ATOMIC, MOLECULAR AND WAVELET DECOMPOSITION OF
2-MICROLOCAL BESOV AND TRIEBEL-LIZORKIN SPACES
WITH VARIABLE INTEGRABILITY

HENNING KEMPKA

ABSTRACT. We introduce 2-microlocal Besov and Triebel-Lizorkin spaces with
variable smoothness and give characterizations by decompositions in atoms,
molecules and wavelets. These spaces cover the usual Besov and Triebel-
Lizorkin spaces as well as spaces of variable smoothness and integrability. We
emphasize that the spaces F;‘DS((,'))’q(,) (R™) which were defined recently in [12] are
included in this approach.

1. INTRODUCTION

We present function spaces of Besov and Triebel-Lizorkin type with variable
smoothness and integrability. We describe the variable smoothness of these spaces
in terms of 2-microlocal weight sequences, see Definition 2.1. This paper can be
seen as a continuation of [22], where a characterization with local means is given
for 2-microlocal Besov and Triebel-Lizorkin spaces with variable integrability.
Using the results from [22] we present characterizations of these spaces by decom-
positions in atoms, molecules and wavelets.
2-microlocal function spaces initially appeared in the book of Peetre [34] and have
independently been studied by Bony [7] in connection with pseudodifferential op-
erators. Later on, Jaffard in [19] gave a wavelet characterization of 2-microlocal
Holder-Zygmund spaces and Jaffard & Meyer [20] elaborated them widely. In [27]
Levy Véhel & Seuret developed the 2-microlocal formalism and it turned out that
2-microlocal function spaces are an useful tool to measure local regularity of func-
tions.

In Lemma 2.6 we will show that spaces of variable smoothness are included in the
scale of 2-microlocal function spaces. Sobolev and Besov spaces of variable smooth-
ness o(x) have been introduced by Beauzamy in [4]. In [25] and [26] Leopold defined
and elaborated Besov spaces BSIZ(R”) of variable smoothness for a class of hypoel-

liptic pseudodifferential operators. The symbols a(z, &) = (£)7(®) are special cases

in the works of Leopold and correspond to Besov spaces B;(Z;)(R") with variable
smoothness. In [5] Besov gave a characterization by differences for these spaces
By (R™). Furthermore, in [6] Besov generalized the result and characterized 2-
microlocal Besov and Triebel-Lizorkin spaces By ,(R™) and Fj¢, (R™) by differences.
Here a(x) = {ar(x)}ren, is a 2-microlocal weight sequence.

The second concept, we rely on, is the concept of variable exponent spaces Ly.)(R™).
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They can be traced back to Orlicz [33] 1931. A good survey of L.)(R") spaces and
its fundamental properties is given by Kovacik & Rékosnik in [23]. From the point
of view of harmonic analysis, the breakthrough for variable exponent spaces was
achieved by Diening, when he showed in [10] that the Hardy-Littlewood maximal
operator is bounded on L,.y(R™) for p satisfying some regularity condition inside
a large ball Br and constant outside. Inspired by this work, Cruz-Uribe, Fiorenza
and Neugebauer in [8] and Nekvinda in [32] elaborated the conditions on p.

The spaces L,.)(R™) possess interesting applications in fluid dynamics, image pro-
cessing, PDE and variational calculus (see [12] and references therein). So it was
natural, that several extensions in various more advanced function spaces as Bessel
potential spaces Hy ) and Besov and Triebel-Lizorkin spaces Fy.) 4(R™), Bj(.) q(R")
were made ([3], [18] and [43]).

The concept of function spaces with variable smoothness and the concept of variable
integrability were firstly mixed up by Diening, Hésté & Roudenko in [12]. They
defined Triebel-Lizorkin spaces @5(())7q(4)(R") and proved a discretization by the so
called ¢-transform and used it to derive trace results. From the trace theorem on
R"~! it became clear, why it is natural to have all parameters variable. Due to

trﬂ,s((>)7q(.)(Rn) = Fs(%f-%,/ﬁ(f))(R”_l)

([12, Theorem 3.13]) we see the necessity of taking s and ¢ variable if p is not
constant.

The main aim of this paper is to present a decomposition by wavelets for Bt ,(R"),
F3ty o(R™) and Fty oy (R™). Since we want to have this characterization with com-
pactly supported Daubechies wavelets as well as with C*>° Meyer wavelets, we also
need characterizations with atoms and molecules as tools. In Section 2 we define
the spaces B ,(R") and Fjfy ,(R™) and we prove their basic properties. The
next section contains the needed characterizations by decompositions in atoms and
molecules. Using the results from Section 3 in Section 4 we prove the wavelet char-
acterization for Bjf) ,(R™), Fty ,(R™). Finally, in Section 5 we present all previous
results for the most general spaces Fyfy ,.)(R") and in Section 6 we collect the
important results for the spaces of variable smoothness as F;((_'))’q(.)(R”), B;((.'))’q(R”)
and Fiy) ,(R™).

