ATOMIC, MOLECULAR AND WAVELET DECOMPOSITION OF
GENERALIZED 2-MICROLOCAL BESOV SPACES

HENNING KEMPKA

ABSTRACT. We introduce generalized 2-microlocal Besov spaces and give char-
acterizations in decomposition spaces by atoms, molecules and wavelets. We
apply the wavelet decomposition to prove that the 2-microlocal spaces are
invariant under the action of pseudodifferential operators of order 0.

1. INTRODUCTION

The concept of 2-microlocal analysis or 2-microlocal function spaces is due to
J.M. Bony (see [2]). Tt is an appropriate instrument to describe the local regularity
and the oscillatory behavior of functions near singularities.

The approach is Fourier-analytical using Littlewood-Paley-analysis of distributions.
The theory has been elaborated and widely used in fractal analysis and signal
processing by several authors. We refer to S. Jaffard ([8], [9]), Y. Meyer ([14]) and
J. Lévy Véhel, S. Seuret ([12]). These works have been generalized in different
directions by P. Andersson ([1]), H. Xu([15], [23]), and S. Moritoh, T. Yamada
(16)).

The main achievements are closely related to the use of wavelet methods and, as a
consequence, to wavelet characterizations of 2-microlocal spaces. Here, we intend to
give a unified Fourier-analytical approach to generalized 2-microlocal Besov spaces
and we are interested in characterizations by various decompositions.

The paper is organized as follows. After recalling some preliminaries and notation
in Section 2 we define the concept of 2-microlocal Besov spaces and repeat some
results from [10] in Section 3.

In the main Sections 4 and 5 we present the characterizations of the 2-microlocal
Besov spaces by decomposition in atoms, molecules and in wavelets. Only the
proofs of the main theorems can be found in these sections, whereas the proofs of
the more technical lemmas are shifted to the Appendix.

Finally, in Section 6 we show that the 2-microlocal Besov spaces are invariant under
the action of certain Calderén-Zygmund operators introduced in [13] and the action
of pseudodifferential operators of order 0.

2. PRELIMINARIES

As usual R™ denotes the n—dimensional Euclidean space, N is the collection of
all natural numbers and Ny = NU {0}. Z and C stand for the sets of integers and
complex numbers, respectively.

The points of the Euclidian space x € R™ are denoted by = = (x1,...,2,). If
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B =(0f1,...,0n) € NJ is a multi-index, then its length is denoted by |5| = Z?Zl Bj.
The derivatives D = 8!8l /07" ... 9% have to be understood in the distributional
sense. We put 27 = :vfl R

The Schwartz space S(R™) is the space of all complex valued rapidly decreasing
infinitely differentiable functions on R"™. Its topology is generated by the norms

lllia = sup (1 + la)* 37 IDPp(@)|, kil e No.
veR™ 18I<1

A linear mapping f : S(R™) — C is called a tempered distribution, if there exists a
constant ¢ > 0 and k, [ € Ny such that

[F (@)l < cllllr.i
holds for all ¢ € S(R™). The collection of all such mappings is denoted by S’(R™).
The Fourier transform is defined on both spaces S(R™) and S’(R™) and is given by
(FHle)=f(Fe), ¢eSR"), feSR")
where

1 iz
@2 /e_”gcp(x)dx .

Rn

Fp() =

Here z - & = x1& + - -+ 4+ x,&, stands for the inner product. The inverse Fourier
transform is denoted by F~1p or ¢V and we often write ¢ instead of Fp.

We say a vector space F is a quasi-Banach space, if it is complete and quasi-normed
by ||| E||. That means ||-| F|| fulfills the norm conditions but the triangle inequality
changes to

[z +ylEll <cllz[Ell+cllyl Ell (1)

for ¢ > 1. If ¢ = 1 in (1) then ||-| E| is a norm and E is a Banach space. As
usual L,(R™) for 0 < p < oo stands for the Lebesgue spaces on R™ normed by
(quasi-normed if p < 1)

1/p

I £ Ly (R™)]| = /\f(x)|pd1: for 0 < p < 0o and
R’VL

1 f Loo(R")[| = ess-sup [ f(z)| .
rER™

Let w be a positive measurable function. We define the weighted Lebesgue space
Ly(R™,w) by || f| Lp(R", w)|| = [|wf| Lp(R")]].

For a sequence f = {f;}52, of vectors f; € E the sequence spaces {,(E) for
0 < ¢ < 0o are normed by (quasi-normed if ¢ < 1 or F is a quasi-Banach space)

1/q

1B = D ILf £ for 0 < g < oo and
§j=0

[ f1 Lo (E)|| = sup || f5 E| -
J€Ng
If E = C then we shortly denote ¢,(C) by ¢,.
The constant ¢ stands for all unimportant constants. So the value of the constant
¢ may change from one occurrence to another. By ap ~ bx we mean that there are
two constants ¢y, ca > 0 such that ciar < bp < coay for all admissible k.
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3. DEFINITIONS AND BASIC PROPERTIES

In this section we present the Fourier analytical definition of generalized 2-
microlocal Besov spaces B;;]’”loc (R™, w) and we prove the basic properties in analogy
to the classical Besov spaces. To this end we need smooth resolutions of unity and
we introduce admissible weight sequences w = {w;};en,-

Definition 1 (Admissible weight sequence): Let o, vy, 0 > 0. A sequence of non-
negative measurable functions w = {w; }?io belongs to the class WS if and only

if

1,02

(i) There exists a constant C > 0 such that
0 < w;(z) < Cw;(y) (14 27|z — y|)a for all j € Ng and all x,y € R".
(ii) For all j € Ny we have
27%w;(x) < wjpa(z) < 2%%w;(x)  for all z € R™.
Such a system {w;}52, € Wy

A non-negative measurable function ¢ is called an admissible weight function if
there exist constants o, > 0 and C, > 0, such that

0 < o(x) < Cuo(y)(1+ |z —y|)* holds for every z,y € R™. (2)

L.as 18 called admissible weight sequence.

If w= {w;, };‘;0 is an admissible weight sequence, each w; is an admissible weight
function, but in general the constant C,,, depends on j € No. If we use w € Wy, ,
without any restrictions, then «, ay, as > 0 are arbitrary but fixed numbers.

A fundamental example of an admissible weight sequence is given by the 2-microlocal

weights. For a fixed nonempty set U C R™ and s’ € R they are given by
wj(z) = (1+ 27 dist(z, U))s ) (3)
where dist(z, U) = inf,cp |z — 2| is the distance of x € R™ from U.
A special case is U = {z¢} for zy € R™. Then dist(U, z) = |z — zo| and we get the
well known 2-microlocal weights [9] treated by many authors
w;(z) = (1+2|a —z0])®  for j € Np. (4)
If U is an open subset of R™, we get the weight sequence Moritoh and Yamada used
in [16].
Another example of an admissible weight sequence is given for fixed s’ € R by
wi(w) = (1+2w(@)""" (5)
where w : R™ — [0,00) is a measurable function with the following properties:
There are constants Cy, C2 > 1 and 8 > 1 such that for all z,y € R"
0 < w(z) < Crw(y) + Calw —y|” . (6)
As a special case we choose w : R™ — [0, 00) subadditiv, that is
0<w(+y) <é (w(r)+wly)) andin addition we need
w(z) < &|z?  for all z,y € R and fixed &, &, § > 1.

Thus we have (6) with C; = & and Cy = ¢ ¢ and we can define the admissible
weight sequence as in (5). For all examples of admissible weight sequences, consid-
ered above, it is easy to show, that w € W5, ,, if |s'| < o, max(0,—s") < a; and
max(0,s’) < as.

