 12}2(:” {JnJ}Un,k},

where € > 0 is arbitrary. Using this we obtain from the conditional Lindeberg condition

(iii) and (1.5.29) that

L.

E <eitxm,c _ o022

F)
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Therefore, there exists a null sequence (€,),en such that

kn,
(S lp(ns - e
k=1

Now we begin with the main part of the proof. We show that the characteristic func-
tion g, of S, converges to that of a normal distribution with zero mean and variance o.
Since the behavior of 5, is closely connected with the sum of the conditional variances

we split up

f,g_)l)) > en> < 6. (1.5.30)

|05, (t) — e 72| < |BeSr — BeTton2| 4 |Ele7Pon? — PR (1.5.31)
Since 02 —5 6 as n — 0o we obtain that

|E[et7n/2 — e~ 2]| —; 0. (1.5.32)

n—o0

To estimate the first term on the right-hand side of (|1.5.31]), it is tempting to adapt an
approach often used for proving a central limit theorem for sums of independent random
variables. Here is a natural attempt:

E [eitSn _ e_t%%/ﬂ
kn

- B |: H it Xk lk_[ —tQUiyk/Q]

k=1

kn
_ ZE eit(xn,1+...+xn,k,1)(eitxn,k _ 67t2oi7k/2>67t2(aiyk+1+---+oiykn)/2i|

- r ) . 2 2 20 2 2
_ } :E E<€zt(Xn,1+...+Xn,k,1)(eztxn,k _ et on7k/2)e—t (Un’k+1+"'+‘7nakn)/2‘.7:,571)1)]

_ iE_eit(Xn,lJp..Jan,k_l) E((eitXn,k _ ot /2) —t2(02 oy toton g )/z‘F(n)ﬂ

Now it seems that we have achieved what we want: The term e*(Xnit+Xni-1) g
bounded in absolute value by 1. The term e itk )2 s also bounded
by 1, and provides a useful estimate for the sum of the remaining terms,
Sy | B (et — e_t%i»k/ﬂf,gﬁ)l) |. Nevertheless, we are at a dead end here since the
term e (nre1 T 70 0)/2 cannot be taken out of the conditional expectation. To get out
of this deadlock we could multiply eSn — e=*72/2 by et*o2/2 which leads to

E[(eitsn _ 67t202/2)et203/2]

kn
- = ZE[eit(Xn,l-Fm—l-Xn,kfl) E((ez‘txn,k B eftQJi’k/Z)etz(cr;f,71+--~+afﬁk,)/2 fiﬁﬂ)]
k=1
Now it follows from o), = E (X72L7j|]:](f)1) that ¢ @it/ s " measurable.

Therefore, the term et 7 0/2 can be taken out of the conditional expectation

and we can hope to make progress. There is, however, one more obstacle: Although
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202 .4 2 P
we have et (Tnatton /2 < otfon/2 Ty o?0/2 e cannot find an upper bound for the
. t2(02 [ +-to? )/2 . .
expectation of ¢" \“n1 nk//2  Therefore, we use a typical truncation argument and
define

%= Xop  ifo?+--+02, <20 and Zle |E(eftXni — e—t%i,j/Q‘}"}f)lﬂ < €n,
" 0 otherwise

and, accordingly,
5i,k = E(Xik‘]:i@J

2

k
= E(Xﬁ,C Il(ai,l +--+o02, <20 and Z |E (e — e*t2‘77l1i/2‘.7:](f)1)| < €n>
j=1

)

= 1(.) B(X2,|F™M)

_ afhk if Ji’l + 4 U?Lk <202 and Z?Zl |E(e“XW — e_tQ"i’f/Q‘fj(f)lﬂ < €,
0 otherwise

Note that we still have
E(Xux| A7) = BE(Xupl ()| FM) = 10 )E(Xap F) =0 P —aus.

It follows from the above definitions that

Oo=0oy 4+ Onp, < 207 (1.5.33)
and
kn - B
Z E(eitXn,k _ e—tQUi,k/Ql‘/—_-lSi)l)‘ < €. (1534)
k=1
We obtain from ([1.5.30) and P(afl > 202) — 0 that
n—oo
P(Xn,k + )Z'nﬁk for at least one k& < l{;n) — 0. (1.5.35)
n—oo
We define B B B
Spi=Xn1 + -+ Xop,,  On = 0ug 4 o+ Oap-

Now we are prepared to derive the missing upper estimate for the first term on the

right-hand side of (1.5.31]). We have

’EeitSn . E67t20%/2

< ’Eeitsn o Ee’itgn 4 ‘Eeitgn - E€7t25ﬁ/2 + ‘EeftQG%/Z - EeftQU%/Q
= Tn,l + Tn,? + ng, (1536)

say. It follows immediately from ((1.5.35]) that

To1 < 2P(S,#5,) — 0 (1.5.37)
n—oo
as well as
Tns < P(o2 #052) — 0. (1.5.38)

n—oo
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It remains to derive an upper estimate for 7;, . Using that

- kn kin
eitSn _ e_tzgg/g _ HeitXn’k o He_t2a21’k/2
k=1 k=1
kn _ _ ~
= E eit(Xn,1+~~+Xn,k71)(eitX"’k — eftQGi,k/Z)€7t2(aiyk+1+"'+gi,kn)/2
k=1
we have
‘E[(eitsn _ e—t25i/2)€t2&n/2]
kn _ N -
< ‘ Z E[E(eit(xn,ﬁuqrxm_l) (eitka o e—t2537k/2> et2(52v1+"'+572%k)/2 ‘]_-]in)l)} ‘
- N TV - N TV - -
k=1 l..|<1 <et?9? by (1.5.33)
n
262 it Xk 252, /2| (n)
< e E[E |E(e Xt — o702 B )|
k=1
TV 4
<en by (T.5.34)
2 2
S et o €.

Therefore, we obtain that

)

T,, = E[eit§n . 67t25,21/2]

. E[e—ﬁaﬁ/z (eitgn o e_t2572l/2)€t2&72‘/2}

< e—t%?/zE[(ez‘tS“n o 6—#53/2)61&253/2}

N /

2.0
. ‘E[\(eft25%/2 _ 67t2a2/2)1\(eit§n _ 67t2572l/2)16t25n/2]
i?jo <2 <et?o?
0. (1.5.39)

n—oo

(11.5.36)) to (1.5.39)) yield that the first term on the right-hand side of ([1.5.31)) tends to
zero, which completes the proof. n
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Exercise

Ex. 1.5.4 Let (g)ez ~ IID(0,0%), 0 > 0, and X; = > 7_, Brcr—i ((Brs...,By)" #
0,). Consider the following linear regression model with dependent explanatory
variables:

Y, = aX; + ¢ t=1,....n

and let a,, € arg min,eg Zle (Yt—oth)2 be the least squares estimator of «, based
on (X1,Y1),..., (X, Yn).

(i) Show that
1
- E ek — Ele eyl asn—oo (kl=1,...,q)
n
=1

and conclude that

1 n
N X5 EXE>0 0 asn— oo,
n

t=1

(i) Show that &, = (X0, X2) ' S0, X, Y, if Y, X2 > 0.
(iii) Show that
1

\/ﬁ Ztht i> ZO ~ N(O,Uo)
t=1

and determine vy.

(Hint: Choose F = o(e1—q; ..., &) and use Theorem )
(iv) Show that
Vi(a, — a) -5 Z ~ N(0,v)

and determine v.
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Parameter estimation for autoregressive processes

Let (X;)iez be a stationary autoregressive process satisfying

Xt = Cletfl + -+ OépXt,p + &¢ Vt € Z,

where (g;)icz ~ WN(0,0%) and a(2) =1 —ay2z! — - —a,2? #0Vz € C, |2] < 1. We
assume that realizations x1, ..., x, of the random variables X1, ..., X,, are observed. Our
aim is to find estimators of the coefficient vector o = (a, ..., a,)” and the white noise

variance o2. We will briefly consider two popular methods, the least squares method and
the method of moments which is based on a sample version of the Yule-Walker equations.

1) The least squares estimator

Based on X1, ..., X, the least squares estimator of the vector « is given by

n

T & 2

0y = (an,l,...,amp) € arg min (Xt — E oszt,k> .
et k=1
:p =

To simplify our presentation we prefer to use matrix,/vector notation, i.e.

d, € arg min||Y — Xalf’, (1.5.40)
where
Xptr1-1 o Xpri-p Xp+1
Xoot oo Xooy X,
and ||---|| denotes the Euclidean norm on R"~¢. Recall that the projection theorem

(Theorem guarantees that a solution to the optimization problem exists.
Indeed, M := {Xb: b € RP} is a closed subspace of H = R"? and X, is therefore
the unique orthogonal projection of Y onto M. Part (ii) of Theorem helps us to
identify a solution. Any solution «,, has to satisfy

Y — Xa,, Xb) =0  VbeRP,

(. 7
~~

=bTXT (Y —Xay)

which is is equivalent to
XY = X"Xa,.

Hence, @, is a solution to the so-called normal equation. If X7 X is regular, then
d, = (XTX)'XTY

is the unique solution. Otherwise, there exist infinitely many solutions, although Xa,, is
the same for all solutions c,,.
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2) The Yule-Walker estimator

The Yule-Walker estimator is based on the relation between the parameters aq, ..., q,
and o2, and the covariances 7, .. .,7,. This connection is expressed by the Yule-Walker
equations ((1.5.19)) and ({1.5.20)). If we replace the autocovariances by their corresponding

sample versions,
n—|k|

AEEED O MIES S A}

t=1

we obtain the equations

3P = T, &, (1.5.41)
and
Y.(0) = 3} an + o (1.5.42)

where 3% = (3,(1), ..., 7)), Top = (Fuli — j))jjzl. G = (A1, Qnp)  and 52

are the Yule-Walker estimators of a and o2, respectively. Recall that the choice of
the factor of 1/n in the definition of 7, (k) ensures that 7,: Z — R is an even and
non-negative definite function; see Lemma [1.4.7, Theorem ?7? yields then that 7, is the
autocovariance function of an approprlate stationary process. If 7,(0) > O it follows
from Lemma m that the matrix an is regular Therefore, equation has a
unique solution. Furthermore, Theorem shows that there exists a statlonary AR(p)
process (Y;)iez obeying

Y, = an,ly;ffl + o+ an,pY;tfp + Zt7

where (Z;)iez ~ WN(0,02) and cov(Yiir,Y;) = Fu(k), for k = 0,...,p. The case of
~n(0) = 0 is of minor interest since we know that 7,,(0) converges to v(0) as n — oo and

7(0) means that X; = 0 with probablhty one. Nonetheless we mention that @, = 0]
and 02 = ( is a trivial solution to (1.5.41)) and ( in the latter case.

It is easy to see that (@n)neN and (?7\721)716N are consistent sequences of estimators
of @ and o2, respectively. Indeed, under the conditions of Lemma [1.4.11| we have that

E[Ga(k) — 7(k))*] — 0,

n—oo

which implies
(k) 5 v(k)  VkEZ.

Therefore, 'y,(L) — 7 and, if Ty, is regular, F —> r, 1 This implies that

O, = F’;%p) N F;l T = @

and
= 7,(0) — al3P — ~(0) — a’y, = o*
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In the following, we investigate the asymptotic behavior of the least squares esti-
mator ,, as the sample size n tends to infinity. We suppose that (X;);ez is a strictly
stationary AR(p) process,

Xt = OélXt_l + -+ OépXt_p + &¢ YVt € Z,

where a(z) = 1—ayz! — - — 2P #0 Vz € C, 2| < 1. In view of an application of the
central limit theorem for sums of martingale differences (Theorem we tighten our
assumption on the sequence of innovations and assume that (&;);ez ~ IID(0,02), 02 > 0.
We further assume that realizations x1,...,z, of the random variables Xi,..., X, are
observed and we denote the least squares estimator based on these random variables
by a,. Since we are interested in an asymptotic result, we use the index n to indicate
the corresponding sample size Recall that «,, is given by

~ . 2
o, € arg min HY - onH
aERP

where
Xpt1 Xpri1 - Xprap

Y = : ) X = : . :
X, Xo1 oo Xl

The next theorem shows that «,,, properly normalized, is asymptotically normally dis-
tributed. Note that, if X7 X is regular, then &, = (X7X)"'XTY and

Vi@ = a) = V| (X"X) X" (Xa+e) — o] = (%XTX)_l %XTa,

where € = (gp41,...,&n)".