2. DEFINITIONS AND BASIC PROPERTIES

In this section we present the Fourier analytic definition of 2-microlocal Besov
and Triebel-Lizorkin spaces, By ,(R™) and Fjf) ,(R"), and we prove the basic
properties in analogy to the classical Besov and Triebel-Lizorkin spaces.

As usual R™ denotes the n—dimensional Euclidean space, N is the collection of all
natural numbers and Ny = N U {0}. The symbols Z and C stand for the sets of
integers and complex numbers, respectively.

The Schwartz space S(R™) is the space of all complex valued rapidly decreasing
infinitely differentiable functions on R™. Its topology is generated by the norms
el = supgepn (@)* 30 5< [DP ()], where ()" = (1 + [2]*)*/2. By S'(R") we
denote its dual space. We denote the Fourier transform by F and its inverse by
F~1on S(R™) and &'(R™) respectively and we use the symbols f and fV for Ff
and F~1f.

The constant ¢ stands for unimportant positive constants. So the value of the
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constant ¢ may change from one occurrence to another. By ajy ~ by we mean that
there are two constants c1,co > 0 such that ciax < by < caay for all admissible k.

2.1. Definition of the spaces. Before introducing the spaces, we define admis-
sible weight sequences w = {w;};en,, we explain smooth resolutions of unity and
we give the basic knowledge about spaces of variable integrability.

Definition 2.1 (Admissible weight sequence): Let o« > 0 and aj,as € R with
a1 < ag. A sequence of non-negative measurable functions w = {w;}jen, belongs
to the class W if, and only if,

1,02

(i) There exists a constant C > 0 such that
0 < w;(z) < Cw;(y) (14 27|z — y|)a for all j € Ny and all x,y € R".
(ii) For all j € Ny we have

2%, (x) < wjpr(z) < 2%w;(z)  for all z € R™.

Such a system {w;}jen, € W4, o, i called admissible weight sequence.

A non-negative measurable function p is called an admissible weight function if
there exist constants o, > 0 and C, > 0 such that

0 < o(x) < Cpo(y)(1 + |z —y|)* holds for every z,y € R™. (1)

If w = {w,}en, is an admissible weight sequence, each w; is an admissible weight
function, but in general the constant C,,; depends on j € No. If we use w € Wg, ,,
without any restrictions, then a > 0 and ay, as € R are arbitrary but fixed numbers.
A fundamental example of an admissible weight sequence is given by the 2-microlocal

weights. For a fixed nonempty set U C R™ and s,s’ € R they are given by
wj(x) = 27% (14 27 dist(z, U))" (2)

where dist(z,U) = inf,ep |z — 2| is the distance of z € R™ from U.
A special case is U = {zg} for o € R™. Then dist(U,z) = |z — z¢| and we get the
well known 2-microlocal weights ([20] and [1]) treated by many authors

wi(z) =25(1+ 2|z —z))®  for j € Np. (3)

If U is an open subset of R™, we get the weight sequence used by Moritoh and
Yamada in [30].

To give a Fourier analytic definition of these spaces we need smooth decompositions
of unity. We start with an arbitrary function ¢ € S(R™) with ¢o(z) > 0 and

TR !
po(z) = {0 ] > 2. (4)

Furthermore, we define p(z) = ¢o(z) — ¢o(22) and set ¢;(x) = p(277x) for all
j € N. Then {g;};en, is a smooth dyadic resolution of unity and we have

ngj(m) =1 for all z € R™.
=0

Furthermore, we give a short survey on variable exponent spaces Ly.)(R™). A very
good resource is [23] for more details. The class of exponents P(R"™) consists of all
measurable functions p : R™ — (0, 00] which are bounded away from zero. For a
set A C R™ we denote p}y = ess-sup,c 4 p(z) and p;; = ess-inf,c 4 p(z); we use the
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abbreviations p* = pif, and p~ = pg.. The Lebesgue space Ly (R™) of variable
integrability consists of all measurable functions f such that for some A > 0 the
modular oy, &n)(f/A) is finite, where

o1y (5) = [ 1@+ esssuplf(2)]

Here, R%, denotes the subset of R™, where p(z) = oo and R = R™ \ R%,. The
Luxemburg norm of a function f € L,.)(R") is given by

H f| Lp()(Rn)H = mf{)\ >0: QLP(_)(]R")(f/)‘) < 1} .
Now, we define the spaces under consideration.

