2-MICROLOCAL BESOV AND TRIEBEL-LIZORKIN SPACES OF
VARIABLE INTEGRABILITY

HENNING KEMPKA

ABSTRACT. We introduce 2-microlocal Besov and Triebel-Lizorkin spaces with
variable integrability and give a characterization by local means. These spaces
cover spaces of variable exponent, spaces of variable smoothness and weighted
spaces which have been studied in recent years.

INTRODUCTION

In this paper we combine two concepts generalizing Besov and Triebel-Lizorkin
spaces. The first is the concept of 2-microlocal spaces, which initially appeared
in the book of Peetre [26]. Furthermore, 2-microlocal spaces have been studied by
Bony [4] in connection with pseudodifferential operators and were widely elaborated
by Jaffard and Meyer [14]. They are an useful tool to measure local regularity of
functions [19]. The approach is Fourier analytical. A distribution f € S’'(R™)
belongs to these spaces if for an admissible sequence of weights w = {wj} 2o the
related norm is finite
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where {¢;} is a smooth resolution of unity, s € R and 0 < p,¢ < 0o (p # o0 in
the F-case). If the weights satisfy w;(x) = 1, then we obtain the usual Besov and
Triebel-Lizorkin spaces, studied in detail by Triebel in [32],[33] and [34].

At the beginning, the weight functions have been the 2-microlocal weights w;(x) =
(14 27|z — x0|)* with zp € R” and s’ € R. Besov spaces with these weights were
examined by Jaffard [13], Meyer [21] and Xu [36]. Using more general weights
Moritoh and Yamada [22] studied wavelet characterizations of 2-microlocal Besov
spaces. The above definition with weights satisfying Definition 1.1 was given in [15]
by Kempka and characterizations by local means, atoms and wavelets have been
established ([15], [17]). Leaving the world of tempered distributions and admitting
ultra distributions Besov studied Bg;™°¢(R", w) and F3;™°¢(R™, w) with an even
more general definition of the weights and proved a characterization by differences
in [3].
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The spaces Fﬁémloc(R”, w) with the 2-microlocal weights were treated by Anders-
son in [2].

The second concept on which we rely are spaces with variable integrability. It can
be traced back to Orlicz [25] and an overview is given by Kovééik and Rékosnik in
[18].

Let © C R™ be an open set and p : & — (0, 00] is a measurable function bounded
away from zero then we denote Qo = {x € R" : p(z) = oo} and Qy = 2\ Q.
Then Ly.)(€2) is the collection of all measurable functions f : €2 — C such that the
modular or,,,

oL, (f) = /|f(x)|p(””)dx + ess-sup |f(x)| 1is finite. (1)
3, TEN

The spaces Ly.)(R") are equipped with the Luxemburg norm
| FILpy ()] = inf{A > 0: 0p, ., (f/A) <1} . (2)

Variable exponent Lebesgue spaces share many properties with the usual L,(2)
spaces with fixed exponent (see [18]). One crucial property which is missing is the
translation invariance. The variable exponent spaces have interesting applications
in fluid dynamics, PDE’s and image processing. In that connection, Sobolev spaces
with variable exponent have been introduced and studied in detail in [1] and [12].
From the point of view of Harmonic analysis, the breakthrough for variable ex-
ponent spaces was achieved by Diening, when he showed in [7] that the Hardy-
Littlewood maximal operator is bounded on L,.y(f2) for p satisfying some regu-
larity condition inside a large ball Br and outside p is constant. Inspired by this
work, Cruz-Uribe, Fiorenza and Neugebauer in [5] and Nekvinda in [24] removed
the p is constant condition by less restrictive conditions.

Our goal is to combine both approaches to define 2-microlocal Besov and Triebel-
Lizorkin spaces with variable integrability and to give a characterization by local
means for them. Diening, Hasté and Roudenko recently presented in [9] Triebel-
Lizorkin spaces with variable s(-), p(-) and ¢(-). These spaces are contained in our
approach.

The paper is organized as follows. In Section 2 we introduce the basic notation in
the theory of 2-microlocal spaces and spaces of variable integrability. In Section
3 we define the spaces Byf) ,(R") and F3¢,) ,(R™) which combine both approaches.
Further, we present the local means characterization of these spaces in the abstract
form of Rychkov [28] and in the sense of Triebel [33, 2.4.6/2.5.3]. The proofs are
carried out in Section 4, based on the techniques in [28], [37] and [15]. The last
section is devoted to the study of the spaces Fyy 4¢.)(R™). They are a generalization
of sz((_')),q(_)(R") studied in [9]. We modify the proofs in the previous section and
obtain the local means characterization for Fjfy ;) (R™).

1. PRELIMINARIES AND DEFINITIONS

As usual R™ denotes the n—dimensional Euclidean space, N is the collection of
all natural numbers and Ny = NU {0}. Z and C stand for the sets of integers and
complex numbers, respectively.

The Schwartz space S(R™) is the space of all complex valued rapidly decreasing
infinitely differentiable functions on R™ and by S’(R™) we denote its dual space.
We denote by F and F~! the Fourier transform and its inverse on S(R") and
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S'(R™) respectively and we use the symbols f and fY for Ff and F~1f.

The constant ¢ stands for unimportant positive constants. So the value of the
constant ¢ may change from one occurrence to another. By ap ~ bi we mean that
there are two constants c1,co > 0 such that ciap < by < coay for all admissible k.

1.1. 2-microlocal spaces. As in [15] we introduce a sequence of admissible weight
functions w = {w, }.

Definition 1.1 (Admissible weight sequence): Let a > 0 and let ai,a2 € R,
a1 < ag. A sequence of non-negative measurable functions w = {wj}‘j?‘;o belongs to
the class W if and only if

(i) The;ehz;:ists a constant C > 0 such that
0 < w;(z) < Cw;(y) (14 27|z — y|)a for all j € Ng and all z,y € R".
(ii) For all j € Ny and all x € R™ we have
2%w;(z) < wjqq(z) < 2%w;(x) .
Such a system {w;}32, € Wy, ,, is called admissible weight sequence.

This definition coincides with Definition 3.1 in [3] for the case of the usual dis-
tributions (w(z) = In(1 4 |z|)¢ in the notation of Besov).

