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Zusammenfassung

Das Konzept 2-mikrolokaler Analysis oder 2-mikrolokaler Funktionraume wurde von
Jean-Michel Bony [Bo84] und Stéphane Jaffard entwickelt [Ja91]. Es ist ein gutes In-
strument in der Nahe von Singularitaten lokale Regularitat und oszillierendes Verhalten
von Funktionen zu beschreiben.

Der Ansatz ist fourieranalytisch und nutzt Littlewood-Paley Analysis von Distributio-
nen. Solche RAdume zu untersuchen wurde zuerst von Jaak Peetre auf Seite 266 in [Pe75]
vorgeschlagen. Die Theorie wurde in Spezialfallen von vielen Autoren ausgearbeitet und
fand Anwendung in Fraktaler Analysis und der Signalverarbeitung. Zu erwéhnen sind
dabei die Arbeiten [Ja91], [JaMey96], [LVSeu04], [Mey97], [MeyXu97], [MoYa04] and
[Xu96].

Die grofiten Erkenntnisse wurden durch Wavelet Methoden, die Wavelet Charakte-
risierung der 2 mikrolokalen Réume, ermoglicht. In dieser Arbeit beschreiben wir
einen vereinheitlichten fourieranalytischen Ansatz, um die 2-mikrolokalen Raume zu
2-mikrolokalen Besovraumen zu verallgemeinern, und wir interessieren uns fiir lokale
sowie Wavelet Charakterisierungen dieser Raume.

Dafiir sei {p;};en, eine glatte Zerlegung der Eins (siehe Abschnitt 2.2 fiir die prézise
Definition) and sei {w;};en, eine Folge zuldssiger Gewichtsfunktionen. Diese geniigen

0 < wj(z) < Cw;(y)(1+ 2|z —y])*
27" w;i(r) < wjp(v) < 2%w;(v)

fir z,y € R, j € Ny und o, o1, g > 0. Weiterhin seien F und F~! die Fouriertransfor-
mation und ihre inverse im Raum der Distributionen S’(R™). Wir definieren die Rdume
Bemiee(R™, w) fiir 0 < p,q < oo und s € R als Menge aller f € S'(R™) fiir die gilt

o0 1/q
| £ Bo e (R, w)|| = (Z 275 || w; F (o, F )| L,,(R")Hq> < 00 (0.1)

§=0
fiir 0 < ¢ < oo und

| f Byzooe(R™, w)|| = sup 2 || w; FH (@i F )| Lp(R™)|| < o0, (0.2)
J 0

fiir ¢ = co. Als Spezialfall setzen wir w;(z) = (1 + 27|z — zo|)* fiir &' € R, 2y € R®
und j € Ny. Falls p = ¢ = 2, dann erhalten wir die Réume H:* (R"), welche von Bony
in [Bo84] betrachtet wurden. Der Fall p = ¢ = oo ergibt die 2-mikrolokalen Réume
C’jf’ (R™) eingefiihrt von Jaffard in [Ja91] und ausgiebig behandelt von Meyer, Jaffard
and Lévy-Vehel, Seuret in [JaMey96] und [LVSeu04].

Der mehr verallgemeinerte Fall 1 < p, ¢ < oo, und Charakterisierungen von speziellen



Chirp Signalen sowie Beziehungen zu Gravitatioswellensignalen wurden von Xu und
Meyer studiert [Xu96],[MeyXu97].

Desweiteren hat Andersson die Réume C%*(R") auf die Skala der Triebel-Lizorkin
Réume F;és/(R”,xo) fir 1 < p,q < oo ausgeweitet und gab in [And97] lokale Cha-
rakterisierungen dieser Raume. Eine Verallgemeinerung in Bezug auf die Gewichtsfolge
sind die Riume B5* (R",U), wobei die Gewichte

w;(x) = (1 + 27 dist(x, U))sl

fiir eine offene Teilmenge U C R"™ und s’ € R erfiillen. Diese wurden von Moritoh und
Yamada in [MoYa04] abgehandelt.

Bis auf die Raume von Andersson in der Triebel-Lizorkin Skala sind alle oben erwahn-
ten Verallgemeinerungen der 2-mikrolokalen Réume C%*(R"), von Bony und Jaffard,
Spezialfélle der Definition von Bs™¢(R", w).

Man kann F1(p;F f) folgendermafien umschreiben

(F @ F () = @m)"*[(F ') = fl() - (0.3)

Die Funktionen F~'¢; haben keinen kompakten Trager. Das heiit, um F~*(p,;Ff) in
x € R™ zu berechnen, brauchen wir f global. Wir werden zeigen, dass die Funktionen
F~Yp;in (0.3) und (0.1), (0.2) durch glatte Funktionen, mit kompakten Triger in einer
Kugel vom Radius ¢277, ersetzt werden konnen. Dies fiihrt uns schlieflich zu lokalen
Charakterisierungen der Raume B;’;Zmloc(R", w). Solche lokalen Charakterisierungen sind
wohlbekannt fiir gewichtete und ungewichtete Besovrédume (siehe [Tri92] und [Tri06]) und
haben sich als auBerst niitzlich erwiesen einige Schliisselprobleme, wie punktweise Multi-
plikatoren und die Invarianz unter Diffeomorphismen, zu beweisen. Weiterhin ebnet die
lokale Charakterisierung den Weg zur Wavelet Zerlegung und weiteren Diskritisierungen
(sieche [Tri06] fiir die klassischen Besovraume).

Dazu seien {a,,,} C C*(R") bestimmte Bausteine (Atome oder Molekiile), dann finden
wir fiir gegebenes f € §'(R™) Koeffizienten {\,,,} C C, so dass

f= Z Z Avm@ym it Konvergenz in S'(R™)

v=0 mezZn

und

1/q

00 q/p
A )| = | S 2o (z |Am|pwf;<z-Vm>)
v=0

mezZm™

eine dquivalente quasi-Norm auf B;l’]mloc(R”, w) ist.

Die vorigen Resultate benutzen wir um die Wavelet Charakterisierung der 2-mikrolokalen
Besovraume zu erhalten. Das Ergebnis fiigt sich nahtlos in die bereits existierende Theo-
rie for Besovrdume ([Tri06]) und die Wavelet Charakterisierung von C%* (R") ([Ja91])
ein. Mit Hilfe der Wavelet Charakterisierung kénnen wir weitere Resultate beweisen,



wie die Invarianz von B;;Imloc(R”,w) unter Pseudodifferentialoperatoren der Ordnung

0 und die Verbindung der Raume B;;f' (R™,U) zu den Rdumen variierender Glattheit
welche von Schneider in [Schn07] eingefithrt und untersucht wurden.

Die vorliegende Arbeit richtet sich nach folgender Struktur. Das zweite Kapitel enthalt
alle grundlegenden Definitionen und einige Eigenschaften, wie die Unabhangigkeit der
Réaume von der Zerlegung der Eins {¢;};en, und die Lifteigenschaft. Dabei benutzen
wir hauptsachlich ein Fouriersches Multiplikatortheorem fiir gewichtete ganz-analytische
Funktionen aus [SchmTri87]. Anschliefend beweisen wir Einbettungstheoreme in ver-
schiedenen Skalen welche hauptsachlich auf einer gewichteten Nikols’kij Ungleichung
[SchmTri87] aufbauen.

Das Herzstiick der Arbeit sind Kapitel 3 und 5. Im dritten Kapitel beweisen wir die
Charakterisierung der Raume durch die lokalen Mittel. Dazu nutzen wir Maximalfunk-
tionen und Maximalungleichungen und folgen den Arbeiten von Triebel [Tri92], Rychkov
[Ry99] und, in einem anderen Zusammenhang, Vybiral [Vyb06].

Im néchsten Kapitel verwenden wir die Resultate von Kapitel 3 (lokale Mittel) um
ein Theorem zu punktweiser Multiplikation und die Invarianz der Raume unter einer
speziellen Klasse von Diffeomorphismen zu beweisen.

Das nédchste Hauptkapitel, Kapitel 5, ist den Charakterisierungen von B;;Zml"c(R”, w) mit
Hilfe von Zerlegungen gewidmet. Die Zerlegungen in Atome, Molekiile und Wavelets im
Sinne von [FrJa85] und [Kyr03] werden hier angegeben.

Das sechste Kapitel dient dazu die Folgerungen aus der Waveletzerlegung darzulegen.
Wir erhalten die Invarianz der Raume unter Pseudodifferrentialoperatoren, konnen die
Scharfe der Einbettungen aus Kapitel 2 beweisen und zeigen die Verbindung zu den
Réumen variierender Glattheit [Schn07] auf.

Das letzte Kapitel gibt einen Uberblick zu der Theorie der lokalen Réume B;;]S/(U ylee.
Diese Raume sind das angemessene Werkzeug, um punktweise Regularitat von Funktio-
nen zu untersuchen. Wir geben einige grundlegende Resultate um die verallgemeinerten
2-mikrolokalen Réume Be:* (U)"° mit der bekannten Theorie, im Spezialfall U = {,}
und p = ¢ = oo in [JaMey96] und [LVSeu04] fiir C5*'(R™)"¢, zu verkniipfen.



1 Introduction

The concept of 2-microlocal analysis or 2-microlocal function spaces is due to Jean-Michel
Bony [Bo84] and Stéphane Jaffard [Ja91]. It is an appropriate instrument to describe
the local regularity and the oscillatory behavior of functions near to singularities.

The approach is Fourier-analytical using Littlewood-Paley-analysis of distributions. To
study such spaces was firstly suggested by Jaak Peetre in [Pe75] on page 266. The
theory has been elaborated and widely used, in special cases, in fractal analysis and
signal processing by several authors. We refer to [Ja91], [JaMey96], [LVSeu04], [Mey97],
[MeyXu97], [MoYa04] and [Xu96].

The main achievements are closely related to the use of wavelet methods and, as a
consequence, wavelet characterizations of 2-microlocal spaces. Here, we intend to give a
unified Fourier-analytical approach to generalize 2-microlocal Besov spaces and we are
interested in local and wavelet characterizations of the spaces under consideration.
Therefore, let {¢;}jen, be a smooth resolution of unity (see Section 2.2 for the precise
definition) and let {w;};en, be a sequence of weight functions satisfying

0 < wj(z) < Cw;(y)(1+ 2|z — y|)*
27" w;(r) < wjpa(r) < 2%w;(x)

for z,y € R", j € Ny and o, oy, 9 > 0. F and F~! stand for the Fourier transform and
its inverse in the space S'(R") of tempered distributions, respectively. Let 0 < p,q < oo
and s € R. Then we introduce Bj™°°(R™, w) as the space of all f € §'(R") such that

0 1/q
| £ Be e (R, w) || = (Zstq||wjf_1(gpjff)|Lp(R”)Hq> < 00 (1.1)
j=0

for 0 < g < oo and

[ £ By (R™ w)|| = sup 27* || w; F~H (0,7 f)| L (R™)|| < o0, (1.2)

J€Ng

for ¢ = oo. As a special case, let w;(x) = (1+27 |z —m0|)* for s’ € R, 29 € R" and j € Ny,
If p = q = 2 we obtain the spaces ij’ (R™) considered by Bony in [Bo84]. The case
p = ¢ = oo yields the 2-microlocal spaces C%* (R") introduced by Jaffard in [Ja91] and
extensively treated by Meyer, Jaffard and Lévy-Vehel, Seuret ([JaMey96],[LVSeu04]).
The more general case 1 < p,q < 0o, and characterizations of chirp-like signals as
well as relations to gravitational wave signals, have been studied by Xu and Meyer
([Xu96],[MeyXu97]).

Moreover, Andersson has generalized the spaces C’;Ef' (R™) to the scale of Triebel-Lizorkin
spaces Flff/ (R™, xg) for 1 < p,q < oo and has given in [And97] local characterizations of



this spaces. A generalization with respect to the weight sequence, the spaces B;;]S/ (R™,U),
was examined by Moritoh and Yamada in [MoYa04]. The weights in this work have to
satisfy

wi(z) = (1 + 27 dist(x, U))*

for an open subset U C R" and s’ € R.

With exception of the spaces of Andersson, all above mentioned spaces do fit in the scale
of Bsme¢(R™, w) and are a generalization of the original spaces Cz#(R™) by Bony and
Jaffard.

We can rewrite F~!(p,;Ff) by

[F s F ) = @m)" 2 [(F py) * f(2) - (1.3)

The functions F~'¢; do not have compact support. In particular, to compute the
building blocks F~(¢;Ff) in z € R™ we need f globally. Roughly speaking, we shall
show that the functions F !¢, in (1.3) and (1.1), (1.2), respectively, can be replaced
by smooth functions with compact support in a ball of radius ¢277 (c is a constant).
This leads to local characterizations of our spaces. Characterizations of such a type
are well known for weighted and unweighted Besov spaces (see for instance [Tri92] and
[Tri06]) and turned out to be very useful to solve some key problems as the behavior by
pointwise multiplication and invariance under diffeomorphisms. Moreover, it paves the
way to atomic and wavelet representations as well as to discretizations (see [Tri06] for
classical Besov spaces) and isomorphisms to corresponding sequence spaces.

Let {a,m} C C*(R") be some building blocks (atoms or molecules), then for given
f € §'(R™) we can find coefficients {),,,} C C such that

f= Z Z Avm@ym  With convergence in S'(R")

v=0 mezZn

and

1/q

00 q/p
M) = | 32 2w (z !Aym|pw§(2”m)>
v=0

mEZ”

is an equivalent quasi-norm on Bg°(R", w).

Combining the previous results we get the wavelet characterization of the 2-microlocal
Besov spaces and the result seamlessly incorporates in the known theory for Besov spaces
[Tri06] and the wavelet characterization for C2*' (R™) [Ja91]. With the wavelet character-
ization on hand, we are able to prove further results as the invariance of B;vqmloc(R”, w)
under pseudodifferential operators and the connection to the spaces of varying smooth-
ness by Schneider in [Schn07].

This work is organized as follows. Chapter 2 contains all definitions and some basic



properties such as the independence of B;;Iml"c(R", w) of the choice of the resolution of
unity {¢;};jen, and the lift property. Here we rely on Fourier multiplier theorems for
weighted spaces of entire analytic functions which can be found in [SchmTri87]. Then
we deal with embedding theorems for different metrics based on weighted Nikols’kij in-
equalities ([SchmTri87]).

The main parts are Chapters 3 and 5. In Chapter 3 we give the characterization by local
means. We use maximal functions and inequalities and follow ideas in [Tri92], [Ry99]
and [Vyb06] in a different context.

In the next chapter we apply the results of Chapter 3 (local means) to prove a theorem
on pointwise multiplication. Finally, we use the local means characterization to prove
that the spaces B;;Iml"c(R", w) are invariant under a special class of diffeomorphisms.
Chapter 5 is devoted to the study of characterizations of B;;Imloc(]R", w) by decomposi-
tions. We give the atomic, molecular and wavelet decomposition in the spirit of [FrJa85]
and [Kyr03].

In Chapter 6 we apply the wavelet characterization to get the invariance of B;;lmloc(R”, w)
by pseudodifferential operators of order 0 (as in [Ja91]), to prove that the embeddings
from Section 2.5.1 are sharp and to give a connection of the 2-microlocal Besov spaces
B;;f/ (R™, U) to the spaces of varying smoothness from Schneider ([Schn07]).

In the last chapter we give a short outline on the local spaces B;;IS/(U )¢, These spaces
are an appropriate tool to measure local smoothness of functions. Some fundamental
results are given to connect the spaces B;;]s/(U )¢ to the known theory, in the special
case U = {zy} and p = ¢ = oo, of [JaMey96] and [LVSeu04] for C%:*' (R™)"°.






2 The 2-microlocal Besov spaces B3M°°(R", w)

2.1 Preliminaries

As usual R™ symbolizes the n—dimensional Euclidean space, N is the collection of all
natural numbers and Ny = NU {0}. Z and C stand for the sets of integers and complex
numbers, respectively.

The points of the Euclidean space R™ are denoted by x = (z1,...,2,),y = (Y1, Yn)s - - - -
If 6=(0,...,0,) € Nj is a multi-index, then its length is denoted by |3| = Z;;l B;.
The derivatives D? = 9181 /9% ... 3% have to be understood in the distributional sense.
We put 27 = 2" - .- 20

The Schwartz space S(IR™) is the space of all complex-valued rapidly decreasing infinitely
differentiable functions on R"™. Its topology is generated by the norms

lolles = sup (1+ [2))* Y [Dp(2)], kleN,. (2.1)
veR™ 1B1<i

A linear mapping f : S(R™) — C is called a tempered distribution, if there are a constant
¢ >0 and k,l € Ny such that

1f(o)| < cllellr

holds for all ¢ € S(R™). The collection of all such mappings is denoted by &’(R™). The
Fourier transform is defined on both spaces S(R") and S’'(R™) and is given by

(FNHp) = f(Fo), ¢eSR"), feSR")

where
Fol6) i= o [ e ola)d
=—— | e x)dx .
R?’L
Here x-& = x1& 4 - - +x,&, stands for the inner product. The inverse Fourier transform

is denoted by F 1y or ¢" and we often write ¢ instead of F.

Vector-valued sequence spaces

We say a vector space F is a quasi Banach space, if it is quasi-normed by ||-| || and
complete. That means ||-| E|| fulfills the norm conditions but the triangle inequality
changes to

Iz +yl Bl < cllz| Bl +cllyl £, (2.2)

11



forc> 1. If c=11in (2.2) then ||-| || is a norm and E is a Banach space.
As usual L,(R") for 0 < p < oo stands for the Lebesgue spaces on R" normed by
(quasi-normed for p < 1)

1/p

| f] Lp(R™)| /|f )|Pdx for 0 < p < oo and

|1 Loc ()] = esistup | ()]

If w is a positive measurable function on R", we denote the weighted Lebesgue spaces
by L,(R™ w) and the quasi-norms are defined for 0 < p < oo by

1/p

|1 LR w)]| = [|wf] Ly(R™)| / (@) Pub( ,

with the usual modification if p = co. For a complex-valued sequence a = {a;}32, the
sequence spaces {, for 0 < ¢ < oo are normed (quasi-normed for ¢ < 1) by

o0 1/q
al ]| = (Z |aj|q> for 0 < ¢ < oo and
=0

lal loo|l = sup |ay| .
Jj€No
Let {fx}ren, be a sequence of complex-valued measurable functions, 0 < p < oo and
0 < ¢ < o0o. Then we put

a/p 1/a 1/q

@) £(Lp) | = I fibreso] €Ly / () Pde =(Z||fk|Lp||Q) ,

also with the above modifications for p = oo or ¢ = oo

The constant ¢ adds up all unimportant constants. So the value of the constant ¢ may
change from one occurrence to another. By a; ~ b, we mean that there are two constants
c1, o > 0 such that cia, < b, < ceay for all admissible k.

2.2 Definitions and basic properties

In this section we present the Fourier analytical definition of generalized 2-microlocal
Besov spaces B;;Imloc(R", w) and we prove the basic properties in analogy to the classical
Besov spaces. To this end we need smooth resolutions of unity and we introduce our
admissible weight sequences w = {w, } jen,-

Definition 2.1 (Admissible weight sequence): Let o, aq, g > 0. We say that a sequence
of mon-negative measurable functions w = {w;}32, belongs to the class W, if, and
only if,

oq [e %}

12



(i) There exists a constant C > 0 such that

0 < wj(z) < Cw;(y) (1+ 2|z —y|)*  forall j € Ny and all z,y € R".  (2.3)

(it) For all j € Ny we have
27w (x) < wjp(x) < 2%w;i(x)  for all x € R™. (2.4)

Such a system {w;}32, € Wa

oy.0p 1S called admissible weight sequence.

Remark 2.2: A non-negative measurable function p is called an admissible weight func-
tion if there exist constants a, > 0 and C, > 0 such that

0 < o(x) < Cuo(y)(1+ |z —y|)* holds for every z,y € R". (2.5)

If w = {wj}?io is an admissible weight sequence, each w; is an admissible weight
function, but in general the constant C,,; depends on j € Ny.

Remark 2.3: If we use w € Wy, ,, without any restrictions, then o, ay,az > 0 are
arbitrary but fixed numbers.

Remark 2.4: If w € W

aq,027?

w € Wgh@ and A > 0, it is easy to check:

(a) The sequence w™ = {w; '}52 belongs to the class WS, , .

(b) The sequence Aw belongs to the class W

1,02
(¢) The sequence w = {w]?‘}j%‘io belongs to the class Wﬁgl,m.

(d) The sequence w + w belongs to the class yrax(es)

max(a1,51),max(cz2,02)"
(e) The sequence w - w belongs to the class szfBWH&.