Next we define the resolution of unity.
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Definition 2 (Resolution of unity): A system ¢ = {p;}32, C S(R") belongs to
the class ®(R™) if and only if
(i)
suppwo C {x € R" : |2| <2} and for all j €N
suppp; C {z € R™: 2971 < |z| < 27H1}
(ii) For each § € Ny there exist constants cg > 0 such that

27181 sup |DPp;(x)| < cs  holds for all j € No.
zeR™

(ii) For all x € R™ we have

Y ejl@) =
)

Remark 1: Such a resolution of unity can easily be constructed. Consider the
following example. Let o € S(R™) with ¢g(z) =1 for 2| < 1 and supp gy C {z €
R™ : |z| < 2}. For j > 1 we define

p(z) = po(z) — ¢o(2z) and ;(z) = p(2772) .
Now it is obvious that ¢ = {p;},en, € P(R™).

Definition 3: Let {¢;},cy, € ®(R™) be a resolution of unity and let w = {w; }jen, €
we Further, let 0 <p <00, 0< qg< o0 and s € R. Then we define

Qq,02 "

B;&mloc(]Rn’ ) {f cSs Rn ||f‘ Bs mlOC( ”’w)Hw < OO} , where
1/q

Hf|Bs mlOC( n ZQqu (Rn) a

ot

with the usual modifications if q is equal to infinity.

One recognizes immediately that for w;(xz) =1 for all z € R™ and all j € Ny we
get the usual Besov spaces, see [18]. If one defines the admissible weight sequence
as wj(z) = p(x) for each j € Ny and ¢ being an admissible weight satisfying (2),
we obtain weighted Besov spaces, see [4, Chapter 4].

Applying a Fourier multiplier theorem for weighted Lebesgue spaces of entire an-
alytic functions as in Subsection 1.7.5 in [17] we can prove that Definition 3 is
independent of the chosen resolution of unity {¢; }j eng € ®(R™), in the sense of
equivalent quasi-norms. To this end, we can suppress the index ¢ in the notation
of the norm.

Moreover, as in [18, Subsection 2.3.3] we can prove that B;;]mloc(R”, w) is a quasi-
Banach space for all s € R and 0 < p,q < oo and even a Banach space in the case
p,q > 1. Also, we have for all admissible weight sequences and all s, p and ¢

S(R™) € BiMeo(R™, w) € S'(R™)

where S(R™) is dense in Bg;"¢(R™, w) for 0 < p,q < oo. See [10] for details. Now,
let us recall some results from [10] we need later on.
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Proposition 1: Lets € R, w = {w;}jen, € WS, 4,, 0 <p,q < 00 and let m € No.
Then

Z ||Dﬁf|B;;m,mloc n H and ||f|Bs mloc( nyw)H

18] <m

; : s,mloc(Tpn
are equivalent quasi-norms on By "¢(R", w).

The spaces BIS,;;’”OC(]R”7 w) have the lift property. To be precise, let us define the
lift operator I, by

I f e (©7F) (7)

where (€) = (1+ [¢]*)"/.
Proposition 2: Let s,0 € R and w = {w,};en, € WS

Qy,02 "

Moreover, let 0 <
p < o0 and 0 < g < oco. Then I, maps B;qmloc(R”, w) isomorphically onto
qu—a,mljc(Rn’ ,w)
on By " ¢(R™, w).

The next result is the characterization of B;;Jml"c(R”, w) by local means. There-

fore, we define for {¢} € S(R"), f € S'(R™) and a > 0 the Peetre maximal
operator by

(R",w)H 18 an equivalent quasi-norm

w5 D)
yern 1+ |2F(y — z)|°
Proposition 3: Let w = {wy}ren, € W3, 0y, 0 < p,q¢ < 00 and let s,a € R,

R € Ny with a > % +a and R > s+ ay. Let 1g,¢1 € S(R™) such that

(Vi f)al®) = (k€ No,z € R") . ®)

DPyY(0)=0, for0O<I|B|<R, (9)

and
Yy (z)] >0 on {zeR":|z|<e} (10)
[y (z)] >0 on {xeR":¢/2< |z| <2} (11)

for some € > 0. Further, let ¢y (x) = 2(F=D); (25=11), then
|| f| BS mloc( nv w)” ~ H 2ks(1/1k * f)wk| lq(Lp) | ~ || ka(d}Zf)awk’ lq(Lp)H
holds for all f € 8'(R™).

If R =0, then we do not need any moment conditions (9) on ;.
Now, we present an elementary embedding in the scale of B;;Jmloc(R”, w).

Proposition 4: Let s € R and w,p € W with 21 < c for all j € Ny and

1,02 Q()

zeR™ If0<p<oo,0<q; <00,0<qge <00 ande >0, then
Bsmloc(Rn )‘—>BS smloc(Rn )

Pa1 Pa2

For further embeddings in the general scale of B5;™°¢(R™,w) and also in the
special scale B;;f/ (R™,U) with the 2-microlocal weights w;(z) = (1+27 dist(z, U))s
we refer to [10].

4. DECOMPOSITION BY ATOMS AND MOLECULES

In this chapter we present two decomposition theorems. We characterize the
spaces B;;Imloc(R”, w) via decompositions by atoms and molecules. First we intro-
duce the basic notation.



6 HENNING KEMPKA

4.1. Sequence Spaces. First of all, we define for v € Ny and m € Z" the closed
cube Q,,, with center in 27”m and with sides parallel to the axes and length 27".
By xum we denote the characteristic function of the cube Q,,,, defined by

1, ifxeQum
0, ifzéQum.
seR and let 0 < p,q < co. Then for

Xvm(T) = XQum (z) = {

Definition 4: Let w = {wy }ren, € WS, 0,
all complex valued sequences

A={\meC:veNy,meZ"}
we define

1/q

oo a/p
bmloc(w) = ¢ At || A bl (w)| = ZZ”(S_Z)Q<Zw§(2Vm)|/\Vm”>
v=0

meZ"

with the usual modifications if p or q are equal to infinity.
Remark 2: Observe, that

H /\I b;;]mZOC(w)H ~ <Z Vsq

v=0

Z /\VmXVm(')wV(')

mezn

Ly(R")

q\ 1/a
) . (12)

4.2. Atoms and Molecules. Atoms are the building blocks for atomic decompo-
sitions.

Definition 5: Let K,L € Ny and let v > 1. A K-times continuous differentiable
function a € CK(R™) is called [K, L]-atom centered at Q,.,, v € Ny and m € Z",
if

suppa € YQum , (13)
D) <2 | for0< |6 < K (14)

and if
/xﬁa(x)dm:O for 0<|B|<Landv>1. (15)

R’VL
If an atom a is centered at @, that means if it fulfills (13), then we denote it
by aym. We recall the definition 2% = xfl -+~ P and point out that for v = 0 or
L = 0 there are no moment conditions (15) required.
Definition 6: Let K, L € Ny and let M > 0. A K-times continuous differentiable

function p € CE(R™) is called [K, L, M]-molecule concentrated in Q,.,, if for some
v € Ng and m € Z"™

IDPp()] < 2 (142" —27m)™M for0< || <K (16)
and
/xﬂu(x)dx:0 if 0<|Bl<Landv>1. (17)
R’Vl
Remark 3: (a) For L = 0 or v = 0 there are no moment conditions (17)

required. If a molecule is concentrated in @, that means it satisfies (16),
then it is denoted by pym,.
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(b) If aym, is a [K, L]-atom then it is a [K, L, M]-molecule for every M > 0.

First, we show the convergence of the molecular decomposition. To this end, we
introduce the number o, defined by o, = max(0,n(1/p — 1)).

Lemma 1: Let w = {wg ren, € WS and let 0 < p,q < 00, s € R. Further-

1,02

more, let K, L € Ng and M > 0 with
L>o0,—s5+a , K € Ng and M large enough .

If ) e b;;lml"c(w) and {foym }oNg,mezn are [K, L, M]-molecules concentrated in Qum,
then the sum

Z Z Avmfym () (18)

v=0mezn
converges in §'(R™).
Remark 4: A sufficient condition on M is M > L + 2a + 2n.