Remark 1.2: If we use w € Wy, ,, without any restrictions, then a > 0 and

a1, a9 € R are arbitrary but fixed numbers.

Examples of admissible weight sequences are the 2-microlocal weights w;(z) =
(1427 dist(z, U))*’, where U € R™ and s’ € Roor wj(z) = (1427 In(1+dist(z, U)))* .
Further examples are given in [15].

Furthermore, we need a smooth resolution of unity.

Definition 1.3 (Resolution of unity): A system ¢ = {¢;}72, C S(R™) belongs to
the class ®(R™) if, and only if,
(i) suppgo C {x € R": |z| < 2} and suppyp; C {w € R" : 2071 < |g| < 27F1};

(ii) For each B € Ni there exist constants cg > 0 such that

27181 sup |DPp;(x)| < ¢s  holds for all j € No.
IERTI

(iii) For all x € R™ we have

Remark 1.4: Such a resolution of unity can easily be constructed. Consider the
following example. Let ¢ € S(R™) with ¢o(z) =1 for x| <1 and supp o C {z €
R™ : |z| < 2}. For j > 1 we define

(@) = po(277x) — po(277 ) .
It is obvious that ¢ = {p;},cn, € P(R™).
Now, we are able to give the definitions of the 2-microlocal Besov and Triebel-

Lizorkin spaces.

Definition 1.5: Let w = {w;}jen, € W5, 0, and let {p;},cy, € ®(R") be a

resolution of unity. Further, let 0 < ¢ < 0o and s € R.
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(a) For 0 < p < oo we define

B;’qmloc(R", )= {f e S'(R™) ||f\ By, mloc( ’Zw)“w < oo} , where
1/q

NI
Ly(R™)

171 By @ w)l, = | 3227 |wiles))”

(b) For 0 < p < co we define
‘F;émloc(]Rn7 ) {f e S/ Rn Hf' Fs mloc( n,w)H@ < OO} s where
1/q

Hf|Fs mloc( n,,w)H _ Z2jsq

©

We use the usual modifications if p or q are infinity.

If w;(z) =1, then we obtain the usual Besov an Triebel-Lizorkin spaces.

By a Fourier multiplier theorem for weighted Lebesgue spaces of entire analytic
functions ([29, Theorem 1.7.5]) it is easy to show that the definition of the spaces
B;;]ml"c(R”,w) is independent of the chosen resolution of unity ([15, Theorem
2.12]). The same holds for F3,™"°¢(R", w) if we generalize Theorem 1.9.1 in [29]
and replace the weight function g there by an admissible weight sequence {p;} sat-
isfying Definition 1.1. We will not go into detail, because our results prove, that the
spaces Fz‘fémloc (R™, w) are independent of the resolution of unity if the resolution is
constructed as in Remark 1.4. Therefore, we can suppress ¢ in the notation of the
norm.

1.2. Variable exponent spaces. We take over the notation of spaces of variable
integrability from [9]. As usual we denote by 2 an open set from R™. A measurable
function p : Q@ — (0,00] is called a variable exponent function if it is bounded
away from zero. For a set A C Q we denote p}y = ess-sup,c 4 p(x) and p, =
ess-inf,c 4 p(z); we use the abbreviations pt = pg and p~ = pg. The variable
exponent Lebesgue space Ly(.)(€2) consists of all measurable functions f such that
the modular

o, (f / @) + ess-sup )

is finite. The Luxemburg norm of a function f € Ly.)(Q) is given by

| £ Ly ()] = inf{X = or, @) (F/A) <1}
If w is a positive measurable weight function, we define the weighted variable ex-
ponent Lebesgue space by || f| L) (€, w)|| = ||wf] Ly (2)]|. We denote the class
of all measurable p : R" — (0, o0] such that p~ > 0 by P(R").
The Hardy-Littlewood maximal operator M for f € LI°¢(R") is defined as

1
(M) (@) = sup oz B/ FW)ldy

where the supremum is taken over all balls B with x € B and |B| is the Lebesgue
measure of B. By B(R") we denote the class of all p € P(R") such that the Hardy-
Littlewood maximal operator is bounded on L,.y(R"). In order to cover concrete
classes of B(R™) we introduce the following notation.
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Definition 1.6: Let g € C(R™). We say that g is locally log-Holder continuous,
abbreviated g € C)°%(R™), if there exists Clog > 0 such that

loc

3)

l9(2) —9(y)l < log(e + 1/|z — y])

holds for all x,y € R™.
We say, that g is globally log-Hélder continuous, abbreviated g € C'°8(R™), if g is
locally log-Holder continuous and there exists goo € R such that

Clog
9(%) = gool < Togle + 1) (4)

holds for all x € R™.

From [8, Theorem 3.6] it is known, that M is bounded on Ly, (R") if p € P(R")
belongs to the class C°8(R™) and 1 < p~ < p* < 0o (see also [9] and [24]).

2. THE SPACES Bjf) ,(R™) AND FJf) ,(R™)

2.1. Definition of the spaces. Now, we combine both concepts to receive the
definition of the 2-microlocal Besov and Triebel-Lizorkin spaces with variable inte-
grability. We use all notation introduced before. We put the factor 27° inside of
the weight sequence. This changes a1 and as but the notation becomes clearer.

Definition 2.1: Let w € WS, .., {®;j}jen, a resolution of unity from Remark 1.4,

p€PR") with0<p~ <p' < oo and 0 < g < cc.
(a) The space Byt 4(R™) is defined as

Bty (R™) = {f e S'(R"): || i quf’.),q(R”)H(P < oo} , where

1/4q
q

Lyy(R™)

1180 @, = [ 3 [[wstesh)”
=0

(b) If p* < oo then Fty ((R™) is defined by

Fty 4 R") = {f eS'R™) || f] F;E}'),q(Rn)H@ < oo} , where

1/q
q n
| Ly (R™)

|15 @, = ||| X |esh)" @y ()
=0

This definition clearly generalizes both concepts. For p constant and w;(x) =
275(1427 |z — 20|)®" we obtain the 2-microlocal spaces, considered at the beginning.
Moreover, the usual Besov and Triebel-Lizorkin spaces are contained for p constant
and w;(x) = 27%. If we fix the weight sequence by w;(x) = 2%, then we derive the
spaces of variable integrability considered by Xu [37]. If we set the weight sequence
to w;(x) = 275(%) than we obtain the Triebel-Lizorkin spaces in [9] for constant q.