Example 2.5: Let U # () be a subset of R". We denote by dist(z,U) = inf ¢y |z — 2|
the distance of z € R” from U. A typical admissible weight sequence for fixed U C R”
and s’ € R is given by

wy(z) = (1 427 dist(2, U))"  for j € Ny, (2.6)
We have for s >0
w;i(z) < wipq(z) < 2%w;(x) and for s’ <0 25w;(x) < wjp(z) < wj(z) .
Hence, for all j € Ny and all fixed s’ € R
27 max(0=5) gy (1) < wjy (1) < 27Oy, (2) for every x € R"™. (2.7)

From the inequality dist(z,U) < |z — y| + dist(y, U) we derive for ' > 0

wj(z)

(1427 dist(z, U))”
< (1+ 2z —y| + 27 dist(y, U))Sl

13



Since a + b < 2ab for a,b > 1, we get
wj(z) < [2(1+ 27 dist(y, U)) (14 27|z — ymsl
= 2%w;(y)(1 + 2|z — y|)*,

for all z,y € R™ and all j € Ny. If s < 0 we can do the same calculation for the inverse
weight sequence w™! and according to Remark 2.4(a) we obtain

wj(w) < 275w (y)(1+ 2w —y)™,
for all z,y € R™ and all j € Ny. Finally, we have for fixed s € R and all j € N,
0 < wj(w) < 2wy (y)(1+ 2|z — y T, (2.8)

for all 7,y € R". Together with (2.7) we get w € Wg, ,
and max(0, s") < ax.

A special case is U = {z¢} for 2o € R". Then dist(U, z) = |z — zo| and we get the well
known 2-microlocal weights [JaMey96]:

if |s'| < a, max(0,—s") < oy

w;i(z) = (14 2|z — xo])* for j € Np. (2.9)

If U is an open subset of R™, then (2.6) gives us the weight sequence Moritoh and
Yamada used in [MoYa04].

Example 2.6: Let w : R" — [0,00) be a measurable function with the properties:
There are constants Cy, Co > 1 and 3 > 1 such that for all z,y € R”

0 < w(z) < Cw(y) + Calz —y|? . (2.10)
For fixed s’ € R and all j € Ny we define
wi(z) = (1+ 2jw(93))8//ﬁ for all x € R™. (2.11)
By analogy to Example 2.5 above we get
0 < w;(z) < (2C:C)  w;(y) (1+ 2|z — y|)|s/‘ and

<
2~ max(0=D (1) < wjp (z) < 270D (2)  holds for all z,y € R™ and j € Ny.

Hence, we have w = {w;}jen, € WS, 4, for all @ > [s'| and o > max(0,—5'), ap >
max(0, s’).

As a special case we choose w : R™ — [0, 00) subadditive that is

0<w(x+y) <é (w(r)+w(y)) andin addition we need
w(z) < &lx|®  for all 2 € R" and fixed &, &, § > 1.

Thus we have (2.10) with C; = ¢; and Cy = ¢16 and we can define the admissible weight
sequence as in (2.11).
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Next we define the resolution of unity.

Definition 2.7 (Resolution of unity): A system ¢ = {p;}52, C S(R") belongs to the
class ®(R™) if, and only if,

(i) supp go C {w € R™ : |z < 2} and supp; C {w € R : 2771 < [a] < 27*1};

(i1) For each 8 € Ny there exist constants cg > 0 such that

2119 sup |DPp;(x)| < ¢ holds for all j € Ny.
zeR”

(111) For all v € R™ we have
> pilx) =
=0

Remark 2.8: Such a resolution of unity can easily be constructed. Consider the fol-
lowing example. Let ¢y € S(R™) with ¢o(z) = 1 for |z| < 1 and suppgy C {z € R™ :
|z| <2}. For j > 1 we define

pi(x) = po(277z) — (27" x) .
Now it is obvious that ¢ = {¢;},en, € P(R").

Definition 2.9: Let {¢;},.y, € ®(R") be a resolution of unity and let w = {w;}jen, €
we Further, let 0 < p <00, 0 < qg< o0 and s € R. Then we define

aq,a2

B;;Jmloc<Rn ) {f c 9 - ||f| Bsmloc "7w)H<p < OO} 5 where

o 1/q
| 71 Bec n,w>>|¢:(22m wi(es )| Lo(®) ) |
§=0

with the usual modifications if p or q are equal to infinity.

Remark 2.10: One recognizes immediately that for w; = 1 one obtains the usual Besov
spaces B (R") (see [Tri83]), which are given by the norms
1/q
q
) ) (2.12)

If one defines the admissible weight sequence as w;(x) = p(x) for each j € Ny and
o fulfills (2.5), we obtain the usual weighted Besov spaces B, (R", ), see [EdTri96,
Chapter 4]. In particular, if w;(z) = (1 + |2[?)*/? then we denote this weighted Besov
spaces by By (R", a) (see Section 2.5.1).

(03./)Y | Ly(R")

17185, - (sz
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Firstly, we have to prove that Definition 2.9 is independent of the chosen system
{©i};en, € ®(R"). We need a Fourier multiplier theorem for weighted Lebesgue spaces
of entire analytic functions as in [SchmTri87]. We define the Sobolev spaces W} (R") for
k € No. A function f € Ly(R"™) belongs to Wi(R") if

1/2

LAWS@®M = | Y IDfIL®R™)* ] < oo (2.13)

[v|<x

With B,(z) we denote the closed Ball centered at x € R" and with radius » > 0. We
write F~'MF f instead of F [ M (Ff)].

Theorem 2.11 ([SchmTri87], Remark 4/1.7.5): Let o : R* — R be an admissible weight
which satisfies (2.5) for some o, > 0. Furthermore, let B,(0) = {y € R" : |y| < b} for
b>0 andlet 0 < p < oo. Then for every kK € N with

1 1
—_—_— 2.14
K>n(min(1,p) 2)4—% ( )

there ezists a constant ¢ > 0 (depending on b) such that
| eF MFf|LyR™)|| < || M|WF(R")|| | of] Ly(R")] (2.15)

holds for all f € L,(R", o) NS'(R™) with supp Ff C By(0) and all M € S(R™).
Remark 2.12: Additionally, we need a corollary of Theorem 2.11. We assume that the
weight satisfies

0 < o(z) < Cpo(y) (1 + ablz —y[)* for fixed a > 0 and all z,y € R". (2.16)

If f € Ly(R", p) with suppFf C By,(0), then supp F[f(b~'z)] C Bi(0) and by the
properties of the Fourier transform

(oF ' MFf) (x) = {o®0™)F " [Mb) (FFG™) O]} (). (217)

Therefore, we obtain

| (eF " MF[) ()| Ly(R™)|| = [[{ob™ ) F [M(b) (FF(671)) ()]} (b2)| Ly(R™)
= b7 || {o®~)F " [M@) (FO7)) O]} @)] L(®RM)| -

For the weight function 7(z) = o(b~'z) we have o, = , and
0 <r(z) <max(l,a)*Cyr(y) (1 + |z —y|)* = Cor(y) 1+ [z —y))™ .
We can apply Theorem 2.11 and obtain

[ (oF " MFf) ()] Ly(RY)|| < e Cpr | M(B)| Wy R [ o(b™") f(b")] Ly(R™)]|
= cCy [|M(b-)[ WS (R | of | Lp(R) (2.18)

for Kk >n <m — %) + a, and the constant ¢ > 0 is independent of b.

16



Now, we are ready to show that Definition 2.9 of the spaces B;;Imloc(R”, w) is inde-
pendent of the chosen resolution of unity ¢ € ®(R").
Theorem 2.13 (Independence of the resolution of unity): Let ¢ = {p;},y,, @ =
{05},en, € @(R™) be two resolutions of unity and let w = {w;}; .y, € Waja, be an

1,02

admissible weight sequence. If 0 < p < 00, 0 < q < oo and s € R, then we have

Hf|Bsmloc Rn H ~ ||f| Bs ,mloc ]Rn )H¢ f07” all f c S/(Rn)

Proof: It is sufficient to show that there is a ¢ > 0 such that for all f € §'(R") we have
H [l By mloc(R™ qp )||¢ <c H f1 By smloc(R™ qp || Interchanging the roles of ¢ and ¢ we

obtaln the desired result.
Putting ¢_1 = 0 we see

) Z wi+k(x) for all j € Ny.

k=—1
By the properties of the Fourier transform

1

w F 6, (FNY =D wi {F 16 (F[Frojn (FNH]} -

k=—1
Now, we apply (2.18) with b =272 M = ¢; and f = F 1k (Ff) for k € {—1,0,1}.
We get for every j € Ny
[w; {F 05 (F [F 00 (FH]) } LR
< cl| ;22| WER™) || ||w; {F " jn (FHH Ly@RM)|| . (2.19)

with kK > n (m - %) + «. By (2.3) and formula (2.18) the constant ¢ does not

depend on j € N. Since supp ¢;(2/*%.) C B; and using the properties of the resolution
of unity, we have

Sup | @u(272) | W (R™)|| < clseuNp ‘21|1<p seulgl 2MBI(DPgy) ()] < ¢
0 KX

We conclude that

Jw{F o3 (FNY Lo®M)|| < e > [Jw; {F 15 (F [F 0jan (FH]) | Lu(RY)]|

k=—1

<3 |lw {Fppa (FOY LR -
k=—1

Finally, multiplying by 27¢, using the property (2.4) of the admissible weight sequence
and taking the ¢, quasi-norm with respect to j, we see that

- 1/q
(Z 2950 || w; {F 16, (F £} Lp<R">Hq) <A@ L2 1B R w)|
=0

This completes the proof. n
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Remark 2.14: As in Theorem 2.3.3 in [Tri83] we can prove that B™°°(R", w) is a
quasi-Banach space for all s € R and 0 < p, ¢ < oo and even a Banach space in the case

p.q =1L

2.3 Fourier multipliers

For convenience, we reformulate the above Fourier multiplier theorem for weighted
Lebesgue spaces of entire analytic functions to get a Fourier multiplier theorem for
the spaces B5™°(R™, w).

Definition 2.15: Let m(z) be a complez-valued infinitely differentiable function of at
most polynomial growth on R™. Further, let w € W 0<p,g<o0andseR. Then

1,027
m(z) is said to be a Fourier multiplier for B;qmloc(]R" w) if there exists a constant ¢ > 0

such that
Hf- m:,tf‘ Bsmloc n H < CHf‘BsmlOC n7w>H
holds for all f € Bsm™e(R", w).

Now, we want to state a criterion for Fourier multipliers on BS™°¢(R™, w). To this
end, we introduce some special functions {¢;};en, C S(R™) which fulfill 0 < ¢;(z) <1
and

¢o(x) =1 for |z] <2 and suppgg C {x € R": |z| < 4}, (2.20)
oi(z) = ¢(277x), with (2.21)

1
¢(x)=1 for 3 <|z| <2and suppp C {z e R": — < |z| <4} . (2.22)

N

Theorem 2.16: Let m(z) be a complex-valued infinitely differentiable function of at
most polynomaial growth on R™. Further, let w € W 0<pqg<oo,seR andlet

1,027

{¢;}ien, € S(R™) satisfying (2.20)-(2.22). For k € N we define
M, = SUI\II) | @5 (Zx)m ()| Wi (R™)| - (2.23)
J€No

Then for

1 1
> - =
>0 (g 73) o
there exists a constant ¢ > 0 such that
| F mFE f| Byt (R”, w) || < eM,c || f| By (R™, w)
holds for all f € By “(R", w).

Proof: Let {y;};en, C ®(R") be a fixed resolution of unity. Then we have for every
J € No

F o F(F'mFf) = F pjomFf
= f_lmj}"fj s

18



where m;(z) = ¢;(x)m(x) and f;(z) = F 1o, Ff(x).
We show that there exists a constant ¢ > 0 such that for all 7 € Ny

| w; FromF(F o, F )| LpR™)|| < M, ||w; F o, Ff| L,(RM)]| - (2.24)

First of all, we prove (2.24) for the case of fixed j > 1 and we use (2.18). We know that
supp(F f;) C Bai+2(0). Using (2.18) with b = 2772 we get

| (w;F = myF f;) ()| Lp(R™) || < eCu ||y (272 W (R™) || | w; f] Ly(R™) |
< dCuM, || w; F o; F f| Ly(R™)|| (2.25)

We point out that the constant ¢ in (2.25) is not depending on j € Ny due to the
homogenization in Remark 2.12. Furthermore, because of the definition of the weight
sequence (2.3) also the constant C,, is independent of j € N (see also the notation
(2.16)).

The case 7 = 0 follows the same reasoning and we obtain (2.24) for all j € Ny. Finally,
multiplying (2.24) by 27% and taking the ¢, norm with respect to j € Ny we get the
theorem. O

Now, we give a simple multiplier criterion of Michlin-Hérmader type which is easy to
verify.

Corollary 2.17: Let m(x) be a complex-valued infinitely differentiable function of at
most polynomial growth on R™. If N € Ny, then we put

IBI
Im|lx = sup sup (1+ |z[*)= [D m(z)| . (2.26)
|8<N ceR

Further, let w € W2

1,027

0<p,qg<oo,seR, then for N € N with

1 1
N —_—_— 2.2
>n(min(1,p) 2)—|—a, (2.27)

(2.28)
there exists a constant ¢ > 0 such that
| F-mE | Bree R, w)|| < ellmlly || £ By e (R, w)|
holds for all f € By “(R", w).

Proof: With the definition of My from (2.23) it is easy to check that My < c||m||n,
where ¢ > 0 is independent of m(z). Hence, this corollary is a direct consequence of
Theorem 2.16. O

Remark 2.18: This corollary is a direct generalization of Lemma 3.1 in [Mey97]. Meyer
proved a condition as (2.26) of multipliers for the usual 2-microlocal case w;(z) = (1 +
2|z — x0|)* with 20 € R*, s € R and p = ¢ = o0
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2.4 Lift property and equivalent norms

We introduce the lift operator as in the classical case of Besov spaces, [Tri83]. If o € R,
the operator I, is defined by

Vv

I:f e ((©f) (2.29)

where (€) = (1 + [¢[*)"/2.
Theorem 2.19: Let s,0 € R and w = {w;}jen, € WS, o,- Moreover, let 0 < p < o0

and 0 < g < oo. Then I, maps B (R™, w) isomorphically onto B "™°*(R", w) and
H I f| B;;"’WOC(R”,’LU)H is an equivalent quasi-norm on B;;Zmloc(R", w).
1/q
q>

The other direction follows by taking I_,. We take the special functions {¢,}en, €
S(R™) which satisfy (2.20)-(2.22). Then we have for j > 1

Proof: To prove the theorem we show that

i1 e ) S

< el 1By )

QOJ <§>Uf)v

Ly(R")

(est077) = (107 as&eif) .
and we define

MJ(f) = 2_Uj<§>a¢j(f) ,  whereas , supp gpjf - {5 c R"™ - |§| < 2j+1} )

Now, we can reason similar to the proof of Theorem 2.16 and apply (2.18) with b = 2712

and Kk € N with K > n <m — %) + « and obtain
. . AN\ V
' w; (27976276 g5 ) ' Lp(R")| < esup | (22| W5 (R | 5| Ly (B
€
(2.30)

for all 7 € Ny and 0 < p < oo. It remains to show that the Sobolev space norms are
bounded. If 8 € Nj is a multi-index with |3| < k, we have

|D? (M(242)) ()| = | D? (277124276 (4-)) ()]
<273 ey, |DY (272050 4 o)

<8

< 2%7F%) qup sup | D% (v)| Z Chy

|0|<k yeR™ ~<B

‘ (Dﬂfv(b) (41:)| 418l

D’y 2(14+2) +| |)U/2

(2.31)
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Since ¢ € S(R™) and supp ¢ C {£ € R" : + < |¢] < 4} we obtain

1
4

sup sup |(D5gz5) (y)‘ <c. (2.32)
|0|<k yeR™
Furthermore, we have
’D” (27204 1 |z2)"/ 2) < Cory (272D 4 22)72IV2 0 and (2.33)
1+2 n 1
supp M;(2"°) C sz e R": T <lz| <1p . (2.34)

Finally, we get from (2.31)-(2.34) for 0 < 0 < K

‘Dﬁ ( (2H2 < CZ ( )Qm —2(+2) 4 |3:]2)0/2_M/2

v<B

o122 1\
A

v<o o<y<K
<c.

This implies for all [ € Ny together with supp M;(2"72) C [, 1] that

1/2

a2 | Wi R = | 3 || D% (M%) | L®") " | < oo

181<x

By a similar calculation as above for j = 0 we can show that for all j € Ny

: AV .
s (zter7sd) | o) < usteat| )] (2.35)
where ¢ is independent of j € Nj.
Now, taking the ¢, quasi-norm in (2.30) leads to
chrf| Bs o,mloc Rn || < CHlesmloc n7w>H '
This proves the theorem. Il

The next theorem is a characterization of B;;Jml"c(R”, w) given by equivalent norms
related to the lift property and using derivatives. We follow closely Theorem 2.3.8 in
[Tri83] and use Corollary 2.17 on multipliers and the lift theorem.

Theorem 2.20: Let s € R, w = {w;}jen, € Wi, 0,, 0 < p,q < 00 and let m € Ny.
Then

8771
S ([ D2f] By e w) | and |1 B3, (R i

|BI<m

B5~ mmloc(Rn’ w)H

are equivalent quasi-norms on B;;Iml"c(R”, w).
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Proof: First Step: The properties of the Fourier transform give us FDPf = caPFf

where 27 = 27" ... 2P We set
m(z) = 27 (1 + |z|?)~™/? (2.36)

and it is easy to check that |m|xy < ¢y for |3] < m. Consequently, we obtain by
Corollary 2.17 with N € N large enough and Theorem 2.19

| D7 f| By (R, w H = c||F 2P Ff| By (R, w)|
_ CHf 1 + |.Z‘| ) m/2f']: (1 + |ZE‘ m/fo‘ Bs m,mloc Rn H
S C/Hm“N Hjmf| Bs m,mloc Rn H < C/l Hfl Bsmloc Rn H 2 37

Second Step: Now, we assume that f € Bs- ™™o (R" w) and L € B3 mmiee(R™ w)

fori=1,...,n. We want to show that f belongs to B;’;]mloc(R”, ) Theorem 2.19 gives
us

| 1 B )| < ] 1o By R )|
=c (fl 267 [y P (L + [, F f| Lp<R“>Hq) .
=0
We define an infinitely differentiable function o(t), ¢t € R, which is odd and fulfills
o) =0 if 0<t<1/2
ot)=1 if t>1.
Then by Corollary 2.17

m(x) == (1 + |z[>)™/?

1+ Z<@<xi>wi>m] (2.38)

=1

is a multiplier for B;;m’mloc(R", w). Hence, we obtain in using Corollary 2.17

Hf‘ B;Z]mloc(Rn’w)H S C”ffl(l + |x’2)m/2ff‘ B;;m,mloc(Rn’w)H

L+ Z(Q(%)%)m] Ff

=1

<c||F'm(x)FF !

B;q—m,mloc(]Rn7 w)H
S C/ Hf‘ B;q—m,mloc R™ H +C Z Hf Ij z; mf-f’ B;q—m,mloc(anw)H )

Finally, we have x;Ff = cF az—,f. Consequently, using that o is a one-dimensional

multiplier we obtain

n

| F1BR (R )| < e || 1 B (R w)l| + e 3

i=1

omf
ox"

Pq

B~ m,mloc(Rn7w)H )

This and (2.37) prove the theorem.
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Now, we present a characterization of the 2-microlocal spaces with the special weight
sequence w;(z) = (1 + 27 dist(x, U))* for U C R".
Definition 2.21: Let {¢;}, .y, € P(R") be a resolution of unity. Let U C R™ be bounded
and s' € R be fixed. Further, let 0 < p < o0, 0 < g < oo and s € R. Then we define

By ®,U) = {f e S®"): | 118y ®",0)

‘ < oo} , where

1/q
)
with the usual modifications if p or q are equal to infinity.
Remark 2.22: In slight abuse of notation we write Bs:* (R", z) if U = {zo} C R".
If U= {xo} C R" then B3 (R, z) = C5¥(R"), see [JaMey96, Definition 1.1]. For
p=q=2we get B (R", z) = H:*(R™). Both types are the 2-microlocal spaces
introduced by Bony [Bo84] and Jaffard [Ja91].

(1+ 27 dist(z, U))* (¢, /)"

p(R")

Hf|Bss ]Rn H — ( 2jsq

Corollary 2.23: Let s,s' € R and let U C R"™. Further, let 0 < p,q < oo and m € Ny,
then the following statements are equivalent

(i) | € By (R, U)
(i) DPf € Bs,™*(R",U) for all 0 < |B] < m
(iii) f € B, ™ (R",U) and g%;: € B, (R",U) for eachi=1,...,n

Remark 2.24: This corollary coincides essentially with Corollary 3.1 in [Mey97] for the
special case p = ¢ = o0 and U = {xy} C R".

2.5 Embedding theorems

2.5.1 General embeddings

For the spaces B;;;”loc(R”, w) introduced above we want to show some general embedding
theorems. We follow closely [Tri83], see Proposition 2.3.2/2 and Theorem 2.7.1. We say
a quasi-Banach space A; is continuously embedded in another quasi-Banach space As,
Ay — Ay, if A; C Ay and there is a ¢ > 0 such that ||a| As|| < ¢||a| A1]| for all a € A;.
First, we present an embedding theorem which connects the 2-microlocal Besov spaces
with the usual weighted Besov spaces [EdTri96]. We recall the spaces By (R™, a) which

are weighted Besov spaces, with respect to the weight (z)® = (1 4 |2[?)*/? for o € R.
Theorem 2.25: Let w € Wy ,,, s €R and 0 < p,q < oo, then
B;(—Zi—az (Rn’ Oé) — B;(,Jmloc(Rn7w) — B;q—Oq (Rn’ _a) )
Proof: Using the properties (2.3) and (2.4) we obtain
w;(z) < 2°%wy(z) < 272w (0)(1 4 |z|?)*/?