Theorem 1.5.13. Suppose that the above conditions are fulfilled. Then,

(i) if v denotes the autocovarianec function of (Xi)iez,
y1=1) ... A(l=p)
=1 ... vp—p)
(i) J=XTe L Zy ~ N(0,,02T)),
(iii)  /n(a, — a) 5 Z ~ N(0,,02T;,).
Proof. (i)  We show that
1, 1 P L
(5)( X)” = = 3 XXy < (L), = - ). (1.5.43)

[2¥) t:p+1

Recall that (X;);ez has a representation as a linear process,

oo
X = E Bkgtfkv
k=0
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where > 77 |8k < co. Define

m
Xt,m = E BrEt—k-
k=0

It follows from the strong law of large numbers that

1 o s, _(m)s
E Z thi,thfj,m — ’}/( )(Z —]) = E[thi,thfj,m}- (1544)

t=p+1

Indeed, we have that

% Z Xt—i,th—j,m

t=p+1

n m
1
= ﬁ E E Bklgt—i—kl Bkggt—j—kg
t=p+1 k1,ka=0
n

m
1
= E Bklﬁkgg E Et—i—k1Et—j—ky

k1,ko=0 ! t=p+1
m A(k1,k2) 1
= E By B, E - E E (A (k1 ,k2)+1)+H—i—ky Es(A(k1,k2)+1)+H—j— ko
k1,k2=0 =0 s: p+1<s(A(k1,k2)+1)+I<n

J/

-~

L3 Ele i ke j—ky)/(A(k1,k2)+1)

ﬂ) Z /Bkl ﬁkQE[gfifklgfj*kQ] = b [Xtii’thiLm} ’
k1,k2=0

where A(ky, ky) = |i + k; — j — ko| is chosen such that the summands in the inner sum
on the fourth line of this display are independent. This allows us to apply the strong law
of large numbers which yields almost sure convergence. Furthermore, since

thi,thfj,m - thithj
= (Xt—i,m — Xt—i) (Xi—jm — Xt—j) + Xi(Xymjm — Xt—j) + (Xt—i,m — Xt—i)Xt—j

we obtain by || X, — Xi|| — 0 that
m—00
E|Xt—i,th—j,m - Xt—iXt—j‘
< VEEim = X VEX i — Xiy)’
T+ EXE A E(X i — X0 y)’
- VEX i — X0)*\JEXE,

— 0.
m—0o0
Therefore,
1 & Ly
Sgp{E‘ﬁ Z Xt—imXt—jm — n Z Kt-iXej } —e 0

t=p+1 t=p+1
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which implies by Markov’s inequality that, for all n > p + 1 and arbitrary € > 0,

P12 ST XXy — - 3 XX

t=p+1 t=p+1

> ) <« (1.5.45)

if m is sufficiently large. Finally, again by || X;,, — X:|| — 0, it follows from continuity
m—o0

of the inner product that
Y™ (i~ 4) — (i =J) (1.5.46)

From (|1.5.44) to (1.5.46)) we obtain ((1.5.43]).

(i) Let Z, = LnX Te. By the Cramer-Wold device, the relation Z,, BN Zy is equivalent

=
to
2, -5 T Zy~ N(0,062¢"Tye) Ve e R (1.5.47)
Let ¢ € R? be arbitrary. We have that
> (X
T
c Zn = _< Cth—z>€t
t:p—l—l\\/ﬁ =1 P

We will show that the triangular array of random variables Z,,; (t =p+1,...,n, n >

p + 1) satisfies the conditions of Theorem [1.5.12, Let }"t(”) = a(st,at,l, ) ) Since
Xy = 1o Brer—i we have that

O'(Xl, e 7Xt—1) Q E(n)l

This implies that

E(Zu|Fh) = E(L(ZP:CZ,X”)Q *Ft(f)l)

- T (Cexe) BeA — 0 s
n i—1 —_————
=Fer=0a.s.
and, analogously,
E(22 ‘]:(n)) — l(zp:c.X .>2 E(52|]-'(”)) _ l(zp:c-X ,>202 as
n,t t—1 n — 143 t—1 t t—1 n - <Nt —q e .S,

=E[e?]=02 a.s.

The latter equation implies in conjunction with (i) that

n 2
Z E(Zi}t|ft(f)1) = %CTXTXC N oZc'Tye.

t=p+1

It remains to check the (conditional) Lindeberg condition, that is, for all € > 0,

n

L(e) = > B(220(Znl > ¢

t=p+1

ft(’_“‘)l) L0 (1.5.48)



76

We will actually show that F [Ln(e)] — 0, which yields (|1.5.48]) by Markov’s inequality.
n—oo
We have that

E(Z2 (| Zyy| > )| F™)
1 2 lei X1 + -+ 6 X |ed] n
= —(aXea + o+ GXey) (= S )|FEM).

Therefore, by strict stationarity and dominated convergence,

E[L,(e)] = n;pE[(cherm—i—chl)? 2 1(|er Xt 46X | [epia| > \me)} — 0.

Indeed, a dominating integrable random variable exists since

E[(ClXp +oee At Cle)2 5129+1] - E[E((ClXZ’ Tt ch1)2 Eptt

)
= Bl(eX, + -+ X)) B, |7 |
Elepnl®")

— o2
=0Z a.s.

= o’ E[(chp + -+ chl)Q] < 00.

To summarize, the conditions of Theorem [1.5.12] are fulfilled by the triangular array
of random variables Z,,; (t = p+1,...,n,n > p+1) and we obtain that (1.5.47) holds true.

(iii)  We split up

- 1 ~ 1
Vvn(a, —a) = I} %XTE + {\/ﬁ(an—a) -t %XTE}
1
— 1‘\—1 —XT
Pt €
1

+ [(EXTX>_1 — F;l] %XTs 1(X"X regular)

~ 1
+ [\/ﬁ(an —a) — I} ﬁXTe] 1(X"X singular)
= F;1Zn + Rn,l + Rn,27
say. It follows from (ii) that

U1 2, % Z ~ N(0,, 0T, 1).

p

From H(TleTX)*1 - F;lHIL(XTX regular) L5 0 and n12XTe -5 Z, we conclude

[Rua|| == 0.

Finally, it follows from P(X”X singular) — 0 that

n—oo

| Rua|| = 0.

This completes the proof of (iii). O
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Based on the asymptotic result for the least squares estimator a,,, we can also show
asymptotic normality of the Yule-Walker estimator &,. Suppose that the conditions
of Theorem are fulfilled. We have in particular that (g;)icz ~ IID(0,02), where
02 > 0. This implies that FX; = 0 which allows us to use the following estimator of v(k):

n—|k|

~ 1
(k) = n Z Xy Xt
t=1

i.e., there is no need to center by X,,. The least squares estimator has the explicit form
&, = I3, (1.5.49)

where

~ 1 1
o= -XTX = ((- X,Z-X,<)>
P n n Z I )) i

.....

t=p+1
- 1 1 o IS T
T(Lp) = —XTy = (— Z Xi1 Xy, — Z thpXt) 5
n t=p+1 t=p+1

provided the matrix fn,p is regular. We have a (very) similar representation of the Yule-
Walker estimator:

a, = [;13%), (1.5.50)

where

n)p

G X wx),,,

ij=1,..
t=max{i,j}+1 J= 0P

R R R T 1 <& 1 & T
3 = () = (S XX Y XXy
t=2

t=p+1

)
I
~/~
Q)\
3
—
~.
|
<.
S~—
N——
~——
.
Y
Il
—
i
I

.....

provided the matrix fn,p is regular. We will see that the difference between @, and a,,
is of smaller order than the critical 1//n. Such rates for the convergence of sequences
of random variables are most conveniently expressed by the stochastic Landau sym-
bol Op. For a sequence (Y,,),en of random variables and a sequence (r,,),en of positive
reals we write

Yn = OP (Tn)

if (Y,/rn)nen is bounded in probability, i.e., for all € > 0 there exists some M (¢) < 0o
such that
P(|[Yo/ra| > M(e)) < e
Note that E|Y,| = O(rn) implies by Markov’s inequality that Y,, = Op (rn) Hence, it
follows from
E[Fn(k) = Fn(k)| = O(1/n)
that
5 - 5] = 0r(1/n).
Likewise we obtain that R B
|Tnp — Tupl| = Op(1/n).
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Since fn,p £, I', and I', is regular we see that fn,p and fn,p are alsg regularAwith a
probability tending to 1 as n — oo. Let A,, denote the event that both I',, and I',, ,, are

regular. We obtain from fg;) — f;;) = f;}o (fn,p — fn7p> f;}u that
Fn,p - Fn,p

1075 = Tl . < [T
——

n

ITLL) 14, = Op(1/n).

=0p(1) =0p(1/n) =0p(1)

This implies that
-~ ~ _ (71
(ozn . ozn) 1y, = (Fn,p

= T (G0 -30) 1, + (To) - Top) 32 1a,
~ —— —~—

n n,an

A0 _ f—1~(p)> iy

n,p n,p
=0p(1) =0p(1/n)) =0p(1/n) =0p(1)

== Op(l/n)
and therefore

Vi@, — a) = Va(@, — a) + 0p(1/v/n) -5 Z ~ N(0,02T;1).

Exercise

Ex. 1.5.5 Let (Y,,)nez and (Z,,) ez be sequences of random variables and (7,)nen and
(Sn)nen be sequences of positive real numbers such that

Y, = Op(rn) and Zy = Op(sn).

Show that

i) Y.+2, = Op(max{rn, sn}),
(i) Y.Z, = Op(rnsn).
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At the end of this section, we briefly consider the case of autoregressive moving average
(ARMA) processes. We recall the definition: A process (X;);ez is said to be an autore-
gressive moving average process of order p, g (ARMA(p, q) process) if for every ¢t € Z

Xt — OélXt_l — e = OépXt_p =& + ﬁl&ft_l + -0+ Bq‘st—q' (1551)
Here and in the following we assume that (g;)iez ~ WN(0, 0?). Using the backward shift

operator B we can rewrite ((1.5.51]) as
a(B)X; = B(B)ey, vVt € Z,
where

a(B) = B — ayB" — .-+ — q,B",
B(B) = B+ BB + - + §,B.
As already done for the special case of autoregressive processes, we want to find sufficient

conditions for the existence and uniqueness of a stationary solution to (|1.5.51). An
immediate answer to these questions is provided by Theorem [I.5.4 We can rewrite

(1.5.51)) as
Xt - 041th1 — = OépXt,p = gt YVt € Z,

where &, 1= & + Sigi-1 + -+ + Bpci—q. Since (e4)ez is weakly stationary, the process
(€¢)tez is weakly stationary as well. Therefore, it follows from Theorem that the
condition

a(z) =1 — a2 — - — i #0  VzeC, |z <1

implies that there exists a unique stationary solution ()N(t)tez to (|1.5.51)), where

The sequence (Vx)ken, is determined by the power series expansion of 1/a(z), i.e.

a(z)

see also Lemma Since the coefficients 7 are absolutely summable we obtain that

= 1
Y = V2eC lz <
k=0

)N(t = Z:?k(gt_k + Bi€i—p—1 + - + qut—k—q)
k=0

= Z (% + Yeo1B1 + - + %_qﬁngt_k
k=0 ~~

— BB)AB)e

(On the second line of this display we set 7 = 0, for k < 0.)
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If the polynomials a(-) and f(-) have common roots, then the condition of a(z) # 0
Vz € C, |z] <1 can be (slightly) relaxed:

Theorem 1.5.14. Suppose that the polynomials a(z) = 1—ayz' —- -+ — 2P and B(z) =
1+ Bzt + -+ + 8,29 can be represented as

a(z) = &§(z) ao(2) and — B(z2) = &(2) bo(2)

and that
ap(z) # 0 VzeC, |z| <1

(i)  There exists an absolutely summable sequence (g )kez such that

Y(z) = gfykzk = % VzeC, |2| <1 (1.5.52)

(i) If (et)tez is a weakly stationary process, then there exists a causal stationary solution
(Xt)iez to (1.5.51) such that

X = Z'ngt—h
k=0

If a(z) £0Vz € C, |z| <1, then (X,)iez is the unique stationary solution.

Proof. (i) It follows from Lemma that there exists an absolutely summable se-
quence (Vk)ken, such that

> 1
V(z) = Tz = VzeC, |z] < 1.
25 = o

The polynomial 3y(+) can be written as Sgo + Borz* + -+ + Buz!, for some | < ¢. Let
Ye = VkBoo + Ye—1B01 + -+ + Vk—gBor (7 = 0, for £ < 0). Then the sequence (Vx)ken, is

also absolutely summable and a comparison of coefficients reveals that

_ bo(z)
ap(z)

Yz) = w = F(2) Bol2) VzeC, |z < 1.
k=0

(i) Note that ¥(B)ey = > Vket—k converges absolutely with probability one. Since
X = Z;O:o Ve€t—k = 50(3)5(3)8,5 we obtain that

ao(B)X, = ao(B)Bo(B)F(B)e,
= Po(B)ao(B)7(B)er = Bo(B)e:

=Bo

and therefore

§(B)ao(B) X; = €(B)A(B) <.
—— —
—a(B) —8(B)
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Hence, ()?t)teZ is a causal stationary solution to (|1.5.51)).

Assume now that a(z) # 0 Vz € C, |z| < 1 and that (X;)cz is an arbitrary stationary
solution to ([1.5.51]). Then

a(B)X: = B(B)er =: &

and

It follows from Theorem [1.5.4(ii), applied to the innovation sequence (£;)¢cz, that

P(Xt :Xt> - 1

Remark 1.5.15. If at least one of the common zeroes of a(-) and B(-) lies on the unit
circle, then the ARMA equations may have more than one stationary solution.

Ezxample:
Suppose that a(1) = (1) = 0. Then

a(z) = (1 = 2)ao(z) and B(z) = (1 = 2)Bo(z).
Assume in addition that ag(z) # 0 Vz € C, |z| <1 and that (¢)iez ~ WN(0,0?). Then,
i)

a causal stationary solution (X't)tez to is given by

oo
X = E Ve€t—k,
k=0

where y(z) = Bo(2)/ao(z). Let Z be an arbitrary random variable. Then, for X; :=
X, + 7, ~
a(B)X; = a(B)X; + ay(B) (B’ — B')Z = B(B)e,

—_——
0

i.e. (Xy)iez is also a solution to (1.5.51). If Z is independent of ()?t)teZ; EZ? < oo,
then (Xy)ez 1s also weakly stationary.

Exercise

Ex. 1.5.6  Let (g);ez ~ WN(0,02) and let (X, )iz be a causal stationary solution to
Xt — ()5th1 = & + ﬁé‘tfl YVt € Z,

where |a] < 1.