We also need a representation formula of Calderén type. The proof can be found
in [5, Theorem 2.6].

Lemma 2: Let {¢;}jen, € P(R™) be a resolution of unity and let M € N. Then
there exist functions 6g,0 € S(R™) with:

supp bp,suppf C {z e R" : |z| < 1}, (19)
00(€)] = co >0 for [¢[<2, (20)
0©>c>0 for J<ldl<2, (21)
/x”@(x)dx =0 for 0<|y|<M (22)
Rn
such that
Oo(E)vo(&) +> 02778277 =1 , for all§ €R" (23)
j=1
where the functions g, € S(R™) are defined by
n ©o(§) n ¢1(28)
== d = = . 24
Yo (€) e V() 56 (24)

We have already seen that the sum in (18) converges in §’(R™) under the con-
ditions of Lemma 1. Now we come to the atomic decomposition theorem.

Theorem 1: Let w = {wy }ren, € WS s € R and let 0 < p,q < co. Further-
more, let K, L € Ny with

1,027

K >s+as and L>0p—s+ar.
For each f € B mo¢(R", w) there exist A € b5 ™°¢(w) and [K, L]-atoms {a,m}

centered at Q.. such that the representation

f= Z Z Aym@um  convergence being in S’ (R™), (25)
v=0mezm



8 HENNING KEMPKA

holds. Moreover,
Mt )] < el £ B e )]
where the constant ¢ is universal for all f € B;;]ml"c(R”, w).

Proof. Since [K, L]-atoms are [K, L, M]-molecules for every M > 0 the convergence
in §'(R™) has already been stated in Lemma 1.

The proof relies on the method used in the proof of [7, Theorem 5.11]. We use
Lemma 2 with M = L — 1, the functions 6y, 0 € S(R™) with the properties (19)-
(23) and the functions tg,¢ € S(R™) with (24). Let f € Bs;™°°(R", w), then we
get from the Lemma 2

f=1Fx00xtpo+ > 270(2%) x b, * [,
v=1

where ¥, (-) = 2" (27-). Now, splitting the integration with respect to the cubes
Qum we derive

Z/eox— (o * F)(y dy+ZZ2””/ 02" (z = y)) (W * ) (y)dy

mezn g v=1mezn Qo
We define for each v € Nand all m € Z™
Avm = Cy sup |(y * f)(y)] , (26)
YEQum

where Cyp = max{sup|,<; |DB0(z)| - |8 < K}. If Ay # 0, then we define

[ 6@ - @Dy (21)
Qum
otherwise we set a,.,(z) = 0. The ag,, atoms and Ay, are defined similarly using
6o and v. Clearly, (25) and the properties of 6y, 1,0 and 1, ensure that a,,

are [K, L]-atoms. It remains to prove, that there exists a constant ¢ such that
[ Al oc(w)]| < e f1 Bgg™o°(R™, w)||. We have for fixed v € Ng and a > 2 4 a

Z Wy () AvmXem (z) < € Z wy(x) sup |(y * f)(y)|Xvm ()

mez" mezn YEQum

¢U*f)(l‘—2)|
< dw,(x) sup |(— 14 ]2vz|®
( )‘Z‘SQ_V 52 (1+12"2]%)

< "wy () () fa() ,

since |z —y| < 27" for z,y € Quum and Yy Xum(x) = 1. Here, (¢} f)a denotes
the Peetre maximal operator, defined in (8). Therefore, we have using (12)

aym (x) =

oo

1/q
[ Albgy™ " (w) || < e (Z 2750 || w, (2) (¥} f)a(z))| LPGR”)Hq) . (28)

v=0
Since ¢ € S(R™) and 1 € S(R™) are two kernels which fulfill the moment con-
ditions (9) and the Tauberian conditions (10) and (11), we can use Proposition 3
with a > 2 + a and derive from (28)

H/\‘blsjzzmloc || < CHf|Bs mloc( n’w)H )
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To prove the converse direction of the atomic decomposition, we take the more
general molecules in the above sense. To this end, we need two technical lemmas
as used in [5]. We want to estimate the size of Y * f1,m, where {¢;} € ®(R") and
tym 1s a [K, L, M]-molecule concentrated in Q,.,. We use the resolution of unity
introduced in Remark 1. We recall Lemma 3.3 in [5].

Lemma 3: Let {¢;}jen, € PR™) be a resolution of unity and {tum }veny,mezn
are [K, L, M]-molecules. Then we have for all x € R"

() # pvm) (@)] < 27 7DEED (14 2T | — 27 m[)ET=M - forj<v  (29)
and
(@] # pwm) ()| < 270K (1L 4 2w —277m|)™ ™, for j > v. (30)

The next lemma is analogous to Lemma 3.4 in [5] and the proof is in the Ap-
pendix.

Lemma 4: Let 1 <p < oo, we WS and let

1,002

= Z )\ymfum ’

meZ"

where Ay € C and fom(z) = (14272 —27m|)~F for R > a +n.
Then we have for j <v

1/p
I FILy(R", wj)|| < c27"7 29 eatn) ( > |Am|pw';<2‘”m>>

mezr

and for j > v

1/p
| F| Lp(R™, wy)[| < c27"» 20~ < > PomlPuwb(2 m)) :

mezn

Finally, we can state the converse direction of the decomposition theorem by
molecules.

Theorem 2: Let w € WG, ,,,
with

se€R and let 0 < p,q < oco. Further, let K, L € Ny
K>s+as, L>o0,—s+o

and M > 0 large enough (M > L + n(max(1,1/p) + 1) + 2a). If {ptm} are

[K, L, M]-molecules and X = {\,m} € b5 (w), then

= Z Z AvmBom convergence being in S'(R™), (31)

v=0mezZn
is an element of B, ™°¢(R", w) and

Hf'BS mloc( R"™ w)H < CH)\|b;LImZOC('w)H .
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Proof. We have the representation of f € S'(R") by (31) and we know by Lemma
1 that this representation converges. Now, we estimate the norm of f

1/q
| 1By @ w)| = D270 | (o) s Lo(R™)
=0

o0 o0 a\ '/
<c Z2jsq Z Z Alﬂﬂ(@?*llum)wj L,y(R™)

=0 v=0mezn

s q 1/q oo q\ 1/q
<c| > o Z > RO +e{ D 20| Y > | L®RY)

=0 v=0 mezn =0 v=j+1 mezn

(32)

Let p > 1. We estimate the first L, Norm in (32). We use (30) and we derive from
Lemma 4 with R=M >n+ o

J
Z Z )‘Vm(so}/ */ffum)wj

L,(R")
v=0mezZm
1/p
<CZ2 up2 (J—v)(K—a2) ( Z |>\um| wl) 2~ m)) .
v=0 mezn

For the second term in (32) we use (29) and Lemma 4 with R=M —L—n > n+«
and get

I.[j = Z Z Aym(w;/*,ufum)wj Lp(Rn)
v=j+1meznr
1/p
Z 2759~ (=i (L) (Z [ Apm|Pwp (2~ m)> .
v=j+1 mezLn

Now, we consider the case 0 < p < 1. We use the embedding ¢, — ¢; and obtain
for the first term in (32)

/(Z Z [Avml| (e *,uum) Jﬁ)wj(x)) dzr

n v=0mezn

1/p

1/p

(55 / Y ) @) )

v=0mezZ"
By applying (30) and using the properties of the weight sequence, we estimate
v P —(j—v)(K—a2)
J16) s mm) @] ) < 01K
R7Z
« /(1 + 2@ — 2V m|) M Py (2 m) da
R’V'L

< 27U E—a2)pg=vnyp (9= Vi) . for M > 2 ia
p
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So, we get for the first L, norm

‘ 1/p
J
I <c <Z 9—vng—(j—v)(K—az)p Z |/\Vm|pw§(2—um)> .

v=0 mezn"
By a similar calculation we obtain the second estimate (M > % + L+ n + a)
- 1/p
IIj <c Z 2—Vn2—(u—j)(L—ap—a1)p Z |)\Vm|17w£(2—um)
v=j+1 mezn

We denote p := min(1,p) and ¢t := min(1, p,q). We can rewrite our results for the
first term as

1/p

J p/p
I; <c ZQ*V%ﬁQ—(j—u)(K_az)ﬁ ( Z |/\Vmpwg(2—vm)> 7

v=0 meZ™

for all 0 < p,q < oo. Finally, we conclude with that notation and ¢; /5 — ¢;

i t/p
||2jslj{gq||t S c Z2”(3_%)t27(j7”)([{7570‘2)t ( Z /\l,mpwﬁ(QVm)> éq/t )

v=0 mezn
and Young’s inequality gives us

t/q

o q/p o
<o (e (8 maraem) ) (See
v=0 =0

mezn
=" || )\| bzs)&ml()c(w)Ht ’ where < K —s—ay>0.
|t

With the same notation a similar estimate can be achieved for || 298] T j| €q| . Here

one has to use ¢ := L — o, + s — ay > 0 and this finishes the proof.