) 1 )
wj(x) 2 277 wo(x) = F27 M wo(0)(1 + )72
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for all x € R™ and every j € Ny. It follows immediately
(14 o)) < |[uwiteid)
(1 + ) (05 )"

and therefrom the theorem. O]

012_ja1

Ly(R")

Ly(R")

< Cg2ja2 Lp (Rn)

The following is a consequence of the above theorem and B; (R") < Lupax(1)(R")
for s > 0, and the observation that || f| BS,(R", &)|| ~ || (z)* f| BS,(R™)|| (see [EdTri96,
Theorem 4.2.2]). As usual, the number o, is defined by

i1 for0<p<1
ap:n<1—1) - {” (p ) PSP (2.39)
+

p 0 ,for 1 < p < 0.

Corollary 2.26: Let and w € W

o ap and let 0 < p,q < oo, then for s > oy +
B (R, w) — Linax(1,p) (R", () 7%) .

We need a special weighted version of Nikol’skij’s inequality. We recall Proposition
1.4.3 in [SchmTri87], adapted to the admissible weights we consider.

Proposition 2.27: Let o be an admissible weight satisfying (2.5) and let 0 < p < q <
0o. Let € be a compact subset of R" and 3 € Nij, then there exists a positive constant c
such that

| eD%¢| Ly(R™)|| < ¢l 0| Ly(R™)|

holds for all ¢ € L,(R™, o) with supp ¢ C (.

Remark 2.28: It is not hard to formulate a homogenized version of this proposition.
We assume that supp Fop C By(0). Then supp Fp(b~!-) C By(0). Furthermore, we
assume that our weight function p satisfies

0 < o(x) < Cuo(y)(1+blx —y[)* forall z,y € R".

Then we can use Proposition 2.27 with o(b~'z) and ¢(b~'z) instead of ¢ and ¢ and
derive

| eD%e| Ly(®")|| < 27+ G=3) | go] L(RY)) (2.40)

The constant ¢ does depend on C, but it is independent on b and on the special choice
of the weight o (see Remark 2 [SchmTri87, 1.4.2]).

Theorem 2.29: Let w € W? and 0 < p < q¢ < oo. Let f; € L,(R", w;) with

supp F fj C Bgaai for fized d > 0. Then for B € Ny there exists a constant ¢ > 0 such
that
lwifi] LR < 2?60 w, £ L, (R

holds, where c is independent on j € Ny.
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Proof: The theorem is an easy application of the homogenization procedure above. The
condition (2.3) can be rewritten in

wj(x) < Cwj(y)(1+d2 |z —y|)*

where C' = Cmax(1,d™%) is a new constant which is independent on j € Ny. Now,
applying (2.40) with b = d2’ proves the theorem. O

Theorem 2.30: Let s € R and w € WS . and g € W§1ﬂ2.

1,02

(i) If0<p§oo,0<q1§q2§ooand%gcforalleNo and x € R™, then
J

Bs,mloc(Rn7 Q) SN Bs,mloc(]Rn’w) . (241)

pq1 pa2

(1) [f0<p§oo,0<q1§oo,0<q2§ooand%gcforalljeNO and r € R",
then for all e > 0

Bs,mloc(Rn’ Q) SN BS_E’mlOC(Rn,UJ) . (242)

pPa1 Pq2

(113) If 0 < py < ps <00, 0 < g <00 and s1,s9 € R with

W) i (sr-san=35) (2.43)
0j(z)

for all j € Ny and x € R", then we have

le’mlocaRn,Q) N BSQ’mlOCGRn,’w) . (244)

p1q p2q

Proof: The proof of (2.41) follows from the embedding ¢, — ¢4, for ¢1 < g2. To get
(2.42) we estimate

s a1 0o /a1

(Z 2j(3‘5)‘“|bk|‘“> < sup 27°|b;| (Z 2_;%-@) < csup 2°[by]
; N,
7=0

J€No k=0 J€No

which gives us Bs¢(R", w) «— B &™¢(R", w) and the rest follows by (i).

To prove (2.44) we use Theorem 2.29 and obtain

Lpl (Rn) )

< (5 7) ij(%f)v

| wsoif)| Epa(R?)

for all j € Ny, where the constant ¢ is independent of j € Ny. After multiplying this
inequality by 27°2 and using condition (2.43) on the weight sequences, we get

A

2952 |lw; (5 f)" | Lo (R™)|| < /27 || 05(05.f)" | Ly (R™)

Finally we apply the ¢, quasi-norm to find the desired result. m
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Remark 2.31: (a) The question arises, if it is possible to find a weight sequence
[« XS ng,ﬁz which fulfills :’J?'T%) < c29* for a given weight sequence w € WY, . and
we R
This can be solved in defining

o0j(x) = 27w;(z) for all j € Ny and z € R™.

This weight sequence obviously ensures the demanded condition but ay, ay > 0
have to be large enough such that 3; = a; + p and 3y = as — p are still positive.

(b) If w = p in the above theorem, then condition (2.43) becomes

n n
Sg— — < 51— —
P2 D1

which is the usual condition for this embedding.

With minor modifications we have an analogous theorem to Theorem 2.3.3 in [Tri83].
The proof is essentially the same. One only has to bring in the weight sequence and
use its properties (2.3) and (2.4). Also the weighted Nikol’skij inequality (Proposition
2.27) and Section 1.5 in [SchmTri87] has to be used in the proof as a replacement for
the unweighted ones in the proof in [Tri83, 2.3.3].

Theorem 2.32: Let w € W s€R and 0 < p,q < 0o, then

o ,007
S(R") < Bu™(R", w) — S'(R")  holds. (2.45)

If se R and 0 < p,q < oo, then S(R™) is dense in B;;Iml"c(R”, w).

2.5.2 Embeddings for 2-microlocal Besov spaces

In this subsection we present some special embedding theorems for the weight sequence of
2-microlocal weights, w;(x) = (1+27 dist(z, U))* for fixed and bounded U C R" and s’ €

R. The spaces B;;]S/ (R™, U) have been defined in Definition 2.21. As shown in Example
2.5, the weight sequence belongs to Wﬁ! (0,—7)max(0,5)" We recall the spaces B;q(R", @),
with respect to the weight (z)* = (1 + |z[>)*/2 for & € R. An easy consequence of
Theorem 2.25 and Theorem 2.30 is the following.

Theorem 2.33: Let s € R, U CV CR" are bounded and let 0 < p,q < co.

(i) For s € R and U = {x¢} € R we have

s—2 s
p

By (R"a) — Coy *" (RY) .

(ii) For s' > 0 we have

By (R, ') — B3 (R",U) — By (R, V) = B, (R", —s') .
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(iii) For s’ > 0 we have
B (R",U) — B¥ (R", V) — B (R") — B~ (R*, V) — B (R, U) .
(iv) For s’ >t and s >t we have
B (R*,U) — BYY(R",U) .
Remark 2.34: Now one can ask, if it is possible in Theorem 2.33 (iv) that the weight

sequences are able to affect the condition on s and ¢ in the same manner as in (2.43).
The answer is negative, since we have

(1 + 27 dist(U, z))¥
(1 + 2 dist(U, z))*

= (1+ 27 dist(U, z))! = < 27670

if, and only if,
s>t and s >t .

To prove the reverse statement, we differ two cases.
First case: We suppose s < t and that we have a ¢ > 0 with

(1+27dist(U, z))" =¥ < 277° forane >0, all j € Ny and all z € R". (2.46)
We choose z7 € R" with dist(z?,U) = 277 (U is bounded) and get

(14 27 dist(U, 29)) = = 2~

which is constant for all possible s’,¢" € R and does not depend on j € Ny. This is a
contradiction to (2.46) since 277¢ — 0 for j — oo.
Second case: We suppose s’ <t and that we can find a ¢ > 0 with

(14 27 dist(U, x))* < 27679 for an e > 0, all j € Ny and all z € R, (2.47)

Now, the right hand side is not depending on x € R™ and we can easily find a sequence
{2*} C R", for fixed j € Ny such that the left hand side goes to infinity. This contradicts
(2.47) for all possible s,t € R.

Corollary 2.35: Let s > s >0 and let 0 < p,q < oo. Further, if U C R"™, then
B2 (R",U) — BS,(R") — By *(R",U) .

Remark 2.36: Corollary 2.35 coincides partially with Proposition 1.3 (1) and (2) in
[JaMey96] for p = ¢ = oo and U = {zo} and with Theorem 3.2 in [MoYa04] with
p=¢q>1and U be an open subset or U = {zq} C R".

In the mentioned papers local versions of B;&s/ (R™,U) have been used to treat further

kinds of embeddings in the scale of B3 (R",U) (see also Section 7.1).
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3 Local Means

3.1 Preliminaries

In this part we present the main technical tool. We characterize the spaces B;;IW"C (R™, w)
by so called local means. We follow closely the method presented by Rychkov [Ry99]
and by Vybiral [Vyb06].

Recall the specific system {¢;},en, € ®(R") which we fix now for the rest of our work:
Let ¢y € S(R™) with

1, ifjz) <1
= . 3.1
e {0’ o (31)

We put ¢(x) = po(x) — ¢o(22) and

v;(z) = p(2772) for all z € R™ and all j € N.

3.1.1 The Peetre maximal operator

The Peetre maximal operator was introduced by Jaak Peetre in [Pe75]. The operator
assigns to each system {¢;}en, C S(R™), to each distribution f € S’(R™) and to each
number a > 0 the following quantities

()" ()]

sup , *eR" keNy. 3.2
R T Ry o) : 32

Since 1y, € S(R™) for all k € Ny the operator is well-defined because (15, f)" = (¥ * f)
is well-defined for every distribution f € S'(R™).

Given a system {¢y }ren, C S(R™), we set ¥, = 1y, € S(R™) and reformulate the Peetre
maximal operator (3.2) for every f € §'(R") and a > 0 as

(Wi = f) ()]

Ui f)a(z) = , R" and k € N . 3
(WS )a(@) S Ty o © SR and ke No (3.3)

3.1.2 Helpful lemmas

Before proving the local means characterization we recall some technical lemmas without
proof, which appeared in the papers of Rychkov [Ry99] and Vybiral [Vyb06]. The first
lemma describes the use of the so called moment conditions.

Lemma 3.1 ([Ry99], Lemma 1): Let g,h € S(R™) and let M € Ny. Suppose that

(D?§)(0) =0 for 0<|B| <M. (3.4)
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Then for each N € Ny there is a constant C'y such that

sup [(ge x h)(2)[(1 + |Z|N) <CyxtM | for 0<t<1, (3.5)
z€R"?

where gi(z) =t "g(x/t).
Remark 3.2: If M = 0, then condition (3.4) is empty.

The next lemma is a discrete convolution inequality which we will need later on.

Lemma 3.3 ([Ry99], Lemma 2): Let 0 < p,q < oo and § > 0. Let {gx}ren, be a
sequence of non-negative measurable functions on R™ and let

G(x) =) 27" g @), zeR",veN,. (3.6)
k=0

Then there is some constant ¢ = ¢(p, q,9) such that
| Gil la(Lp)|| < cll gul Lo(Lp)]| - (3.7)

Lemma 3.4 ([Ry99], Lemma 3): Let 0 < r < 1 and let {7, }ven,, {0v}ven, be two
sequences taking values in (0,00). Assume that for some N° € Ny,

v, = 02N, forv— oo . (3.8)

Furthermore, we assume that for any N € N

YW <CnY 27"y, vENy, Cy<oo
k=0
holds, then for any N € N
v, < Cn ZQ_kNﬂkJru , vENp (3.9)

k=0

holds with the same constants Cly.

3.1.3 Comparison of different Peetre maximal operators

In this subsection we present an inequality between different Peetre maximal operators.
We start with two given functions g, 11 € S(R™). We define

Vi(z) = (277 2) , forx € R" and j € N. (3.10)
Furthermore, for all j € Ny we write ¥; = wAj and in an analogous manner we define ®;

from two starting functions ¢g, ¢; € S(R™).
Using this notation we are ready to formulate the theorem.
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Theorem 3.5: Let w = {wj}jeNO € Waianr

Moreover, let R € Ny with R > s + «s,

0 <pqg<ooands,a€c R witha > 0.

DPy(0)=0, 0<|B <R (3.11)
and for some € >0
6o(z)] >0 on {zeR":|z|<e} (3.12)
|p1(z)] >0 on {xeR":e/2 <|z| <2} (3.13)
then
|| 25 (W5 awi] 4(Ly) || < ]| 28 (D f)awn] £o(Ly) | (3.14)

holds for every f € S'(R™).

Proof: We have the fixed resolution of unity from (3.1) and define the functions {A; }en,

by
% ()
Aj(z) = =L
’ ¢;(x)
It follows from the Tauberian conditions (3.12) and (3.13) that they satisfy
> N(@)gi(z)=1, zeR" (3.15)
=0
N(z)=M0272), 2eR", jeN (3.16)

suppAg C{z € R":|z] <e} and suppA C{z eR":¢/2 <|z| <2} . (3.17)

Furthermore, we denote A, = Ay, for k € Ny and obtain together with (3.15) the following
identities (convergence in S’'(R"™))

k=0 k=0
We have
[(Wy % Agx g% f)(y)] S/I(%*Ak)(Z)II(CI’k*f)(y—Z)le
R‘IL
< (D5 f)al /| (U, % Ap)(2)|(1 + |2%2|*)dz (3.19)
=. ((I)kf)a( ) vk s
where

L = / (T, % Ag)(2)|(1 + |2kz\“)dz

30



According to Lemma 3.1 we get

2(k—V)R ,k‘ <v
I’j’k sc {2(V—k)(d+|8|+1+041) v<k. (32())

Namely, we have for 1 < k < v with the change of variables 2Fz +— 2
L= 2 [ 100 M /2) () (14 |21
R”

<c suRp (W # Ay (-/2)(2)|(1 + |2])* T < 2R
z€R™

Similarly, we get for 1 < v < k with the substitution 2"z +— 2
ok = Q_n/ (D1 (-/2) % Mg ) (2)] (1 + 25772 dz
Rn

< Q=R(M=a) |

M can be taken arbitrarily large because A; has infinite vanishing moments. Taking
M = 2a+ |s| + a; + 1 we derive (3.20) for the cases k,v > 1 with k # v. The missing
cases can be treated separately in an analogous manner. The needed moment conditions
are always satisfied by (3.11) and (3.17). The case k = v = 0 is covered by the constant
c in (3.20).

Furthermore, we have

(Pif)a(y) < (Phf)ale)(1 + [2%(z = y)I*)
< (@f)al@) (1 + |27 (x — y)|*) max(1, 207) .
We put this into (3.19) and get

[(Wy o Mg+ P+ f)(Y)] . 2R k<v
ysélRIzL 1+ 27 (x —y)|® < (@5 f)alw) oW=R)(sHlt+ar) >y

Multiplying both sides with w, (z) and using

(k=) (—az) k<v
wV(x> S wk(x) {2(yk)(a1) 7]{: Z v ) (32]‘)
leads us to
[(Wy % A+ @ % f)(y)] ) 2(k—v)(R=a2) k<wv
ysélﬂgl 11 |2”(ZL‘ — y>|a wy(l‘) < c(‘bkf)a(x)wk(x) (v—k)(|s|+1) k>

This inequality together with (3.18) gives for § := min(1, R —ay — s) > 0

2 (W (), (2) < 3 202 @ ), () , @ € R

k=0

Then, Lemma 3.3 yields immediately the desired result.
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Remark 3.6: The conditions (3.11) are usually called moment conditions while (3.12)
and (3.13) are the so called Tauberian conditions.
If R =0 in Theorem 3.5, then there are no moment conditions on ;.

3.1.4 Boundedness of the Peetre maximal operator

We will present a theorem which describes the boundedness of the Peetre maximal
operator. We use the same notation introduced at the beginning of the last subsection.
Especially, we have the functions ¢, € S(R") and ¥, = ¢, € S(R") for all k € Ny.

Theorem 3.7: Let {wg}ren, € WS

ar,azr O5'S ER and 0 < p,q < oo. For some e >0 we
assume o, 1 € S(R™) with

[l >0 on {zx eR":|z| <e} (3.22)
1] >0 on {zeR":e/2 <|z| <2} . (3.23)

If a > %—}—a, then
127 (W5 f)awi] Lo(Ly) || < e || 25 (W # | €o(Ly)]| (3.24)

holds for all f € S'(R™).
Proof: As in the last proof we find the functions {);};en, with the properties (3.16)-
(3.17) and

> M2V a)hp(27Va) =1 forall v € Ny . (3.25)

k=0
Instead of (3.18) we get the identity

Uy f=) Ny Ty, xT, 5 f (3.26)
k=0
where
Ap (&) = [Me(277)]7 () = 2" Ak(27€) for all v,k € Ny .

The Uy, ,, are defined similarly. For £ > 1 and v € Ny we have ¥, , = ¥y, and with the

notation

Okp(T) =

{wo(zwp) L if k=0

¥, (x) , otherwise

we get Vi (277x), (x) = 0k, (2)Yr4n(x). Hence, we can rewrite (3.26) as

Uy f = Apy s Op 5 U % f (3.27)
k=0
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For k > 1 we get from Lemma 3.1

—kM
(1+[2v2])

for all k,v € Ny and arbitrary large M € N. For k = 0 we get the estimate (3.28) by
using Lemma 3.1 with M = 0. This together with (3.27) gives us

|(Agy * 0k,)(2)] = 27" [(Ag + ) (272)] < Cp2" (3.28)

QkM

@ DI <Y [ W s D (329

k=0pn

For fixed r € (0, 1] we divide both sides of (3.29) by (1 + [2"(z — y)|*) and we take the
supremum with respect to y € R". Using the inequalities

(14 2°(y = 2)[) (A + 2%z = 9)|*) Z (1 + [27(z = 2)|*) ,
(T F) ] S (Vi + PO fal2) T (14125 (2 — y)) 7

and

(1 + |2k+l/(x - z)|a)17r < 2ka
A+ 2@ —y))  — QA+ 2 (z -y’

we get

2k (W x ) (2] dz . (3.30)
D

* T v - —k(M+n—a) ]»;_H/ e 1—r
(L) S O 32 () / TP ey

Now, we apply Lemma 3.4 with

T = (‘I’;f)a(x) ) By = / (iti'?;{(;‘ i);)|)|) dz, veN

N=M-+n—a,Cy=Cy+n—aand N°in (3.8) equals the order of the distribution
fe S (R).
By Lemma 3.4 we obtain for every N € N, x € R" and v € Ny

0 k+u)n ]
(U fla(z)” < Cn 22’””/ |i+f+” - f)(f>| dz | (3.31)
T R — )
R”L
We point out that (3.31) holds also for » > 1, where the proof is much simpler. We only
have to take (3.29) with a + n instead of a, divide both sides by (1 + |2"(x — y)|*) and
apply Holder’s inequality with respect to k£ and then z.
Multiplying (3.31) by w,(z)" we derive with the properties of our weight sequence

* r r ! G —k(N—a)r 2(k+y)n’<\llk+l/ * f) (Z)’ka+V(Z)T
(W} f)a(z) w,(z)" < Cy ’;2 R/ T ey (3.32)
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for all z € R", v € Ny and all N € N.
Now, choosing r > 0 with - < r < p the function

1 n
@ e €1

and by the majorant property of the Hardy-Littlewood maximal operator (see [StWeT1],
Chapter 2) it follows

(W3 f)a(@) w, ()" < Oy Y 27 N M (W, 5 f| 0, ) (2) - (3.33)

k=0
We choose N > 0 such that N > —s + a4 and denote
gr(x) = 2" M (| Wy, x f["wp)(x) -

From (3.33) we derive

Gy(w) = (V) fla(@) w,(z)" < CY 27" N=0rg, () .

k>v

So, for 0 < § < N 4+ s — ay, we can apply Lemma 3.3 with the ¢,/.(L,/,) norm. This
gives us

1287 (Ws F)a(@) wi ()| Lope(Lppe)|| < ¢ || 257 M0y 5 17w} (@)| Lope(Lppe)|| (3.34)
Rewriting the left hand side of (3.34) and using the scalar Hardy-Littlewood theorem
[FeST1] (we recall r < p) on the right hand side, we finally get

[2% (W5 £)awi] Lo(Ly) || < e[| 25 (W # Fuwn| Go(Ly)]|

and the proof is complete. O

3.2 Local means characterization

In this section we combine the two previous subsections to derive a generalization of the
local means characterization as in [Tri92] and [Ry99] for the unweighted Besov spaces.
The Peetre maximal operator was defined in Section 3.1.1 and the functions vy, 11 belong
to S(R™).