Determine the coefficients v such that )?t = 22‘;0 vier. How do these coefficients
look like if f = —a?
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1.6 GARCH processes

As we have seen so far, ARMA processes are used to model the conditional mean given
the past. However, within this class of models, the conditional variance given the past
is constant. In contrast, financial time series (stock returns etc.) can often be modeled
with white noise processes but with conditional variances that depend on past values of
the process. In particular, it is frequently observed that periods with large conditional
variances (“high volatility”) alternate with periods with small conditional variances (“low
volatility”). In 1982 the American economist and statistician Robert F. Engle intro-
duced so-called ARCH processes, where ARCH is an acronym meaning AutoRegressive
Conditional Heteroskedasticity. Four years later, the Danish economist Tim Bollerslev,
who was at that time a PhD student of Engle, generalized this approach and introduced
GARCH (Generalized ARCH) processes. These models became quite popular in finan-
cial mathematics. In 2003 Robert F. Engle was awarded the (shared) Bank of Sweden
Prize in Economic Sciences in Memory of Alfred Nobel, commonly termed Nobel Prize,
“for methods of analyzing time series with time-varying volatility (ARCH)”.

There are many types of GARCH processes. In this course, we restrain ourselves to
linear GARCH processes which are still the most popular ones and may also be viewed
as the GARCH processes. Here is a possible definition of this class of models:

Definition. A process (X;);cz on a probability space (€2, F, P) is called GARCH pro-
cess of order p and ¢ (GARCH(p,q)) if

Xt = 0¢&¢ Vt e Z (161&)
and
0f = a+ ¢oj + o+ Gop, + OX7 4+ +0,X7,  VteZ, (16.1b)

where a > 0, ¢1,...,¢p, 01,...,0, > 0 and (e;)ez ~ IID(0, 1).
If the coefficients ¢y, ..., ¢, all vanish, then (X;):cz is an ARCH process of order g
(ARCH(q)=GARCH(0,q)).

At this point we can already conjecture why GARCH processes are quite popular in
financial mathematics. Let P, be the price of a financial asset (such as a stock) at day .
Then the return X; of “buying yesterday and selling today” is given by

_PB-Py,

X
‘ P,y

Financial data show that, to a good approximation,
E(X;| “past”) = 0.

On the other hand, the market becomes volatile whenever big news comes (e.g. unex-
pected quarter results or a profit warning), and it takes several periods for the market
to fully digest the news. This feature is obviously captured by a GARCH model: The
conditional variance of X; given the past is equal to o2, which does depend on past
values of both the squared return process (X?);cz and the process (67)cz. Since the
coefficients ¢, ..., ¢,,01,...,0, are non-negative we see from that large values

ofo? | ..., af_p and X? ,,... ,Xf_q are followed by a large value of o2. This effect is also

called volatility clustering in financial mathematics.
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As in the case of ARMA processes, the random variables X; appear both on the
left- and the right-hand sides of the model equations and . Although the
underlying innovation process (&;);ez is assumed to be strictly stationary, it is not obvious
if there exists, for a given process (g;)ez, a stationary solution to these equations. We
will see that a sufficient condition for the existence and uniqueness of a strictly stationary
solution is given by

o+ o+ +--+0, <1 (1.6.2)

First we intend to guess a possible solution (()’Zt, Et)) 1oz Let (¢¢)tez be a given sequence
of innovations and suppose that is fulfilled. Let, for simplicity of notation, p = q.
(Otherwise, we set ¢ppi1 = ... =¢, =0ifp<qorb,yy =...=0,:=0if ¢ <p.) If
there exists a (stationary or non-stationary) solution ((Xi, o)) 1oz, @t all, then it follows

from ((1.6.1al) and (1.6.1b]) that

p
O'tZ = o + Z ((ﬁk(f?fk + 0 Xt2—k )

k=1
=] k0i ),
P
2 2
= o+ E (¢k+9k€t7k) Oi_g,
k=1 v

= ot (9j+05e] )07 4
_ . {1 + (14 01e],) + -+ (dp+0pei,) + (01 + 017 1) (o1 + Orefyq) + -+

In view of this, a reasonable guess for a possible solution to ([1.6.1a) and ((1.6.1b)) is given
by

&9 p
5'? = {1 + Z Z (¢k1 + 9k15?—k1) R (¢k7 —+ ekr‘g?—h—kg—m—kzr)} (163&)

r=1 ki, kr=1

and

Xt = 6:15515. (163b)

The next theorem shows that (()?t, 8})) rer actually solves our system of model equations.

Theorem 1.6.1. Suppose that ¢1+- - -+¢,+01+---+0, < 1 and that (Et)tEZ ~ IID(0,1).
Then the system of equations (1.6.1d) and (1.6.18) has a unique strictly stationary solu-
tion ((Xt,a*})) which is given by (1.6.3d) and (1.6.30).

teZ

Proof. First of all, we show that the infinite series on the right-hand side of ((1.6.3a)
converges with probability 1. Since

][ R O S —.|
= E[E((¢k1 Ok ) (Dry + OkeEr oy kg i) |Etmbr— 15 Et—iy—2 - - )]
= B[(0 + 05 i) (O Oy ) X
% E( (60, + 0zt y,)

= Elpr, +0k,€7_x |1 = bky +0i,

= ... = (fn +0) - (Sh, + k)

Et—k1—1,Et—ky1—2, - - > ]

J/
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we obtain

00 p
E 1 + Z Z (¢k1 + eklgg_kl) U (¢kT + ekrgg—kl—kg—--~—kr)]

r=1 ki,....kp=1

p

= 14 Y D B[(fn +Onei) e (O + O )]
r=1 ky,....kr=1

o0 p

= 1 + Z Z (Ory +6ky) -+ (Dw, + O,)

r= 1]{,‘17 ,k‘r 1

- 1+Z( (1+6:) + -+ (6,+6,))

1
= < o0.
_(¢1+...+¢p+91+...9q)

Hence, the infinite series on the right-hand side of (1.6.3a) converges with probability 1.
Next we show strict stationarity of the process ((Xt,?it)) ez To this end, we first
consider the truncated versions,

Utm =« {1 + Z Z (O + Ors7 1) -+ (Ok, + ekﬁ?klkg---kr)}

r=1 ki,....kr=1

and
Xt,m = O¢mEt¢-

Then 5§m = Gm (et_l, - ,5t_mp) and )N(t,m = h,, (6t_1, .. ,6t_mp), for suitable functions
By : R™ — [0,00) and g,,,: R™*! — R. Since the underlying process (&;)icz is strictly
stationary we obtain that

P(th7m75t17m)""’(th7m’Etk’m) — P(Xt+t1,m75t+t1,m):...,(Xt+tk,m,5t+ikv’m) vt, tl, . 7tk e Z7 Vk 6 N,

i.e. the finite-dimensional distributions of (()N(t,m,gt,m)) 1e7 Are shift-invariant. Since

Otm 2% 5, and )A(/tm RN )?t we conclude that the finite-dimensional distributions of the

process (()N(t, ﬁt)) are shift-invariant as well which means that this process is strictly

teZ
stationary.
We can easily see that (5?) ez, solves the system of equations (1.6.1b)). Indeed, we
have that

p
a+ > ot + X7,
k=1

p
= a + Z(¢k+9ke§,k)5§,k

p

= a+ Z o+ Oheiy) o {1+ >0 Y ¢k1+eklsf,k,kl)-..(¢kr+em§*kikl,n_,kr)}
kyr=

r=1 k1,...,kr=

= « {1 + Z Z (On, + Or€7_r) -+ (o, +‘9kﬁf—k1_..._m)} = 0}

r=1 ki,....kp=1
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Uniqueness of the strictly stationary solution can be most easily seen in the special
case of a GARCH(1,1) process. Let ((Xtﬁt))tez be any arbitrary strictly stationary
solution to ([1.6.1al) and ((1.6.1b]). Using the model equation we obtain

of = a+ (¢1+6ie ) o7
N

=a+ (¢1+915t72)5752,2
= ... = a{l + ((251 +91€?,1) + o (</51 +91€?—1) "'(¢1 +01€§m)}

+ (Cbl + 9153—1) e (¢1 + ‘9153—m—1)5t2—m—1

and, analogously,

5 = a{l + (1 + 012 ) + -+ (¢1+91ef_1)"'(¢1+915?—m)}

+ (¢1 + 91&11) T (¢1 + elgffmfl)a’?fmfl'
Therefore,
57 — 57| = (¢ +bheiy) - (&1 + et n) [07 s — Ol (1.6.4)

Since (@1 + b1e? 1)+ (¢1 + b1l ,, 1) 5 0 and since (5752)1562 and (Er\f)teZ are both
sequences of identically distributed random variables we conclude that the right-hand

side of ([1.6.4)) converges in probability to 0 as m — oo. This, however, implies that
P(af y: 53) =0
and R B
P(X; #X2) = p(5t £513) = 0,
The proof of uniqueness in the general case is similar but the corresponding calcula-
tions are more cumbersome. Applying again the model equations (|1.6.1a)) and (1.6.1b))

to o7 we replace successively the terms 5§_j on the right-hand side and we stop replacing

when some of the factors (¢1 + 6167, 1)o7 1, (P + OpE} )07, DOD up. We

obtain, for m € N,

p
~9 2 ~2
o, = o+ E (¢x + Orei ) Ttk
~—
k=1 .
=a+30_ (6407 _)7 4

= 04{1 + Z Z (Ory + Oiefpy) - (Pr, + ekrff—kl—m—m)}

r=1 (kl,...,kr): ki+-+k-<m
p m+j

+>Y > (D0 + Ok ) -+ (Dr + O )T

j=1 r=1 (kl,...,k:r): ki1+-+kr=m-+j

and, analogously,

ol = a{l + Z Z (¢k1 + 9k15t2—k1) (¢kr + Hkref_kl_..‘_kr)}

r=1 (k1,...kr): k14-+k-<m
p m+tj

+> > > (Pr, + 087 4y) - (Db, + 0,87 4y k) Oy

G=1 =1 (k1) ktethr=mtj
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This implies that

}Ut _‘7‘
p m+j

< Z Z Z (¢k1 + 9k1€$_k1) T (¢kr + ekrth—lﬁ—"-— ’Jt m—j t m—j|*

J=1 r=1 (k1,....kr): k1+-+kr=m+j

Since » 7, Somd LU S P S N— (O + Orict,) -~ (Pk, + Ok€7 gt 50
as m — oo and since (Jf) 1z and ( ) 1ez, Te€ both sequences of identically distributed
random variables we conclude that the right-hand side of the above display converges in
probability to 0 as m — co. Therefore we can obtain as above that

P(af;é )_o

and

P()?f ” )?2) - P(&fef £ 5353) — 0.

Exercise

Ex. 1.14 Suppose that (&;):ez ~ IID(0,0?) and let

ol = a{l - 26k531~~~63k},
k=1

Xi = o0&

be such that (()?t, 3})) is the unique strictly stationary solution to

tez
Xy = o048y, af = a + QXf_l Vt € Z,
where 6 € [0,1).
(i) Compute E[57].
(i)  Compute EX,, var ()Aft?), and cov(Xyyp, X;) for k> 1.
(iii)  Suppose additionally that F[e!] := x < oo and compute E[54] and E[X}].
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2 Spectral analysis of stationary processes

2.1 Spectral density, spectral distribution function, spectral
measure

We suppose that X = (X;)sez is a weakly stationary process with autocovariance function
vx, i.e. yx(k) = cov(Xyx, Xi). For the time being we assume that

Z Ivx (k)| < oo.

k=—o00

The function fx: [—m, 7] — R with

fx(A) = % Z vx (k)e ™ = % Z vx (k) cos(kN)

k=—0c0 k=—0c0

is called the spectral density of the process X. Because it is periodic with period 27
it suffices to consider it on an interval of length 27, which we shall take to be [—m, 7].
In the present context the values A in this interval are often referred to frequencies, for
reasons that become clear in what follows.

Before we proceed, we consider a few examples. We suppose that (g;)icz ~ WN(0, 02),
i.e., (e)iez is weakly stationary, EFe; = 0, var(g;) = 02, and cov(gsp, ) = 0 if k # 0.

1)  White noise
Since .(0) = 02 and ~.(k) = 0 if k # 0 we obtain that

LN )

o
fe(\) = = VA€ [—m, 7).
2T
2)  Linear processes
Suppose that (;)c7 is a stationary process with an absolutely summable autocovariance
function . and a spectral density f.. Let X; = > o- _ Brer—g, where D 07 |G| < oc.
Then the process (X;):ez is also stationary and has a spectral density fx, where

) = | Y me ™ R0 vAe[ma] (2.1.1)

To see this, note that it follows from Proposition that (X;)iez has an absolutely
summable autocovariance function vy, where

Vx(h) = Z BiByye(h—j+k) Vhelk
Jk=—o0
Hence, (X});cz has a spectral density fx which is given by

o)

) = 5 3 e

h=—o00

= =2 Y Bl R e ™

h=—00 j,k=—00
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Since >, [Bil|Bellve(h — 5 + k)| = (ZJ \ﬁj|)2 > n 7e(R)| < 0o we can change the order

of summation and we obtain that

Ix(A) = L Bie A Bt (b — § + k) e hatRIA
2 J

h=—¢ j,k=—00

We can use ([2.1.1)) for deriving the spectral densities of stationary ARMA processes.
Suppose now that (¢;)iez ~ WN(0, 02).

3a) MA(q) processes

Let
Xt =& + Blgt—l + -+ qut—q Vt € Z.

It follows from Example 1) and (2.1.1)) that
o? —iX —ig\|?
fx(A) = %‘1—1-616 + o B | VA € [—m, 7).

3b)  AR(p) processes

Suppose that a(z) =1 — a1z — - —a,2? #0 Vz € C, |z| < 1. Let (X;)iez with
Xy = Zﬁkgtfk Vt € Z
k=0

be the unique stationary solution to
Xt = 061Xt71 + -+ OépXt,p + & Vt € Z.

According to Lemma [1.5.3] and Theorem the (. are absolutely summable and we
obtain from (2.1.1)) that
o? 2
fx(A) -

VA € [-m, 7.