For every M > 0 every [K, L] atom is a [K, L, M] molecule. So we get an easy
corollary for the atomic decomposition.

Corollary 1: Let w = {wi }ren, € WS, 0, and let 0 < p,q < 00, s € R. Further-
more, let K, L € Ny with

K >s+as and L>0p—s+a1.

(i) If X € b (w) and {aym}vengmezn are [K, L]-atoms centered at Qym,
then

f: Z Z )\umavm (33)

v=0mezZn

belongs to the space B;&WZOC(R", w) and there exists a constant ¢ > 0 with

171 B (R w)| < e[ Abpg ()| -

The constant ¢ is universal for all X and ay,p,.
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(i) For each f € Bi™°(R™, w) there exist A € b5"°°(w) and K, L]-atoms
centered at Qum such that f can be represented as in (33) (convergence

being in S'(R™) ), where
A 85 )| < ef| 1 Bo™ (R, w)|

and the constant c is universal for all f € B;&mloc(R", w).

5. WAVELET DECOMPOSITION

In this section we describe the characterization of B;;Imloc(R”,w) by a decom-
position in wavelets. We follow closely the ideas expressed in [19], [20] and [11].

5.1. Preliminaries. First of all, we recall some results from wavelet theory.

Proposition 5: (i) There are a real scaling function Yrp € S(R) and a real
associated wavelet ¥y € S(R) such that their Fourier transforms have com-
pact supports, Yp(0) = (2m)~1/2

— 8 2 2 8
i [ 2e]u 28]

and

(ii) For any k € N there are a real compactly supported scaling function Vg €
Ck(R) and a real compactly supported associated wavelet 1p; € C*(R) such

that @(0) = (2m)"2 and

/mle(x)dxzo foralll €{0,...,k—1} .
R

In both cases we have, that {ym, : v € No,m € Z} is an orthonormal basis in

Ly(R), where

Yo (t) = {fjf(tm% i =0.mez

21wM(2”*1t—m), ifreNmeZ

and the functions ¥, Yp are according to (i) or (ii).

This Proposition is taken over from [21, Theorem 1.61]. The wavelets in the first
part are called Meyer wavelets. They do not have a compact support but they are
rapidly decaying functions (¢ g, ¥y € S(R)) and vy has infinitely many moment
conditions. The wavelets from the second part are called Daubechies wavelets.
Here the functions ¥, ¢ r do have compact support, but they have only limited
smoothness. Both types of wavelets are well described in [22], chapters 3 and 4.
This orthonormal basis can be generalized to the n-dimensional case by a tensor
product procedure. We take over the notation from [21, Subsection 4.2.1] with
Il =0. Let ¥, vr be the Meyer or Daubechies wavelets described above. Now, we
define

G'={F,M}" and G"={F,M}™ ifv>1,

where the * indicates, that at least one G; of G = (Gy,...,Gy) € {F, M }™ must
be an M. It is clear from the definition, that the cardinal number of {F, M}"™* is
2" — 1. Let for x € R

UGnL(I) = 2v% H wGr(2Vx7” - mT) ) (34)
r=1
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where G € G¥, m € Z™ and v € Ny. Then {V%,, : v € No,G € G¥,m € Z"} is
an orthonormal basis in Ly(R™). Finally, we have to adjust the sequence spaces
bmtoc(w) to our situation.

Definition 7: Let w € WY

aq,a97

b mioe () 1= {)\ = (Mo} € C: | N B to(w) | < o0} where

q/p
[ = {2 2"“‘”2 (ZM w7 2-”m>>

GeGY \mgezn

seR and 0 < p,q < oo. Then

1/q

To get the wavelet characterization we use local means with kernels which only
have limited smoothness and we use the molecular decomposition described in the
previous section. This idea goes back to [20], [11] and [7]. First, we recall the local

means with kernel k
vt Do) = (55 sway

With ¢t = 277, x = 277 where j € Ny and [ € Z", one gets

k(29 )29 = 2 / k(27 — 1) f(y)dy
R7L
= [kt )y (35)
]Rn
=k(f) .

First, assume that the expression (35) makes sense, at least formally. Later on we
show that (35) is a dual pairing. Now, the usual properties for k are transferred to
the kernels k;;.

Definition 8: Let kjj(z) € CA(R") with j € Ng and | € Z" be functions in R™
with

|DPkji(2)] < c291P1HIn(1 4292 —2791)=C | |8 < AeNy, C >0,
forallz e R*, j €Ny, Ll €Z"™, and

/xﬁkﬂ(x)dx:() , 18l<BeNg,

RTL
forj>1andleZm.
It is clear from the definition, that {277"k;;} are [A, B, C] molecules.

5.2. Duality. In this subsection we show that the expression

f) = / k(y)/ (v)dy (36)
J

makes sense as a dual pairing. Here, w € Wy, .., f € B, ml"“(R” w) and the
function k : R™ +— C belongs to some weighted space of contlnuously differentiable
functions C*(R"™, k), k > 0,

CU(R", k) := {f € C*(R™) : (1+ |z|)*DP f(z) € C(R™) for all |8] <u},



14 HENNING KEMPKA

normed by

If1C*(R", k)| = max sup (1 + |z[)*| D f(z)] .
|B]<u zeRr™

We need to introduce the dual space of B;;Imloc(]R”, w). For s € R and max(p, q) <

0o, we have that S(R") is dense in B;™°°(R™, w). Therefore, a linear functional on

Bgmlo¢(R™, w) can be interpreted as an element of §’(R™). That means, g € S'(R™)

belongs to the dual space (B;;]mloc(R", w))’ of the space B;;Imloc(R", w), if and only

if there exists a positive number ¢ such that

9(@)| < ¢ || Bym o (R™, w)||  for all ¢ € S(R™).

We do not want to give a full treatment of duality theory in Besov spaces, but one
can modify the statements and proofs in Section 2.11 in [18] and one derives at

least
!

B;,qus’mloc(R”,w_l) MR (B;(,Inzloc(Rn7w>) , (37)
where 0, =n(l/p—1)4 and
11 . y .
-+ —=1 if1<p<oo and p =oc0if0<p<1. (38)
p P
Similarly for ¢’. It is easy to see, that w™! = {u%}jENo EWS, o forwews ...

For max(p,q) = oo we get a similar result, where the right hand side of (37) is
replaced by (é;amloc(R",w))', where é;&mloc(R",w) is the completion of S(R™)
in B;’qmloc(R",w). In this case we only have the dual pairing (35) for the Meyer
wavelets, because they are elements of S(R™) and for the Daubechies wavelets,
because they have a compact support.

In the case max(p,q) < oo we can extend this to more general wavelet bases. The
wavelets belong to C*(R™, k) and we show under which conditions on u € Ny and
k > 0 we have

C*(R™, k) — BZ,”q,_S’mloc(R”7w_1) .