2.2. Local means characterization. Our main result is the local means char-
acterization of these spaces. To that end, we define the Peetre maximal operator.
It was introduced by Jaak Peetre in [27]. The operator assigns to each system
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{¥;}ien, € S(R™), to each distribution f € S'(R™) and to each number a > 0 the
following quantities
()Y ()]

sup — k) WL cgr peN, . 5
T Ry — o) 0 (5)

Since ¢y, € S(R™) for all k € Ny the operator is well-defined because (¢ f)" =
c(¢y * f) is well-defined for every distribution f € S'(R™).

Given a system {¢ }ren, C S(R") we set Uy = ¢, € S(R™) and reformulate the
Peetre maximal operator (5) for every f € §’(R™) and a > 0 as

(W * f) ()]

sup —————"— g eR"and k € Ny . 6
TR — o ° ©

(V5f)a(x) =

We start with two given functions g, ¢ € S(R™). We define
Yi(z) = (277 x), for x € R" and j € N. (7)

Furthermore, for all j € Ny we write ¥; = zl;j.
Now, we state the main theorem.

Theorem 2.2: Let w = {wg}ren, € WS, 0yy 0 < ¢ < 00, p € P(R") and let

a € R, R € Ny with R > as. Further, let ¥o,11 belong to S(R™) with

DP1(0)=0, for0<|Bl<R, (8)

and
[Yo(x)] >0 on {xeR":|z|<e} (9)
[1(x)] >0 on {xeR":e/2 < |x| <2} (10)

for some € > 0.

(a) If there exists 0 < po < p~ with p(-)/po € B(R™), then for a >t + «

[ F1 B8y qR™)|| ~ [ (T 5 fwse] €g(Lpe))|| ~ || (W5 atwr] € (L)

holds for all f € S'(R™).
(b) If pt < oo and if there exists pg < min(p~,q) with p(-)/po € B(R™), then
for a > p% +a

VB a @I~ [ (2wl Ly Eo)l| ~ [ (TEFawel Ly (E) |

holds for all f € S'(R™).

The proof relies on [28] and will be shifted to the next section. Moreover, Theo-
rem 2.2 shows that the definition of the 2-microlocal spaces of variable integrability
is independent of the resolution of unity from Remark 1.4.

Remark 2.3: (a) If R =0, then there are no moment conditions (8) on ;.
(b) If p € C'°9(R™), then for every pg < p~ we have p(-)/po € B(R"), see [8,
Theorem 3.6].

Next we reformulate Theorem 2.2 in the sense of [33, Subsections 2.4.6/2.5.3].

Let B = {z € R" : |z| < 1} be the unit ball and k£ € S(R™) a function with
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support in B. For a distribution f € S’(R™) the corresponding local means are
defined for z € R™ and ¢ > 0 by (at least formally)

. y—x
e = [kt ma = [5(5) fwa . )
R i
Let ko, k° € S(R™) be two functions satisfying
suppko C B, suppk’ C B , (12)
and
ko(0) # 0, k2(0) #0 . (13)
For N € Ny we define the iterated Laplacian
N
N0 — 0’ 0
Ky) = AV =D 55| ), yeR". (14)
j=1 8yj
It follows easily that
k() = |z|2NEO(x) and that implies (15)
DPE(0)=0 for 0<|B|<2N. (16)

Using this notation we come to the usual local means characterization.
Theorem 2.4: Let w = {w;}jen, € W3, 4,, 0 < ¢ < 00 and p € P(R™). Fur-

thermore, let N € Ny with 2N > ag and let ko, k° € S(R™) and the function k be
defined as above.

(a) If there exists an po < p~ with p(-)/po € B(R™), then

1/q

(| Bo (1, f)wol Ly (R + [ D |27, fHws] Lyey (R™)||*
j=1

is an equivalent norm on Bty ,(R™) for all f € S'(R™).
(b) If p™ < oo and if there exists an po < min(p~,q) with p(-)/po € B(R™),
then
1/q

| ko (1, f)wo| Ly (R™)|] + Z (277, f) (w; ()] Ly (R™)

is an equivalent norm on Fjy ((R™) for all f € S'(R™).
Proof. We put
Yo=ky ,  Y1=k"(/2).
Then the Tauberian conditions (9) and (10) are satisfied and due to (16) also the

moment conditions (8) are fulfilled. If we define 1; for j € Ny as in (7), then we
get

(036)" (@) = c(w = £)@) = ¢ [ (Fus) )+ )y (1)

For j = 0 we get F1g = kg and for j > 1 we obtain
(Fo)(y) = (Fen(279H1))(y) = 297" (Fpr) (27 1y) = 27k(27y) -
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This and the equation (17) lead to

(63 )" (@) = 2" / k() (x4 y)dy = ck(29, f)(@) . jENo, zcR".

Together with Theorem 2.2 the proof is complete. (I

2.3. Connection to known spaces. For p =const and w;(z) = 275 we clearly
get back to the usual Besov and Triebel-Lizorkin spaces B;, (R") and F}; (R"). Con-
sequently, we get the entire scale of function spaces which are included in B, (R™)
and Fj (R"), as the Lebesgue, Sobolev, Hardy, Holder-Zygmund,... spaces (see
[33] for details).

If p is constant, then the spaces from Definition 2.1 coincide with the spaces in
[3] presented by Besov. On the one hand, our approach is more general because
negative smoothness is allowed (a1, a2 € R in contrast to 0 < o < ag in [3]), on
the other hand, Besov’s approach is more general because he used the machinery
of ultra-distributions to allow exponential growth for the weights.

Regarding p constant the entire literature on 2-microlocal spaces B;’;]s/ (R™,U) with

wy(x) = 27°(1 4 27 dist(x, U))*

mentioned before ([2], [4], [13], [14], [15], [17], [20], [22], [19]) is included in this
approach.

Moreover, also the spaces of generalized smoothness are contained in this approach
([11], [23]) by taking

w;(x) = 27°W(277) , or more general w;(z) = o .

Here, {o;} is an admissible sequence that means there exist do,d; > 0 with
dooj < 0j41 < dioj. One immediately recognizes, that this is the second con-
dition in Definition 1.1 for constant weight functions.