0o
Z Bke—ik)\
k=0

Since Y o2, Bez” = 1/a(z) for all z € C such that |z| < 1 and since [e=| = 1 we can
rewrite fx () as

o? 1

fx(A) . s VAe (—m ).

27T ‘1 _ OéleiiA e — @pe*ip)\
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Some properties of a spectral density are summarized in the following lemma.
Lemma 2.1.1. Let X = (X;)iez be a stationary real-valued process with an absolutely
summable autocovariance function vx. Then
(i)  fx is uniformly continuous on [—m, x|,
(i) fx(N) = fx(=A)  VAe[-m 7],
(i) fx(A\) >0 VA€ [-m, 7],
(w)  x(\) = [T e fx(N)dN Yk e Z.

Proof. (i) Let € > 0 be arbitrary. Then

[e.e]

Fx(N) — fx(w)] = ‘% S (k) { cos(Mk) — cos(wh) )

R

> ()]

k:|k[>K

< % Z hX(k:)Hcos()\k) - Cos(wk:)l%—

<Ikl|A-w|

The second term on the right-hand side is not greater than ¢/2 if K = K (¢) is sufficiently
large. For such a K, the first term is also less than or equal to €/2 if |\ —w| < & = J(e).
Hence,

|fx(N) = fxw)| <e  VAwe[-ma], [A—w| <4,

i.e., fx is uniformly continuous.
(ii) This is an immediate consequence of yx (k) = yx(—k).
(ii) Let p:= EX;. Then

0 < E[%) é(Xt — p)e A 2}
S PICENERE
= ﬁgfw(s—t} cos ((s — t)A)
= % :g;_l) n _n|k|’yX(k) cos(k)
— %k:w(m cos(k) = fx (V)

Note that the convergence follows by Lebesgue’s dominated convergence theorem. Hence,
fx is non-negative.
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(iv)  We obtain by Fubini’s theorem that

o0

T 1 T .
/ PN dh = o [ e Y (e d
- - l=—00
1 & o
= 5 > ) [ eIy = (),
l=—o00 _T
=27l

Note that we can actually change the order of integration/summation since

/7T Z |eik)‘7X(Z)e_il”\’d/\ < /7r Z ’%{(l)‘d/\ =27 Z }7X(l)| < 00.

T =00 T l=—00 l=—00

O

We have seen that absolute summability of the autocovariance function of a stationary
process makes the definition of the spectral density possible. Furthermore, assertion (iv)
of Lemma [2.1.1] shows that there is a one-to-one relation between absolutely summable
autocovariance functions and the corresponding spectral densities. This means that a
spectral density provides a complete description of the (second order) dependence struc-
ture.

As for probability densities, we can also define for spectral densities the correspond-
ing counterparts of a probability distribution function and a probability measure. Sup-
pose that fx is the spectral density of a real-valued stationary process X = (X;)iez.
Then Fx: [—m, 7] — [0,00) defined by

A
Fx(\) = 3 fx(w)dw VX e [—m, 7]

is the spectral distribution function of X. Furthermore, there exists a measure px
on lS’|(_7r A= {Bn(—m,7]: B € B} (the trace of B on (—m, ] or trace o-algebra)
such that

px((a, b)) = Fx(b) — Fx(a) Va,b € [-m, 7], a<b.

1x is said to be the spectral measure of the process X. It follows from Lemma [2.1.1
that .

vx (k) = / e* APy (\) = / e dux(\)  VkeZ. (2.1.2)

- (—m,7]

Fx and px inherit the property of symmetry about 0 from fy. We have that F(b) —
F(a) = F(—a) — F(=b) for a,b € [—m, 7] and px(B) = px(—B) for B € B‘(_mr], B C
(—m, 7). To summarize, if a stationary process has absolutely summable autocovariances,
then these autocovariances can be described either by the spectral density, by the spectral
distribution function or by the spectral measure. In what follows we intend to relax the
condition of absolute summability of the autocovariances. It will turn out that there
still exist a distribution function F'x and a measure pux such that is satisfied.
However, without absolute summability, it could be the case that a spectral density does
not exist. It could also happen that the measure px is not fully symmetric about 0
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if ux({r}) > 0. Of course, remains true if we redistribute some mass of px
by setting ¢/ ({—n}) = /' ({r}) = p({r})/2. Such a restriction of px to the half-
open interval (—, 7] is actually intended since this guarantees uniqueness of the spectral
measure. Furthermore, if px had a positive point mass in —m, then a corresponding
spectral distribution function had to fulfill Fx(—m) — Fy(—7 — 0) = px({-7}) > 0
which is unintended since this requires a definition of Fx beyond the interval [—7, 7].

Exercise
Ex. 2.1.1  Suppose that (g)icz ~ WN(0,02) and that X = (X});cz is the unique
stationary solution to
Xt — 041th1 — s = OépXt,p =& + 5161571 + -+ Bqét,q vVt € Z,

where a(z) =1 -z — -+ —aqpzP #0 forall z € C, |z| < 1.

Compute the spectral density of the process (X})iez.
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In the following we generalize these results to stationary processes with an autoco-
variance function that is not necessarily absolutely summable. To this end we derive a
few useful results from probability theory.

Theorem 2.1.2. (Helly’s selection theorem)
Let, for any K < oo,

V= {F: R — [0, K], F is monotonically nondecreasing and right—contmuous}.

If (F”)neN is any sequence of functions from V', then there exists a subsequence (ny)ren
of N and a function F' € V' such that

F, (z) — F(x) for all continuity points x of F.

k—o0

Proof. The proof of this result is split up into four steps.
(i) (Identification of the limit)

Since Q is countable we can enumerate the rational numbers by 71,79,.... Since

(Fn(ﬁ))n <y 1s @ bounded sequence of real numbers there exists a subsequence (n,(fl)

of N such that

)keN

F a)(ry) — G(r1),

T

for some G(r1) € [0, K]. For the same reason, there exists a further subsequence (n,(f)) e

of (n,&l))keN such that
F (2)(7’2) IH—o>o G(Tz),

N

for some G(r3) € [0, K|. We proceed in the same way. In the mth step we can choose a

subsequence (n{"™ of (ném_l))keN such that

)kEN

Fn(m) (Tm) — G(Tm>,
k k—o0

(k)

for some G(ry,) € [0, K]. We take the “diagonal sequence” (ny) where ny, = n,,

Vk € N. Then

keN’

F, (r) — G(r) Vr e Q.

k—o00

The function G: Q@ — R is monotonically nondecreasing and it holds G(r) € [0, K] for
all r € Q.

(ii)  (Eztension to a function on R)

We define
F(z) == inf {G(r): r€Q, r >z} Vo € R.

(We will see in step (iii) below that “r > z” rather than “r > 2” is really important since
this ensures that F' is right-continuous.)
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(iii)  (Properties of F)

It follows from the definition that F' is monotonically nondecreasing and that F(z) €
0, K] Vx € R.

As for right-continuity, let (x,),en be a sequence of monotonically nonincreasing real
numbers such that x, N\, z. In order to show that F(z,) - F(z) actually holds, we

choose an “accompanying sequence’ (s,)nen, S, € Q such that z < z, < s, and
S, — x. Then

n—o0

F(x) < F(z,) < G(sp).
But since G(s,) — F(x) (At this point we see that the strict inequality sign in F'(x) =
n—oo

inf {G(r): r € Q, r>z} is necessary.) we conclude that

n—oo

Hence, FF € V.
(iv)  (Convergence of F,,, to F)
Let x be a continuity point of F'. We have to show that

Fy, (z) — F(x). (2.1.3)

k—00

To do this, we can only use the fact that F,, (r) = G(r)Vr € Q. Let € > 0 be arbitrary.
—00
According to the definition of F(z), there exists some 7 € Q such that = < 7 and

G(F) < F(z) + e
This implies
limsup Fp,, (z) < lim F, (F) = G(T) < F(z) + e. (2.1.4)
k—o0 k—o0
On the other hand, by continuity of F' in x, there exists some z < z such that
F(z) > F(z) — e.
Let r € QN (z, x]. Then

liminf F),, (x) > lim F,, (r) = G(r) > F(z) > F(z) — e (2.1.5)

k—o0 k—o0

From ({2.1.4) and (2.1.5)) we obtain that (2.1.3]) holds true. O
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Helly’s selection theorem in probability theory

When applied to probability distribution functions or probability measures, Helly’s
selection theorem plays an important role in probability theory. Before we state and
prove corresponding results we take a brief look at a typical example which shows what
actually could happen.

For n € N, let i1,, = N(0,2) be normal distributions with mean 0 and variance 62 > (
and let F}, be the corresponding distributions functions. Then F),(x) = ®(x/0,) Vo € R,

where ® denotes the distribution function of a standard normal distribution. If ,, — ¢
n—oo

for some o € [0, 00|, then the full sequence (Fn(x))neN converges for all x € R, i.e., we
do not have to select an appropriate subsequence (nk)keN as in Theorem . We can
distinguish between the following cases:
a) If o€ (0,00), then
Fo(x) — ®(x/0) Vr € R,
n—oo

which is the distribution function of a normal distribution with mean 0 and vari-

ance 0'2.

b) If 0 =0, then

0, if v <0,
F.(z) — Fy(z) == ¢ 1/2, if x =0,
e 1 if z > 0.

Here we have to be careful since Fj is not a distribution function since it is not
right-continuous in the point x = 0. On the other hand, it also holds that

0, if v <0,
1, ifxz>0

F' is the distribution function of a Dirac measure in the point 0.

F.(x) — F(x) =

n—o0

for all continuity points z of F.

c) If o = o0, then

F.(z) — ®(0) = 1/2 =: F(x) Vz € R,

n—oo

which is a distribution function corresponding to the zero measure on (R, B). In
this case, the limit of the probability measures pu, is still a measure but not a
probability measure.

What we have seen in this example can be described by the notions of weak and vague
convergence of probability measures. Here is a formal definition of these two modes
of convergence:

Definition. Let (“”)neN be a sequence of probability measures on (]R, B). Then ('un)nEN
is said to

(i) converge weakly to a probability measure 1 on (R, B) (fbn == 1 O iy, — 1)

/ f(z)dp,(x) — / f(x)du(x) for all continuous and bounded functions f: R — R.
n—oo

(i)  converge vaguely to a measure p on (R,B) (u, — p) if

/ f(x) dp,(x —> / f(x)du(x) for all continuous, compactly supported functions f: R — R.
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The following lemma provides the relation between convergence of distribution functions
and weak or vague convergence of the corresponding measures.

Lemma 2.1.3. Let (F”)neN be a sequence of probability distribution functions on R and F
be a distribution function on R (F is monotonically nondecreasing and right-continuous,
but F(x) —4 0o 0 and F(x) —> 400 1 are not necessarily fulfilled). Suppose that

F.(x) — F(x) for all continuity points x of F

n—o00
and let (’u")neN and [ be the corresponding measures on (R, B). Then
(i)  pR) <1 and p, = p
(i) If w(R) =1, then p, = p.
(111)  If additionally Ve > 0 3K, < oo such that
F (K — Fu(—K.) = pn((-Ke, KJ) > 1 — ¢ Vn e N

(i.e., the sequence (un) is tight ), then

neN

p(R) =1 and = .

Proof. Since F' is a monotonically nondecreasing function it follows that it has at most
a countable number of discontinuity points. We denote the set of these points by Dp.

(i)  Let (2m)men be a sequence of monotonically increasing nonnegative numbers such
that x,,,z_,, € Dr and x,, —>,, 00 00. Since the measure p is continuous from
below we obtain that

N(R) = mh_rgoﬂ((_xm7xm])
= 77ll_r:[cle(:z:m) — F(—xp)

= lim lim F,(z,) — Fo(—z,) < 1.

m—r00 N—r00

-~

<1

As for vague convergence, we have to show that

[ s@dm@) = [ f@) aua), (21.6)

for all continuous and compactly supported functions f: R — R. Let f be
such a function, i.e., f(z) = 0 for all z ¢ (—K, K|, for some K < oo such that
K,—K & Dp. Let € > 0 be arbitrary. Since f is continuous there exist points
Zo, ..., Xy € Dp such that —K =z < ... < xy = K and

|f<l‘> - f(‘xk)‘ <e Vo € (.73]671,13]6].
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With this choice of a partition of [—K, K|, the integrals in (2.1.6]) are well approx-
imated by the corresponding right Riemann sums:

| [ 1@ dute) - S o)l
R k=1
- /KK]f(x)dﬂ(w) — Y ) /( )
< Z /] —f(xmdu(x)

< € Zu((mk,l,xk]) < e (2.1.7)

and, analogously,

| [ f@ i S ()]

k=1

: Z/mk 127k] _ka‘d'u”

6

< € Zun((:vk_l,xk]) = € (Fu(K) — Fo(—K)) < € Yn € N. (2.1.8)

Finally, from F),(xy) — F(x) for k =0,..., M we obtain
n—oo

un((xk,l,xk]) = Fo(vg) — Fu(zg—y) — F(og) — F(og—) = u((xk,l,xk]).

n—o0

Therefore,

‘ S fr) (@ ae]) = > flan)u((@e, QTk])‘

< sup{|f(z)|: z € K1} Z‘ (Tp—1, 7)) — ﬂ((xkflaxk”
= sup{|f(z)|: z € K1} Z‘ (1)) — (F($k>—F($k—1))‘
< e VaxN, ) (2.1.9)

if N is sufficiently large. It follows from (2.1.7)) to (2.1.9)

‘/Rf(@dﬂn(x) - /Rf(x)du(ar)‘ <3  VYn>N,

which implies that ‘D holds true, i.e., t, —> .