First of all, we show CO(R", k) — B;gol’mloc (R™,w~1). We use our fixed resolution
of unity from Remark 1, the weight properties and Young’s inequality to see that

| 1B e @ w )| = sup 27w (e, )Y | Ly (RY)
j€No
< csup [|wy (@] * f)| Ly (R™)]
Jj€No
< ¢ sup || (wy ') (141 )7 Ly (RY)]
J&€lo

<@ H |- DI Ly (R™)]] sup || ) | L (R™)]|
J€Ng
<" fICOR™,K)|

where the last inequality comes from ¢; = p(277-) € S(R™) and that x > » o
Let us assume now, that f € C*(R™, k), then by applying Proposition 1 we conclude

C*(R", k) — B;,;;”’mloc(R",w_l) )
Finally, Proposition 4 gives us for v > o, — s+ oy

CU(R", k) = Byiy *™ (R, w™t) . (39)
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Because of (37) and (39) the equation (36) makes sense at least for u > g, —s+ .
Further, we mention that all functions {kj;} from Definition 8 with A > u, B € Ny
arbitrary and C' > k belong to the space C*(R™, k). So we see that (35) is well
defined for A > 0, — s + a; and C > o + n, but these conditions will always be
fulfilled in the following theorems.

5.3. Wavelet isomorphism. We want to use the molecular decomposition ob-
tained in the last section. We assume, that {u,m} are [K, L, M] molecules and
that the {k;;} are the above given functions from Definition 8.

Before stating the theorem we have to prove some fundamental lemmas. First,
we have to give estimates of the quantity | ( ftym,k;i)|. The proofs go back to [6,
Appendix B].

Lemma 5: (i) Letv >4, M >A+n and L > A, then
| (st i) | € 0= (1 4 9|37 _ =iy~ min(M=A-nC)  (49)
(ii) Letv <j, C > K+n and B> K, then
| (st i) | < 2" G—9K (1 4 2%]27 i — 93]~ minC—K—m) (41)

The next lemma is presented in [11, Lemma 7.4]. Nevertheless, we present a
proof in the Appendix because our notation is a bit different.

Lemma 6: Let 1 < p < oo and b, € C.
(i) Let v > j and R > n. Then

py\ 1/p 1/p
(Z (Z lbm|<1+2j|2J‘Z—2”m|>R> ) <% (Z bm|P> ,

lezn \mezn mezn
where % + 1% =1.
(ii) Let v < j and R > n. Then

p\ 1/p 1/p
(Z (Z |bm|(1+2”|2jl—2”m|)R> ) < U5 ( > |bm|p> .

leZ™ \mezZm mezn

Now, we are ready to state the first theorem, which gives us one direction of the
wavelet decomposition. We define k(f) = {k;i(f) : j € No,l € Z™}.

Theorem 3: Let w € WY s€R and 0 < p,q < oo. Further, let {kj;} be as in

a1,

Definition 8 with C > 0 large enough and A, B € Ny with
A>op—s+or, B> s+ as.
Then for some ¢ > 0 and all f € B;’q’”loc(R”,w) ,
IO w)] < el Bien(E, w)]

Proof. We assume f € B;;]ml"c(R”, w) and we use the atomic decomposition theo-
rem (Corollary 1) to get

f - Z Z )\Vmaum ’ (42)

v=0mezZ"
where {a,,,} are [K, L] atoms with K =B >s+azand L=A> 0, —s+a;. We
want to show

[ECA) b3 (w)]| < e | Al b (w)]| < ¢ [| £ By (R" w)|
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where the last inequality comes from the atomic decomposition theorem. We recall,
that atoms have compact support and that they are [K, L, M] molecules for every
M > 0. We split (42) dependent on j € Ny into

7 [ee]
f:fj+fj:Z"'+ Z and get
v=0

v=j+1

kj(f) Z/kj (y)f(y)dy=/ka(y)fj(y)der/ka(y)fj(y)dy~

R™ R™ R

To shorten notation we define A(m,1) := (1 + min(2¥,27)[27Vm — 2771)).
Let v < jand 1 < p < oo, then we get by Minkowski’s inequality and Lemma 5

P 1/p
S| [ ks iy wre
LEZ™ [3m
J p\ 1/p
<> (Z (Z om0 (20| { ki, ) |> )
v=0 \I€Z™ \meZ™
J p\ 1/p
(5 (g s =)
v=0 lezn mezn
J 1/p
<dy 2Tt ( > |Am|pw5<2Vm)> , (45)
VZO meZn

where in the last step we used Lemma 6 with R=C — a > n.
In the case 0 < p < 1 we have also the estimate (44) and get by £, — {1

P 1/p

> / ki) fi(y)dy| wi(271)

lEZ™ [pn

; 1/p
Sy amUmBen ( S PomlPub2m) A<m7z>-p<c-a>> .~ (46)
v=0

mezm™ lezn

A direct calculation shows, that >, ;. A(m,1)7P(@=) < 20=1)" for C' > Tta
Therefore, we get from (45) and (46)

P 1/p

Dy /ka(y)fj(y)dy w?(2771)

lezn
; 1/p
<Y 9l Gove ( 2 Aympwfs(z—"m)) » (47)
v=0 mezn

where ( = B — s —ag > 0.
Let us consider the case v > j and 1 < p < co. Then we derive similar to the first



DECOMPOSITIONS OF GENERALIZED 2-MICROLOCAL BESOV SPACES 17

case with Minkowski’s inequality and Lemma 5

P 1/p

> /’sz(y)fj(y)dy wh(2771)
LEZL™ ipn

o] p\ 1/p
< 2. (Z (Z Pomnlwg (277D] ki @) |> )

v=j+1 \I€Z" \meZLn

e} p\ 1/p

<ec Z 9—(¥=j)(A+n—cu) (Z (Z |/\Vm|wy(2—um)A(m’l)—C+A+n+a> )

v=j+1 l€Zn \meZn

(48)

(o' l/P
< Z o~ (w=j)(A—a1+3) ( Z |/\Vmpw,’j(2"m)> ,

v=j+1 mezn
where we used Lemma 6 with R =C — A —n — a > n in the last step. We obtain
now with p=A+s—a; >0

P 1/p

20D 3 | [ halo) P )ay| wizin

lezn

oo 1/p
<c Y 2/bm)gmlveae ( > |Aym|pw{,’(2_”m)> . (49)

v=j+1 mezn
For 0 < p < 1 we have again (48), use ¢, — {1 and obtain
P 1/p

> /ka(y)fj(y)dy w?(2771)

lezn

1/p
<c Z 9—(¥—=j)(A+n—ou) ( Z |)\Vm| wh(27"m Z A ml (C—A—n—a)) .

v=j+1 mezn lezn

The sum over [ € Z™ is bounded by a constant for C' > % +n+ A+ «. Hence, we
get

P 1/p

21(s= %) /kﬂ )f(y)dy| w?(2771)

lezn {3,

1/p
<c Z ov(s=3)o- (Z [Avm [PwE (27 m)) ,  (50)

v=j+1 mezn

where p=A+s—a3 — (n/p—n) > 0.
Now the result (43) can be obtained from (47), (49) and (50) by standard arguments.
(|

Remark 5: As shown in the proof it is enough to assume

1
C’>A—|—n<1—|—.>—|—a.
min(1, p)
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We come to the wavelet decomposition theorem. Let us assume, that

Yar € CF(R™) and +p € C*(R") (51)

are the real compactly supported Daubechies wavelets from Proposition 5, with
/xﬁwM(x)d:E =0 for |8] < k. (52)
R’n