Schneider in [30] has defined Besov spaces B5-*0(R™) where S(-) has to be a lower
semi-continuous function which describes the local regularity and sop < S(-) is the
global minimum smoothness. Schneider gave a wavelet characterization of these
spaces. This approach is not contained in our definition of Bt ,(R™), but it is
closely connected for p constant, see [30] and [16].

If wi(x) = 27wo(x) for all j € N, then we obtain the weighted Besov and Triebel-
Lizorkin spaces for p constant, see [10, Chapter 4].

For variable p € P(R™) and w;(z) = 27 the spaces considered by Xu in [37]
are contained in the above scale.
Moreover, also the classical spaces of variable integrability are contained in F;fy ,(R™)
for w;(z) = 27%. For example we have FloyR") = £5P0)(R™), where £57()(R™)
are the Bessel potential spaces (fractional Sobolev spaces) of variable integrabil-
ity which were introduced in [1] and in [12]. The integrability p has to belong to
C'°8(R"™) with 1 < p~ < p* < oo and s > 0 (Theorem 4.5 in [9]). As a special case
we get under this conditions that Fj ) ,(R") = W, (R"), where k € No.
If one chooses in [9] the parameter ¢ as a constant function, then the spaces from
Definition 2.1 include the Triebel-Lizorkin spaces of [9]. Our conditions on the
weight sequence would also allow w;(x) = 275(®) where the function s can be neg-
ative, whereas in [9] s(z) > 0. The next lemma shows that the conditions on
s:R™ = R in [9] define an admissible weight sequence.
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Lemma 2.5: Let s : R™ — R be a bounded and measurable function which satisfies
the local log-Hélder condition, i.e.
|s(z) — s(y)]

Cs

<———, (18)
log(e +ﬁ)

for some constant ¢s > 0 and all z,y € R™.
Then wj(z) = 275(®) s an admissible weight sequence for sufficiently large o > 0
and oy, € R with respect to Definition 1.1.

Proof. The second condition in Definition 1.1 is easily proved with the help of the
boundedness of s and we derive a1 = —||s]|oo and ag = ||$||so. Now, we prove the
first condition on the weights. We can define

w;(x) (s()—
D(z,y) = 23\ 9j(s(@)—s(y))
w;(y)
and the first condition in Definition 1.1 is equivalent to
D(z,y) < CAL+ 2|z —y|)* (19)

for C > 0 and « > 0 independently chosen of j € Ny and z,y € R™. From now
on we choose j > 2, the remaining cases j < 1 can easily be incorporated in the
constant C.

First case, | — y| > 1/2: We have the following estimate

923500 +1

D(z,y) = 97 (s(z)—s(y)) < < |z — y|2j(2||8\|oo+1) <(1+ 2j|x —y))*,

for a > 2||s]|eo + 1.
Second case, 27F71 < |z — y| < 27% for £ > 2: We use (18) and obtain

D(z,y) < 2=l < e

Furthermore,

log <e+ ) Zlog(e—i—Qk)Zc-k:,

|z —yl
which gives
D(zx,y) < 91 % , where ¢, = c;1de.
For k > j — 1 we get
D(z,y) <2%% < C(1+ 2|z —y[)*, fora>1and C=2%%,

If £ < j — 2 we wish to have the following estimates

D(z,y) <PF <207 N < (14PN < (14 P -y (20)
To show the second inequality in (20) we need an o > 1 with
_J
RG—1-Fk)

JCs

k

<a(j—k—1) that means « > ¢
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But this is satisfied with o = 4¢, which is independent of 2 < k < j — 2. This
finishes the proof, and we have w;(x) = 275@) € Wo " if

1,02
—a1 2 [|sflec < ap (21)
C > max(22¢1de 9 94lsllcy and (22)
a > max(4ceslde, 2||s]|oo + 1) (23)
O

3. PROOF OF THEOREM 2.2

In the following subsections we prove two theorems which together give the proof
of Theorem 2.2.

3.1. Helpful lemmas. Before proving the local means characterization we recall
some technical lemmas without proof, which appeared in the papers of Rychkov [28]
and Xu [37]. The first lemma describes the use of the so called moment conditions.

Lemma 3.1 ([28], Lemma 1): Let g,h € S(R™) and let M € Ny. Suppose that

(DP§)(0) =0 for 0<|B/ <M . (24)
Then for each N € Ny there is a constant Cn such that
sup |(ge * h)(2)|(1+ |z|N) < OntM , for O0<t<1, (25)
z€R"™

where gi(x) =t "g(x/t).
Remark 3.2: If M = 0, then condition (24) is empty.

The next lemma is a discrete convolution inequality which we will need later on.

Lemma 3.3 ([37], Lemma 3): Let 0 < ¢ < 0o, § > 0 and p € P(R™) with 0 <
p~ < pt < oco. Let {gr}ren, be a sequence of non-negative measurable functions

on R™ and denote
o0

G,(z) = ZQ“”‘k‘égk(x) , xR ,veNy. (26)
k=0
Then there exist constants C1,Cy > 0 such that
|Gl la( Ly < Ct || gel €a(Lyy) | (27)
and
H Gyl Lp(')(eq)H < Cy Hgk‘ Lp(-)(gq)H : (28)

Lemma 3.4 ([6], Corollary 2.1): If p € B(R™), then for all 1 < ¢ < oo,
” Ml Lp(-)(gq)H <c H fil Lp(-)(gq)H ’

where M is the Hardy-Littlewood mazximal operator.

Lemma 3.5 ([28], Lemma 3): Let 0 < r < 1 and let {}ven,, {Bv}ven, be two
sequences taking values in (0,00). Assume that for some N° € Ny,

Yy = O(QVNO) , forv—oo. (29)
Furthermore, we assume that for any N € N

oo
_ 1—
YW <CNY 278 mil, veNy, Cn<oo
k=0
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holds, then for any N € N

W<CONY 27" By, veN (30)
k=0

holds with the same constants Cy .

3.2. Comparison of different Peetre maximal operators. In this subsection
we present an inequality between different Peetre maximal operators.
We start with two given functions v, 11 € S(R™). We define

Vi(x) =1 (277 ), for z € R™ and j € N. (31)

Furthermore, for all j € Ny we write ¥; = 1/;j and in an analogous manner we
define ®; from two starting functions ¢g, ¢1 € S(R™).
Using this notation we are ready to formulate the theorem.