(i)

97

If additionally u(R) = 1, then we can even show weak convergence of (i,)nen
to u. Let f: R — R be an any bounded and continuous function and let
e > 0 be arbitrary. Furthermore, let K < oo be such that —K, K ¢ Dp and
p((—=K, K]) > 1 — €. Since

fn((—00, —KJU (K,00)) = F,(=K) + (1 — F,(K))
— F(-K)+ (1 - F(K)) =1 - p((-K,K]) <e

n—oo

we obtain that
fin((—00, —K]U (K,00)) < 2¢  Vn > Ny,

if Ny is sufficiently large. This implies

/ f@)du (o) + [ £ () diu()
(—o00,—K|U(K,00) (—o00,— K|U(K,00)

< sup{|f(z)|: z € R} (,un((—oo,—K]U(K,oo)) + ,u((—oo,—K]U(K,oo)))
< e sup{|f(z)]: z € R} Vn > Nj. (2.1.10)

Moreover, we can show as above that
| / (@) dpn(z) — / f@)du@)| < e YnzN,, (211D
(-K,K] (-K,K]
if Ny is sufficiently large. We conclude from (2.1.10) and (2.1.11]) that
[ 1@ duata) = [ $)duta),
R n—oo R

i.e. p, = p holds true.

Let ¢ > 0 be arbitrary. We choose K < oo such that —K, K ¢ Dp and
tin((—K,K]) > 1 — € Vn € N. Since
— F(K) = F(-K) = p((~K, K))

n—oo

we obtain that
n((-K,K]) > 1 - e

This implies that p(R) = 1 and we obtain from (ii) that p, = u.
[

The following theorem states the remarkable fact that the autocovariances of any
weakly stationary process can be expressed by integrals with a finite measure p as the
integrator. This does not require absolute summability of the autocovariances.
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Theorem 2.1.4. (Herglotz’ theorem)

A function v: 7Z — R is the autocovariance function of a real-valued stationary process
if and only if

there exists a finite measure i on ((—m, @), B|(—rx) such that W(B) = p(—B) for all

B e B|(rx, BC (-7, 7) and

v(k) = / e du(\) Yk € Z.
(_Trvﬂ']

Proof. First of all, recall that it follows from Theorem 77 that v: Z — R is the
autocovariance function of a weakly stationary real-valued process
if and only if
v is an even, real-valued and non-negative definite function, i.e.
Zajv(tj—tk)ak >0 Vti,...,t, € Z, Yay,...,a, € R, Vn € N. (2.1.12)
k=1

(=)

Suppose that p is a finite measure on B ‘

B C (—m,m) and

(] such that u(B) = u(—B) for all B € B|(_

v(k) = / e du(\) Yk e Z.
(—m,m)

It follows from the symmetry of y that f sm(k:)\) dp(X) = 0 holds for all k£ € Z, which
implies that

v(k) = /(_mr) cos(kA) du(N) + i \/(_mr) sin(kX) du(X) + é’f_r/ /L({ﬂ'})

_ e{1,-1}

~~

=0

Hence, v is a real-valued function. Furthermore, is also follows from the symmetry of

that f o cos(kA) du(X) = [ cos(—kA) dp(X), which implies that

1) = [ ot + & n(tmulir)

—e szr

= /( )cos(—k;)\) du(\) + e * u({n}) = v(—k) Vk € Z,

i.e., 7 is an even function. Finally, we have, for arbitrary n € N, t;,....t, € Z and
a1y...,0, € R,

S it — t)a :/ S aae N du()

g.k=1 ] j,k=1
/ 2 : it |’
it
= a.e’d
J
(=m7] =1

Hence, 7 is the autocovariance function of some real-valued stationary process.

dp(A) > 0.
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(=)

Suppose now that ~ is an even and real-valued function satisfying (2.1.12]). We have to
show that there exists a finite measure y on B |(77r . Such that u(B) = p(—B) for all
BeB|_ . BC(-mm)and

v(k) = / e du(\) Yk e Z.
(—m,m)

If v(0) = 0, then all other autocovariances vanish as well and the zero measure
(u(B)=0 VB € B‘ ) solves the system of equations.

Let v(0) > 0. Slnce the existence of a spectral density is not guaranteed we start with
some sort of “regularized” spectral density. Let

_ 1y 1Y gy — LS 1
RO = o 3 (1) e = 2 0 (1= ) cos(ian k)
l=—00 l=—(n—1)
- b Y cos ((r — s)A) y(r —s)
2mn rol ~———
7T =cos(r)) cos(s)) 4 sin(r\) sin(sA)
1 < 1
= 5 P cos(rA)y(r — s) cos(sA) + Dy T;I sin(rA)y(r — s) sin(sA).
fn is obviously a real-valued function which is by 1) also non-negative definite. Let
i, be a measure on B such that u,((a,b]) f fo(AN) LA (X) dA for all a,b € R, a <b.

Then
/ e dp,(\) = / e®A f (X)) dA
R —T

holds for all £ € Z. We have in particular that p,(R) = u,([—m,7]) = 7(0) for all
n € N. Therefore, (p1n/7(0)) wen 1S a tight sequence of probability measures on
(R, B) and it follows from (111) of Lemma [2.1.3) that there exists a subsequence (n;);jen
of N such that (y,,/7(0));en converges weakly to a probability measure i on (R, B),
where i([—m, 71]¢) = liminf;_ o ptn, ([—7, 7]¢) /7(0) = 0. Therefore,

L / e dpy,(\) — [ €M dp(N) = / eMan(\) Yk ez,
P)/(O) R I JRr [—m,7]

It is easy to see that the measure g is symmetric about zero. Let g~ be such that
p~(B) = pu(—B) for all B € B. Since pi,,/v(0) = 11 we obtain that

poy (0,])/4(0) — F((a. )
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holds for all a,b such that a < b and i({a,b}) = 0. For the same reason we obtain that
Mnj ([_b7 —a))/v(()) j—>—o>o ﬁ([_ba —CL)) = lzz— ((CL7 b])

holds for all a,b such that a < b and f({—a, —b}) = 0. Since i, ((a,b]) = i, ([, —a))
for all @ < b and since the probability measure ;i has a positive mass in at most a
countable number of points we see that

ﬁ((a> b]) =p ((aa b])

holds true for all a < b, with the possible exception of a countable number of points.
In other words, the distribution functions of these two measures coincide at almost all
points which means that g = ™.

Let poo(B) = v(0)iu(B) VB € B. It could still be the case that the measure fio, has
some mass in the point —z. In order to end up with an appropriate measure on B‘ (

—7,7]
we shift this mass to the point 7, i.e. we define
u(B) = pnlB) + Lp(mu({-7}) ¥BeEB|
Then p(B) = pioo(B) = ftoo(—B) = u(—B) for all B € B‘(iwﬂ, B C (—m,m) and
[P = [ Py = m [, () = (6
(—m,m] [—m,7] J—oo [—m,7]
which completes the proof. n

In the following we show that both the spectral distribution function I and the
spectral measure p are uniquely defined by the autocovariances of the corresponding
stationary process.

Lemma 2.1.5. Let v be the autocovariance function of a real-valued and weakly stationary
process and let (1 and py be measures on ((—7T,7r], B‘(_ﬂ 7r]) such that

v(k) _/ e du;(\) VkEZ,j=1,2.
(_Wvﬂ}

Then
H1 = K-

Proof. Since
by (=, ) = /( ) = 0) < o

we see that u; and po are finite measures. According to the uniqueness theorem of
measure theory it suffices to show that

1 ((a, b)) = pa((a, b)) Va,b such that —7m <a<b< .
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Let a,b be arbitrary such that —m < a < b < 7. We show that

/( Lo (@) dp) = /( Bans)dfe).

To this end we approximate the indicator function 1,5 by a sequence of trigono-
metric functions. First of all, there exists a sequence ( fn)neN of continuous functions
fn: [=m ] — [0,1] such that f,(—7) = f.(7) and f,(A )—> Liay(A) VA € (=, 7]
Then, by dominated convergence,

/ Lo (@) dpj(z) = / lim f,(z)dp;(z) = lim fn(x) dpj (), j=12.
—

(771_771_} n—o0 n—oo (771_77(]

Therefore, it suffices to show that

/( @) - / £(2) )

(=m,7]
holds for all continuous functions f: [—m, 7] — [0,1] such that f(—m) = f(m).
Let f be such a function. By Fejér’s theorem there exists a sequence of trigono-
metric functions (T"f)neN (ie., T, f(N) = ag + Y _p_ ar cos(kX) + by sin(kN), for some
ag, ..., Qn,b1,...,b, € R) such that

dp = sup {|Tf (AN)|} — 0.
X[, n—00

From

/ e duy(N) = / e*duy(\) = y(k) € R VEkEZ

(—m,m] (—m,m]
we obtain

cos(kN) dui(A) = / cos(kA) dpa () Vk € Ny
(—m,m] (—m,m]

and

/ sin(k\) dpn(\) = / sin(kN) dps()) = 0 Vk €N,

(—m,m] (—m,m]

Therefore,

/( Tnf N da(3) = / T.f(\)dua(A) Y €N,

(771-771-]

Finally, since

| T = [ a0 < so((mr) 00 =12

(—71'77'('] n—00

we obtain the assertion. O

Exercise

Ex. 2.1.2 Suppose that Y and Z are uncorrelated random variables with FY = FZ =
0and EY? = EZ? = 1. For t € Z, let X; =Y cos(0t) + Z sin(6t), where 6 € [0, 7].

(i) Compute the autocovariance function vy of the process (X;)icz.
Hint: Use the trigonometric identity cos(a) cos(b) + sin(a) sin(b) = cos(a — b)
Va,b € R.

(ii) Determine the spectral measure of (X;)icz. Does there exist a spectral density?
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2.2 Estimation in the spectral domain

Let X = (X})iez be a weakly stationary and real-valued process with autocovariance
function v, where )" |y(k)| < co. Then the process X has a spectral density fx,
which is defined as

1 o
fx(A) = Py (k) cos(kA) VA€ [—m, 7).
k=—oc0
Suppose that realizations of the random variables X, ..., X,, are available. If we are will-

ing to assume that some model described by a finite-dimensional parameter is adequate,
then we can first estimate this parameter and obtain an estimator of the spectral density
by plugging this estimator into the formula for the spectral density of the corresponding
class of processes. For example, suppose that (X;);cz is an autoregressive process of or-
der p, where a(z) =1 — a1z — -+ — 2P #0 Vz € C, |z] <1 and that the sequence of
innovations is given by (g;);ez ~ WN(0,02). Then the spectral density is defined as

2
o
fx(\) = —= - VA € [-m, 7.
21 [1 — age™ — - — ape—””\‘Q ’
We know that the Yule-Walker estimators @y, .. ., a, and 62 of the respective parameters

ai,...,q, and o2 are consistent, i.e., they converge in probability to their theoretical

counterparts as the sample size n tends to infinity. Since fx () is a continuous function
of these parameters, a consistent estimator of the spectral density is given by

fx(A) = s VA€ [-m, 7.

) 2
SN ... _ A~ p—ipA
2T {1 aqe ape”"P ‘

The pictures below show the true spectral density fx of an AR(p) process with parameters
a; = ay = ag = 0.2 and independent innovations ; ~ N (0, 1) (red lines), together with
one realization of the model-based estimator J?X obtained from samples of size n =100,
200, 500 and 1,000, respectively, (blue lines).

Spectral density vs. model-based estimator, n= 100 Spectral density vs. model-based estimator, n= 200

B trues.d. B trues.d.
B estimated s.d. - M estimated s.d.

2.0

15

1.0

0.5

0.0

frequency frequency
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Spectral density vs. model-based estimator, n= 500 Spectral density vs. model-based estimator, n= 1000

B trues.d. 7| m truesd.
B estimated s.d. B estimated s.d.

1.2

1.2

1.0

0.8

0.4

0.2

=
S

0.0

frequency frequency

If a parametric model with a known relation between the parameters and the spectral
density is not available or if consistent estimators of the model parameters are difficult
to obtain, then we could use so-called nonparametric approaches to estimate the spectral
density or the spectral distribution function. We consider such methods in the following.

Note that (k) can be estimated by

— n—|k =S — .
sy = { T (K - X)X - X)) R <
0 if [k > n.
where X,, = n~!>°1_ | X; is the sample mean. Under the additional assumption of

EX, =0, we could estimate (k) also by

Y _ [t Z?;'k' Xy u) Xt if [k <n-—1,
Talk) = { 0 if k| > n.

Plugging these quantities into the above formula for fx(\) we obtain the following esti-
mators of the spectral density:

1 n—1
I,(\) = oy Vn(k) cos(kN),
k=—(n—1)
1 n—1
Lx,(A) = gk_,(n,l) (k) cos(kN)

I, is called the periodogram and I, g the centered periodogram of the data set
Xi,...,X,. At first glance, the centered periodogram I, 5 seems to be better motivated
than the periodogram I, since it is based on more reliable estimators of the autocovari-
ances which are also appropriate if £X; # 0. Nevertheless, we will see below that these
estimators coincide at particular frequencies A\. For a sample of size n, we define the
so-called Fourier frequencies by

_ 2mk

Ak , for k € Z such that \y € (—m, 7).
n
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Note that Ay € (—m, 7] holds if and only if &k € { — [25%], =%+ ] + 1,..., %]}, where
|a] denotes the largest integer not greater than a. For technical reasons, we also define
the quantity

n—1 n—lk|
Ly (A < Z XtHk\ — ,u) (Xt — p)) cos(kN).
=—(n—1) t=1

The following lemma provides a few algebraic properties of the periodogram.