By the tensor product procedure (34), we have, that {W{¢, . :v € Ng,G € G and m €
Z"} is an orthonormal basis in La(R™).
Before coming to the theorem we clarify the convergence of

o0

ST D Ne27Ew, with A e by (w) (53)

v=0 GEGY meL™
We say that a series converges unconditionally, if any rearrangement of the series
also converges to the same outcome. We know that {27V2W%, 1 are [k, k, M]
molecules for every M > 0 and therefore we have the unconditional convergence of
(63) in S’(R™) from Lemma 1 with k > 0, — s + o.
Moreover, the following proof shows the unconditional convergence of (53) in
B;;Imloc(R”,w)forO<p<ooand0<q<oo. fOo<p<oocand 0 < g <
then we have unconditional convergence in Bgémloc(]R”, w) with o < s. For general
0 < p,q < 0o we get the unconditional convergence in BZ&WZOC(R", o) where 0 < s

ov ()
w,,(:v)

and p is an admissible weight sequence with
Theorem 4: Let w € W

Qy,02”

k> max(o, — s + 1,5+ a9) (54)

in (51) and (52). Let f € S'(R™). Then f € B;&mloc(R”7w) if, and only if, it can
be represented as

f= i >N N2, with A€ b (w) | (55)

v=0GeGY meZ"

— 0 for |z| — oo.

seR,0<p,qg< oo and

with unconditional convergence in S'(R™) and in any space Bg;™°¢(R", @) with

o <sand SJ”V((Z)) — 0 for |z| — co. The representation (55) is unique, we have
Nem = Nom () =275 (], W) (56)
and
Iife {25 (f, 98,0} (57)

is an isomorphic map from B;;zml"C (R™, w) onto l;f);lml"c(w). Moreover, if in addition
max(p, q) < oo then {¥g, } is in unconditional basis in B5,™°(R™, w).

Proof. First Step: Let f € S'(R™) be given by (55). Then by the support properties

we have that {27V2 ¥, 1} are [k, k, M] molecules for every M > 0. From Theorem
2 and (54) we obtain f € B5:™°¢(R", w) and
71 Byos (R )| < | A Bgyiec(aw) (58)

with ¢ > 0 independent of \ € B;gnl"c(w).
Second Step: Let f € B;;]ml"c(R”,w) then we can apply Theorem 3 with k., =
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2V U7, Since all conditions on k., are fulfilled by (54) and the compact support
of the wavelets we get

| A B ()| < e 11 Bmee e, w)]| (59)

Third Step: For max(p,q) < oo we get the unconditional convergence of (55) in
B;;Imloc(R”, w) by (58) and the properties of the sequence spaces l;;;]’"loc(w).

Let p < 0o and ¢ = oo, then we get the convergence in BZQIOC(R", w) for all o < s
by using (58) again and Holder’s inequality.

To obtain the convergence for p = oo we have to compensate the behavior at infinity

by introducing a weaker weight sequence @ with 2~ ((g;)) — 0 for |z| — co. Then we

get the unconditional convergence in BgO’Z“ZOC(R”, @) with o < s as in the previous
case.

simple example of such a weaker weight sequence is given for every € > 0 by
A simpl le of such ki ight is gi f 0b

ov(x) = (1+2"|z]) " w, (x) (60)

which belongs to W< te

ajte,o2”
Fourth Step: We want to prove now the uniqueness of the coefficients. We define

9= D Nem2 EUG,, (61)

v=0 GeEGY meLn

where A\Y;,, is given by (56). We want to show that g = f, or

(g,0) = (f,p) forevery p € S(R").

From the first step we have g € B5;"!*¢(R™, w). The third step tells us that (61)
converges at least in Bgéml"c(]R", o) for all o < s and g is given by (60) for some

e > 0. Since k > g, — s + a1 we can find ¢ < s and € > 0 such that %, , still
belongs to the dual space (Bg,}mloc(R", ©))" (that means k > 0,—0+ay+¢). Because

of the convergence in Bg;lmloc(R”, @) ,the dual pairing and the orthonormality of
{U%,,} in Ly(R"™) we get

(0% ) = (£ V) - (62)

This holds also for finite linear combinations of ¥%, ,. For a function ¢ € S(R™)
we have the unique Lo (R™) representation

¥ = Z 277% (0, V) Ve, -
v,G,m
Since S(R™) is a subspace in every Besov space considered this representation con-
verges in (Bg"°¢(R™, w))’ and we get by (62)
(g:0)=(f,9) -

Final Step: Hence, f € S'(R™) belongs to Bs;™°¢(R™, w) if and only if, it can be
represented by (55). This representation is unique with coefficients (56). By (58),
(61), with g = f, and (59) it follows

A B )| ~ || 1 Bggrio ™, w)|
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Hence I in (57) is an isomorphic map from Bg™¢(R", w) into Bf,;lmloc(w). It
remains to prove that this map is onto. Let A\ € I;Z;Imloc(w). Then it follows by the
above considerations that

f=Y N2 V3V, €ByMRYw) .

v,G,m

By the same reasoning as in the fourth step this representation is unique and
Ay = Ay (f). This proves that I is a map onto. (I

To prove the wavelet decomposition with Daubechies wavelets we used only the
atomic decomposition theorem.
Now, we present a wavelet decomposition theorem with the help of Meyer wavelets,
described in Proposition 5. We have ¥y, ¥p € S(R™) and we have infinitely many
moment conditions on v¥,;. But we lose the compact support property for the
wavelets. Here we need to use our molecular decomposition. The proof is the same
as in Theorem 4. We use again our wavelets once as molecules and once as kernels
from Definition 8 where the technicalities turn out to be easier because A, B, C are
infinite.
Theorem 5: Let {UY, .} be the Meyer wavelets according to Proposition 5. Fur-
ther, let w € W2 s €R,0< pqg< oo andlet f € S'(R"). Then f €

aq,02”
B;’qmloc(R", w) if, and only if, it can be represented as

F=Y00 30 M, 2730, with A€ by (w) (63)
v=0 GEGY meL™

with unconditional convergence in §'(R™) and in any space Bg(}mloc(R",g) with

Q”(a:)) — 0 for |z] — co. The representation (63) is unique,

wy, (z
Gm = Mom (f) =275 (£, G,)

o< s and

and

I:fw {21/% <f> ém>}
is an isomorphic map from B;&mloc (R™, w) onto l;;;lmloc(w), Moreover, if in addition
max(p, q) < oo then {¥%, .} is in unconditional basis in B5;™°(R™, w).

Remark 6: The wavelet characterization of B;;Imloc(R”7w) is not restricted to
the two wavelet systems presented in Proposition 5. The proof of Theorem 4 also
applies, at least for max(p, ¢) < oo due to duality, to all wavelet systems {T%, .}
which satisfy that 2772 {W¥%, 1} are [K, K, M] molecules with

K >max(o, —s+ai,s+az) and M > K +nmax(2,1+1/p)+2a, (64)

where the condition on M is not sharp.
The proofs can easily be extended to biorthogonal wavelet bases (see [11] for details).

5.4. Wavelet decomposition of B;’ZI (R™,U). For a bounded subset U C R"
and s’ € R we have the 2-microlocal weights
wy (x) = (1 + 2" dist(z, U))* . (65)

We know that w € W¢ for |¢'| < o and —min(0,s’) < a1, max(0,s’) < as.

1,02

The spaces B;;IS/ (R™,U) are defined as the spaces B;;Imloc(R”, w) with the special
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weight sequence w defined in (65). The corresponding sequence spaces are defined
by the norm

[e%s) Q/P
REAGIES DD <Z NP (14 2" dist (27, U))PS')
v=0

GeG¥ \mez»
Now, we can adapt everything from Theorem 4 and a wavelet decomposition for

the 2-microlocal Besov spaces with respect to the Daubechies wavelets follows.