Theorem 3.8: Let w = {wy, }ren, € W2

anr 0 < pg < 00 and let s,a € R, R € Ny
wz’tha>%+a and R > s+ ay. If

D% (0)=0, for0<|8 <R, (3.35)

and
[Yo(x)] >0 on {zeR":|z|<e} (3.36)
[1(z)| >0 on {xeR":e¢/2<|z| <2} (3.37)
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for some € > 0, then
171 Bog @R )| o~ [| 252Uk o] o(Ly) || ~ [[2° (WL fawr] €(Ly) |

holds for all f € S'(R™).
Remark 3.9:

(a) The proof of Theorem 3.8 follows immediately from Theorem 3.5 and Theorem
3.7.

(b) If R =0, then there are no moment conditions (3.35) on ;.

Next we reformulate the Theorem 3.8 in the sense of [Tri92, Subsection 2.5.3].

Let B = {z € R" : |z| < 1} be the unit ball and £ € S(R") a function with sup-
port in B. For a distribution f € §’(R") the corresponding local means are defined by
(at least formally)

k(t, ) (x) = /k:(y)f(x +ty)dy t‘”/kz (y . “”) F)dy, 2 €R™t>0. (3.38)

R”

Let ko, k° € S(R™) be two functions satisfying

supp ko C B, suppk® C B, (3.39)
and
ko(0) £ 0 , k0(0) £ 0 . (3.40)
For N € Ny we define the iterated Laplacian
k(y) .= AVE (y) = (Z 3_y2-> Ky), yeR". (3.41)
=1 77
It follows easily that
k(z) = |z)*NEO(2) and that implies (3.42)
D°E(0)=0 for 0<|f] <2N. (3.43)

Using this notation we come to the usual local means characterization.
Theorem 3.10: Let w = {w;}jen, € WY 0 <p,qg<oo,seR. Furthermore, let

1,027

N € Ny with 2N > s+ aq and let ko, k° € S(R") and the function k be defined as above.
Then

o] 1/q
(1, Sl Ly (R -+ (z oo Hk(2‘j,f)wj}Lp(R”)l|q> 1 B R )|

=1

holds for all f € S'(R™).
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Proof: We put
¢0:k(\)/ y ¢1:kv(/2) :

Then the Tauberian conditions (3.36) and (3.37) are satisfied and due to (3.43) also the
moment conditions (3.35) are fulfilled. If we define 1; for j € Ny as in (3.10), then we
get

(63 F) () = () * )(a) = ¢ / (Fiy) () f a4+ y)dy (3.44)

R

For j = 0 we get F1)yp = ko and for j > 1 we obtain

(Fu)(y) = (Fur (2777 (y) = 207D (Fyy ) (277 1y) = 277k(27y)
This and the equation (3.44) lead to

(i) (@) = c2im / k(D) f(o + y)dy = k(27 f)(z), jENy, zeR".

Rn
Together with Theorem 3.8 the proof is complete. O

Remark 3.11: If we take w; = 1 for all j € Ny, we obtain the local means charac-
terization for the usual Besov spaces. If we now compare our result with Section 2.5.3
in [Tri92], we get an improvement with respect to N € Ny. The condition in [Tri92] is
2N > max(s,0,) where 0, = max(0,n(1/p — 1)). We derived 2N > s in Theorem 3.10
(ag = 0 for w; = 1) which seems to be more natural (see also Remark 1.11 in [Tri06] for
a short history on this condition).

Furthermore, we proved the equivalence of the (quasi-)norms for all f € §’'(R") by this
method where in [Tri92] the equivalence does only hold for f € B; (R").

For the last modification of the local means representation we introduce some neces-
sary notation. For v € Ny, m € Z" we denote by @Q,,, the cube centered at the point

27"m = (27Vmy,...,27"m,) with sides parallel to coordinate axes and of length 27".
Hence
Qum={r €R":|z; —27"my| <271 i=1,....,n}, veNy,meZ". (3.45)

If v > 0, then v@Q,,, denotes a cube concentric with (),,, with sides also parallel to
coordinate axes and of length y27%.
Defining the Peetre maximal operator by (3.3), we get

(U fa(x) >c sup  |(U,x f)y)|, veNy,xzeR",

T—yEYQum

where the constant ¢ only depends on a > 0, v > 0 and does not depend on z € R™ and
Ve No.

With this simple observation we get immediately the following conclusion of Theorem
3.8.
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Theorem 3.12: Let w = {wi}ren, € WS, 0y, 0 < p,q¢ <00, s € R. For N € Ny with

2N > s+ ay let ko, kO, k be as in Theorem 3.10. Then for every ~ > 0

[ £1 By (R™ w)|[ ~ | sup  |ko(L, f)(y)]

(z—y)€rQo,0

+ (f: 2j5q
j=1

Lp (Rn, UJ())

sup  [k(277, f)(y)]

(z—y)€vQj,0

q\ 1/4q
Lp(Rn7wj) > ’

(3.46)

holds for all f € S'(R™).

37



4 Application of the local means characterization

In this chapter we apply the local means characterization to derive two results on point-
wise multipliers and the invariance under diffeomorphisms, which are well known in the
classical Besov spaces cases ([Tri92, Sections 4.2 and 4.3]).

4.1 Pointwise multipliers

Let g be a bounded function on R™. We ask, under which conditions the mapping
f — gf makes sense and generates a bounded operator in a given space B;&WIOC(R”, w).
We follow closely [Tri92, 4.2.2] and adapt the proofs to our situation. First, we prove a
lemma which is important for pointwise multipliers.

Lemma 4.1: Let w € W and let 0 < p,q < oo. Then for s > %—i—a—l—ozl and all

aq,a2

v > 0 there is a constant ¢, > 0 such that

wo(+) sup |f(y)] <o || fI BEM (R, w)||  holds for all f € S'(R™).

|—y|<vy

Ly(R")

Proof: Let {¢;};en, € ®(R") be the chosen resolution of unity from the beginning of
the previous chapter. Then we get for arbitrary ¢ > 0

o
< CZ QJ¢
=0

wo(-) sup |(p; /)" ()] Ly(R")

|-—y|<vy

wo(+) sup [f(y)]

[ —yl<~y

Ly(R")

For all a > 0 we have

(@)Y I(z = 2)
sup < ¢27% sup ,
‘x,y|§,y |(S0] ) ( )| ZcRn 1 + |2JZ|a

where the constant only depends on v > 0. Using the property (2.4) of the weight
sequence and Theorem 3.8, we obtain for arbitrary a > n/p + a and € > 0

w()() sup |f(y)| Lp(Rn) {Ba+a1+a mlOC(R ’w)H
[—yl<y
|Ba+a1+6,ml00(Rn’w)H
< C// ||f| Bs mloc n’w)‘ 7
fors>2%+a+a and f € S'(R"). O

Let ko, k£ € S(R") and k(t, f) be the same functions as in (3.38)-(3.41). For g €
C™(R™) we study gf where f € B;;Iml"c(R”, w). First, we prove the theorem and after
that we discuss, how ¢f has to be understood.
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Theorem 4.2: Let w € W, ,,, s € R and let 0 < p,q < co. If m € N is sufficiently

large, then there exists a positive number ¢, such that

o1 BB w)]| < e 3 || D] LB 1B )| (41

18]<m
for all g € C™(R™) and all f € S'(R™).

Proof: First Step: Firstly, we prove the theorem under the additional assumption s >
»+a+ a;. We use the Taylor expansion of g € C™(R")

siry= 3 DIy gy 5 DA ey

| |
|B|<m—1 A |B|=m A

for 6 € (0,1). By (3.38) we have

k2 f) () = / k() f (@ + 2y)gle + 29y)dy

R

Bg(x) _ | | |
= > D%)?‘”'/yﬁk(y)f(:wr2‘jy)dy+2‘]m/k(y)7’m(:v>2‘%y)f(x+2‘]y)dy,

where the remainder term in Taylor’s expansion, r,,(z,277,y), is in any case uniformly
bounded. If we choose N € Ny in (3.41) sufficiently large, for each |3| < m — 1 the
function ks(y) = y°k(y) is a new kernel for which Theorem 3.10 holds. Thus, choosing
m > s + ag and using Theorem 3.10 for every || < m — 1 we obtain

1/q
(ZWHM DIy W) <o (0% L@ 1) B w)|

|8]|<m—1

+c Y || D% Lo (R

|B|<m

wo(+) sup | f(y)|| Lp(R™)

[-—y|<1

Now, Lemma 4.1 with v = 1 proves the theorem provided s > % +a+ag.
Second Step: Let —oo < s < %—I—a—l—al and let [ € N with s + 21 > %—i—a—i—al.

By lift property (see Section 2.4) any f € B;;]WOC(]R”,w) can be represented as f =
(id +(—A) Yk, with

h e B;(—;—Zl,mloc(Rn7w) and th B;(—]l—2l,mloc n H ~ ||f| Bs mloc n,w)H . (43)
We have

gf = (d+(=A))gh+ Y D’(gsh)

|8]<2l
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where each gg is a sum of terms of the type D7¢ with |y| < 2[. Now, Theorem 2.20
shows

Hgf‘B;(,Imloc R H <c Z Hg h|Bs+2lmloc( n7w>H )
|Bl<2i

If [ € N is sufficiently large, which is m — 21 > s + 2] + aw, we can apply the first step
and obtain

o1 BB w)]| < ¢ 3 || D] L RO 1] B R, )|

1BI<m

Finally, (4.3) proves the theorem. O

Remark 4.3: The interpretation of ¢ - f is a bit sophisticated. We approximate f and
g by smooth functions, f; and g;. The limit of g, - f; exists in B;;Imloc(R", w), see [Tri92,
Remark 1/4.2.2], and we define g - f = lim;_,, g; - f;, where g; - f; has to be understood
in the usual pointwise sense, as limit element. For a more detailed discussion of this
procedure we refer also to [RuSi96, Chapter 4].

Remark 4.4: The Theorem above was proved in the special case of 2-microlocal spaces
C’j;f’ (R™) by Meyer in [Mey97, Lemma 3.3] with the help of para-products. For the
spaces B;;f' (R™,0) with p,q > 1 it has been proved by Xu in [Xu96, Theorem 3.1].

4.2 Invariance under diffeomorphisms

In this section we show that the spaces B;éml"c(R”, w) are invariant under diffeomor-
phisms. The result and the proof are closely related to Section 4.3 in[Tri92]. Let m € N,
then we call an isomorphism ¢ : R” — R" an m-diffeomorphism if the components v;(z)
of Y(z) = (¢Y1(x),...,¥,(x)) have classical continuous derivatives up to the order k and
the functions DPy;(x) are bounded for all 0 < |3] < m, 1 < j < n and all x € R".
Furthermore, the Jacobian matrix 1, has to fulfill | det ¢, (x)| > d > 0 for all x € R™. If
y = ¥(z) is a m-diffeomorphism for every m € N, then it is called diffeomorphism.

We want to prove that f — f o is a linear and bounded operator in all spaces
B;;Iml"c(]R”, w). If ¥ is a diffeomorphism, then

fo(x) = f(¥(x)) (4.4)

makes sense for all f € S'(R"). If ¢ is only an m-diffeomorphism, then (4.4) has to
be understood as an approximation procedure with smooth functions (see also Remark
4.3). In the proof we use the local means characterization in the form of Theorem 3.10.
First of all, we have to prove two lemmas which will be useful later on.

We need a modification of Theorem 3.10. Therefore, let ky and k° be kernels in the sense
of (3.39)-(3.41) with N € Ny large enough and a(x) be an n x n matrix with real-valued

continuous entries a;;(z), where € R™ and i,5 € {1,...,n}. Further, there exist two
numbers d, d > 0 with
laij(x)| <d forallz e R", 4,5 €{l,...,n} and (4.5)

|deta(z)| >d >0 for all x € R™.
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Since, y — ya(z) is an isomorphic mapping for fixed z € R™ we can generalize (3.38) by

ka1, 1)) = [ K)o+ talop)dy (@.7)

R"

Lemma 4.5: Let w € WS ,, s € R and let 0 < p,q < oo. Further, let a(x) be the

above matriz with (4.5), (4.6) and let ky and k be the functions from (3.39)-(3.41). Then
there exists a constant ¢ such that

o0

1/q
I ko(a, 1, f)wo| Lyp(R™)|[ + (Z 21 || k(a, 277, f)uw;] Lp(R")Hq) < c|| f1 By (R, w)|
j=1

(4.8)
holds for all f € S'(R™).

Proof: Let B be the collection of all matrices b = {b;;};;_, satisfying (4.5) and (4.6).
For fixed b € B we derive by this properties

k(b,t, f)(z) = k'(t, f)(z)  whereas Kk°(y) = ck(b~'y) (4.9)

is a modified kernel in the sense of (3.39)-(3.41). The same holds for k% so that we can
apply now Theorem 3.10 with the new kernels, and get

oo

1/q
[RECL FJuo] £, ()] + (2 gis Hkb<zﬂ',f>wj|Lp<R">W) < | B R )|

J=1

for all f € S'(R™). Now, we obtain (4.8) from this formula in taking the supremum over
all b € B inside the L, quasi-norms. ]

To get the invariance under diffeomorphisms of our spaces we also need a special
restriction on the diffeomorphisms. From now on we consider only diffeomorphisms v
which satisfy for a given weight sequence w € W, ,, that wg o9 ~ wy. That means,

there exist ¢, co > 0 such that c;wg(z) < (wp oY) () < cowp(x) holds for all x € R™.
Now, the main theorem can be stated.

Theorem 4.6: Let w € W¢ 0 < p,qg < oo andlet s € R". Further, let ¥ be a

o,

m-diffeomorphism for m € N large enough and with woov ~ wy. Then f — fo is an
isomorphic mapping from B;’qmloc(]R”, w) onto B;;]ml"c(]R”, w).
Proof: First Step: It is enough to prove that there exists a constant ¢ > 0 such that

| £ 0w By (R, w)|| < c| fI B (R, w)| for all f € S'(R"). (4.10)

The reverse inequality follows immediately if we use ¢~! in (4.10) with wg o =1 ~ wy.
Furthermore, we always assume that f is a smooth function.
Second Step: Let s > % + a+ 2a; + a+ 2, then we can find a number K € N with

a1+a2+1<K+ﬁ+a+a1<s and S+ oy < 2K . (4.11)
p
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We use the local means characterization, Theorem 3.10, with some kernels ky, & and
N € Ny large enough. To simplify our notation we write k(1, f) := ko(1, f) and we put
the first summand with ky and wq into the infinite summation with j = 0. So we get
with this notation

o 1/q
| ol By, w)] < (z 2 Hw]-uw,fowup@“wq)
=0

q\ 1/q

S 2961 luofa) [ ) fwta+ 20 LED| | @)

Rn

We use Taylor expansion on ¢ and obtain

8
w($+2—jy> Z@Z)(JZ)+2_]¢*<1’) Sy + Z 2—j|ﬂ\D w(x)y6+2_2KjR2K(l’, 2—j’y) 7

[
2<|6|<2K b

where D and the remainder term R,y stand for appropriate vectors. Again, we apply
Taylor expansion, now on f, and derive

Flo@) +279¢. () y+ Y 42 IRy

2<|B|<2K

—f @ 2@y Y | 2 (w27 ) (V) (413)

2<|8|<2K

where the last term is a scalar product with an immaterially modified remainder term.
Now, putting the last summand of (4.13) into (4.12) and using 2K > s + as we can
estimate this by

cllwo(x) sup  [(V[)(2)|

[¢(z)—2|<e!

Ly(R™)

An obvious substitution, wy (v~ (z)) < cwp(z), Lemma 4.1 and Theorem 2.20 show that
this is bounded by ¢|| f| Bemee(R", w) |- To handle the first term in (4.13) we use Taylor
again and get

flo@) +270%(x) g+ >

2<|8|<2K

DY f(¥(z) + 2774 (x) - ) D”f
= 2 o 2. ) T2 2.
0<y|<K 25|l <2K =K 2<|3l<2K

(4.14)
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From
5

Yo o] |2 forhl =K,

2<|8|<2K

we can estimate the last term of (4.14) in (4.12) by

>3

[vI=K

wo(z) sup D7 f(2)|
[(w)—2|<c

Ly(R")

The same substitution as above, wy(¢~!(z)) < cwp(x), Lemma 4.1 and Theorem 2.20
show the boundedness by c || f| B5™*¢(R", w)|| when s — K > %+ a+ ap. Finally, it
remains to estimate the first term of (4.14) in (4.12). The resulting term is

q\ 1/q
c Y| Do 2wy / k)Y’ DY F((x) + 279 (x) - y)dy| Ly(R") ,
0<y|<K \ 5=0 fn

where b > 2|y| and || < (2K — 1)|y|. For large N € Ny we get that k;(y) = k(y)y® are
new kernels in the sense of Theorem 3.10 and we can estimate

N 1/q
</ Z (Z 9d4q(s+az—D) H wo(x)];:y(w* o w_l, Q_j, D”f)(lﬂ(%"))‘ Lp(Rn) ) :

0<]y|<K

We substitude and use wg(¢p ' (x)) < cwo(z). Hence, we can apply Lemma 4.5 and we
derive

S C, Z ||D7f| B;(—Ii-a1+o<2—b,ml0c(Rn7w)H .

0<|y|<K

This can be estimated by c || f| B5™¢(R", w)|| if K > oy + a2 + 1 and therefore
s> %+a+2a1—|—a2+2.
Third Step: Let s < % + o + 201 + ay + 2 then there is an | € N such that s + 21 >

% + a+ 2a; + as + 2. As in the previous section we present f € B;;Zmloc(R", w) by

f=(Gd+(=A))h ke BFPMR", w) (4.15)
and
|71 Bee e w) | ~ || B w) | (1.16)
We have
flz) = mz cp(x)(D’ho o) (a), (4.17)
<ol
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where cg are some functions. We assume that they are smooth and that we can apply
Theorem 4.2 and obtain

| o vl By @ w| < e 3 [[D%ho p] By (& w)]| < ¢ [[how] By (® w)]

181<2l
Finally, the second step and (4.15) lead to the result we focused on. [

The question arises, what conditions on ¢ are sufficient to have wy o ¢ ~ wy. One
result which is independent of the chosen weight sequence is that 1 satisfies ¢ (z) =
for x near to infinity (|z| > R for some R > 0).

This is stated in the following lemma.

Lemma 4.7: Let wg be an admissible weight function. Let R > 0 and ¢ be an m-
diffeomorphism with (x) = x for |x| > R, then there exist constants cy,co > 0 such
that

cwo(z) < (wo oY) () < cowp(x) holds for all x € R™. (4.18)

Proof: If ¥ is an m-diffeomorphism with the restriction above, then we define

s

Lj

a® := max sup
1<6,j<n peRn

(x) (4.19)

Using the properties of the weight function wy and Taylor expansion of 1) we obtain

wo(¢(x)) < Cwo(x)(1+ |o —p(2))* < Cwo(x)(1 + |z —(0) — () - 2[)
< Cwo(2)2%(1 + [ (0))* (1 + |z — b (o) - 2)*
< Clwg(z) (1 + |z — () - )™
Here 1), (..) is the Jacobian where in every line different arguments from the line segment

between 0 and z are possible. In every case, the absolute values from all entries of 1, (..)
are bounded by a*. We can estimate from this property

|z — () x| <|z|(1+a"n) for all z € R™. (4.20)

Finally, we get from ¢ (z) = « for |z| > R and the preceding calculation

)

o _ Crawnwo(z)  for |z| <R
wo o Y(z) = wo(Y(x)) < {wo(x) for la| > &

Finally, to get the equivalence in (4.18) we use in the whole proof ¢~! instead of 1 which
also has the property ¢~!(z) = z for |z| > R. O

The restriction ¢ (x) = x for large = is not satisfactory. For the special case of the 2-
microlocal Besov spaces BS*' (R", zo) with the weight sequence w;(z) = (14 27|z — zo|)*
a more moderate restriction on 1 can be used. Let us have a look on wg o v for s > 0,
we have

wo 0 ¥(x) = wo(h(x)) = (1 + [¢(x) — zo])* .
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Now, using Taylor expansion on 1) at the point xy, we get
wo 0 p(x) = (L+ [(wo) + () - (x — o) — 2ol)”

Finally, demanding ) (z) = o we obtain in the same manner as in (4.20)

= (L4 [u() - (2 = 20) )" < Cpnr (1 + (@ = 20) )" = Cyp () -

Furthermore, the inverse ¢ =1 trivially fulfills ) ~!(xy) = zo which leads to the result we
aimed at. So the following corollary of Theorem 4.6 holds.

Corollary 4.8: Let xg € R", 0 < p,q < 00, s € R and s > 0, Further let ¢ be an
m-diffeomorphism with m € N large enough and ¥ (xy) = xo, then f — fo is an
isomorphic mapping from B;;;’/ (R™, z) onto B;;f’ (R™, x).

Remark 4.9: Hong Xu presented in [Xu96, Theorem 5.2] this corollary in the case of
B;;;/ (R™,0) for 1 < p,q < oo under the additional assumption ¢ (x) = x which seems to
be superfluous.
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5 Decompositions

In this chapter we present three decomposition theorems. We characterize the spaces
B;;imloc(]R", w) via decompositions in atoms, molecules and wavelets. First we introduce
the basic notations.