2
Lemma 2.2.1. (i) I,(\) = ﬁ’ Yo Xy e*”’\‘ VA € [—m, 7.

(Analogous formulas hold true for I,,, and I, x, with X; — p and X, — X, instead of Xy,
respectively. )
(ii)  For each Fourier frequency \i # 0,

Li(As) = Lnw(M) = Lz, (M)

Proof. (i) It holds that

27?71’ Z Xy @—W\

_ 11! ZXXtcos((s—t))\)

mn
s,t=1

1 n—1

= o Z (k) cos(kN).

k=—(n—1)

(i) Since c+c?+---+c" =c(l4+c+---+c" ) = c =< holds for all ¢ € C with ¢ # 1,
we obtain, for a Fourier frequency A\, = 27k /n # 0,

n “ n Nt \ 1 — 67i27rk:
e UM = e = e — —— = 0.
This implies that

n n

Xn:Xt ot Z (Xt . M) o it Z (Xt . Xn)efit)\k7
t=1

t=1 t=1

which proves (ii). O
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Theorem 2.2.2. Let X = (X})iez be a stationary and real-valued process with autoco-
variance function v, > 2o |y(k)| < cc.

(i) If EX; =0, then

sup |EL,(\) — fx(\)| — 0.
XE[—m,7] n—00
(ii) If EX; = p, then
n p?
EL©O) ~ "5 — fx(0)
s n—oQ

and

max{|E]n(/\k) — x| A =2rk/n € (=, 7], A # O} — 0.

n—o0

Proof. (i) Since EI,(\) = 5= Z;i(nfl)(l — |k|/n)v(k) cos(kX) we obtain by domi-

nated convergence
1 oo
|EIL,()\) — 2— Z ||%|/n AL [y ()] — 0.

(ii) It holds that

1 2
EL(O) = 5B} X
(0) 2mn ; !
L E " X ’
(S - )
- LS w2
21 27’
k=—(n—1)
which implies, again by dominated convergence,
2 n—1 1 00
ELL,(0) — Z (1= [kl/n)yv(k) — 5— > k) = fx(0).
=—(n—1) =—00

For each Fourier frequency \; # 0, we have that I,,(\y) = I, ,,(Ag). Therefore, we have
the equality

n—1
EL,(\:) = EIL, () Z (1 — [K|/n)y(k) cos(kN).
=—(n—1)
Hence, we obtain the second statement of part (ii) in complete analogy to (i). O

Although the periodogram is asymptotically unbiased for fx(\) at the Fourier frequencies
A # 0, the following lemma shows the disappointing fact that its variance does not vanish
as n — 00, even in case of a white noise.
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Lemma 2.2.3. Let (X;)iez ~ IID(0,0?%), EX}' =:n < co. Then, for Fourier frequencies
e =2mk/n (k=—[25,..., [%]),

2 2

() M| # N then
n — 30

Y

cov (In(Ag), In(Me)) = 42n

i.€., the values of the periodogram are asymptotically uncorrelated.

(i) It holds that

o if A & {0, 7}

4m2n

n—3a" ot .
var (I,(\)) = zn, T 277> if A\ € {0, 7},
+ Z
e

Proof. We start off with a few preparatory calculations. It holds that

1 n—I1 0_2
ELO) =-— Y (1- -7 —, 7.
n(A) o 2 1)( \k‘|/n) (k) cos(k) o VA€ [—m, 7]
=—(n— :0—260,]@

Furthermore, we have that

E[InO‘j) In()\k:)] = 47;”2EH ZXte—itAj 2‘ ZXte—z‘tAk 2}
t=1 t=1
s

s,t=1u,v=1

Note that E[XSXtXuXU] # 0 is only possible if s =t = u = v or if each index appears
twice. Therefore,

1 n
E[In()‘j) In(Ak)} = 12 Z E[xﬂ

t=1

1 ' .
—— Y B[X} B[XZ] N i
Am2n2 (stuw): s=tFu=v 7 tgz_/\jfl—/\j_/

1 ‘ |
LS et
A72n2 (stuw): s=uFt=v =, \:;2—/

! 2 27 —i(s—t)A; —i(u—v)A
T2 > E[XIE[X]e i e b
47T n (s,t,u,v): s=v#t=u 2 to/—Q_/

1 n
= G 2 (1= 37)
t=1
1 n
+ 4m2n? Z o!
s,u=1
; - 4 _—i(s—t)(X\j+Ap)
47T2n25§::10 € T
* ﬁ Z ot e s (Aj=Ak)
s,t=1
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say. Now we are in a position to prove (i) and (ii).

(i)  We have that

0_4

Ty = 15 = EL(\) EL(\).

Since |A;| # || we have \; + A, A; — A\ & {0, 27}, which leads to Y ), e7Hs7) it ) =
S em i) = and therefore

T3 - T4 =0
Hence,
cov (IL(\), L) = Ty = n =30t
n\Nj )y In\Nk — 41 — An2n
(ii))  We have, as above,
n — 304 2
Tl = W and T2 = (E[n()\k)) .

If \p € {0, 7}, then 2)\; € {0, 27}, which implies

4
o
T3 = H
On the other hand, if \; & {0, 7}, then 2\, ¢ {0, 27}, which leads to
T3 == O
In both cases,
o
T, = 2.
YT g

Collecting all terms we see that
var (In()\k)) = T1 + T3 + T4,

which completes the proof of the second statement. O]

Theorem 2.2.4. Suppose that (X;)iez ~ IID(0,0?). Then, for Fourier frequencies A\, =

(i) L(w) -5 222, if A € {0,7},
(i)  L(\) 5 2(22+ 72) /2, if M, & {0, 7},

where Zy, Zy ~ N(0,1) are independent.

Proof. First of all, we rewrite the periodogram in a suitable form:

]n(/\k) = QWH‘ZX e_zw\k

2

— 27m‘ ZXt { cos(tAr) — i sin(tA;)}

— %{<%2Xt cos(t)\k)) + <%iXt sin(t)\k))Q}.
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(i) Let Ay € {0,7}. Then

1, if A\, =0,

sin () = 0 and  cos (tAx) = { (—1)F, A=

holds for all t = 1,...,n. Since, by the Lindeberg-Feller central limit theorem

(Theorem |1.5.10)),

L cos (tAg Xti>aZ1~N0,02.
NZD
t=1

we obtain by the Continuous Mapping Theorem that

d 1 0’2

11 ¢ 2
I,(\) = %<%;cos (tA\k) Xt> — 27T(O'Zl) = %le

(ii) Let Az be a Fourier frequency, \; & {0,7}. In this case, both the cosine and sine
terms matter and we show that

- e () = G (5) ()P 5))

(2.2.1)
From ([2.2.1)) we obtain, again by the Continuous Mapping Theorem, that

L) = %{<%i){t Cos(t/\k)>2 + <%iXt Sin(t)\k))z}

() + () - S

It remains to prove (2.2.1)). According to the Cramér-Wold device, (2.2.1)) is equiv-
alent to

Ty o 1 % ( o o o )
E tA tAx)) X, — ~ N(0,—
c 2 1f (1 cos(tAy) + cosin( k)) : \/56 < Z ) > (4 ¢3)
::\Zrn’t

for all ¢ = (c1, )" € R

To show this, we use once more the Lindeberg-Feller central limit theorem (Theo-
rem [1.5.10). We verify that the conditions of this theorem are satisfied. For each

n € N, the random variables Z, 1, ..., Z,, are stochastically independent and we
have

EZ,; =0
and

n n

t=1 t=1
o*(cf + &)

= T2 (2.2.3)

2

ZE[ZZA = %Z {cf cos?(tA\y) + ¢ sin®(t\,) + 2cicp cos(tA) sin(tAk)}E[Xﬂ

(2.2.2)
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Note that the second equality in (2.2.3)) follows from the trigonometric identities

n n

_ n
ZCOSQ(t)\k) = Zsm2(t)\k) =3 (2.2.4a)
t=1 t=1
and .
Zcos(t)\k)sin(t)\k) =0, (2.2.4b)
t=1

which hold true for all Fourier frequencies Ay ¢ {0,7}. Finally, we obtain by
Lebesgue’s theorem on dominated convergence that, for arbitrary ¢ > 0,

Lo(e) = iE[ Z 1(|Zndl > ©)]

< (ler|+le2])> X /n

< MZE[X?IL((|01|+|C2|)|XA > Vi)

n
= (el + e E[X21((Jlo] + |e)X)] > Vie)| — o0

Hence, all conditions of the Lindeberg-Feller central limit theorem are satisfied.
Since the variance of the limit variable is given by the right-hand side of (2.2.3]) we

obtain that (2.2.2) holds true.
[

Exercise

Ex. 2.2.1 Let Ay = 27k/n be a Fourier frequency, A\x & {0, 7}. Show that

cos?(th\,) = sin?(t\,) = n
; (tAe) ; (th) = 5

and
n

Z cos(tA) sin(tA;) = 0.

t=1

Hint: Prove first that cos®(x) — sin®(z) = sin(2z) and cos(x)sin(z) = sin(2z)
vV € R.
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Now we generalize the result of Theorem to the case of linear processes. Recall
that, for (¢;)iez ~ IID(0,0%) and X; = >;° _ Brer—k, where > 0~ |Bi| < oo, the
process (X;)ez has a spectral density fy,

fx) = [BEe™[ L) VA€ [-m, 7],

where B(e=™) =377 Bre”** and f.(\) = 0%/(2m). The following theorem shows that
there exists a similar relation between the respective periodograms based on Xi,..., X,
and €1,...,¢,.

Theorem 2.2.5. Suppose that (g¢)iez ~ ID(0,0%), Xy = >.;° . Bk, where
Sore Bkl < oo Let I¥ and IS be the periodograms based on X1, ..., X, and ey, ... &,
respectively. Then

X = |Be™)) 5 + Ra(N),

where
sup E|R,(\)| — 0.
AE[—m,m] n—00
Proof. Let
JXN) = n7Y? ZXt e~ and JE(N) = n71/? Zat e~
t=1 t=1
denote the so-called finite Fourier transforms of X;,..., X, and &1, ...,¢&,, respectively.

We establish the connection between JX(\) and JE(\):

i) = ”_1/2271:< f: Bkgt—lc>€_it)\

t=1 k=—o00

oo n
_ n—l/? E Bke—zk/\E gt_ke—z(t—k))\
t=1

k=—o00

00 n—k
_ n71/2 E /‘ Bkefzk/\ 2 gtefzt)\

k=—00 t=1—k

)+ o 5 A

k=—00 t=1

S

—k n
8,567”)\ o § 8tefzt)\}’

k t=1

ie.,
T (A) = Ble™) Ji(N) + Z,

_ s 7’6 s s .
where Z, = n™V2Y 00 Bre * AU,y and U,y = So1) pee™™ = S0 gie”™ Since

IX(\) = [JXO)2/(2r) and I=(\) = |J2(A)]?/(27) we obtain

, 1 1 : — l ——
LX) = [BEe™MPLM = |z + 8™ TN Za + 5Bl NI Z,

= Rn,l + Rn,? + Rn,3>
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say. Note that if |k| < n, then U, is a sum of 2|k| independent random variables,
whereas if |k| > n, U, is a sum of 2n independent random variables. It follows that

E[|Uux?] = 20° min{|k|,n}.

We obtain by the Minkowski inequality (named after the German mathematician Her-
mann Minkowski) that

1 > ,
|| 2 15 vl
k=—o00

T 4
Blzf] = ] X e O
k=—o00

IN

1 m
lim —H S |Bee ™ U H
m—o0 \/T L |Bk n7k‘
=—m
1 m
< lim — Z Hﬂk e~k Unk ‘
N~ m—o0 v/ N '
Minkowski \/_ k=-m

- 0< > |Bk|\/|k\/n/\1)7300, (2.2.5)

k=—o00

where the latter step follows by dominated convergence. It follows directly from ([2.2.5))
that
sup {E‘Rm!} — 0.
]

Ae[—m,m n—0o0
Since |B(e™™)| < >ope _|Bk] < oo and
Bl = 27 B[] = o
we obtain, by Cauchy-Schwarz and again (2.2.5)), that

sup }{E|Rn,2| + E|Rn73|}73>00,

AE[—m,m

which completes the proof. O

Theorems [2.2.4] and [2.2.5] allow us to derive the asymptotic behavior of the periodogram
for general linear processes.

Corollary 2.2.6. Suppose that (¢)iez ~ IID(0,0?), X; = >.7° _ Brci—k, where
Sore Bkl < o0. Let IX be the periodogram based on Xi,...,X,. Then, for Fourier
frequencies \, = 2wk/n (k= —["3], ..., [%]),

2
(i) LXOw) -5 fx()Z2, if M € {0,7},

(i) IXOw) == fx(O)(Z2+Z3) /2. if Mg {0,
where Zy, Zy ~ N(0,1) are independent.
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Proof. Let I be the periodogram based on €1, .. ., &,. It follows from Theorem that
XOw) = [Be™™) P I5 () + Ru(M),

where R, (A\r) Lso.
Since, by Theorem [2.2.4

Y if A\, € {0, 7},
() —5
2 (z2 + 23) /2, if A, & {0, 7}
and fx(Ar) = fe(>%)|6(€_i>\k)‘2 = %‘ﬁ(e_“k)f we obtain that
N = G4 if A, € {0, 71,
22| (e~ |? (22 + 22) /2, it A, & {0, 7}
fx ()23, if A, € {0, 7},

]

Corollary [2.2.6] underlines once more that the periodogram is not a consistent estimator
of the spectral density. This will be corroborated by the following pictures which show
the true spectral density fy of an AR(p) process with parameters ay = ap = a3 = 0.2
and independent innovations €, ~ N (0, 1) (red lines), together with one realization of the
periodogram I,, obtained from samples of size n =100, 200, 500 and 1,000, respectively,
(blue lines). As can be seen, the periodogram fluctuates around the true spectral density,
however, its variability stays high even for moderately large sample sizes n. This is
disappointing because we should hope that observing the time series (X;);cz long enough
will enable us to estimate its spectral density with arbitrary precision.