Corollary 2: Let U C R" bounded, s' € R and w as in (65). Further, let s € R,
0<p,qg< o0 and

k > max(o, — s — min(0, s"), s + max(0, ")) (66)

in (51) and (52). Let f € S'(R™). Then f € B;;IS'(R”,U) if, and only if, it can be
represented as

f= i SN N 2TEG,,  with Ae by (U) (67)

v=0GeGY meZ"

with unconditional convergence in S'(R™) and in any space th;qt/ (R™,U) witht < s
and t' < s'. The representation (67) is unique,

Gm = N (F) = 2% (f, WGp)

and

I:f {272 (f,9,,)}

is an isomorphic map from B;;IS'(R”,U) onto E;’QSI(U). Moreover, if in addition
max(p, q) < oo then {U%,.} is in unconditional basis in B;;ZS/(]R”, U).

Let us say a few words about the convergence of (67). As in Theorem 4 we have
unconditional convergence in B;&s/ (R™,U) for max(p, q) < oo and arbitrary U € R™,
not necessarily bounded. For 0 < p < oo and 0 < ¢ < co we have unconditional
convergence in Bf;qsl (R™,U) with s > ¢ and also arbitrary U. Only in the case of
p = oo we need as an additional assumption that U C R™ has to be bounded to get
the unconditional convergence in Bf;qt/ (R™,U) for all s >t and s’ > ¢'.

Remark 7: For p > 1 we have 0, = 0 in condition (66). Now we can rewrite this
condition as

k > max(]sl], |s + s|) .
This is almost the same condition
k > max(max(s, s + s'), max(—(s +n), —(s + s')))
used in [14, p.64, p.67] in connection with the orthonormal Daubechies wavelets.

According to Remark 6 we can also give a characterization of B;;IS/ (R™,U) by
other wavelet bases {U%,,} (for example the Meyer wavelets), where {U%, } are
[K, K, M| molecules with the condition (64) on K and M.

1/q
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6. PSEUDODIFFERENTIAL OPERATORS

In this section we show that the 2-microlocal spaces B;;Imloc (R™, w) are invariant
under the action of classical pseudodifferential operators of order 0. The correspond-
ing results have already been shown in [8] for Cj(’f/(R”) and in [1] for F;’;l (R™, zg),
1 <p,q<oo.

As in [8] we introduce operators T belonging to the class Op(M?) of Calderén-
Zygmund operators, which were introduced in [13].

A linear and continuous operator T': S(R™) — S’'(R™) possesses by the Schwartz
kernel Theorem a distribution kernel K in &'(R™ x R™) such that

(Tf,9)=(K,f®g) for all f,g € S(R™).

This kernel K belongs to the class O7 for v > 0, if its restriction to the set {(x,y) €
R™ x R™ : x # y} is continuous and satisfies

IDPK (2,y)] < ez —y| 7" for |B] <

and, with v = m + r, where m € Ny and r € (0,1]

r\r
8 Y / |z — 2| o 1 _
|DPK(z,y) — D K(x,y)lécﬁ_y‘n+7 for [ — 2’| < S|z —y|
5 _pp NP A < L
|DPK (z,y) — D K(%‘,y)lécm_y‘nH for [y —y'| < 5lo —yl

for |3| = m. Moreover, T has to be bounded on Ly(R") and T'(X?) = T*(X?) =0
for |3] < v (see [13] for definition of T'(X#?)). Then Op(M?) = U,sy o

The class Op(M?) can be characterized by decay conditions on the terms of the
matrix ((T'Uy, Uy )) with respect to a wavelet basis {Uy} where Uy = U%,  (see
[13, Chapter 8]).

Proposition 6: An operator T belongs to Op(M")if and only if its matriz coeffi-
cients satisfy

. 9—li—vI(v'+n/2) l2vm — 27|\ "
T, W > < 1 ,
| < Gm’ * Gl | scC 1 ¥ (] — V)2 < v + 2—J ) ) (68)
for some v > .
The condition in (68) can be reformulated as
ov=i)n/2 ‘<T\Dé i >‘ <. 2*(7*”7 (1,+2j|2*jl—2*"m|)*”*7, forw>j o
G = T 2m U ) (1 4 2v)270 ] — 27vm)) Y for v < )

(69)
That means that our matrix is almost diagonal (in the meaning of [6]) and we can
easily adopt the proof of Theorem 3 with (69) instead of the Lemma 5.
Theorem 6: Let w € WS 0 < p,g < 00 and s € R. If f belongs to

Qq,02”

s,mloc(Tpn 3
By o¢(R™, w) and T' belongs to Op(M”) with
v > max(s + ag,0p — s+ a1,0p + )

then T'f belongs to B;;]mloc(R”, w).

If we keep the last Theorem in mind, we get the following interpretation. The
position of points of regularity of a function is essentially preserved under the action
of singular integral operators, such as the Hilbert transform or the Riesz transforms
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Rj = 7ia%j(fA)il/2.

Moreover, since every classical pseudodifferential operator belonging to S%O is a
sum of an operator in Op(M?) and a regularizing operator ([13, Chapter 7]), we
conclude that the 2-microlocal spaces B;;Zmloc (R™, w) are invariant under the action
of pseudodifferential operators out of S?,O.

We can state now regularity result for solutions of elliptic partial differential equa-
tions. From Calderén and Zygmund [3] we know, that the inverse of an elliptic
operator is a product of a fractional integration and a pseudodifferential operator
of order 0. The latter one is a sum of an operator in Op(M"?) and a regularizing
operator and the first one is a lift operator (Proposition 2). Using this fact together
with the last Theorem, we obtain the following assertion.

Theorem 7: Let w € Wg, ,,, 0 <p,q < oo and s € R. Let A be an elliptic partial

differential operator of order m, with smooth coefficients. If Af = g and g belongs
to B;;Zmloc(R",w), then f belongs to B;;m’mloc(R",w).

APPENDIX

Here we present the more technical proofs of the Lemmas.
Proof of Lemma 1. We have to prove that the limes

lim Z Z Avmbom(z)  exists in S’ (R™). (70)

v=0mezm

For ¢ € S(R™) we get from the moment conditions (17) for fixed v € Ny

/ S Mvmttom (1) (0)dy
Rn mezZn

B / Z Aumﬂum(y)wl’ (y)x

R meZ™

el —Vim K
x o) — Y DRe@m) () griny | () oy |

e ! (y)~

where £ > 0 will be specified later on. We use Taylor expansion of ¢ up to the
order L and get with £ on the line segment joining y and 27"m

B “m 3
o= 2 D(p(ﬁz!)(y )+ 302 ;30!(5) (y—27m)? .

IBl<L |Bl=L
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Using the properties of the weight sequence and (y)* < (y — 27"m)"(£)*, we can
estimate (71) by

_ Digp@2m) “Ym)P | w; ! ()"
lm )] () %L g w2 e ()
< c2—u(L—(x1)(1+21/|y_2—um|)—M
|D? v LovL, —1, &)y —27"m)"
X mZL ﬂ' —27"m|" 2wy (y) e

D
< d27 e (14 2%y — 27V m) M () R sup (€)% Y S
SR pal=e

Hence, we derive from (71)

/ > Nombom @)e(y)dy| < 277 sup (2)" > |D

n
| mezn rzeR |B|=L

> Pumlw, ()1 + 2%y — 27 m) M )erdy L (72)
R™ mezZm

Now, let us suppose that p > 1 then we get applying Holder’s inequality on the
integral in (72) with £ > & + o > n+ o

3 Pl (y)(1+ 2]z — 27 m|) =+ (g)e=ray
R™ mezZm

< CQ*V(L+S*C¥1)2VS Z |>\um|(1 + 2V|.’,E - 27um|)L+nfM

meZ"

L,(R", w,)

By choosing M large enough (M > L + 2n + 2«) and using Lemma 4 with j = v
we get

/ > Momttom (W) (y)dy

' MELn
1/p |D
< g vma) =) ( > |Am|pw5(2”m)> sup (2" 3"
mezn cekn 18|=L
Since L > 0, — s+ a1 = —s +ay and A € by < b330, the convergence of (70) in