5.1 Sequence spaces

We recall that for v € Ny and m € Z™ we denote by @),,, the cube with center in 27"m
with sides parallel to the axes with length 27”. By x,,, we denote the characteristic
function of the cube Q,.,,, defined by

1, ifzeQum
0, fzdQun.

seR and let 0 < p,q < oco. Then for all

Xom(T) = XQum () = { (5.1)

Definition 5.1: Let w = {wi }ren, € W3, 0y
complex-valued sequences

A={\n€eC:veNy,meZ"}

we define
1/q

0o q/p
() = A A = 22“<3-¥>q(zwz<zmemw)
v=0

mezZm™

with the usual modifications if p or q are equal to infinity.

Remark 5.2: If one defines for given \: g,(x) = > 70 AumXvm (), one obtains

[ A5 (w)]| = 12" wygu| €(Ly)I| -

5.2 Atomic and molecular decompositions

Atoms are the building blocks for the atomic decomposition. We say a function f : R" —
C belongs to CK(R™) if the function and all classical derivatives D*f are continuous
and bounded for |a| < K.

Definition 5.3: Let K,L € Ny and let v > 1. A function a € C*(R"™) is called [K, L]-
atom centered at Q,,, if for some v € Ny and m € Z"

suppa € YQum ,
|D%a(x)| < 2% | for0<|B| < K (5.3)
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and

/xﬁa(x)dx =0 if 0<|B|<Landv>1. (5.4)

Rn

Remark 5.4: If an atom a is centered at (),,,, then we denote it by a,,,. We recall the
definition 2® = ' ... 2% and point out that for v = 0 or L = 0 there are no moment
conditions (5.4) on the atoms.

Next, we define molecules, which are similar to atoms but they do not have compact
supports.

Definition 5.5: Let K,L € Ny and let M > 0. A function p € C5(R") is called
[K, L, M]-molecule concentrated in Q,n,, if for some v € Ny and m € Z™

1D p(x)| < 2P(1 42|z —27"m[)™ | for 0 < |B] < K (5.5)

and

/xﬁu(x)dxzo if 0<|B|<Landv>1. (5.6)

R’)’L

Remark 5.6: (a) For L = 0 or v = 0 there are no moment conditions on p. If a
molecule is concentrated in @),,,, which means it satisfies (5.5), then it is denoted

by flum.
(b) If a,,, is a [K, L]-atom then it is a [K, L, M]-molecule for every M > 0.

First, we show the convergence of the molecular decomposition. The number o, was
defined in (2.39).

Lemma 5.7: Let w = {wyfren, € WS, 4, and let 0 < p,q < 0o, s € R. Furthermore,
let K,L € Ny and M > 0 with

L>0,—s5+a , K arbitrary and M large enough . (5.7)

If X\ e b;’qmloc(w) and { fiym }ong,mezn are [K, L, M]-molecules concentrated in Q,m, then
the sum

Z Z Avm b () (5.8)
v=0 mezZn

converges in S'(R™).

Proof: We have to prove that the limit

lim Z Z Aombom () exists in §'(R™). (5.9)

v=0 mezZn
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For ¢ € S(R™) we get from the moment conditions (5.6) for fixed v € Ny

/ > Nombtom () (y)dy

Rn mezZ"

:/ Z Aumﬂum<y>wl/<y)x

R mezmn
16] —v K

x o)=Y %,m)(y— 27"m)” w‘l(y)@dy :

1B8]<L '

where £ > 0 will be specified later on. We use Taylor expansion of ¢ up to the order L
and get with £ on the line segment joining y and 27"m

B “m
oty = 3 ZECT oy 30 2 ey
1B|<L ' |8|=L

In using the properties of the weight sequence and (y)* < (y — 27m)"(£)", we estimate

DBp(27 "
ONEORSS SO(Tm)(y —Tmu) éyi“
18|<L ' Y
< (1 4 2y — 2 m) M Y m—,()'\y 2 () S 2
= Bl (y)"
< 0,2_V(L_a1)(1 +2”|y N 2—um|)L+n M< Sup Z ’D
T

Hence, we derive from (5.10)

DA
[ X Amitmwhot)dy| < 27 sup (o) 3 7okl
n MEZL™ PISING Bl=L ﬁ
(5.11)
Z |>‘um|wu(y)(1 + 2’/‘3/ - 27”m’)L+nfM<y>afndy .

R mezZmn

Now, let us suppose that p > 1. Using Hoélder’s inequality on the integral in (5.11) with
fi>z%+oz2n+ozweget

> Pumlwy () (1 + 27|z — 27 m|) M (yyerdy

R mez"

< @I N N (1 4 2¥a — 27 ml) e

mezmn

L,(R" w,)
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By choosing M large enough (M > L + 2n + 2a) and using the same reasoning as in
Lemma 5.15 (on page 55) with j = v we get

/ S Aot (5)2()dy

n MEZL™

1/p \Dﬁ
§C2—I/(L+S—Oll Jor(s—%) (Z ’)\Vm’pwp 2 m)) Sup Z (:0 . 5'12)

mezn eeR? 1BI=L

Since L > 0, — s+ a1 = —s + g and A € b5 (w) — b570(w), the convergence of
(5.8) in S'(R™) follows.

If p < 1, we get analogously by choosing kK = o, M > L + n + 2« and using Holder’s
inequality and the weight property w,(y) < Cw,(27"m)(1 + 2"|y — 27m/|)*

p

/ S Aot (B)o()dy

n MEZL"
< 2T Y AP (27 m) / (14 2]y = 27 m|) "2 Mdyllo]la,p
meZ™ Rn
<2 v(Ltstn—2—a1)gv Z Aym|Pw? (27 m)”@HaL )
mezm

Finally, using ¢, — ¢, L > 0p — s+ a1 = n (110 — 1> —s+ajand \ € bz,qmloc(,u]) <
s,mloc n
byrro¢(w) we get the S'(R™) convergence of (5.8). O

Remark 5.8: (a) The number M has to fulfil M > L + 2a + 2n.

(b) By Remark 5.6 we also get the convergence of the atomic decomposition for all
[K, L]-atoms with L > 0, — s+ oy and K € Ny arbitrary.

Before coming to the atomic decomposition theorem, we need a partition of unity of
Calderon type.

Lemma 5.9: Let {¢;}jen, € (R™) be a resolution of unity and let M € N. Then there
exist functions 0y,0 € S(R™) with:

supp 0y, supp C {z € R" : |z| < 1}, (5.13)
106(€)] > co >0 for [¢|<2, (5.14)
A 1
PO 2 e>0 for L<lel<2, (5.15)
/a:”ﬁ(as)da: =0 for 0<|y|<M (5.16)
R
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and

Z (2776)p(277€) =1, for all € € R" (5.17)

where the functions 1o, € S(R™) are defined by

o(e) = 228

iy
—~
[\
I
~—

and :gpA
G IR

Proof: Let, as in [FrJa85, Theorem 2.6], © € S(R") be a radial function with supp© C
{z € R": |z] < 1} and ©(0) = 1. Then, we have for some 1 > ¢ > 0:

(5.18)

CI= % for all |¢] < 2.

Now, defining
0(x) = e "(—A)MO(z/e) , (5.19)

we get that 6 satisfies (5.13)-(5.17). Since 6(¢) > ¢ > 0 for 5 < 1€ < 2, we get that

0(¢) > 0 for all £ € supp ¢1(2:). Therefore, ¢ in (5.18) is well defined. Furthermore, we
have

Z 279¢) =1 for all £ € R™\ supp @o.

In a similar way one finds 0y € S(R™) with éo(f) > ¢o > 0 for all & € supp pp:
Let 0y € S(R™) with supp©y C {z € R™ : |z| < 1} and for some § € (0, 1)

O (&) > % for all [€] < 26 .

Then 0y(x) = 0~ "Oy(x/0) satisfies all conditions (5.13)-(5.17) and the lemma is proved.
[

We have already seen that the sum in (5.8) converges in S’'(R"”) under the conditions
of Lemma 5.7. Now we come to the atomic decomposition theorem which explains the
limit element.

Theorem 5.10: Let w = {wy }ren, € WS

o.0n0 S €E R and let 0 < p,q < co. Furthermore,
let K, L € Ny with

K > s+ as and L>0,—s+a. (5.20)

For every f € Bs"(R™, w) there exists A € b5"*(w) and [K, L]-atoms {a,m} centered
at Q,m such that there exists a representation

f= Z Z Avm@um — converging in S'(R™), (5.21)

v=0 mezZn"
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with
[l b (w)]| < e £ By (R™, w)|

where the constant c is universal for all f € B (R™, w).

Proof: It is not a special assumption that the sum (5.21) has to converge. Since [K, L]-
atoms are [K, L, M]-molecules for every M > 0 the convergence in &’'(R") has already
been proven in Lemma 5.7.

The proof relies on the method used in the proof of [FJWO91, Theorem 5.11] and the
idea of using the local means is from [FaLeo06].

Therefore, we use Lemma 5.9 with M = L—1, the functions 6y, 0 € S(R™) with the prop-
erties (5.13)-(5.17) and the functions ¢, 1 € S(R") with (5.18). Let f € B (R™, w),
then we get from the lemma

f=1Fx0gxto+ Y 270(2") x = f
v=1
where 1, (-) = 2"")(2"-). Now, using the cubes Q,,, we derive

floy=">" /00<w—y)(¢o*f)(y)dy+z > 2”"/9(2”(x—y>)(¢u*f)<y)dy-

meanOm v=1 mezn Qum
(5.22)
We define for every v € N and all m € Z"
Avm = Cp sup |<1/}V * f)(y)| ) (523)
yeQum
where Cy = max{sup,<, |D°0(z)| : |3| < K}. If A # 0, then we define
1

o) = 52" [ 6@~ ) x )W)y (520

QV‘IYL

otherwise we set a,,,(x) = 0. The ag,, atoms and A, are defined similar using 6, and
1. Clearly, (5.21) is satisfied with these atoms and coefficients and the properties of
0o, 10,0 and 1), ensure that a,,, are [K, L]-atoms. It remains to prove that there exists
a constant ¢ such that || A| b5mo¢(w) || < c|| f| Baymoe(R™, w)]|.

We have for fixed v € Ny and a > % +

Y W@ mXom(@) S € Y wy(x) sup (¢ * F)Y)xom(@)

mezn mezn yEQum

(Y f)(z — 2)|
<2 L4 [22]7

(1412"2[%)
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since |z —y| < 27" for 2,y € Qup and Y 0 Xum(x) = 1. Here, (¢} f)a denotes the
Peetre maximal operator, defined in (3.3). Therefore, we have using Remark 5.2

0o 1/q
[Albg o (w) || < e (Z 270 Jwy (2) (Y5, f )a())| Lp(R")Hq> - (5.25)

Since ¥y € S(R™) and ¢ € S(R") are two kernels which satisfy the moment conditions
(3.35) and the Tauberian conditions (3.36) and (3.37), we can use Theorem 3.8 with
a > 2+ o and derive from (5.25)

A0 ()| < ef| £ B (R w)| -
O

To prove the other direction of the atomic decomposition, we take the more general
molecules in the above sense. Therefore, we need three technical lemmas as used in
[FrJa85]. We want to estimate the size of o} * p,m, where {¢;} € ®(R") and p,,, is a
[K, L, M]-molecule concentrated in @Q,,,. We use the resolution of unity introduced in
(3.1), especially we use the function ¢ with ¢; = ¢(277-). We have for j > 1

(@5 * pom) () = (0" % 1) (2 (x — 27"'m)) (5.26)
where
() = (2770 +27m) . (5.27)
From Definition 5.5 we get
|DPu(x)| < 2W=I1B1(1 4 2v7)2)™™  for |3| < K and (5.28)

/xﬁ,u(x)dx =0 for|B] < Landv>1. (5.29)
RTL
First, we prove some technical lemmas for this special function p and later on we combine

them to get a corollary for the .

Lemma 5.11: Let L € Ng, M > L +n and let A > 0. Further, let p : R — C be a
continuous function with

()] < e(1+2Mz))™  and (5.30)
/xﬁu(.r)dx =0 forall|f| <L. (5.31)
En
Then for all g € S(R™)
(g ) ()] < 2 AP (L 4 |z (5.32)
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Proof: We use Taylor expansion of g and derive from the moment conditions on pu

M(x _ y)ﬁ dy .

(g*ﬂ)(x):/ﬂ(x_y) 9(y) — Z 3!

Rn |Bl1<L

Therefore

(g% w)(@)] < c / (e — )|z — y[F U (e, y)dy

<c [ lute=ylle -y +e [ late-ylle - ¥y
oyl <3t je—yl> 15!

= 1+1I,
where

U(z,y) = sup sup |D’g(x —0(z —y))| .
1Bl=L 0<6<1

Since g € S(R™) we find for every x > 0 a constant ¢, such that

V(z,y) < ¢ sup (1+ |z =0z —y)[)™" .
0<o<1
Now, using this and (5.30) we achieve

rse [0 MR- pre (1]l - Bl

|lz—y|< 12l

<27 4 |z))7, for M > L+ n. (5.33)

The second term can be estimated in using again (5.30) and ¥(z,y) < ¢

T A e

o—y|> 15l
< (A4 / (14 |2) M +dz
|2|>22 L2l

< AN (g ||y M LA (5.34)
Finally, the lemma follows from (5.34) and (5.33) with k = =M + L + n. O
Lemma 5.12: Let K € No, M > 0 and let A < 0. Further, let up € CX(R") with

|DPu(x)] < 2M (1 +2Ma)™M , for |8 = K. (5.35)
Then for all go € S(R™) with supp go C {£{ € R*: 1/2 < |¢] < 2} we have

(go * )(2)] < 2 (14 2y (5.36)
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Proof: In contrast to the previous Lemma 5.11 we use now the moment conditions of
go (5.36) and the decay properties on the K-th derivatives of p (5.35). In analogy to the
previous proof we derive by Taylor expansion of p with order K — 1

[(go * p)(z)] < ¢ / 90(x — y)||z — y| " V(z,y)dy + ¢ / lgo(z — y)||z — y|* (z, y)dy
je—y< 3! je—y|2 3!

— 1411 . (5.37)
Here, the remainder term ¥(x,y) can be estimated by (5.35)

U(z,y) = sup sup |D°u(z —0(y —x))|
18|=K 0<6<1

<2 sup (142w —0(y —z))) ™ .
0<O0<1

For gy € S(R™) we get for every k > 0
|g0(2)] < (14 [])" .
If we choose & large enough the first term in (5.37) gives
I <M / (1+ |z —y) K dy(1 + 2Mz|)™

o—yl<!gl
< M1 4 2M )M

For the second term in (5.37) we use |¥(z,y)| < ¢2*¢ and derive for k = M — K —n by
direct integration

1< @2 / (14 |z — y|)<*dy
jw—y|> 15l
S CIQAK(l—F ’x‘)KJrnfn S C’QAK(l—l— |:L'|)7M )

Finally, since A < 0 we get now the result we aimed at. O]

Now, we come back to the situation where we want to estimate |p; * ()|, where
{p;} € ®(R") and iy, is a [K, L, M]-molecule concentrated at @,,,. Therefore, we
combine the previous lemmas.

Corollary 5.13: Let {¢;}jen, € P(R") be a resolution of unity and {ftum freng,mezn are
[K, L, M|-molecules. Then we have for all x € R™

(5 * pm)(@)] < 27 CEN (A4 Pz — 27 m))HH L forj<v o (5.38)
and

() * ) (@)] < 2 UK 2| —2¥m) ™M | for j > v (5:39)
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Proof: We use (¢} * ptm)(x) = (1 * ¢")(2/(z — 27”m)). Then we can use for the first
case Lemma 5.11 and for the second case we use Lemma 5.12. Only the case v =7 =0
has to be treated separately. But this is an easy modification of the lemmas. Il

Remark 5.14: The corollary is analogous to Lemma 3.3 in [FrJa85].

A last lemma is needed before we can formulate the decomposition theorem by molecules.
Lemma 5.15: Let 1 <p < oo, w e W? and let

Q1,002

= Z )\umfum ’

mezZ”

where Ay, € C and fom(z) = (1+ 27|z —27"m|)~ " for R > a +n.
Then we have for j < v

1/p
| F| L (R", w;)|| < c2~"520-d)er+n) (Z Ay |P02(27 m)>
meZ"

and for j > v

1/p
| F| Ly (R, w))|| < c2»207) <Z | Avm [Py (27 m)> '

mez™

Proof: First Step: We treat the case j < v. Therefore, we decompose R" into cubes
Q. and get

| F| Ly(R", w;)]? = / W (z)

> Nmfom(z)

R® mezZm™
<CZ/ Z)‘”mwj Y1+ 2w —27"m|) !
lezng | Imezn

Now, we use
w;(z) < C221 =y, (27"m) (1 + 2|z — 27m|)®

and that x € Q,; (that means 0 < |z — 2771| < ¢27%). Using this we derive

p
| F| Ly(w)[” < =03 = [ 1Y = X, (277 m)(1+ 277 |1 — m[) "7+ da
lEZ"Q meZ"
vl
p
< 2Ty ( > Pumlwn (277 m)(1+ 2771 - mwma)
leZ™ \mezZn
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and Young’s inequality gives us

p
< pr=i)g=vn (Z \)\,,m|pw£(2”m)> (Z(HzJ‘VU\)RM) . (5.40)

mezZmn lezn

Finally, we have to estimate the last sum in (5.40). Therefore, we split the sum and
obtain

S22yt = N (2T Y (120 e

lezn li|<2v— l1|>2v
S C2(y—j)n+ / <1+2j—u|y|)—R+o¢dy
ly[>2v=7
< Jov=im for R > o+ n.

Putting this into (5.40) and taking the 1/p power, the first part of the lemma is proved.
Second Step: Now, we have j > v and therefore we can use

fom(@) =1+ 2z —27"m|) <1 +2z—27"m|) "
and
w;(z) < C2°20 )y, (27"m) (1 + 2"z — 27" m|)* .

The same splitting of the integral in dyadic cubes as in the first step together with the
above inequalities are proving the second case. O

Remark 5.16: This lemma is a generalization of Lemma 3.4 in [FrJa85] for w; = 1.

Finally, we can state the other direction of the decomposition theorem by molecules.

Theorem 5.17: Let w € WS ,,, s € R and let 0 < p,q < oco. Further, let K, L € Ny
with

K>s+asy, L>o0,—s5s+o (5.41)

and M > 0 large enough (M > L + n(max(1,1/p) + 1) + 2«). If {pwm} are [K, L, M]-
molecules and X = {Aym} € b5 (w), then

f= Z Z Avmum s convergence in S'(R"™), (5.42)

v=0 mezZn

is an element of Bs"°(R™, w) and

)

171 B3 (R, w)| < e || Al g (w)|

where the constant ¢ > 0 is independent of A € b5 (w).
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Proof: We have the representation of f € S'(R") by (5.42) and we know by Lemma 5.7
that this representation converges. Now, we estimate the norm of f

1/q
q>
q> 1/q
q\ 1/q

Let p > 1. We estimate the first L, Norm in (5.43). From Corollary 5.13 we have
(@) * pum) ()] < 27UIK(1 + 27|z — 27m|)™™ and we get by Lemma 5.15 with
M>n+a«

ij Ly(R™)

(i f)

H f‘ B;&mloc(Rn’wM‘ — (Z 9784
=0
<c (i 9754 i Z )\,,m(go}/ [y )W;

7=0 v=0 mezZ™

v=0 mezZn"

Ly(R™)

n

>3

v=j+1 mez"

q) 1/q

(5.43)

J
D D Aol prom )| Ly(R")
v=0 mezn
1/p
<c 22 vy o~ (=v)(K—az) (Z | Apm|Puwb(2” m>> . (5.44)
mezZmn

For the second term in (5.43) we use also Corollary 5.13, hence [(¢] * ji,m)(z)| <

2~ W=DEA) (1 4 27|z — 27vm|)~M+L4and Lemma 5.15 with M > L + 2n + « and
get

Z Z )\Vm(go;/*,ul/m)wj LpGRn)
v=j+1 mezn
1/p
<ec Z 27y (v=i)l-a) (Z | Ayml|Pwk(2” m)> . (5.45)
v=j+1 mezn

Now, we consider the case 0 < p < 1. We use the embedding ¢, — ¢; and obtain for the
first term in (5.43)

1/p

r<|/ <Z S Pl 6 # o) @ >|wj<x>> o

n v=0 mezZn

1/p

ZZ|M|?/| ! ) ()P () d

v=0 mezZn
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With the help of Corollary 5.13 we can estimate [(¢; * ft,)(2)| in the usual way and
using the properties of the weight sequence we estimate

/| § ¥ ) (2)[Pwl (2)de < ¢27 (G-1)(K= O‘2)”/(1—|-2”|x 27 Vm|) TMFIPYP (27 m) da
RTL

< UK —a2)pg=vmy b (9= | for M > = +a.
p

So, we get for the first L, norm

1/p
(ZQ v Gmma2p N N Pwh (27 m)> : (5.46)

mezZm™

By a similar calculation we obtain the second estimate (M > %+ L +n + «)

00 1/p
II1<c ( > oy tiermeny 3 |/\,,m|pw£(2_"m)> . (5.47)

v=j+1 mezn

We denote p := min(1,p) and ¢ := min(1, p,q). We can rewrite our results for the first
term as

1/p

p/p
ZT” pPom UV (Kma2)p (Z | AP (27 m)) ,

mezZm™

for all 0 < p,q < oo. Finally, we conclude with that notation and with £;/; — ¢,

; t/p
o] < | Sz prartmanrn (5 e o

v=0 mezZn
and Young’s inequality gives us with ( := K —s—ag >0

t/q

00 qa/p 00
S (£ maretirm) ) (E0)
v=0 7=0

mezm"
= g

With the same notation a similar estimation can be done for || 2/*11| €q||t. Here one has
touse ¢ := L — 0, + s — a1 > 0 and this finishes the proof. O

For every M > 0 every [K, L] atom is a [K, L, M] molecule. So we get an easy corollary
for the atomic decomposition.