Theorem 3.6: Let w = {w;},cy, € Wa, 0y 0 < ¢ < 00, p € P(R") with 0 <

p~ < pt < oo and a € R with a > 0. Moreover, let R € Ny with R > o,

D (0)=0, 0<|B/ <R (32)
and for some € > 0

[po(z)| >0 on {xeR":|z|<ce} (33)
[p1(z)| >0 on {z€R":e/2 < |z| <2} (34)

then
(e f)awn] g (Lp)|| < e[ (@5 Farwr] (Lo )| (35)

and
(36)
[ (Wkf)aw] Ly (€ || < ]| (R5F)arwn] Ly (6) (37)

holds for every f € S'(R™).

Proof. We have the fixed resolution of unity from Remark 1.4 and define the func-
tions {X;}jen, by

2z
#j ( )
Aj(x) = £
’ ¢;j(x)
It follows from the Tauberian conditions (33) and (34) that they satisfy
> Nj(@)gix) =1, zeR" (38)
=0
Ni(@)=M(277 ), zeR", jEN (39)

supprg C{z € R" : |z| <e} and suppA C{x e R":¢/2 <|z| <2} . (40)

Furthermore, we denote Ay = Xk for k € Ny and obtain together with (38) the
following identities (convergence in S’(R™))

F= Mes®psf,  Uyaf=> U, xAxPpsf. (41)

k=0 k=0
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‘We have

|<%*Ak*<1>k*f><y>|s/\ (T, % M) (2)][( B )y — 2)|d=

< (@0alw) [ 100, % AL+ 255000 (42
Rn

(Pe)aW) vk

where
Vk—/| s+ M) ()| (1 + [282%)dz

According to Lemma 3.1 we get

o(k—v)R Jk<v
[,,)Ig <c {2(Vk)(a+1+a1|) , V <k. (43)

Namely, we have for 1 < k < v with the change of variables 2Fz s 2
b =27 / [(Wy—k % A1 (-/2))(2)(1 + |2]*)d=
RTI,

< sup [(Tyo g # Ar(-/2)(2)](1+ [+ < ol
zeRn®

Similarly, we get for 1 < v < k with the substitution 2"z + z
k=27 ”/| (-/2) % Ap_,)(2)|(1 + |28 2|")dz

<02(u k)(M— a)

M can be taken arbitrarily large because A; has infinite vanishing moments. Taking
M = 2a+|a;|+1 we derive (43) for the cases k, v > 1 with k # v. The missing cases
can be treated separately in an analogous manner. The needed moment conditions
are always satisfied by (32) and (40). The case k = v = 0 is covered by the constant
¢ in (43).

Furthermore, we have

(@5)a(y) < (D5 f)al@)(1+ 2" (@ —y)[*)
< (®7.f)a(@)(1+ ]2 (z — y)|*) max(1,207%) .
We put this into (42) and get

[(T, * Ag x P x [)(y)] o(k—v)R Jk<w
3 < c(P a
T a gl =A@ genadan s,

Multiplying both sides with w, (z) and using

o(k—1)(=az) k
ko) <) {31,
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leads us to
(U, * A + @ % f)(y)| 2(k—v)(R-a2) Jk<v
v < (b* a
T ey )= O o k>
This inequality together with (41) gives for § := min(1, R — ag) >0
(U5 Na(@w, (z) < ey 27 F 0@ f)o(z)wp(z) , = eR™, (45)
k=0
Then, Lemma 3.3 yields immediately the desired result.
O

Remark 3.7: The conditions (32) are usually called moment conditions while (33)
and (34) are the so called Tauberian conditions.
If R =0 in Theorem 3.6, then there are no moment conditions on ;.

3.3. Boundedness of the Peetre maximal operator. We will present a theo-
rem which describes the boundedness of the Peetre maximal operator. We use the
same notation introduced at the beginning of the last subsection. Especially, we
have the functions ¢y, € S(R") and Uy, = 1 € S(R™) for all k € Ny.

Theorem 3.8: Let {wy}ren, € W2 a€Rand 0 < qg< oo, pe PR™). For

ap,027

some € > 0 we assume g, ;1 € S(R™) with
[o] >0 on {zeR":|z|<e} (46)
[t1] >0 on {zeR™:e/2 < |z| <2e} . (47)
(a) If there exists 0 < po < p~ with p(-)/po € B(R"), then for a > 7 + o

| (W5 F)aw] Lg(Lyy)|| < || (Wi % fwg] g(Lpe)]| (48)

holds for all f € S'(R™).
(b) If p* < oo and if there exists 0 < pg < min(p~,q) with p(-)/po € B(R™),
then for a > pﬂo—ka

(| (W% f)awr] Lpey (€[] < €| (Tr + fwn] Ly (£ (49)
holds for all f € S’'(R™).

Proof. As in the last proof we find the functions {\;};en, with the properties (39),
(40) and

o0

> Ne@7Va)yp(27Va) =1 forall v €N . (50)
k=0

Instead of (41) we get the identity
U,sf= ApysWpy,x Uy s f, (51)

k=0

where

Mgy (&) = Me(277)]N(E) = 27" AR (27€)  forall v,k € Ny .
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The WUy, are defined similarly. For k¥ > 1 and v € Ny we have ¥, = ¥, and
with the notation

Wo(277z) Lif k=0
Ow() = .
y,(x) , otherwise
we get Y (277 2)Y, (2) = 0k 0 (%) Yr+0 (z). Hence, we can rewrite (51) as
U, * f= ZA’W’ *Gpy x Wy x f (52)
k=0

For k > 1 we get from Lemma 3.1

2—k:M
(L+[2vz]*)
for all k,v € Ny and arbitrary large M € N. For k = 0 we get the estimate (53) by
using Lemma 3.1 with M = 0. This together with (52) gives us

[(Aky *0r0)(2)] = 277 (Ak * ©)(272)] < Cp2Y" (53)

27kM

(T, * )(y)] < Cpr2™ ;OR[ FSEROE Z)la)\(\lfk+y # [)(z)|dz . (54)

For fixed r € (0,1] we divide both sides of (54) by (1 + |2”(z — y)|*) and we take
the supremum with respect to y € R™. Using the inequalities