Spectral density vs. periodogram, n= 100 Spectral density vs. periodogram, n= 200

B trues.d. B truesd.
"] m periodogram — H periodogram

25
15

2.0

1.0

1.5

1.0

0.5

0.0
1
0.0
1

frequency frequency
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Spectral density vs. periodogram, n= 500

B trues.d.
_| ® periodogram

frequency

Exercise

Ex.

25

2.0

15

1.0

0.5

0.0

Spectral density vs. periodogram, n= 1000

B trues.d.
~| ® periodogram

JF\ML

frequency

2.2.2  Suppose that the conditions of Corollary are fulfilled.

(i)  Show that, for A € {0,7} and fx(\) # 0,

P(fx() € [0/,

(N/13_0,]) = 202 = ),

oo

where u;_o = ®7 (1 —a) and 1/2 < a; < ag < 1.

P(fx() € [BXN)/(=n(an), X (N)/(~ In(a2))] )

where 0 < a1 < ay < 1.

Hint: Use the fact that x5 = Exp(1/2).

Show that, for a Fourier frequency A ¢ {0, 7} such that fx(\) # 0,

n—oo

> Qg — Qp,

113
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In the following we consider consistent estimators of the spectral density and the
spectral distribution function. We begin with the simpler case of estimating the spectral
distribution function F'x which is given by

27r/ {7 ~v(k) Cos(kw)}dw = _{ YO+7) +22 sm }

k: k;éD

Recall ~ that the periodogram  I,(A\) and the centered periodogram
I,x,(\) are estimators of fx(A) based on 7F,(k)=n"" Z;;'kl Xty Xy and
(k) =n~t Z;:llk‘ (Xish — X)) (Xy — X)), respectively.  (3,(k) = F,(k) = 0 if
|k| > n.) This leads to the following estimators of the spectral distribution function.

ﬁn()\) :/j[n(w)dw: 21{ R(0) (T + ) +22 sm k)\}

and

Fox,(\) = /_ I, (w)dw = %{%(O)MJF/\) i 2Z%(k)Sin§f)\)}-

The following lemma shows that both ﬁn()\) and ﬁn %, (\) are asymptotically unbiased
estimators of Fx ().

Lemma 2.2.7. Let X = (X})iez be a weakly stationary and real-valued process with
autocovariance function vy, Y_pe _ |y(k)| < oc.
(i) If EX; =0, then
sup |EF,(A) — Fx(\)| = O(n™").
Ae[—m,7]

(ii)  For arbitrary EX,,
sup ‘E %.(A) = Fx(A)| = O(n"In(n)).

Ae[—7,7]

Proof. (i)  Suppose that EX; = 0. Then E¥,(k) —y(k) = ((1—1k|/n)+ —1)~(k), which
implies that

sin(k\) ‘

|EE,(\) — Fx(\)| = ((1 — |k|/n), ~ 1)7(1@ -

ST=
WK

=1

(1~ (1=1ki/m),) %h(k)| — o(n™).

=1 ~

<k/n
(ii)  In this case, the calculations in the proof of Lemma show that
EAn(k) = (1 = |kl/n) (k) + O(n7"),

IA
N =
Mer

o

which implies that

n n

R ) = B £ 230 (1= (= kl/m), ) ph®] + 0(5 1+ )

n
k=

= O(n'In(n)).
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Lemma 2.2.8. Let X = (Xy)wez be a strictly stationary process with autocovari-
ance function v such that EX; = pu, ZZOZ_OOh(k)‘ < oo, EX}! < oo, and
ZZZ’U:_OO | cum (Xo — oy Xy — i, Xy — p, Xy — ,u)‘ < 00.

(i)  If u=0, then R
var (F,(A)) = O(n™").

(i1) For arbitrary u,

~

var (F, 5, (\)) = var (E,,(\) + O(n"*31n(n)),

where F\n ul f L

Proof. (i)  We represent F,(\) as a quadratic form, F,,(\) = > eim1 A X X, where

27rn(7T + /\) if s = t’
Ase = 9 1" sin((s=—0)0) if s #t.

2mn s—t

It follows from Lemma [1.4.9] that

var (ﬁ ()\)) = Z Ay A,, cum (Xs,Xt,Xu,X ) + 2tr (AEAZ)
s,t,u,v=1 :O\(:L-—/l):O(n—l)
- Tn,l + Tn 2

ey

The term |7}, 2| can be estimated by

|Tn,2’ S 2 Z ’AstEtuAquvs

s,tyu,v=1

n

< D (AL + AL) Pl 2]

s {30 (Bl 30 ]} 30 AL

=|v(v=s)] = hy(t=u)]
o0 2 n
< 2() hwl) Y4 (2:2.6)
k=—o00 s,t=1

and it follows from max;<,<, > p A% < L + 153071 L = O(n?) that

Tn72 = O(TL_ )
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(i)  We have

3
i
=

Yulk) = (Xespo) — 1 + = X) (KXo —p + p—X,)

S|
1M

7L—|k| n
1 n
= = > (Ko = 1) (Xe =) + Y ME (X = ) (X = ),
n
t=1 s,t=1
=S (k)
where max, {}Ms(tkn)}} = O(n*Z). This implies
R 1 R n—1 R . k)\
Fox,) = ={3O)m+x) + 2 Zwk)sm; )}
k=1
1 R n—1 R in(k\ n .
o CTCLESIRED S MULLC W ¥R SIE )
k=1 s,i=1
— o)

where it follows from R%™ = MO (x4 ) + 237 MF sin(kA)/k  that
maxg {|Rg?)|} = O(n™?In(n)). It follows from Lemma |1.4.9 that

var ( Z Rst s — w)(X; — ))

s,t=1
= Z Ri?)RS})) cuim (XS — My Xt — M, X /jﬁ + 2 Z Z Rst Etu uv vs
s,tyu,v=1 s=1 t,u,v=1

= ... = 0(n"*(In(n))?).
Since, according to (i), var (ﬁnu()\)) = O(n™') we obtain by the Cauchy-Schwarz in-
equality that R
var (F, x, (X)) = var (F «N) + O(n —3/2] In(n)).

]

We conclude from Lemmas [2.2.7] and [2.2.§] that the squared error risk of the estimators
of the spectral distribution function tends to zero as n — oo. This is in sharp contrast
to the behavior of I,,()\) and I,, ¢, (\). The essential difference between estimators of the
spectral distribution function and the periodogram can be found when we consider their
respective representations as quadratic forms, ZSJ Ay X, X;. In case of the estimators of
the spectral distribution function we have that A, = O(n™'(1 A1/|s —t[)). In contrast,
in case of I,,(A) and I, %, (\), we have that A, = O(n™') which provides some hint why
the variance of the spectral density estimators does not vanish as n — oc.
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In the following we introduce two methods to obtain consistent (sequences of) esti-
mators of the spectral density. We assume that the process (X;)ez is strictly stationary
with £ X, = 0 and that its autocovariance function  is absolutely summable. As we did
for the estimator of the spectral distribution function, we also assume that E[X}'] < co
and that Z:,(;,v:—oo cum (Xo,Xt,Xu,XU) < o0. The first method is motivated by the
representation

o

= % (k) cos(kN).

k=—o00

fx(X)
Since the autocovariance function is absolutely summable, we obtain that

‘% S k) cos(kn)| < % S k)| — o,

m—00
k: |k|>m k: |k|>m

which suggests the so-called lag window estimator (since a “window” ensures that only
a limited number of lags are included). This estimator is defined as

~ 1

fa(A) = Py Z Tn(k)cos(kX) VA€ [—m, 7).

k: |kl<mny

Of course, if m,, > n — 1, then fn is equal to the periodogram I,,. To obtain consistency,

the sequence (my,)nen has to fulfill two requirements: It is easy to see that m,, — oo
n—oo

leads to a vanishing bias and, as we see below, m,,/n — 0 yields a vanishing variance.
n—oo

Here are details of the corresponding calculations:
e (1~ [kl/myr(R), i K
~ B 1- n)vy(k), i <n-—1,
En(k) = { 0, if k| >n—1

we obtain that )

ERO) = 5= S0 (1= [kl/n): (k) cos(bA).

k: |k|<mp

Hence, we obtain by Lebesgue’s theorem on dominated convergence that

F) = ERO) = 5= 37 (1 = (L W/ 104 < ma) )3 () cos(l) = 0
k=—oc0 n%; 1
(2.2.7)
holds true if m,, — oco. To estimate the variance of ﬁL(A), we rewrite this estimator as

n—oo
a quadratic form,

ﬁl(A) = Z AsthXta
s,t=1

where

2mn

0, if |s —t| > m,,.
It follows from Lemma [[.4.9] that

{ - cos(A(s — 1)), if |s —t] < my,
Ast =

~

var (fn()\>) = Z Ast Auv Cum(XS7 Xt7 XIM Xv) + 2 tr (AZAZ)
s,t,u,v=1

= Tn,l + Tn,27
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where A = ((Ast))s ....... , denotes the covariance matrix of the

=
vector (Xi,...,X,)T. To estimate |T),,| it suffices to use the fact that |Ay| < 1/(27n).
Therefore,

1

472n?2

Y em(X. X X, X)) = O,

s=1 tu,v=1
N

‘Tn,l‘ S

J/

-~

S Z;ou,vzfoo | Cum(X07Xi7Xu7X’U)‘ <00

The term |7}, 2| can be estimated as follows:

|Tn,2 ‘ S 2 Z ‘AstztuAuvzvs ‘

s,t,u,v=1
n

> (AL + AL [Zu] [Zu

s,tyu,v=1

IN

n

2
< mx A ) 2 B P4
=|y(t—u)| =ly(w—s)| 7
2
=|v(v—s)| =|y(t—u)| ’
o0 2 n
< 2( X ) XAz
k=—o00 s,t=1

Since |Ag| < 1/(27n) and only the main diagonal and 2m,, minor diagonals of A can
contain nonzero entries we see that

- 1
ZAL < 5 n(2m, + 1),

= (2mn)
which implies
‘ng‘ = O(mn/n)
Hence, N
var (f,(A)) = O(n™") + O(mn/n) = O(my,/n). (2.2.8)

and imply that
B[ (Fa0) = fxW)] = var (faV) + (BE() = fx (V)" — 0,

n—oo

if the sequence (my)nen of truncation parameters is chosen such that m, — oo and
n—oo

m,/n — 0. In this case, we obtain by the Markov inequality that

n—oo

Fa) = fx(N),

i.e., the sequence (fn()\))neN is consistent for fx(\).
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The following pictures show the true spectral density fx of a stationary AR(p) process
with parameters a; = as = a3 = 0.2 and independent innovations ¢; ~ N(0,1) (red
lines), together with one realization of the lag window estimator fn obtained from samples
of size n =100, 200, 500 and 1,000, respectively, (blue lines). Although the parameter m,,
was chosen independently of n to be equal to 10, we see that the lag window estimator
approximates fx quite well for samples of size 500 and 1,000. This is in sharp contrast
to the periodogram, which fluctuates around the true spectral density regardless of the
size of the sample.

Spectral density vs. lag window est., n=100 , m_n= 10 Spectral density vs. lag window est., n= 200 , m_n= 10

B true s.d. B truesd.
_| M lag window est. ~] M lag window est.
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Spectral density vs. lag window est., n= 500 , m_n= 10 Spectral density vs. lag window est., n= 1000 , m_n= 10
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A second method to obtain a consistent estimator of the spectral density is motivated
by the fact that the values of the periodogram at different Fourier frequencies are asymp-
totically uncorrelated. (We have shown such a result for a white noise but this also holds
true e.g. for linear processes.) On the other hand, the periodogram is an asymptotically
unbiased estimator of the spectral density and the spectral density itself is a continuous
function. Therefore, it seems promising to “smooth” the periodogram which is achieved
in a particularly simple way by
1 Athn,

7 A) = — I dw.
=g [

The parameter h,, is called “bandwidth” and it controls the degree of smoothing. We

will see that this estimator is asymptotically unbiased if h,, — 0 and that its variance
n—o0

tends to zero if nh, — oo.
n—oo

Recall from (i) of Theorem that
sup |El,(w) — fx(w)] — 0.

we[—7,7] n—00

Since fx is continuous we obtain that

-~

|Ef.(N) — fx(V)]

1 Ahy,
S EL(w) — fx(A dw‘
| | ER) - )
1 Athn

< ‘fx(w) — fX()\)‘dw + sup ‘Eln(w) - fX(w)‘ — 0. (2.2.9)

2hy, A—hp we[—7,7] n—ro0

To estimate the variance of ﬁl()\), we rewrite it as a quadratic form,

BO) = > ALXX,,

s,t=1
where
1 1 Athn ﬁ, if s = t,
= o 2h COS (w(s—t)) dw =
™ n —hn 1 sin((s=t)(A+hn))—sin((s—t)(A—hn)) .
A—h 2mn 2k (5—t) , if s 7§ t.
It follows again from Lemma that
var @()‘)) = > ALA, cm(X,, X, X, X,) + 2tr (ATAY)
s,t,u,v=1
= T;L,l + TT/L,27

where A’ = ((AL,))

simt,..n and X = (v(s — t)))s,tzl,...,n denotes the covariance matrix of
the vector (X7, ...,

t=1,...
X,,)T. Since |4, ,| < 1/(2mn) we obtain

1 - <
S W Z Z |Cum(X57XtaX’u’X’U>} = O(nil).
s=1 tu,v=1

’
n,1

J/

-

< Zto,ou,v:—oo | cum(Xo,X¢,Xu,Xv)| <00
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In order to estimate |7} ,|, we have to take a closer look at the A{,. For s # ¢, we have

that Sin((s_t)(HhQZ),f?;i_nt()(s_t)(/\_hn))’ < min {1,1/(h,|s — t|) }, which implies that

1

nh,

- 2 1 '
;A;t < 47r2n(1 + k%omln{l,l/(hikQ)}> _ O(

).