Corollary 5.18: Let w = {wy}ren, € W2

o .ap @nd let 0 < p,qg < 0o, s € R. Further-
more, let K, L € Ny with

K >s+as and L>o0,—s+a; .
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(i) If X € 5o (w) and {aym }vengmezn are [K, L]-atoms centered at Qum, then
f = Z Z Avmum (548)
v=0 mezZ"
belongs to the space B;;Imloc(R", w) and there exists a constant ¢ > 0 with
171 By R, w)| < e[ Ao (w)]]| -
The constant ¢ is universal for all X and a,,.

(i1) For every f € Bs"°(R", w) there exists A € b5,"°°(w) and [K, L|-atoms centered
at Qum such that there exists a representation (5.48), converging in S'(R™), with

)

B aw)| < | 1 B )|

where the constant ¢ is universal for all f € B (R™, w).

5.3 Wavelet decomposition

In this section we describe the characterization of Bg™(R", w) by a decomposition in
wavelets. We follow closely the ideas in [Tri04], [Tri08] and [Kyr03].

5.3.1 Preliminaries

First of all, we recall some results from wavelet theory.

Theorem 5.19: (i) There is a real scaling function ¥r € S(R) and a real associated
wavelet Yy € S(R) such that their Fourier transforms have compact supports,

171;(0) = (2m)~Y2 and

—~ 2 2
supp ¥ © [——w,——w] U [gw,gw} . (5.49)

(ii) For any k € N there is a real compactly supported scaling function ¢r € C*(R)

and a real compactly supported associated wavelet 1y, € C*(R) such that 1p(0) =
(2m)~Y2 and

/xl@Z)M(x)dx =0 foralll € {0,...,k—1} . (5.50)
R

In both cases we have that {1{,,, : v € No,m € Z} is an orthonormal basis in La(R),
where

5.01
(2771 —m) ,ifveNmeZ (5.51)

Yum(t) = {W(t_m) cifr=0meZ

and the functions ¥y, g are according to (i) or (ii).
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Remark 5.20: The wavelets in the first part are called Meyer wavelets. They do not
have a compact support but they are fast decaying functions (Y, ¥y € S(R)) and ¢y,
has infinitely many moment conditions. The wavelets from the second part are called
Daubechies Wavelets. Here the functions ¢, ¥r do have compact support, but they
only have limited smoothness. Both types of wavelets are well described in [Woj97],
Chapters 3 and 4.

Now, we generalize this to the n-dimensional case by a tensor product procedure. We
take over the notation from [Tri06, Section 4.2.1] with { = 0. Let ¢, ¥r be the Meyer
or Daubechies wavelets described above. Now, we define

={F,M}" and G'={FM}"™ ifv>1, (5.52)

where the * indicates that at least one G; of G = (G4, ...,G,) € {F, M}™ must be an
M. It is clear from the definition that the cardinal number of {F, M}"™ is 2" — 1. Let
for z € R

\Ijém - 2V HwG’T 2 Ly — mr) ) (553)

r=1

where v € Ng, G € G¥ and m € Z". Then it follows by Theorem 5.19 that {V¢, v €
No,G € G¥,m € 7"} is an orthonormal basis in Ly(R™). Finally, we have to adjust the
sequence spaces b5™“(w) to our situation.

Definition 5.21: Let w € W¢ seR and 0 < p,q < oo. Then

oq,027
o (w) = {A = g} € C: [ NBe(w)| < o0} where (5.54)
oo a/p\ /1
H /\| bs mloc )H _ ZQV(S—%)Q Z ( Z |>\ |Pwp 2~ m)) ) (555)
v=0 GeGr \mezZn

To get the wavelet characterization by Daubechies wavelets we use local means with
kernels which only have limited smoothness and we use the molecular decomposition

described in the previous section. This idea goes back to [Tri08], [Kyr03] and [FJW91].
First, we recall the local means with kernel &

ke f)e) =t [k (y - ”“") f(w)dy .

Rn

With t =277, 2 = 277] where j € Ny and [ € Z™, one gets

k2 f)(271) = 200 / K2y — 1) (y)dy

R

= / ks(y) f(y)dy (5.56)

Rn

= ku(f) .
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First, assume that the expression (5.56) makes sense, at least formally. Later on we
show that (5.56) can be understand as a dual pairing. Now, the usual properties on k
get shifted to the kernels kj;.

Definition 5.22: Let kj(z) € CA(R"™) with j € Ny and | € Z" be functions in R™ with
|DPk(z)| < P14 29|z —2791))9 , || <AeN, C>0, (5.57)

forallz e R", j €Ny, 1l € Z", and

/a:ﬂkﬂ(x)dx =0, |8l<BeNy, (5.58)

Rn

forj>1andl € 7.
Remark 5.23: One immediately recognizes that {277"k;} are [A, B, C] molecules.

5.3.2 Duality

In this subsection we show that the expression

K(f) = / k(y)f(y)dy (5.59)

R”

makes sense as a dual pairing. Here, w € W3, ., [ € B;;]ml"c(R", w) and the function
k : R"™ +— C belongs to some weighted space of continuously differentiable functions
C"(R™, k),

C*(R", k) :== {f € C*(R™) : (1 + |z|)*D’ f(z) € C(R™) for all |3| < u},
normed by

I f1C*(R", k)| = max sup (1 + [«])*| D" f(x)] .
IB1<u zeRrr
We need to introduce the dual space of B5™°°(R", w). By Theorem 2.32 we have that
S(R") is dense in Bg™¢(R", w) for s € R and max(p,q) < oco. Therefore, a linear
functional on Bg*(R"™, w) can be interpreted as an element of S'(R"). That means,
g € S'(R") belongs to the dual space (B5™°(R", w))" of the space B5™“(R", w) if,
and only if, there exists a positive number ¢ such that

lg(e)| < ¢ ||g0| B;;Imloc(R”,w)H for all p € S(R™).

We do not want to give a full treatment of duality theory in Besov spaces, but one can
modify the statements and proofs in Section 2.11 in [Tri83] and one derives at least

BUP—S,mlOC(Rn7 w—l) SN (B;,qmloc(an w))/ ’ (560)

v'q
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where 0, =n(1/p —1); and

1 1
—+—-—=1 if1<p<oo and p'=oc0if0<p<l. (5.61)
p D

The same construction (5.61) holds for ¢'. It is easy to see that w™! = {wij}jeNO €EWs, o
for w e W, ,,-
For max(p,q) = oo we get a similar result, where the right hand side of (5.60) must
be replaced by (é;&mloc(R",w))’ , where é;&mloc(R”,w) is the completion of S(R™) in
Bgmiec(R™, w). In this case we only have the dual pairing (5.56) for the Meyer wavelets,
because they are elements of S(R™) and for the Daubechies wavelets, because they have
a compact support.

In the case max(p,q) < oo we can extend this to more general wavelet bases. The
wavelets belong to C*(R"™, k) and we show under which conditions on v € Ny and x > 0
we have

CY(R", k) — B77™(R" w™!) |

v'q

First of all, we show C°(R", k) — B;gg’mloc(R", w™'). We use our fixed resolution of

unity (3.1), the weight properties and Young’s inequality, to see that

| 1By, wh)| = sup 27 || ()| Ly (R")
J&No

< esup [Jwy (@] * )] Ly (R")
j€Ng

< sup || (wy o) * (L+ - )*)] L (R™)

Jj€No

< NN Ly (R sup ()| Li(R™) ||
j€Np

<" fIC°®™ K|

where the last inequality comes from ¢; = ¢(277-) € S(R™) and that x > o +a. Let us
assume now that f € C*(R", k), then by applying Theorem 2.20 we conclude
CU(R", k) — B ™R 1)

p’oo

Finally, Theorem 2.30 gives us for u > 0, — s+ oy
CU(R", k) — B, ™ (R, w™) . (5.62)

Because of (5.60) and (5.62) the equation (5.59) makes sense at least for u > o, — s+ a3
and £ > % + .

Further, we mention that all functions {k;} from Definition 5.22 with A > u, B € N
arbitrary and C' > k belong to the space C*(R", k). So we see that (5.56) is well defined
for A > 0, — s+ aq and C' > a + n, but these conditions will always be fulfilled in the
following theorems.
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5.3.3 Wavelet isomorphism

We want to use the molecular decomposition obtained in the last section. We assume
that {y,m} are [K, L, M| molecules and that the {k;} are the above given functions.
Before coming to the theorem we have to prove some fundamental lemmas. First, we
have to give estimates of the quantity | ( f,m, kji) |- Here ( f,g) = [ fg denotes the dual
pairing which is linear in both entries. The proofs go back to [FrJa90, Appendix BJ.

Lemma 5.24: Letv > j, M > A+n and L > A, then
| pom, Kejp) | < 27 W=D (1 493|927y — 270|) - min(M=A=n.C) (5.63)
Proof: With some substitutions and straightforward calculations we derive

| (Hums k) | = 2707 (k% g)(2(27"m + 277D))|

where g(2) = pym(27Vm —277z) and k(z) = 27"k;;(277x + 2771). One can use the
proof of Lemma 5.12. If we look in the proof of this lemma, then we see that we do not
need gy € S(R™). We only need the moment conditions on y,,, and a sufficiently strong
decay of the derivatives of k;;. O

By interchanging the roles of k;; and ., we get using Lemma 5.12 again:
Lemma 5.25: Letv < j, C > K +n and B > K, then

| (o, it | < 270K (1 4 2v|27Ym — 279]|)~ min(M.O=K=n) (5.64)

The next lemma is more or less a discrete version of Lemma 5.15 and is presented in
[Kyr03, Lemma 7.4]. Nevertheless, we give a proof because our notation is a bit different.

Lemma 5.26: Letv > 7,1 <p<oo andb,, € C, then

P\ 1/p 1/p
(Z(Zrbm|<1+2f\2—f‘Z—2-”m|>—R>) <c2“”<2!b |p) :

leZ™ \mezn mezZ"

whereR>nand%+I%:1.

Proof: For k € Z" we introduce the quantity
Gk)={meZ":QxNQun#0}={m€Z": Qum C Qji} . (5.65)
Then we get for m € ¢7(k)

I+ =k <c(1+2712771—27"m]) . (5.66)
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So we derive by (5.66) and Minkowski’s inequality

p\ 1/p
(Z (Z 'b’”'“”j'”—2‘”m|>‘R> )

leZ™ \meZ™

Z Z Z by | (1 4-27(2791 — 27"m])~F

lezn keZm meff;(k)

<[+ -)" S bl

lez™ \ kezm mEf{,(kJ)

=c| X [+l D> |l

lezn ueL" mEZ,@(u«H)

ey ()X D lbal

ueL” lezn mGZZ(u—l—l)

p\ 1/p

p\ 1/p

p\ 1/p

Finally Hélder’s inequality and card & (u + 1) ~ 2= give us

p\ 1/p
(Z (Z (14 2[2771 —2‘”m|>‘R) )

1€Zn \meznr
1/p

<IN A+ )Y DT ol

uezZn lezn mEEJ (u+l)

1/p
< oD (Z b |p> ’

meZn

where the last inequality is due to card{l € Z" : Qu;m C Qi +27u} ~land R >n. O

The last lemma is of the same type, only with v < j. The proof is in principle very
similar to the one of Lemma 5.26.

Lemma 5.27: Letv < j,1<p<oo andb,, € C, then

p\ 1/p 1/p
(Z (Z |bm\<1+2”!2-jZ—2-”m\>-R) ) <™ (Z rbmrp) ,

lezn \mezn meZn

where R > n.

Now, we are ready to state the first theorem, which gives us one direction of the
wavelet decomposition. We define k(f) = {k;j(f) : j € No,l € Z"}.
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Theorem 5.28: Let w € Wy, ,,, s € R and 0 < p,q < oo. Further, let {kji} be as in

Definition 5.22 with C > 0 large enough and A, B € Ny with
A>o0p,—s+a;, B > 5+ ay. (5.67)
Then for some ¢ >0 and all f € By *“(R", w) ,
IR ()] < e[| 1 B (R”, w)|

Proof: We have f € B;;Imloc(]R", w) and we can use the atomic decomposition theorem
(Corollary 5.18) and get

00
f — § E >\l/mavm )
v=0 mezZn

where {a,.,} are [K, L] atoms with K = B > s+ a and L = A > 0, — s+ a;. We want
to show

IEOI5 ()| < e[ Mo (w)]| < & || F1 B R w)| , (568)

where the last inequality comes from the atomic decomposition theorem. We recall that
atoms have compact support and that they are [K, L, M] molecules for every M > 0.
We split

i 00
f:fj+fj:Z"'+Z"' and get
v=0 v=j+1
ki(f) = | ka)f)dy = | kaw)fi()dy + [ ku(y)f (y)dy
/ / /

Let v < jand 1 < p < o0, then we estimate by Minkowski’s inequality and Lemma 5.25

P 1/p
> /kﬂ(y)fj(y)dy w?(2791)
LEZ™ |5n
J p\ 1/p
Z <Z (Z |)\llm‘w] 1 ’( ]laaum> |> )
v=0 =L mezZn
. p\ 1/p
oo (25 i riren -z )
v=0 leZ™ \mezZn
(5.69)
J 1/p
<) UKz (Z |>\ym|pw5(2‘”m)> 7 (5.70)
v=0 mezn
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where in the last step we used Lemma 5.27 with R = C' — a > n.
In the case 0 < p < 1 we have also the estimate (5.69) and get by £, — ¢,

P 1/p

) /k‘jl(y)fj(y)dy w?(2791)

ez |

J 1/p
<c 9—(j—v)(B—a2) ( Z Ay [P0 (277m) Z(l + 2|27 m — 2j”)p(ca)> ‘

v=0 mezZ™ lezn

(5.71)

A direct calculation shows that Y, ;. (1 + 27[27¥m — 279]])7#(C=2) < 20" for C' >
= 4 a. Therefore, we obtain from (5.70) and (5.71)

P 1/p
23 | S| [ ko)) w2
LET™ |5n
; 1/p
<c 2V<SZ>2—<J‘—V><(Z |Aym|pw§(2_”m)) . (5.72)

v=0 mezZ"

where ( = B — s —ay > 0.
Let us consider the case v > 7 and 1 < p < oco. Then we derive similar to the first case
with Minkowski’s inequality and Lemma 5.24

p 1/p

S| [kt Py gtz
lezn |4,

© p\ 1/p
v=j+1 \IEZ™ \meZ"

- p\ 1/p

< CZ 2—(V—j)(A+n—a1)<Z ( Z | A |w, (277m) (1 + 2j|2—um . 2—jl‘)—C+A+n+a> )
v=j+1 lezZn \meZnr
(5.73)

[e%s) 1/p
<o 3 plte) (Z uymmf(z—”m)) ,

v=j+1 mezm

where we used Lemma 5.26 with R = C — A — n — a > n in the last step. We obtain
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now with p=A+s—a; >0

p 1/p

7 S| [P )y wiiz

lezn
- 1/p
Z (s=3)9=(w=9e (Z | Ay [P0 (27 m)) . (5.74)
meZ™
For 0 < p < 1 we have again (5.73), use ¢, — ¢; and obtain

p 1/p

S| [Py iz

lezn

oo 1/p
<) ommAgnmen) AumlPw? (27 m 1+ 27[27m — 277]|) @A)
2 V

v=j+1 mezn lezn

The sum over [ € Z" is bounded by a constant for C' > % +n+ A+ «. Hence, we get

P 1/p

7 S| [P )y whiz )

lezn

00 1/p
<c Y 2bmiloTtp ( > ol (27 m)> . (5.75)
v=j+1 meZ™

where p=A+s—a; —(n/p—n)>0.

Now the result (5.68) can be obtained from (5.72), (5.74) and (5.75) by standard argu-
ments. U

Remark 5.29: As shown in the proof it is enough to assume
C > (A,B)+n |1+ ! +
max n _ Q.
’ min(1,p)

That B appears above comes from the conditions in Lemma 5.25.

We come to the wavelet decomposition theorem. Let us assume that
Yy € CER™  and ¢ € CHR") (5.76)

are the real compactly supported Daubechies wavelets from Theorem 5.19, with

/:UBLDM(a:)da: =0 for |6] < k. (5.77)

Rn
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By the tensor product procedure (5.53), we have that {U¢,, :v € No,G € G and m €
Z™} is an orthonormal basis in Ly(R™).
Before coming to the theorem we clarify the convergence of

i SN 2Ry, with A€ B (w) (5.78)

v=0 GeG¥ meZL™

We say that a series converges unconditionally, if any rearrangement of the series also
converges to the same outcome. We know that {2772WY, 1 are [k, k, M] molecules for
every M > 0 and therefore we have the unconditional convergence of (5.78) in S'(R")
from Lemma 5.7 with k > 0, — s + a;.

Moreover, the following proof shows the unconditional convergence of (5.78) for 0 < p <
oo and 0 < ¢ < o0 in B;;Zml"c(R",w). If 0 < p< ooand 0 < g < oo then we have
unconditional convergence in Bgémloc(R”,w) with o < s. For general 0 < p,q < co we
get the unconditional convergence in nglmloc(R”, o) where o < s and p is an admissible
weight sequence with % — 0 for |z| — 0.

Theorem 5.30: Let w € W2 seR,0<p,q< o0 and

aq,07
k > max(o, — s + a1, s+ ag) (5.79)

in (5.76) and (5.77). Let f € S'(R™). Then f € By™**(R", w) if, and only if, it can be
represented as

F=3000 D N2 VR, with A€ by (w) (5.80)
v=0 GEG¥ meZLn
with unconditional convergence in S'(R™) and in any Bgémloc(R”,g) with o < s and

ov(z)

womy — 0 for |z| — oo. The representation (5.80) is unique,

Nom = Mo (f) = 272 ([, V) (5.81)

and

I fe {273 (f, 0% )} (5.82)

is an isomorphic map from B;;Imloc(]R",w) onto l;f;qml"c(w). Moreover, if in addition
max(p, q) < oo then {W%,,} is in unconditional basis in By™°(R™, w).

Proof: First Step: Let f € S'(R™) be given by (5.80). Then by the support properties
we have that {2772 W%, 1} are [k, k, M] molecules for every M > 0. From Theorem 5.17
and (5.79) we obtain f € B5™(R", w) and

| 11 By w)|| < e || A B (a) (5.83)

with ¢ > 0 independent of \ € l;;’qml"c(w).
Second Step: Let [ € B;;Iml"c(R”,w) then we can apply Theorem 5.28 with k,, =
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2v3 WY, . Since all conditions on k,,, are fulfilled by (5.79) and the compact support of
the wavelets we get

HA(f)uB;g”lOC H<ch|Bsmloc " w)|| . (5.84)

Third Step: For max(p,q) < oo we get the unconditional convergence of (5.80) in
Bsmec(R™, w) by (5.83) and the properties of the sequence spaces l;f)bml"c(w).

Let p < oo and g = oo, then we get the convergence in ng;“oc(R”, w) for all 0 < s in
using (5.83) again and Holder’s inequality.

To obtain the convergence for p = co we have to compensate the behavior at infinity by

introducing a weaker weight sequence g with i”y((“?) — 0 for |x| — co. Then we get the

unconditional convergence in Bg;’;loc(R”, o) with 0 < s as in the previous case.
A simple example of such a weaker weight sequence is given for every € > 0 by

o,(x) = (14 2|x]) " *w, (z) (5.85)

which belongs to Wte

a1teE,a0"
Fourth Step: We want to prove now the uniqueness of the coefficients. We define

9= ) > N2y, (5.86)
v=0 GeGY meZ"

where A, is given by (5.81). We want to show that g = f, or
(9.90) = ([, ) forevery p € S(R"). (5.87)

From the first step we have g € B*(R",w). The third step tells us that (5.86)
converges at least in B3™¢(R", g) for all 0 < s and g is given by (5.85) for some & > 0.