1+ 12"(y = 2)[) A+ [2"(x = y)|*) 2 (1 +[2"(z = 2)|*) ,
(Ut * )] < (W * N (Pg Ha(@) 71+ 277 (2 = 2) |

and
(1 + |2k+u<x _ z)|a)1—r - 2ka
A+ 27 =2)|*)  — Q+[2H(@—2)*)" ]
we get
. o —a) (g e 2O (W ¢ ()]
(\I/yf)a(‘r) <Cu 22 k(M-+n )(\I/k+uf)a(x)l f(l 4 ‘2k+l’(-;' _ Z)|a)r dz .
k=0 B
(55)
Now, we apply Lemma 3.5 with
27 (Wy ()]
v = [0y a y v = d ; N
Yo = (V5 f)a(@) B / 1+ [2"(z — 2)|2)" z, V&l
R’n
N =M+n—a,Cy = Cpy+n—aand N°in (29) equals the order of the distribution
feS'(R).
By Lemma 3.5 we obtain for every N € N, z € R™ and v € Ny
c- 2B (W * (2]
o " <O 2—kNr/ +v d 56
(¥} f)a(z)" < Nkz—o 1+ [2F7(z — 2)[)" o (56)
- n

provided, that (U} f).(z) < oo. Since f € S'(R™), we see that (U} [f).(z) < o0
for all x € R™ and all v € Ny at least if a > N°, where NV is the order of the
distribution. Thus we have (56) with Cy independent of f € &’(R") for a > NY
and therefore with Cy = Cy, s for all @ > 0 (the right side of (56) decreases as
a increases). One can easily check that (56) with Cxy = Cy s implies that if for
some a > 0 the right side of (56) is finite, then (U} f).(z) < co. Now, repeating



2-MICROLOCAL SPACES OF VARIABLE INTEGRABILITY 15

the above argument resurrects the independence of Cy. If the right side of (56) is
infinite, there is nothing to prove.

We point out that (56) holds also for » > 1, where the proof is much simpler. We
only have to take (54) with a+n instead of a, divide both sides by (142" (z—y)|*)
and apply Hoélder’s inequality with respect to k£ and then z.

Multiplying (56) by w, (x)" we derive with the properties of our weight sequence

* =, (Wi = £ ) 1 (2"
r r k(N4oaq)r +
(W ala) wola) < O 3o~ [Emm Rt B as o)
- J

for all x € R", v € Ny and all N € N.
Now, we choose an r > 0 with -~ <. Then the function

o
(1+[z[)rte=)

S Ll(Rn)

and by the majorant property of the Hardy-Littlewood maximal operator (see [31],
Chapter 2) it follows

(U3 f)a(@) wy ()" < Cy 27 M VHO M ([ Wy 5 flTwpy, ) (@) . (58)
k=0

We fix N > 0 such that N + a1 > 0 and denote
gr(@) = M([Wy = f]"wp)(z) .

From (58) we derive

Gy(@) = (T} f)a(x) w, (2)" < C Y 27 FNFarg, ()

k>v

So, for 0 < § < N + a1, we apply the £,/,.(Ly,.)/r) and the L,./.(¢4/,) norm and
we derive by Lemma 3.3

[Tk ) a(@) wi(@)" [ €q/r (Lo || < e[ MACL = f17wi) (@) €g/e (Lo ) || (59)

and

[ (%) (@) w (@) Lpey /e (lgpe) || < e | MCR = S w) (@)] Ly (L) - (60)

To get rid of the maximal operator in (59), we rewrite the £/, norm. Then we
choose — < 7 < pg and we get from Theorem 1.2 in [6] that p(-)/r € B(R™). This
gives us (48).

For (60) we choose —"— < 7 < pg and we obtain by Lemma 3.4 that (49) holds and
the proof is complete. ([l

4. COMPLEMENT: THE CASE OF Fyfy ;)(R"™)

The spaces F,f((.')),q(,)(R”) are a further generalization of the Triebel-Lizorkin
spaces. Also the third index ¢ may now dependent on x € R™. These spaces were
introduced by Diening, Hésto and Roudenko in [9] and in this work they proved
a characterization of these spaces by decomposition in molecules and atoms. Fur-
thermore, they showed that the definition of the spaces F]f((.'){q(.) (R™) is independent
of the chosen resolution of unity, if s(-),p(-), ¢(+) satisfy the standing assumptions

(see [9]).
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To study these spaces turned out to be useful in the connection with trace theorems.
Due to

trF;(("))vq(-)(Rn) = FS('%)?,%(&(-))(Rn—1)

(see Theorem 3.13 in [9]) we see the necessity of taking s and ¢ variable if p is not
constant. Quite recently, Vybiral in [35] has proved embeddings of Sobolev and
Jawerth type for () ) (R™).

We want to concentrate on this scale and generalize the smoothness function s(-)
by the sequence of admissible weights which yields more general spaces, cf. Lemma
2.5.

Definition 4.1: Letw € W, ,,, {®j}jen, a resolution of unity from Remark 1.4.
Further, let p,q € P(R") with 0 < p~ < p" < 00 and 0 < ¢~ < ¢" < co. The
space Fpty oy (R™) is defined by

Bty a0 R = {f €8+ | /1 By a0y R, < 00} where
1/q(z)
Ly (R™)

q(z)

o0
A1 B a0 ®, = ||| D [0/ @ (@)
j=0
Fortunately, the arguments in the above proofs were mostly pointwise and at the

end we used Lemma 3.3 or Lemma 3.4. That means, the local means characteri-
zation of the spaces Fy{ 4)(R™) can be obtained by the same proofs as above; we
only have to find the corresponding counterparts to the mentioned lemmas.
Furthermore, we obtain that the definition of this spaces is independent of the res-
olution of unity ¢; so we can suppress ¢ in the notation of the norm.
First, let us give a modified version of Lemma 3.3.
Lemma 4.2: Let p,q € P(R") with 0 < ¢~ < q" < o0 and 0 < p~ < pt < oo.
For any sequence {g;};en, of nonnegative measurable functions on R™ denote for
some § >0

o0

Gj(z) = Z 2~ Ik=ildg, () for all z € R™.
k=0

Then with constant ¢ = ¢(p, q,0) we have
[{G}semol Loy (b)) < ¢ [[{g5}semel Lty (by) || - (61)

Proof. For fixed € R™ we show, that there exists a constant ¢ = ¢(g, d) such that
1Gj1eae || < ellgsl o

holds, where c is independent of z € R™.
First step: g(z) <1 We use the embedding ¢,(x) < ¢; (remember that z € R™ is
fixed), where the embedding constant is 1, and we derive

G @) < 30 ST arlimHee) g1t

j€No j€No €Ny

- Z gz(w)(I)ZQ—UI&q(z) _

kENg JEZ

; (62)
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We estimate the constant in (62)
1/q() 1/q~
c(q, 6, x) Z 9~ lil%a(=) < Z 2l = c(q, ) (63)

JEL JEZ

which clearly is independent of = € R™.
Second step: 1 < ¢(z) < oo We define

v =279 for all k € Z,
Bk = gi(x) for k€ Ngand pr =0 fork<O.