S'(R™) follows.
If p < 1, we get analogously by choosing kK = o, M > L+n+ 2a and using Holder’s
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inequality and the weight property w, (y) < Cw,(27"m)(1 + 2"|y — 27 "m|)*

p
/’gjmmmm@W@My
n MEL™
<y S P Pup(em) [(L 2y - 2 m) Py
mezn R
< o= mangs=) S |\ pp(2vm)
mezn

Finally, using ¢, — {1, L > 0p —s+ a1 =n (% - 1) —s+ap and A € by — by
we get the S'(R™) convergence of (70).
O

Proof of Lemma 4. First Step: We treat the case j < v. We decompose R™ into
cubes @,; and get

nﬂ%mwmwszw

Z )\Vm.fum (.13)

R™ mezn
<CZ/ Z)\l,mw] Y14 2|z —27"m|)~F
tezng, Imezr

Now, we use
wj(z) < C221 =Dy, (277m) (1 + 2|z — 27 m|)®
and that x € Q,; (that means 0 < |z —27¥]| < ¢27). This leads to
1P| Lp (R, w;) ||

< o1p(v—j) Z /

> Amw,(27m) (1 + 27| = m|)” real dx
leZ" Qi mezn
p
< crvalgTen Ny ( > Pumlw, (27 m)(1+ 2771 —m|)_R+“)
leZ™ \mezZn

and Young’s inequality gives us

p
<WMHW”<ZHmwwwwﬂ(Za+%wrMﬂ.

mezn lezn
(73)

Finally, we have to estimate the last sum in (73). Splitting the sum we obtain

Z(1+2j—vll|)—R+o¢: Z (1+2j—u|l|)—R+a+ Z (1+2j—u|l|)—R+a
lezn <20~ i >2v-
N R
ly|>2v—7
< ov=im for R > a +n.
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Putting this into (73) and taking the 1/p power, the first part of the lemma is
proved.
Second Step: Now, we have j > v and we can use

fom(@) =142z —27"m)) B < c(1+ 2"z —27"m|)~F
and
w;(z) < 02920, (27"m)(1 + 2%z — 27 m|)® .

The same splitting of the integral in dyadic cubes as in the first step together with
the above inequalities lead to the second case.
|

Proof of Lemma 5. To prove the case v > j one can modify the steps in [5, Lemma
3.3]. We only need the moment conditions on p,.,, and a sufficiently strong decay
of the derivatives of k;;. The proof for v > j follows easily by interchanging the
roles of kj; and ftym.

O

Proof of Lemma 6. Here we only give the proof for v > j because the other case
follows by similar arguments. For k € Z™ we introduce the quantity

O k)y={meZ": Qjx N Qum #0} ={m € Z" : Qum C Qji} -
Then we get for m € £ (k)
L+l —k) <e(Q+2712771—27"m]|) . (74)
Estimate (74) and Minkowski’s inequality yield

p\ 1/p
(Z (Z |bm|(1+2j|2jl2”m|)R> >

lezn \mezn
p\ 1/p

= (Y[ X Y bml+272791—27m|)" R

leZ™ \kEZ™ mepi (k)

p\ 1/p
S Do D AHE=I)TF D (bul
lezZn \ kezn metd (k)
p\ 1/p
=c| 2| 2 A+u)™® 3wl
lez™ \ueZnr met, (u+l)
p\ 1/p

<e ) ([ S ol

ASYAL LEZ™ \metd (u+l)
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Finally Holder’s inequality and card #,(u 4 1) ~ 2(*=9)" imply

py\ 1/p

S bl + 22771 =27 m)) R

leZ™ \meZ™
1/p

<TS]S bl
uEZL™ LEZ™ metd (utl)
1/p
<2V ST bl |

meZ"

where the last inequality is due to card{l € Z" : Qum C Q +277u} ~ 1 and
R > n.

[1]
2]
[3]
[4]
[5]
[6]
[7]
(8]

[

(10]
(11]

(12]

(13]

[14]
(15]

(16]
(17)
(18]

(19]

O

REFERENCES

Andersson, Patrik: Two-microlocal spaces, local norms and weighted spaces. Paper 2 in PhD
Thesis University of Goteborg (1997), 35-58

Bony, Jean-Michel: Second microlocalization and propagation of singularities for semi-linear
hyperbolic equations. Taniguchi Symp. HERT. Katata (1984), 11-49

Calderén, Alberto Pedro; Zygmund, Antoni: Singular integral operators and differential
equations. Amer. J. Math. (1957), 901-921

Edmunds, David Eric; Triebel, Hans: Function spaces, entropy numbers, differential opera-
tors. Cambridge Univ. Press (1996)

Frazier, Michael; Jawerth, Bjorn: Decomposition of Besov spaces. Indiana Univ. Math. J. 34
(1985), 777-799

Frazier, Michael; Jawerth, Bjorn: A discrete transform and decompositions of distribution
spaces. J. Funct. Anal. 93 (1990), 34-170

Frazier, Michael; Jawerth, Bjorn; Weiss, Guido: Littlewood-Paley theory and the study of
function spaces. CBMS Reg. Conf. Ser. Math., AMS, 79 (1991)

Jaffard, Stéphane: Pointwise smoothness, two-microlocalisation and wavelet coefficients.
Publications Mathematiques 35 (1991), 155-168

Jaffard, Stéphane; Meyer, Yves: Wavelet methods for pointwise regularity and local oscilla-
tions of functions. Memoirs of the AMS, vol. 123 (1996)

Kempka, Henning: Local characterization of generalized 2-microlocal spaces. Jenaer Schriften
zur Math. & Inf. 20/06 (2006)

Kyriazis, George: Decomposition systems for function spaces. Studia Math. 157 (2003), 133-
169

Lévy Véhel, Jacques; Seuret, Stéphane: The 2-microlocal formalism. Fractal Geometry and
Applications: A Jubilee of Benoit Mandelbrot, Proc. Symp. Pure Math., AMS, Providence
RI, vol. 72, part2 (2004)

Meyer, Yves, Coifman, Ronald: Wawvelets; Calderdn-Zygmund and multilinear operators.
Cambridge Studies in Advanced Math. , vol. 48 (1997)

Meyer, Yves: Wavelets, vibrations and scalings. CRM monograph series, AMS, vol. 9 (1997)
Meyer, Yves; Xu, Hong: Wavelet analysis and chirps. Appl. and Computational Harmonic
Analysis, 4 (1997), 366-379

Moritoh, Shinya; Yamada, Tomomi: Two-microlocal Besov spaces and wavelets. Rev. Mat.
Iberoamericana 20 (2004), 277-283

Schmeifler, Hans-Jiirgen; Triebel, Hans: Topics in Fourier analysis and function spaces.
Leipzig: Akademische Verlagsgesellschaft Geest & Portig (1987)

Triebel, Hans: Theory of function spaces. Leipzig: Akademische Verlagsgesellschaft Geest &
Portig (1983)

Triebel, Hans: A note on wavelet bases in function spaces. Orlicz Centenary Vol., Banach
Center Publications 64 (2004), 193-206



28 HENNING KEMPKA

[20] Triebel, Hans: Function spaces and wavelets on domains. Ziirich: European Math. Soc.
Publishing House (2008)

[21] Triebel, Hans: Theory of function spaces III. Basel: Birkhauser (2006)

[22] Wojtaszczyk, Przemystaw: A mathematical introduction to wavelets. Cambridge University
Press, London Math. Society Student Texts 37 (1997)

(23] Xu, Hong: Généralisation de la théorie des chirps a divers cadres fonctionnels et application
a leur analyse par ondelettes. Ph. D. thesis, Université Paris IX Dauphine (1996)

E-mail address: khenning@minet.uni-jena.de

MATHEMATICAL INSTITUT, FRIEDRICH SCHILLER UNIVERSITY, ERNST-ABBE-PLATZ 2, 07737
JENA