Since k > 0, — s + a; we can find ¢ < s and £ > 0 such that WY, , still belongs to the
dual space (B3™*(R", g))' (that means k > 0, —0+a;+¢). Because of the convergence
in Bg™¢(R", @) ,the dual pairing and the orthonormality of {¥¥,,} in Ly(R") we get

< g, \Ime> - < f, \I/Gm> . (5.88)

This holds also for finite linear combinations of WY, ,. For a function ¢ € S(R") we
have the unique Lo(R™) representation

p=> 27 (oW )V, (5.89)

v,G,m

Since S(R™) is a subspace in every Besov space considered this representation converges
in (BZe¢(R™, w))’ and we get by (5.88)

(g:9)=([f,¢) - (5.90)
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Final Step: Hence, f € S'(R") belongs to B;;Imloc(R",w) if, and only if, it can be rep-
resented by (5.80). This representation is unique with coefficients (5.81). By (5.83),
(5.86), with g = f, and (5.84) it follows

| Ao ao)|| ~ || £1 Bygrioe (@ )| (5.91)

Hence [ in (5.82) is an isomorphic map from B™*“(R", w) into Z)f,;lmloc(w). It remains
to prove that this map is onto. Let \ € B;;Zmloc('w). Then it follows by the above
considerations that

=3 N27EWL, € BIM(RY w)

v,G,m

By the same reasoning as in the fourth step this representation is unique and \{,, =
tn(f). This proves that I is a map onto. O

To proof the wavelet decomposition with Daubechies wavelets we only used the atomic
decomposition theorem.
Now, we present a wavelet decomposition theorem with the help of the Meyer wavelets,
described in Theorem 5.19. We have ¢y, ¥r € S(R") and we have infinitely many
moment conditions on ¢,,. But we lose the compact support property for the wavelets.
Here we need to use our molecular decomposition (Theorem 5.17). The proof is the same
as in Theorem 5.30. We use again our wavelets once as molecules and once as kernels
from Definition 5.22 where the technicalities get easier because A, B, C are infinite.

Theorem 5.31: Let {V¢,,} be the Meyer wavelets according to Theorem 5.19. Further,
let w € W? seR,0<p,qg<ooandlet feSR"). Then f € B;;Imloc(R”,w) if,

o ,07
and only if, it can be represented as

F=3030 D0 N2 VG, with € B (w) (5.92)
v=0 GeGY meZn

with unconditional convergence in S'(R") and in any Bo™(R™, @) with o < s and
ov (@)

oy — 0 for |x| — oo. The representation (5.80) is unique,

Com = Mo () =272 (f,W5,) (5.93)

and

I:fe {272 (f, 0%, )} (5.94)

is an isomorphic map from B]‘j;]ml"c(R",w) onto B;;Iml"c(w). Moreover, if in addition
max(p, q) < oo then {W%,.} is in unconditional basis in B (R", w).

Remark 5.32: The wavelet characterization of Bg™*¢(R", w) is not restricted to the
two wavelet systems presented in Theorem 5.19. The proof of Theorem 5.30 also applies
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to all wavelet systems {W¥% 1} which satisfy that 2772 {¥Y, 1} are [K, K, M] molecules
with

K >max(o, —s+aj,s+ay) and M > K +nmax(2,1+1/p)+2a,  (5.95)

where the condition on M is, presumably, not sharp.
The proofs can easily be extended to biorthogonal wavelet bases (see [Kyr03] for details).

5.3.4 Wavelet decomposition of B3 (R*, U)

We recall the spaces B;;ISI(R", U) (Definition 2.21) which have for a bounded subset
U C R™ and s’ € R the weight sequence of 2-microlocal weights

w,(x) = (1+ 2" dist(z, U))* . (5.96)

From Example 2.5 we know that w € W ,, for |s'| < a and —min(0,s') < ay,

max(0, s') < ap. Our spaces B*' (R", U) are defined as usual as the spaces B™(R", w)
with the special 2-microlocal weight function (5.96) for w. The corresponding sequence
spaces are defined by the norm

1/q

GeGY \mgeZm

0 q/p
Hm“ H = [ S 2rtemme 37 (Z I [P(1 + 2 dist(2~Vm, U))P® )
v=0

Now, we can adopt everything from Theorem 5.30 and our wavelet decomposition for
the 2-microlocal Besov spaces with respect to the Daubechies wavelets follows.

Corollary 5.33: Let U C R" bounded, s' € R and w as in (5.96). Further, let s € R,
0<p,q< o0 and

k > max(o, — s — min(0, s'), s + max(0, s)) (5.97)
n (5.76) and (5.77). Let f € S'(R™). Then f € B;;IS/(R",U) if, and only if, it can be
represented as
F=Y200 D N2y, with Ae by (U) (5.98)
v=0 GeGY meZ"

with unconditional convergence in S'(R™) and in any BI’;’;' (R™,U) witht < s and t' < s'.
The representation (5.98) is unique,

N = N (f) =272 ([, 08,,) (5.99)

and

I:fe{2"2 (f, 0% )} (5.100)

is an tsomorphic map from B;’qsl (R™,U) onto IS;;;’(U). Moreover, if in addition
max(p, q) < oo then {VY, .} is in unconditional basis in B;;f/ (R™,U).
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Let us say a few words about the convergence of (5.98). As in Theorem 5.30 we have
unconditional convergence in B]‘j;f' (R™, U) for max(p,q) < oo and arbitrary U € R", not
necessarily bounded. For 0 < p < oo and 0 < ¢ < oo we have unconditional convergence
in BL'(R",U) with s > ¢ and also arbitrary U. Only in the case of p = oo we need
as an additional assumption that U C R™ has to be bounded to get the unconditional
convergence in BLY (R, U) for all s > ¢ and s’ > t'.

Remark 5.34: For p > 1 we have 0, = 0 in condition (5.97). Now we can rewrite this
condition as

k > max(|s|,|s + §|) . (5.101)
This is almost the same condition
k > max(max(s, s+ s'), max(—(s +n), —(s + §')))

used in [Mey97, p.64, p.67] in the case U = {x¢} and p = ¢ = oo in connection with the
orthonormal Daubechies wavelets.

There is no doubt that we can rewrite Theorem 5.31, where we get the wavelet de-
composition with Meyer wavelets.
Corollary 5.35: Let U C R" bounded, ' € R, w as in (5.96) and let {V¢,,} be the
Meyer wavelets according to Theorem 5.19. Further, let s € R, 0 < p,q < oo and let
feS(R™). Then f € B;;f/ (R™,U) if, and only if, it can be represented as

=350 % 2wy, with A e b (U) (5.102)
v=0 GEGY meZn
with unconditional convergence in S'(R™) and in any B! (R",U) witht < s and t' < s'.
The representation (5.102) is unique,

Gm = Nom(f) =22 (£, 9E,,) (5.103)

and

I:f e {27 (f, UG} (5.104)
is an isomorphic map from B;;f/ (R™,U) onto l;f;qs/(U). Moreover, if in addition max(p, q) <
oo then {WY, } is in unconditional basis in B;;]s/ (R™,U).

Remark 5.36: According to Remark 5.32 we can also characterize B;;f/ (R™ U) by other

wavelet bases {V¢,,}, where {U%, } are [K, K, M] molecules with the condition (5.95)
on K and M.

Remark 5.37: These two corollaries are a generalization of the known wavelet decom-
positions for 2-microlocal spaces C%* (R™).

The wavelet decomposition for the spaces C%* (R") and H:* (R") has been presented by
Jaffard in [Ja91, Theorem 2]. There exists also a wavelet characterization for B (R",0)
with p,¢ > 1 in [Xu96, Theorem 2.13] by Xu. Similar conditions on the smoothness of
the Daubechies wavelets as (5.101), sometimes better sometimes worse, appear in many
papers [JaMey96], [LVSeu04] and [Xu96] but are not really explained.
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6 Application of the wavelet decomposition theorem

In this chapter we apply the wavelet characterization of the spaces B;;Iml"c(R”,w) to
get some results which are already known for C;Ef/ (R™) and to give sharp versions of
embeddings.

6.1 Pseudodifferential operators

In this section we show that the 2-microlocal spaces B;;Imloc(R”, w) are invariant under
the action of classical pseudodifferential operators of order 0. The corresponding results
have already been shown in [Jad1] for C%*(R") and in [And97] for F5¥ (R™, z0) with
1 <p,qg<oo.

As in [Ja91] we introduce operators T belonging to the class Op(M?) of Calderon-
Zygmund operators, which were introduced in [MeyCoi97].

A linear and continuous operator 7' : S(R™) — S’(R™) possesses by the Schwartz kernel
theorem a distribution kernel K in &’'(R™ x R™) such that

(Tf,9)=(K,feg  foral f,geSR").

The distribution K is called the kernel of T'. An operator T" belongs to the class O” for
v > 0 if its distribution kernel K is, off the main diagonal {(z,y) € R* x R" : z = y},
continuous and satisfies

DK (x,y)| < clz —y[™ W for |B] <~

and, with v = m + r, where m € Ny and r € (0, 1]

x—a|" 1

|DPK (x,y) — DPK (2", y)| < C]:L——yynlﬂ for [z — 2’| < Slr =l
ly =y’ 1

DK (x,y) — DK (z,y)| < T for [y —y'| < 5le —y|

for |3| = m. Moreover, T has to be bounded on Ly(R") and T(X"?) = T*(X?) = 0 for
8] < 7 (see [MeyCoi97] for definition of T'(X*?)). Then Op(M?) =, O,

The class Op(M?”) can be characterized by decay conditions on the terms of the matrix
((TW,,Vy)) with respect to a wavelet basis {V,} where W) = W{, . Therefore, let
{0%,.} be the Daubechies wavelets with k& > ~ then the following holds (see [MeyCoi97,
Chapter 8)).

Proposition 6.1: An operator T belongs to Op(M?) if, and only if, its matriz coeffi-
cients satisfy

9-li=vI(v'+n/2) < 127m — 27| ) —n—y/ 61

1+ (j—v)? 27V 4277
for some ~' > ~.
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Remark 6.2: It is also possible to take the Meyer wavelets in the above Proposition.
The conditions on the wavelet basis are that it has to be in C*(R") and satisfies (5.77)
with k& > 7 and the wavelets have to be sufficiently strong decaying (see [MeyCoi97] and
[Ja06, Theoreml]).

The condition in (6.1) can be reformulated as

2—(u—j)(v’+n)(1 + 27277 — 2—'/m|)—”_‘Y/7 forv >y
2*(]‘*1/)7’(1 +2¥|277] — 2*”m|)*”*7/, for v < 3.
(6.2)

2(j—V)n/2 ’<T\I]ém7qj‘él>‘ S C{

That means that our matrix is almost diagonal (in the meaning of [FrJa90]) and we can
easily adopt the proof of Theorem 5.28. In this proof we take instead of the atomic
representation of f &€ B;;Imloc(]R”,w) the wavelet characterization of f with respect to
the Daubechies wavelets with k& > v > max(s + ag, 0, — s + a;). Then 27""/2¥%  plays
the role of the molecules j,,, and 27"/ 211”@ replace the kernels kj;; in this proof.

Now, as in (5.68) we take T'(f) as replacement for k(f) and condition (6.2) instead of
Lemmas 5.24 and 5.25.

If one compares the conditions on the decay in (6.2) we realize that v + n is first equal
to C for v > j and later for j > v to C' — A — n in the proof of Theorem 5.28. In both
cases we obtain the last condition v > o, + o and we receive the following.

Theorem 6.3: Let w € W¢ 0<p,qg<oocandseR. If f belongs to B;’qml"c(R”,w)

ai,02”

and T belongs to Op(M?) with
v > max(s + ag, 0, — S+ 1,0, + @)

then T f belongs to B (R", w).

If we keep the last theorem in mind, we get the following interpretation. The po-

sition of points of regularity of a function is essentially preserved under the action
of singular integral operators, such as the Hilbert transform or the Riesz transforms
Rj = —2%(—A)71/2
Moreover, since every classical pseudodifferential operator belonging to SRO is a sum
of an operator in Op(M?) and a regularizing operator ([MeyCoi97, Chapter 7]), we
conclude that the 2-microlocal spaces B;&mloc(R”,w) are invariant under the action of
pseudodifferential operators out of S7,.
We can state now a regularity result for solutions of elliptic partial differential equations.
From Calderon and Zygmund [CaZy57] we know that the inverse of an elliptic operator
is a product of a fractional integration and a pseudodifferential operator of order 0. The
latter one is a sum of an operator in Op(M?) and a regularizing operator and the first
one is a lift operator (Theorem 2.19). Using this fact together with the last theorem, we
obtain.

Theorem 6.4: Let w € W5, ,,, 0 <p,q < oo and s € R. Let A be an elliptic partial
differential operator of order m, with smooth coefficients. If Af = g and g belongs to

s,mloc (PN s+m,mloc (Tpn
Bsmec(R™, w), then f belongs to Byt (R™, w).
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6.2 Spaces of varying smoothness

In this section we discuss the connection of B;;f/ (R™,U) to the class of spaces of varying
smoothness from [Schn07]. Therefore we fix U C R™ as a compact set. First of all, we
need to define the class of function spaces of varying smoothness. These spaces are some
kind of Besov spaces where the smoothness parameter s is not a fixed real number, but
gets replaced by a smoothness function S : R — R.

Definition 6.5: A real-valued function S : x +— s(x) on R" is called lower semi-
continuous, if for anyt € R

O ={x eR":s(x) >t} is an open Set.

In the following, we will only use bounded lower semi-continuous functions and we

define

Smin = 1nf s(x) < s(z) < sup s(z) =: Smax - (6.3)
z€R™ zeR™

For x € R" and K € N we put

Sk. = inf  s(y). (6.4)

|x_y|§27K+2

By Bj(R") we mean the usual Besov spaces Bj (R") (this is also Bg™°(R", w) with
w;(z) = 1) with p = ¢ and the restriction spaces B,((2) are defined for an open  C R"
by

By (Q) = {f € S'(R") : there exists g € B,(R") with glo = f} ,
with

1@ = i [lol B3(=")] (65

Now, we are ready to give the definition of the spaces of varying smoothness.

Definition 6.6: Let 1 < p < 0o and let S be a bounded lower semi-continuous function
m R™ with Sy, > So. Then

By*(R") = {f € S'(R") : || f| By (R")|| < o0},
where

| £1 B35 @] = || £1 B (R") | + sup sup 27505 | | By (By (@) . (6.6)
z€R™ KN

Let us describe how this definition can be understood. The first term checks the

global smoothness of a given function f, whereas the supremum term concerns local

improvements by the following procedure. For a fixed point x € R™ we consider a ball

centered in = with radius 275 and ask if f belongs to the Besov space with smoothness
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SKz = So in this ball. Now we increase K and therefore shrink the ball around x and
ask the same question again with respect to a possibly higher degree of smoothness. We
continue this procedure for all K, then all x, and finally check if the supremum over all
these norms multiplied by the weight factor 27 %(sx.2=%0) i finite.

To prove the connection of BS*(R") to BS* (R", U) we use the n-dimensional Daubechies
wavelets from the last chapter with k € Ny large enough and supp ¢y, supp ¢¥r C Bys(0).
Further, we need a wavelet decomposition theorem of the spaces of varying smoothness.
Therefore, we have to introduce some necessary notation. For o € R and K € N with
K > J we define

Ko v v
fK,ﬂUO - E : Gm\I[Gm7

v,G,m

where the summation is restricted to all v > J + K and m € Z" with

By x4 (xo) N B27V(2_”m) #+ 0.

This condition ensures that only those coefficients are taken into account, which depend
on information about the function f at most in the ball with radius 2752 centered at
xo. The corresponding sequence space norm is given by

1/p
x Ko -n v
}}A(f)\b;”K’°:HA(fK,xo)yb;H:(Z Couls /p)pMGmp) .

v,G,m

The usual Besov sequence spaces corresponding to (2.12) for 0 < p,q < oo and s € R”
are given by the norms

1/q

00 q/p
1] = zwwmzjén%w) | .

v=0 GeGY \meZm

We recall Theorem 5.3 from [Schn07].

Theorem 6.7: Let 1 < p < 00, s9 < 0 and S be a bounded lower semi-continuous
function in R™. Then there are two constants c1,ce > 0 such that for all f € S'(R™) we
have

c H A(S)] b;OH +e sup 2 KGre=so) H A(S)] b;K’:”HKH’x
K>JzeRn

< 185w
<l +er, e 280 DIk

n

K,x

Finally, we are able to state the first theorem for Bjsl (R™, U). In the special case of
B;’s/ (R™, xp) it is presented in [Schn07, Theorem 5.9/5.12].
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Theorem 6.8: Let s >0, 1 <p < oo, UCR" compact and [ € B;’S/(]R", U). Then

S relU
€ B>(R")  with sg <0 and s(z) < ’
/ y R 0 (@) < {s + 5", otherwise

a bounded lower semi-continuous function in R™ with Sy, > So.

First of all, let us show that the limiting function

s(m):{s ,relU

s+ s, otherwise

is a lower semi-continuous function with respect to Definition 6.5. Since s + s > s we
have to differ three cases:

e —00 <t < s, then we have 0, = R™;
o s <t< s+, then we have Q, = R"\ U,

e s+ s <t < oo, then we have Q, =0 .
In all three cases the sets {2, are open.

Proof: Suppose that f belongs to B;’Sl (R™,U). We obtain from the wavelet decompo-
sition (Corollary 5.33) of Bs* (R™,U)

1/p
A1 @)| = (Z 2/ N P(1 4 27 dist(27Vm, U))s’p> <oo.  (6.8)
v,G,m

We want to show that there exists a constant ¢ > 0 such that
NG
NI @) (6.10)

A B]| < c , (6.9)

[ACH) by

K,z S CzK(sK’z_SO)

Then we get from Theorem 6.7 that f € By*(R"). The first inequality, (6.9), is easy
because of sg < S, < s We obtain

1/p
[AOIG | < IXHIB ]| = (Z 2”(5‘"/”)p|Aém|”>

v,G,m

Y

1/p
< (Z ois=n/pIp|\Y,  [P(1 + 2V dist(27"m, U))S'p) = H ()| B;’S'(U)‘

v,G,m
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where the last inequality comes from s’ > 0. For the second estimate (6.10) we have to
distinguish two cases.

First case: We treat all x € R* with K > J and dist(27"m, U) < 27%%2. Then we know
that sk, < s and we get

1/p
<At = (ZK’IT“‘"/””’M@V)

v,G,m

H)\ |bsK1

1/p
< (Z 27T, [P(L + 27 dist (27 m, U))S/p)

v,G,m

S 2K(SK,I_SO)

)

A5 )

where we used s’ > 0 again.

Second case: We treat all z € R™ with K > J and dist(27/m, U) > 2752 Then we have
skx < s+s and because of By-x+1(x)NBy-v(27Vm) # O we get |[x—27"m| < 27K+1427v,
This gives us

14+ 2"dist(27"m,U) = 1+ 2" inf [27"m — y|
yelU
> 1+ 2" dist(z,U) — 27[27"m — x| > 2V~ K+, (6.11)

Finally, we can estimate with (6.11) and sk, < s+ ¢

N
(Z S m—_— ‘p(1+2Vdist(2—Vm,U))sp> p

H)\ ‘bus

(14 2vdist(27¥m, U))*?

v,G,m

1/p
K,x , ’
< oK (sk,z=n/p) ( E Q=K (sk,z—s *n/P)P|>\ém|P(1 4oV diSt(QiVm, U))S P)

v,G,m

1/p
K,x /
< oK (sxa—n/p)g—K(s—n/p) ( Z 2u(s—n/p)p|)\ém|p(1 + 2¥ dist(27Vm, U))® p)

v,G,m

‘ Y

and this finishes the proof. O]

S QK(SK,:E_S)

RO

In the next theorem we would like to show the reverse statement to Theorem 6.8.

This means that the two involved spaces are equal. This is not possible because for
coefficients A, (f) far away from U condition (6.8) is to strong.
Anyway, if we reduce the statements to local versions of B;’Sl (R™, U) then a reverse state-
ment is possible. We say a function f belongs to B;’Sl (U)'e if there exists a neighborhood
V D U and a function h € B;’S/ (R™,U) with f = h on V (see also the next chapter).
Now, we can formulate the theorem which is similar to Theorem 5.10 in [Schn07] for the
C3'(R™)'° case.
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Theorem 6.9: Let s <0, s >0, U CR" compact, 1 <p < oo and f € BE’S(]R{”) with

s(x)—{s axelU

s+ s otherwise .