Then we have Gi(x) = (v * 8)(k) and by Young’s inequality
|Gl ooy || < 17kl €0l || Bel Lo |

Hence, we derive (62) with ¢(§) = ||2’|k|5|£1||. The case ¢(z) = oo is an easy
modification of the above arguments.
Considering all cases, we obtain (62) by defining

c(q,6) = max ZQ‘U"S, Zg—lj\éq’

JEZ JEZ

1/q”

and (61) follows from (62) by using the monotony of the modular o, ,, see [18,
(2.7)]. O

To get a modified version of Lemma 3.4 for ¢(-) not constant is a bit more difficult,
it is even impossible. In [9, Section 5] it is shown that the maximal operator
can not be bounded on L,.y(4.)) when ¢(-) is not constant. Fortunately, they
found a replacement which is useful for us. We introduce the function 7, ,,(x) =
2" (1 4 |2¥z|)~™ which we need for the formulation.

Lemma 4.3 (Theorem 3.2 in [9]): Let p,q € C'°8(R™) with 1 < p~ < p* < 0o and
1< q <q" <oco. Then the inequality
[l 70m % Fl €as ] Loy R < | Fol Ly (Ca) |
holds for every sequence {f,} of L'*(R™) functions and constant m > n.
Now, it is easy to derive the following theorems.

Theorem 4.4: Let w = {w;};y, € W3, aps P, € P(R") with 0 < g~ < gt < o0
and 0 < p~ < pT < co. Moreover, let a € R with a > 0 and R € Ny with R > as,
Doyi(0)=0, 0<I|B[<R

and for some e > 0

|po(z)] >0 on {xeR":|z|<e}

[p1(x)] >0 on {zeR":e/2 <|z| <2} .
Then

[ (R Hawr] Ly Loy < e[| (@kF)arwr] Lpe) Eoe) | (64)
holds for every f € 8'(R™).

Proof. We take the same proof as the one of Theorem 3.6. We get again the estimate
(45). Now, we use Lemma 4.2 on (45) and obtain (64). O
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We present now the counterpart of Theorem 3.8.
Theorem 4.5: Let {wg}ren, € WS a € R andp,q e PR with0 < ¢~ <

Qq,027

gt < oo and 0 <p~ < pt < oo. For some e > 0 we assume 1,1 € S(R™) with
[o] >0 on {zeR":|z|<e}
[t1] >0 on {z€eR™:e/2 < |z| < 2e} .

If there exists 0 < pg < min(p~,q~) with pp0)7 qq(o € C'°8(R"), then for a > et a

[ (Z5F)awn] Ly (L)) || < el (Tr  Flwn] Ly (Gg)) | (65)
holds for all f € S'(R™).

Proof. Again we look on the proof of Theorem 3.8 and we get by pointwise estimates
inequality (57). Using for r < pg and N > —a; the monotony of the L)/ (£q(.)/r)
norm and Lemma 4.2 on this inequality we obtain

| (25 ) awnl Loy e (lacy ) || < e | HTI0¥R * P w0R] * 0k a—ayre | €ay e || Loy e u 6

It is easy to see that for r < py we have p(-)/r, q(-)/r € C°8(R") with 1 < p~/r <
pt/r<ocand 1 <q /r< q*/r < 00. Therefore, all conditions in Lemma 4.3 are

satisfied and we get using —"— < r < py with Lemma 4.3 applied on (66)
| (%5 f)nw)| Lp(~)/r(£q(~)/7‘)” < e|[[(Wg * f)["wy] Lpey pr(loe) ||
which gives (65). O

Remark 4.6: It is desirable to replace ¢+ < oo in Theorem 4.5 by ¢* < oo to get
the connection to the usual space F; (R™) of constant parameters. Unfortunately,
the restriction g7 < oo is necessary due to the use of Lemma 4.3.

As easy corollaries of the above theorems we get the local means characterization
of the spaces Fyf) o) (R™).
Corollary 4.7: Let w = {wy }ren, € WG, a,> 0,q € P(R™) with0 < p~ < p* < o0
and 0 < ¢~ < qt < oo and let a € R, R € Ny with R > ao. Further, let 19,11
belong to S(R™) with
DPYp(0)=0, for0<|B|<R,
and
[o(z)] >0 on {zeR":|z|<e}
[1(z)] >0 on {zeR™:e/2 < |z| <2e}
for some € > 0. If there exists py < min(p~,q~) with p(-)/po, q(-)/po € C°8(R™),
then fora > 2t +a
[ F1ERE) .y RO~ || (k5 F)we] Loy (Cae) || ~ (1 (P5 Farwr] L (Cyc)
holds for all f € 8'(R™).
Keeping the same notation as introduced in Section 2.2 we can formulate.

Corollary 4.8: Let w = {wj}]eNO e We and p,q € P(R™) with 0 < p~ <

aq,097

pT < oo and 0 < ¢~ < q¥ < co. Furthermore, let N € Ny with 2N > s and
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let ko, kY € S(R™) and the function k be defined in Section 2.2. If there erists an
po < min(p~,q~) with p(-)/po,q(-)/po € C°8(R™), then

1/a(")
[ ko (L, fwo| Lyey R + || { D 1k, )Yy ()10 Lp()(R)
j=1

is an equivalent norm on Ijty .y (R™) for all f € S'(R™).