Therefore, we obtain in analogy to the computations above that

n

Tl <2( X hwl) 4t = o),

s,t=1

which implies that

var @(A)) — o) + O<n2n> - O<n2n>' (2.2.10)
and imply that
B[R0 = x) | = var (2.0) + (BRO) = fx0) =0,

n—oo

if the sequence (h,,),en of bandwidths is chosen such that h,, — 0 and nh,, — oo. Then

n—oo n—oo

we obtain by the Markov inequality that

~
o~

) 5 fx(),

i.e., the sequence (ﬁﬂ()‘))neN is consistent.

The following pictures show the true spectral density fx of a stationary AR(p) pro-
cess with parameters oy = s = a3 = 0.2 and independent innovations &, ~ N(0,1)

(red lines), together with one realization of the smoothed periodogram fn obtained from
samples of size n =100, 200, 500 and 1,000, respectively, (blue lines). The bandwidth h,,
was chosen independently of n to be equal to 0.2. As in case of the lag window estimator,
we obtain quite a good approximation of the spectral density fx for samples of size 500
and 1,000.

Spectral density vs. smoothed per., n=100, h_n= 0.2 Spectral density vs. smoothed per., n=200, h_n=0.2

B true s.d. | = tuesad.
B smoothed per. B smoothed per.
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Spectral density vs. smoothed per., n=500, h_n=0.2 Spectral density vs. smoothed per., n= 1000, h_n=0.2

T @ tues.d. T B truesd.
B smoothed per. B smoothed per.

1.0
1.0

0.8

0.6

0.4

0.2

=
S

0.0

frequency frequency

Although the lag window estimator fAn(/\) and the smoothed periodogram ﬁl(/\) are
motivated by different considerations, they have an important feature in common. If

we represent these estimators as quadratic forms, fn()\) = > pi—1 Ax XX and J/‘;()\) =
Yo AL X Xy, respectively, then we see that the coefficients Ay, and A/, are consider-

ably smaller than their counterparts for the periodogram (I,(\) = > {,_, WXSXQ),
as |s — t| gets large. This is in fact the key for obtaining a vanishing variance by these
two estimators as the sample size n tend to infinity. On the other hand, the downweight-
ing of 74, (k) for large values of |k| does not matter much since it follows from absolute

summability of v that the contribution of the corresponding autocovariances to the spec-

tral density decreases as |k| gets large. Therefore, the estimators f,(A) and f,(\) are still
asymptotically unbiased if the tuning parameters m,, and h,, are chosen within the range
described above.
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Solutions to the exercises

Ex. 1.1.1  Show that C is an algebra but not a o-algebra on R>.

Solution
We verify that C satisfies the axioms of an algebra:

a)

b)

R>* € C since R xR*® € (C;.
eB

Let A € C. Then A = BxR for some B € B% and some d € N. Since A¢ = B¢xR>®
and B¢ € B® we obtain that A¢ € C.

Let A;,As € C. Then A; = B; x R® and Ay, = B, x R®, for some B, € B,
B, € B%_ and some d;,d, € N.

If di = ds, then

A1UA2 = (BlLJBQ) xR>* € Cdl.
—_——
€B%

If dy > ds, then Ay = By X RdQ_dl xR>® € Cd1 and
d
eB

Al U AQ = (Bl U (B2 X Rdl_dZ)) xR € Cdl.

N J/
-

eBh

If dy < dy, then A; U Ay € Cy, follows analogously.

It follows from a) to c¢) that C is an algebra on R*.

To disprove that C is not a o-algebra, consider the sets A, := [0, 1]" x R*. Then A, € C
for all n € N, however,

ﬁAn = [0,1] x [0,1] x --- = {(z1,22,...): 3, €[0,1] forall t} & C.
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Ex. 1.1.2 Show that, for y € R,

Solution
Note that a sequence (y,)nen of real numbers converges to some p € R if there exists

for each € > 0 some sufficiently large N = N(¢) € N such that |y, — p| < € holds for all
n > N.
Therefore,

{xGRO": %;xtn_}—gou} = ﬂ U ﬂ{wER"o: ‘%;xt—u‘ < %} e C.
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Ex. 1.1.3  Let (X{)ic[,00) be a stochastic process on a probability space (€2, F, P) such
that

— Xy = 0 with probability 1,

— for 0 <t <ty <...<tg, k€N, theincrements X;,, Xy, — X3, ..., X3, — X4,
are stochastically independent.
— for s < t, Xt—XSNN(O,t—S).
Find the finite-dimensional distributions PXt»Xt
Solution
Let 0 < t; <ty < ... < t. Since the increments are independent and normally dis-
tributed we obtain that
X,
X, — X,
" . " ~ Nk(Okz) Diag(tlat2_t17‘-'7tl€_tk—1))7
th - th—l
where 0, = (O, e ,O)T. It follows that
——
k times
1 0 -0
th . th
X 1 1 IR Xt2 - th
: = .. . . ~ Nk (Ok7 M)v
X, o 0 '
1 11 Xy = Xy
where
1 0 --- 0 t 0 0 1 0 --- 0\7%
M- 1 0 ty—1t; : 1 1 :
: .. .0 T .. 0 : . . 0
1 - 1 1 0 0 tp —tp_y 1 - 1 1

The elements of the matrix M can also be computed as follows. Since, for i < j,

Mi,j = COoV (Xtintj) = COoV (th., th) + cov (Xtia th — th)

=t; ;,0
we obtain, for 1 <i,j <k,
Finally, if ¢, ..., t; are arbitrary distinct and non-negative numbers,
Xy, At o b Aty
: ~ Nk’ Ok7 )

X tk Nty -t Ny

k
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Ex. 1.2.1 Suppose that (g;)cz is a sequence of i.i.d. random variables, Fey, = 0,
Fel =: 0% < 00, and
Xt =& + 66}571.

Is the process (X;)iez (weakly) stationary?
Solution

We have that
EXt = E[z?t + ,B&Tt_l} = E&t + 5 Eat—l =0

and
cov (Xt+ka Xt) = cov (epk + Berin-t, €+ 5&—1)
(1468202, ifk=0,
— { o2 if k= +1,
0, if |k| > 1

holds for all ¢t € Z. Therefore, the process (X;):ez is (weakly) stationary?
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Ex. 1.2.2  Let (8y)rez be a sequence of real numbers with Y 2 2 < oo. The
function y: Z — R is defined by (k) = 372 Bj41;.

Is v an autocovariance function?

Solution
It follows from Theorem [[.2.5] that it suffices to show that

e 7 is real-valued (# +o00) and ~(k) = vy(—k) Vk € Z,

° ZZj:l aﬁ(tz — tj)aj >0 Val, o, ap € R, th, oty € Z, Vn € N.

First of all, we obtain that

S Bllal < || 3 By | D 8 < o

J=—00 Jj=—00 Jj=—00

Hence, the infinite series Z?’;_OO Bj+kB; is absolutely convergent and its sum therefore is
finite. Moreover, it is obvious that

v(k) = Z Bk Bj = Z B Bi—k = v(—k) Vk € Z,

j=—o00 j=—00

i.e., v is indeed a real-valued and even function.

To prove that v is non-negative definite, suppose that n € N, ay,...,a, € R, and
t1,...,t, € Z are arbitrary. Then

n

Z a;y(ti —tj)a; = Z a; <Zﬁk+tiftj 5k) aj.

i,j=1 i,j=1 keZ

Since the infinite series ZkeZ Brt;—t; Bk is absolutely summable we conclude that above
triple sum is also absolutely convergent and any change of the order of summation does
not change the value of the sum. Therefore, we obtain

n

Z a;y(t;—tj)a; = Z a; <Zﬁk+ti Brtt,)

ij=1 ij=1 keZ
n n
= Y (X aBen) (X wbhe,)
keZ =1 j=1
n 2
= Z <Zaiﬁk+ti> > 0.
keZ  i=1

To summarize, v is an even, real-valued and non-negative definite function. It follows
from Theorem that there exists a stochastic process with v as its autocovariance
function.



128

Ex. 1.3.1 Let (&)tez be a sequence of i.i.d. random variables on (Q, F, P) and (5 )kez
be a sequence of real numbers. Assume that Fe, = 0, 02 := Ee} < oo, and

(i) Show that (Xt’m)meN defined by

Xt,m = Z BrEt—k

k=—m

is a Cauchy sequence in L?*(2, F, P).

(i) Let X; be the L-limit of (Xt,m)
Compute cov(Xy g, X¢).

meN’

(iii) Let m: Z — Z be a bijective function. Then, for each t € Z, (@T(k)gt,ﬂ(k))
is a rearrangement of the sequence (5k5t,k)

kEZ

tez’

a) Show that ()?tim)meN defined by

Xy = Z Br(k)Et—m(k)

k=—m

is also a Cauchy sequence in L*(Q), F, P).
b) Show that
| Xem — Xem|| — 0

m—0o0

and conclude that _
P(Xt - Xt) = 1,

where X, denotes the L2-limit of ()?t,m)meN.

Solution

(i) Let, w.l.o.g., m < mn. Then

1 Xin = Xew|” = (Xin — Xewms Xon — Xim)

=< Z Bjat—ja Z ﬁk&—k>

i m<|jl<n k: m<|k|<n

= Z BiBr (et—js €1—k)

Jik: m<|j|,|k|<n

= Z 05 ﬁz

k: m<|k|<n

— 5. 2
=95,k 0¢

Since the sequence (fk)rez is absolutely summable we see that the right-hand side
of the above display can be made arbitrarily small if m and n are sufficiently large.
Hence, (X )men is a Cauchy sequence in L*(Q, F, P).
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(ii) Since EX;,, = 0for all t,m and E|X,,, — X;| < ||Xt,m —Xt” —m—seo 0 We conclude
that EX; = 0 for all t € Z. Now we obtain by continuity of the inner product (see

(ii) of Lemma|l.3.4)) that

cov (Xt+k7Xt) = <Xt+ka Xt>
= lim <Xt+k,ma Xt,m>

m—0o0

= n}blgloo< Z 5j5t+k—jv Z 515t—1>

j=—m l=—m

m
= nll_{noo Z BB (Et4k—js E1—1)

jl=—m
! =08k, 02
_ 2
= 0 E BiBi—k-
jez

(iii) &) Let € > 0. Since >3,y B2y = D 4ez i < 00 we obtain for m < n, as in the
proof of part (i),

[Kim = Xeal® = 1 >0 Brwermw |
k: m<|k|<n
= o? Z ﬁi(k) < e if m > N(e),
k: m<|k|<n

for some sufficiently large N(e).

b) Let € > 0. It follows from ), _, 67 < oo that there exists some K. € N such
that -, sk, i < e Ifmissuchthat {-K,..., K.} C {r(-m),...,m(m)},
then

HXt,m - jzt,mH2 = H Z Bret—k — Bﬂ'(k)gt—ﬂ(k)H2

k: |k|l<m

= o? > B

ke{—m,...m}I\{r(—m),...,7(m)}

+ o? Z i(k)

ke{m(=m),...;m(m)}\{—m,....,m}
< 20’e

We obtain by the triangle inequality that

1% = Xl < 1% = Xon|| + [ Xem = Ximl| + [[Xem = Xil| =20,

m—00
which implies that HXt — )N(tH =0, and so

P(Xt :)/Zt) - ].
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Ex. 1.4.1 Suppose that Y and Z are uncorrelated random variables with FY = FZ =
0and EY?=FZ? =1. Fort € N, let X; =Y cos(0t) + Z sin(0t), where 6 € R.

Show that )?3 = 2cos(0) X5 — X is the best linear predictor of X5 given X;, Xs.
Hint:  E[X,X;] =cos(6(s —1t)) and cos(20) = (cos(#))? — (sin(0))>.

Solution
According to (ii) of Theorem [1.3.6] it suffices to show that

(X3 — X3, Xi) =0 for k=1,2.
We can easily verify this:

(X3 — 2cos(0)Xs + X1, X1) = cos(20) — 2(008(9))2 + 1
= - (Siﬂ(@))2 - ((:08(6’))2 +1=0

and
(X3 — 2cos(0)Xo + Xy, Xo) = cos(f) — 2cos(f) + cos(—0) = 0.
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Let (g¢)tez ~ WN(0,02) and X; = > p”, a¥e;_y, for some a € R, |a| < 1.
; X

Ex. 1.4.2
Show that )?,L_H = aX,, is the best linear predictor of X, given X,

Hint: Argue that X, 1 — aX,, = e,11 and use (i) of Lemma m

Solution
Since > 7, aFe,_;, converges absolutely we obtain that

o0 oo
k k
Xpy1 — aX, = § A Epqp1—fp — Q- E €}
k=0 k=0

9] oo
k k+1
= Epy1 T E A Eny1—k — E a En—k | -
N k=1 k=0

J

~~

=0

According to Theorem [1.3.6] we have to show that

(Xpi1 — aXp, Xi) =0 Vk=1,...,n.

In order to use linearity of the inner product, we first replace X, by its truncated coun-

terpart X, = > -, @'ex—. We obtain
m
<Xn+1 - Q/X’m Xk:,m> - <5n+17 Zalgk—l>
1=0

m
= Zal (€nt1, €k—1) = 0.
=0 ~

Finally, we obtain by continuity of the inner product ((ii) of Lemma|1.3.4)) that
(X1 — aXp, Xp) = lm (X1 — Xy, Xim) = 0 Vk=1,...,n.
m—0o0
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