Then f € B3 (U)"° with o < s and o' € R witho + 0’ < s+ — >

Proof: At first, we need some preparation. From a pointwise multiplier theorem for
BS*(R") (Theorem 3.8 in [Schn07]) we know that it is sufficient to prove ¢ f € B;’S/ (R™,U)
for a ¢ € C°(R") with

1/ 2 (6.12)

IV IA

1 , for dist(x, U)
p(z) = .
0 , for dist(x, U)

Hence, it is even enough to show g € B5*'(R",U) for every function g € BS*(R") with
suppg C Uy = {z € R" : dist(z,U) < 1}.
That means that the coefficients A%, (g) = 0 for dist(27*m,U) > 1 + 277", Since
g € B>*(R"), we have from Theorem 6.7

[ A(g)| 85| < ¢ and (6.13)
| A(9)] by R42e - oK(sre=s)  for all K > J and © € R™ (6.14)
We have to show that
|A@1g7u|" = D2 2 g, () (1 + 2 dist (27 m, U)7 (6.15)
v,G,m

SRS S N S T o ey (6.16)

In the following we consider ¢’ > 0. The part with ¢’ < 0 can be incorporated afterwards.
The sum with the zero considers all coefficients with dist(27"m, U) > 1+ 277" and this
is equal 0. From now on all coefficients regarded satisfy dist(27m,U) < 1+ 2777,

The first sum considers the coefficients with v < vy for some 1y € N and we have

()" <enllng)

because of (1 + 2¥dist(27"m, U))” < (142" +27)7 =¢,,. We fix 1y = J + 4 in the
sequel.
The second sum obtains the coefficients, for which we can find an i € {1, ..., v} with

27V < dist(27Vm, U) < 27V (6.17)

We denote 'y, = {m € Z" : 2777 < dist(27¥m,U) < 277"} Then we have for
z1=2"mand K =v—i+3

By rci-1(21) N Byv (27"m) # 0 and  dist(zy, U) > 2797 > 27 F+2 (6.18)
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We obtain sk, ,, = s+ s" and we derive for fixed v and m by (6.14)

v(s+s'—n/p)p| v |p K1+2,219V(sK) oy —1/P)P|\V |P
2 |)\Gm| S 2 11 |>\Gm|
J,G,m

_ <H )\’ sz’xHKl'i‘27$1>p < C2K1(3K1’m178)p ) (619)

Hence,

[e's) v "
<ZQ> 1/p _ (Z Z Z Z 2u(ofn/p)p’)\VGm|P(1 + 27 dist(27"m, U))Ulp>

v=vg GEGY i=vg mel;,

v 1/p
e ey

v=vg GEGY i=vg meTl;,

The sum over G” is finite and |I';,| ~ 2" and we get

) v 1/p
1/p o
< E 2) </ ( E ovlo=s)p E 9ilo’—s +"/p)p) <oo foro+o <s+s —n/p.

V=1 =g

Finally, the third sum contains the coefficients with dist(27"m, U) < 277", Again we
define Ky = v — g+ 2 and x5 = 27¥m and get

BQ*Kgfl(ZEQ) N BQ,U(2_Vm) 7é @ and diSt(CCQ, U) S 2—K2+2 )
We obtain sk, ,, = s and we derive for fixed v and m by (6.14)

QV(S—N/P)p|)\VGm|p < Z Ko+2,329v(s Ky oy —n/p)p|)\ém|p
7,Gm

_ (H )\| b;KYI“Kz-‘t-Q,xQ)p < CQKQ(SKQ’IQ—S);D —c. (620)

Consequently, we can estimate with (6.20)

1/p

<23>1/p: >y S 2y (L 2V dist(2Vm, U))°

v=up GEG¥ dist(2~¥m,U)<2~V+0

<c i Z Z 2’/(‘775)1’2[(2(51(2,7;2*5)1)(1+21/0)0’p

v=1p GEGY dist(2~¥m,U)<2~ V"0

00 1/p
< J <Z 2V(0’S)p) < 00,

v=ug

1/p

because |G¥| = 2™ — 1, the cardinality of m € Z" satisfying dist(27"m,U) < 27710 is
equal to 2" and o < s. The case ¢’ < 0 follows the same reasoning and this remark
finishes the proof. O
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With the same proof a better result holds in the case p = co. In the case U = {xp} it
is already known, see [Schn07, Theorem 5.10].

Theorem 6.10: Let s <0, s’ >0, U C R" compact and f € BS*(R"™) with

s(m):{s xelU

s+ s ,otherwise .

Then f € B3 (U)e.

Remark 6.11: If one defines the spaces of varying smoothness by the collection of all
f € §'(R™) such that the coefficients N, (f) of the wavelet decomposition satisfy

AP + smp 2 Ksem APl < oo

K>JxeRn

then it is possible to extend the definition of the spaces to 0 < p < oco. Since we only
used the wavelet characterization of the spaces and nowhere that p > 1, we can obtain
the above theorems also for the p < 1 case.

6.3 Sharp embeddings

In this section we want to apply the wavelet characterization to get sharp versions of
the embedding theorems from Section 2.5.1. We want to show the method only for the
embedding (2.44), the others can be treated in the same manner.

Theorem 6.12: Let 0 < g < 00, 0 < p1,p2 < 00, 51,5 € R and w, 0 € WS Then

a,02 "

le,mla(J(Rn’ Q) SN BS2’mlOC<Rn, w)

p1q p29q

holds if, and only if,

0 <p1 <ps <00 and w”((x)) < e nGiy) | (6.21)
ou(x

Proof: First of all, we know that the reverse direction of the theorem is proved in
Section 2.5.1. Nevertheless, we like to mention that it is much more easy if one uses the
wavelet characterization. Therefore, let {U%,,} be Daubechies wavelets with sufficiently
large k € Ny. We have to prove that there is a constant ¢ > 0 such that

p2,9 p1,9 p1,9

H Al BSQ’mloc(w)H <c H Al le’mloc(g)H holds for all X € b5™°¢( g). (6.22)

But this is an easy consequence of £, — ¢,, and condition (6.21).

For the necessity of the condition (6.21) we only consider p; = ps = p. The condition
p1 < po follows easily by taking sequences with A\, = 0 for v > 1. Then it is easy to
construct a contradiction with the help of the harmonic series.

Hence, in the case p; = ps = p we like to show that (6.22) deduces that there exists a

81



¢ > 0 with Z"—m < 2"617%2) for all v € Ny and all # € R™. The proof is indirect; we

y(x)
assume that for every v € Ny there exists a m,, € Z" with

w,(27"m,) > cy2”(81_82)gy(2_”mu) and ¢, is unbounded. (6.23)

Now, for every v € Ny we define a sequence )\, € l;;}émloc(g) which only has one non

zero coefficient N, = 2717/ g 1(27m,,). We have, ||\, | BZ}émloc(g)H =1 and from

(6.23) we obtain H Al l;fféml"c(w)H > ¢, which is unbounded and therefore contradicts
(6.22). O

Finally, we give a sharp version of one case of Theorem 2.33 for the 2-microlocal spaces
B;;Is/ (R™,U). It is a special case of the last theorem and Remark 2.34.

Theorem 6.13: Let U C R"™ be bounded. Then
B;;; (R",U) — B;g (R™,U)
holds if, and only if,

s>t ands>t.

6.4 Delta distribution

In this section we give exact conditions on the parameters such that the delta-distribution
d(¢) = ¢(0) belongs to B;;IS/ (R™, U).
Theorem 6.14: Let U C R™ be bounded, s,s" € R and 0 < p < cc.

(i) Let dist(0,U) = 0, then we have

s,8" (pn . . n
6 € By (R",U) if, and only if, S<E—n for 0 <q< oo (6.24)

and

s,8' (o . . n
0 € By (R",U) if, and only if, sgg—n. (6.25)

(i1) Let dist(0,U) =n > 0, then we have

s,s' (mpn . . n
6 € B (R",U) if, and only if, s+3'<5—n for 0 < q < oo (6.26)

and

s,8' (TN . . n
6 € By (R, U) if, and only if, s+ < ——n. (6.27)
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Proof: We only proof the cases, where 0 < ¢ < oo because for ¢ = oo the proofs
are analogous. As wavelet basis we take again the Daubechies wavelets with k£ € Ny
sufficiently large and supp ¥y, supp ¥r C Bys(0). Then we have

G () = 272 (5,08, ) = 2" [[ e, (0 —m,)  where G = (Gh,...,G,) € G”.

We obtain from the support property of the wavelets that Af,,(0) = 0 for m ¢Q,
[—27,27]". Now, we can estimate from dist(0,U) = 0 that 1 < (1 + 2¥dist(27"m, U))
(1427 dist(0,U) + |m|) < ¢; and that leads us for all s € R to

IA I

a/p\ /P

[r@rs @ - 22”"/” Z(Z\Aémlpuwdist(zVm,U>>s’p)
GeGY \mezn

1/p

- q/p
Zzu(sfn/p)q Z (Z 2Vn/p‘qjl/ ‘p(l 4oV dlSt(Q m, U)) >
v=0

GeGY \meZm

s 1/p
<c (Z 2”(5_"/p+”)p> < oo fors< n_ n.

v=0 p

If dist(0,U) = n > 0, then we have to differ two cases. The first one, s’ > 0, uses the
calculation above and (1 + 2”dist(0,U))*¥ < 2*¥'(1 +n + |m|)* = ¢2**". The norm is
less than infinity for s + s’ < % — n. In the second case, s’ < 0, we have to work more
careful. We know that A\,,(d) = 0 for m € Z" \ Q;. We choose vy € Ny large enough,
with [277m| < n/2 for v > vy and m € @Q;. Then we derive for these v and m that
dist(27"m,U) > n/2, hence

a/p\ /P
| Ao @) = 22“"”’ 2 (Z!Aém!p(1+2”dist<2”m’U))S/p>
GeGv \mezn
5 a/p\ /P
D i < ST (14 2 dist(2m, U))S/p)
v=0 meQ s
N a/p\ /P
el 2 2”“-"/’”””(2 (1+2 dist(2™m, U))S/p)
v=vg+1 meQy
. Uy N a/p\ /P
’ <22V(sn/p+n>p> el > 2”“"“’*"”(2 (1+2V77/2>S/p>
0 v=vp+1 meQ.

0o /p
<d+/ Z gv(s+s'=n/pEn)p <oo fors+s <2 —n.
v=rp9+1 p
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Finally, we want to prove that the conditions on the parameters are sharp. Therefore
we take some wavelet basis {U%,,} which is admissible with respect to our wavelet
characterization. The only thing we need is that |1y;(0)] = ¢ > 0. Then we conclude

indirectly; assume in the first case that s > n/p — n, then taking only m = 0 and
G=(M,...,M) and dist(0,U) =0

H AO)| bzsvizs,(U)H >c (i 2”(5*%+n)q(1 9 dist (0 U))S,q) 1/q

o0 1/q
—©c (Z 2V(s—z+n)q> =00,
v=0

which contradicts § € Bs'(R",U). In the case dist(0,U) = n > 0 we make the same
calculation and use (1 4 2V dist(0,U))* > 2 for all s’ € R. O
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7 The local spaces B%Z/(U)loc

This chapter is devoted to the study of the local spaces B]‘j&s'(U )le¢. They are an appro-
priate instrument for measuring local regularity of functions and they were treated inten-
sively by Jaffard, Meyer, Seuret, Levy-Véhel and many others ([JaMey96], [LVSeu04]).
We would like to point out some connections to the known case, p = ¢ = oo and
U = {xo}, and give first results.

7.1 Definition and wavelet characterization

In this section we define the local version of B;;;/ (R™, U) for compact U C R™.
Definition 7.1: Let f € S'(R™) and U C R™ compact, then f belongs to the local space
B;;]s/(U)l"c if there exists an open neighborhood U C Vy and g € B;;IS/(R”,U) globally
such that f = g on V.

From Theorem 4.2 we obtain the following.

Lemma 7.2: Let f € S8'(R") and U C R" compact. Then f € B3 (U)" if, and only
if, there exists an open neighborhood U C Vi and ¢ € C{°(R"™) with p(x) =1 on V; and
of € By (R, U).

The most important characterization of the local spaces is due to the wavelet charac-
terization. Therefore we have to modify the notation of the wavelet characterization of
Section 5.3. We overtake the notation from [Tri06, 4.2.1]. Let ©, vr € C*(R™) be the
Daubechies wavelets with sufficiently large & € Ny and supp ¢y, supp ¥ C Bys(0). Let
[ € Ny then

G=G"={F,M} and G"'={F M}™ forv>I.
We obtain for fixed | € Ny that {U% v > 1, G € G* and m € Z"} is an orthonormal
basis of Ly(R™) with
v (x) =2 [ [ ve, (272, —m,) where G = (Gi,...,G,) € G
r=1
We have to adapt our sequence spaces to ~thle new situation. We say a sequence of
complex-valued numbers { N4 } belongs to b (U) if

1/q

b q/p
REHCIE DIEDD (Z NGl (1+ 2" dist(2-m, U))S’p) <o,
v=l

GeGv.l \mezZn

Now, we can modify the proofs and statements and we get analogous to Corollary 5.33
the following.
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Corollary 7.3: Let U C R" bounded, s' € R, | € Ny and w,(z) = (1 + 2¥ dist(z, U))*".
Further, let s € R, 0 < p,q < o0 and

k > max(o, — s — min(0, s'), s + max(0, s)) (7.1)

in (5.76) and (5.77). Let f € S'(R™). Then f € B;;;/(R”,U) if, and only if, it can be

represented as

f= i SN AG27EVG with e Bn(U) (7.2)

v=l GGGV«Z mezZm"

with unconditional convergence in 8'(R™) and in any B;g/ (R*,U) witht < s and t' < s'.
The representation (7.2) is unique,

N = Xo(F) =25 { £, 90,) (7.3)
and
I f e {28 (105, (7.4)

is an isomorphic map from B;;f/ (R™,U) onto l;;;ll(U) Moreover, if in addition max(p, q) <
oo then {W4L } is in unconditional basis in B (R",U).

The advantage of this representation with extra index [ € Ny is that the size of the
support of the wavelets on the zero level v = [ is supp \I/lGlm C Bys1(27'm) and can be
minimized in taking large [ € Ny.

We assume in the following that the Daubechies wavelets have enough regularity, which
means k > max(o, — s —min(0, s’), s + max(0, s')), which is in the case p > 1 equal to
k > max(|s|, |s + §]).

Theorem 7.4: Let f € S'(R") and U C R"™ compact. Then f belongs to B;;Is/(U)l"c if,
and only if, there exists an | € Ny and an A > 0 with

1/q

- q/p
Z ov(s=n/p)g Z < Z |)\glm(f)]p(1 + 2V dist(27"m, U))s/p) < oo, (7.5)
v=l

GeGrl \meU,
where
U,={meZ": dist(2"m,U) < A} and N, (f)=2"/? < 7, ‘ijcfn> '

Proof: First Step: We have [ € B;;f/(U)lOC, which means that we can find U C V, C V
and ¢ € C§°(R") with ¢(z) =1 on Vp, suppp C V and ¢f € B3 (R",U). We can find
a number, —h € Ny such that Uy C Vj, where Uyn = {x € R : dist(z,U) < 2"}, We
would like to take these WY, which fulfill

(0.0 = (1, %6) . (7.6)
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which means that supp \I/éin C Uyn C Vp. This is fulfilled by dist(277m, U) < 2" — 277
and to have a positive number on the right hand side we have to demand v > J — h.
Now, we fix [ =J —h+1and A >0 by A=2" -2/,

From Corollary 7.3 we derive that

1/q

o) q/p
D ot/ - (Z Ao (0 £)IP (1 + 2” dist(27"m, U))S’p> < 00

v=Il GeGvl \mezZn

and that finally gives us with (7.6) and U, = {m € Z" : dist(27"m,U) < A} with A >0
as above

1/q

o] q/p
D ovlemniva - (Z NG (F)P(1 + 27 dist(277m, U))? ) <o00.
v=l

Geagvit \meU,

Second step: If we have (7.5) for some [ € Ny and A > 0, then we can define

vl
i Ao , forme U,
Gm — .
0 , otherwise.

Then f =3, a0 5\2;12*”% \Ifélm belongs by Corollary 7.3 to B;;f’ (R™, U) and that implies
f c Bs ,s ( )loc‘ ]

Remark 7.5: We like to point out that this theorem is similar to [JaMey96, Proposition
1.4] and [LVSeu04, Theorem 1] in the cases p =q =00, p=¢ =2 and U = {x,}.

7.2 Embeddings

In this section we like to present some embedding theorems for the local spaces. These
embeddings are well known in the case p = ¢ = oo and U = {z}.

Lemma 7.6: Let f € B;;’(U)l"c, then f belongs to B;;E’SUFE( )¢ for every € > 0.
Proof: For f € B (U)"* we find an | € Ny and A > 0 such that by Theorem 7.4

1/q

N q/p
ZQV(an/p)q Z (Z NG (F)P(1 4 27 dist(27"m, U))® ) <00,
v=l

GeGvrt \meU,

where U, = {m € Z" : dist(27"m,U) < A}. Now, we get by (1 + 2" dist(27m,U))* <
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(1+ A)°2* that

1/q

0o q/p
Y grlemenin 3 (Z PP+ 27 dist(2m, D)+ )
v=I

Ge@Gvil meU,
. a/p\ 1/
Z2y(s—s—n/17)q Z (Z |)‘ |P2usp(1 + oY dlSt(2 m, U)) >
v=I GeGgv't \meU,
- a/p\ V1
D ol N (Z NG (F)P(1 4 2¢ dist(277m, U))® ) <00,
v=l GEGVvl meUy
and Theorem 7.4 again finishes the proof. O

More generally we can proof the following embedding.
Theorem 7.7:

B (U)e — BE(U) if, and only if, t<sandt+t <s+s .

Proof: The sufficiency of the conditions on the parameter s,t,s’,t" € R is proved as in
the above lemma. To get the necessity we have to be more careful. The embedding is
equivalent to that we can find [ € Ny, A > 0 and ¢ > 0 such that

2= < (1 + 2 dist(27Vm, U))* ™" holds for all v > [ and m € U,,. (7.7)

We have to distinguish two cases. First, we assume that s < ¢, then for v > [ large
enough, we can find m, € U, with dist(27"m,,U) ~ 27%. This implies that the left
hand side of (7.7) is increasing in v but the right hand side is independent on v which
is a contradiction to (7.7).

In the second case we assume that ¢t +t > s+ s. Then we take for every v > [ an
m, € U, with dist(27"m,,U) ~ A. We can estimate the right hand side of (7.7) by

(14 2" dist(27m,, U))* ™" < 2""=") where ¢ > 0 is independent of v.

This gives us the contradiction to (7.7), because there exists no ¢ > 0 with 2v(=%) <
2" =) for all v > 1. O

Remark 7.8: This embedding theorem is in contrast to Theorem 6.13 and it is well
known in the case of the local C2* (R") ([Mey97, Corollary I11/3.4]). Moreover, this
theorem is the starting point for the definition of the so-called 2-microlocal frontier, see

[Mey97, II1.5] and [LVSeu04, Chapter 2.

7.3 The 2-microlocal domain

In this subsection we give a generalized approach to define on the basis of the theory
of the spaces B;;;/(U )¢ a 2-microlocal domain for a given function f € S'(R") as in
[Mey97].
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Definition 7.9: Let U C R™ compact and f € S'(R"), then for firted 0 < p,q < o0
qu(f, U) = {(S,S/) S RQ f € BSS ( )loc}

defines the 2-microlocal domain.

We have generalized the 2-microlocal domain from [Mey97] and [LVSeu04] which stud-
ied the case p = ¢ = co. We get from the embedding Theorem 7.7 the following.

Lemma 7.10: Let (s,s") € E,,(f,U) and let
t<s and t+t' <s+5s,
then (t,t') € Ep(f,U).

Moreover, we are able to proof that this domain is convex.
Lemma 7.11: The 2-microlocal domain is convex. This means if (s,s") € E,(f,U)
and (t,t') € Epy(f,U) then (As+ (1 = Nt, As' + (1 = \)t') € E,(f,U) for all X € [0, 1].

Proof: Suppose f € B (U) N BLY'(R™,U)"¢ then we can find for both spaces a
Vo O U such that we find two functions g, € B (U)" and g, € BLY (R, U)" with

f =gson Vyand f = g, on V. Since V is universal for both spaces, we get from
Theorem 7.4 an [ € Ny and an A > 0 and

1/q

- q/p
DRSS (Z XL (PP + 27 dist(2m, U”S/p) o
v=l Geagvit meU,

and
. a/p\ 1
> 2y (Z N (F)IP(1L 4+ 2" dist(27"m, U))f ) < oo
v=I GGGVJ meU,

where

U, ={m € Z": dist(27"m,U) < A} .

Now, in using two times Holder’s inequality we get for arbitrary A € [0, 1]

a/p
Zzu (As+(1-X)t—n/p)q Z (Z ‘)\Eiﬂ —i—2”dlst(2 m, U)) (As"+(1=X)t")p )

GeGvit \meU,
_ 3 gt 3 (Z L (F)PP(L 4 2 dist (2, )PP x
v=l GeGv:t \meU,

a/p
X NG (NIEVP(1 4 27 dist (277m, U))(l—»t'p)
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0o Aq/p
<3 g § (z N CHIP(L+ 27 dist(2m, U)° ) .
v=l

GeGgvt \melU,

(1-=N)g/p
x 2V(t=n/p)1-N)q (Z NG (F)P(1 4 2¢ dist(277m, U))* >

meU,

- a/p\ A

Z ov(s—n/p)q Z ( Z \)\Efn(f)!p(l + 27 dist(27"m, U))S'p) X

v=l GEGV’Z meU,
- a/p\ 1A
ZQV(t—n/p)q Z (Z |)\ HIP(L+2"dist(27"m, U))" ) <00
v=l GEG”’Z meU,

That gives us f € B;Z\;+(17/\)t’/\5/+(17)\)tl(U)ZOC- =

Remark 7.12: This 2-microlocal domain clearly gives us new information. For example
take the delta distribution and U C R™ compact with 0 € U. Then we have for 0 < ¢ <

0

s,s’ loc n
6€ By (U) <:>3<E—n

and for ¢ = oo

5€B;§(U)loc<:>s§%—n.

Hence, one easily recognices the role played by the values of p and, less important, ¢
(see also Theorem 2.30).
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