[1]
2]
3]

[4]
[5]
[6]

(7

B

[9

(10]
(11]
(12]
(13]
14]
(15]

[16]
(17]

(18]
(19]
[20]
(21]
(22]

23]
24]

[25]

REFERENCES

A. Almeida, S. Samko: Characterization of Riesz and Bessel potentials on variable Lebesgue
spaces. J. Funct. Spaces Appl. 4 (2006) no. 2, 113-144.

P. Andersson: Two-microlocal spaces, local norms and weighted spaces. Géteborg, Paper 2
in PhD Thesis (1997), 35-58.

O. V. Besov: Equivalent normings of spaces of functions of variable smoothness. (Russian)
Tr. Mat. Inst. Steklova 243 (2003), Funkts. Prostran., Priblizh., Differ. Uravn., 87-95. [Trans-
lation in Proc. Steklov Inst. Math. 243 (2003), no. 4, 80-88.]

J.-M. Bony: Second microlocalization and propagation of singularities for semi-linear hyper-
bolic equations. Taniguchi Symp. HERT. Katata (1984), 11-49.

D. Cruz-Uribe, A. Fiorenza, C. J. Neugebauer: The maximal function on variable LP spaces.
Ann. Acad. Sci. Fenn. Math. 28 (2003), 223-238.

D. Cruz-Uribe, A. Fiorenza, J. Martell, C. Pérez: The boundedness of classical operators on
variable LP spaces. Ann. Acad. Sci. Fenn. Math. 31 (2006), 239-264.

L. Diening: Mazimal function on generalized Lebesgue spaces Ly.y. Math. Inequal. Appl. 7
(2004), no. 2, 245-254.

L. Diening, P. Harjulehto, P. Hasto, Y. Mizuta, T. Shimomura: Mazimal functions in variable
exponent spaces: limiting cases of the erponent. submitted to Trans. AMS. (2007).

L. Diening, P. Hasto, S. Roudenko: Function spaces of variable smoothness and integrability.
submitted to Journal of Functional Analysis.

D. E. Edmunds, H. Triebel: Function Spaces, entropy numbers, differential operators. Cam-
bridge Univ. Press (1996).

W. Farkas, H.-G. Leopold: Characterisations of function spaces of generalised smoothness.
Annali di Mathematica 185 (2006), 1-62.

P. Gurka, P. Harjulehto, A. Nekvinda: Bessel potential spaces with variable exponent. Math.
Inequal. Appl. 10 (2007), no.3, 661-676.

S. Jaffard: Pointwise smoothness, two-microlocalisation and wavelet coefficients. Publica-
tions Mathematiques 35 (1991), 155-168.

S. Jaffard, Y. Meyer: Wawvelet methods for pointwise regularity and local oscillations of
functions. Memoirs of the AMS, vol. 123 (1996).

H. Kempka: Local characterization of generalized 2-microlocal spaces. Jenaer Schriften zur
Math. & Inf. 20/06 (2006).

H. Kempka: Generalized 2-microlocal Besov spaces. Dissertation, Jena (2008).

H. Kempka: Atomic, molecular and wavelet decomposition of generalized 2-microlocal Besov
spaces. to appear in Journal of Function Spaces and Applications (2008).

O. Kovéacik, J. Rékosnik: On spaces LP(®) and W1P(®)  Cgzechoslovak Math. J.
41(116)(1991), 592-618.

J. Lévy Véhel, S. Seuret: The 2-microlocal formalism. Fractal Geometry and Applications:
A Jubilee of Benoit Mandelbrot, Proceedings of Symposia in Pure Mathematics, PSPUM,
vol. 72, part 2.

Y. Meyer: Wavelets, vibrations and scalings. CRM monograph series, AMS, vol. 9 (1997).
Y. Meyer, H. Xu: Wavelet analysis and chirps. Appl. and Computational Harmonic Analysis,
vol. 4 (1997), 366-379.

S. Moritoh, T. Yamada: Two-microlocal Besov spaces and wavelets. Rev. Mat. Iberoameri-
cana 20 (2004), 277-283.

S.D. Moura: Function Spaces of generalised smoothness. Diss. Mathematicae 398 (2001).
A. Nekvinda: Hardy-Littlewood mazimal operator on Lp(x)(]R"). Math. Inequal. Appl. 7
(2004), no. 2, 255-266.

W. Orlicz: Uber konjugierte Exponentenfolgen. Studia Math. 3 (1931), 200-212.

p(-



20

HENNING KEMPKA

(26] J. Peetre: New thoughts on Besov spaces. Dept. Mathematics, Duke Univ. (1975).
[27] J. Peetre: On spaces of Triebel-Lizorkin type. Ark. Math. 13 (1975), 123-130.
[28] V. S. Rychkov: On a theorem of Bui, Paluszynski and Taibleson. Steklov Institute of Math-

ematics 227 (1999), 280-292.

[29] H.-J. Schmeifler, H. Triebel: Topics in fourier analysis and function spaces. Leipzig:

Akademische Verlagsgesellschaft Geest & Portig (1987).

[30] J. Schneider: Function spaces with varying smoothness I. Math. Nachrichten 280, No. 16

(2007), 1801-1826.

[31] E. M. Stein, G. Weiss: Introduction to Fourier analysis on Euclidean spaces. Princeton:

Princeton University Press (1971).

. Triebel: Theory of function spaces. Leipzig: Geest ortig .
32] H. Triebel: Th f functi Leipzig: G & Portig (1983
[33] H. Triebel: Theory of function spaces II. Basel: Birkhauser (1992).
[34] H. Triebel: Theory of function spaces III. Basel: Birkhauser (2006).
. Vybiral: Sobolev and Jawerth embeddings for spaces with variable smoothness and inte-
35] J. Vybiral: Sobol d J h beddz ith iabl h d 1

grability. Preprint (2008).

[36] H. Xu: Généralisation de la théorie des chirps a divers cadres fonctionnels et application a

leur analyse par ondelettes. Ph. D. thesis, Université Paris IX Dauphine (1996).

[37] J. Xu: Variable Besov and Triebel-Lizorkin spaces. Annales Acad. Scient. Fenn. Math. 33

(2008), 511-522.

E-mail address: khenning@minet.uni-jena.de

MATHEMATICAL INSTITUT, FRIEDRICH SCHILLER UNIVERSITY, ERNST-ABBE-PLATZ 2, 07737

JENA