Definition 2.2: Let {;},; y, be a resolution of unity and let w = {w;}jen, €
WS, o, Further, let 0 < ¢ < oo and p(-) € P(R™), then we define

Bty R") = {f eS'R™): || fI B¢y R”)H@ < oo} , where

1/q

NIL
Lp(‘)(R )

1188 ®), = [ 3 |[wstes )
j=0

For p* < co we define
Ee) (") = {f € S'®") ¢ || fI 5y o(RM)], < o0}, where

1/q
171558y ®M|, = || | D2 lws @) (@i HY @) || Loey (RY)
§=0
The norms get modified as usual, if ¢ equals infinity.
Remark 2.3: (i) We use the notation || - ||, to indicate that formally our

definition depends on the start function ¢ of the resolution of unity. For-
tunately, from the local means characterization of these spaces [22] we
obtain, that another start function ¢ defines an equivalent norm. There-
fore, we suppress the index ¢ in the notation of the norm for the rest of

the paper.
(ii) Later on, it is sometimes convenient to use another notation for the norms.
We use
- 1/q
151 €a(Lpey R = { D2 [1F50) Ly (R and
§=0

1/q

Hfj|Lp(>)(€q)H = Z|f]()|q Lp(-)(Rn)
j=0

2.2. Connection to known spaces. For p =const and w;(z) = 2% we get back
to the usual Besov and Triebel-Lizorkin spaces B, (R") and F, (R").

If p is constant, then the spaces from Definition 2.2 coincide with the spaces in [6]
presented by Besov. He used the theory of ultra-distributions to allow the expo-
nential growth of the weights. Restricted to the usual distributions, our approach
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is more general because negative smoothness is allowed («1, @2 € R in contrast to
0 < ay < agin [6]).
Regarding p constant the entire literature on 2-microlocal spaces B;;IS/ (R™,U) with

wj(z) = 29%(1 + 27 dist(z, U))*

(1], [7], [19], [20], [21], [29], [30], [27]) is included in this approach.
Moreover, the spaces of generalized smoothness are contained in this approach ([14],
[31]) by taking

w;(x) = 275W(277) , or more general w;(z) = o .

Here, {0,},en, is an admissible sequence that means there exist dy,d; > 0 with
doO’j S Oj+1 S dloj.

If wj(z) = 27w (z) for all j € N, then we obtain the weighted Besov and Triebel-
Lizorkin spaces with constant p ([13, Chapter 4]).

For variable p € P(R™) and w;(z) = 27° the spaces considered by Xu in [43]
are contained in the above scale.
Moreover, also the classical spaces of variable integrability are contained in Fyfy ,(R™)
for w;(x) = 27, For example we have Fooyo(R™) = Hp (R"), where HJ  (R")
are the Bessel potential spaces (fractional Sobolev spaces) of variable integrabil-
ity which were introduced in [3] and in [18]. The integrability p has to belong to
C'°8(R™) (see Definition 2.4) with 1 < p~ < p* < co and s > 0 ([12, Theorem
4.5]). Especially, we get under these conditions that F ;“(‘)72(]1%") = W;(.)(R”), where
k € Np.
If in [12] one chooses the parameter ¢ as a constant function, then the spaces from
Definition 2.2 include the Triebel-Lizorkin spaces F{y,(R™) of [12]. Later on, in
Definition 5.1 we work with the spaces Fyf) 4.)(R™) where also ¢(-) is a variable

function. If s : R™ — R is out of Lo (R™) N C1%%(R™) (see Definition 2.4), then
Fat) (R) = Fi) () (R") , where w;(z) = 27°) .

Our approach is more general since s(-) can be negative, whereas in [12] s(z) > 0.
In Lemma 2.6 we will show that we obtain a 2-microlocal weight sequence by the

construction w;(x) = 275 whenever s € Lo (R™) N C}EE(R").

2.3. Basic properties. We introduce the Hardy-Littlewood maximal operator M,
which is defined for a locally integrable function f € L{¢(R") and for 0 < ¢t < 1 by

1/t

M (f)(z) = sup |f(y)|"dy :
Q

and M(f)(z) = My(f)(z). The Hardy-Littlewood maximal operator is a key tool
in harmonic analysis. It is known that the boundedness of many operators follows
from the boundedness of the maximal operator. So it was a breakthrough, when
Diening discovered in [10], that the maximal operator is bounded on Ly.)(R™)
under certain regularity conditions on p(:). Let us define the important classes.
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Definition 2.4: Let g € C(R™). We say that g is locally log-Hélder continuous,
abbreviated g € C)°%(R™), if there exists Clog > 0 such that

loc
Clog
9(e) = 90| < (5)

holds for all x,y € R™.
We say, that g is globally log-Hélder continuous, abbreviated g € C'°8(R™), if g is
locally log-Hélder continuous and there exists goo € R such that

Clog
— ] < — 28 6
|9(2) = gool < Togle 112 (6)
holds for all x € R™.

If p(-) € P(R™) belongs to these classes, then the maximal operator is bounded.
Proposition 2.5 (Theorem 3.6 in [11]): Let p € P(R™) with 1 < p~ < pt < oco. If
ﬁ € C°5(R™), then M is bounded on L, (R™) i.e., there exists ¢ > 0 such that
for all f € Ly (R™)

[ M| Loy R} < C | f] Lpy RM)]] -

We write p(-) € PP8(R"), if p(-) € P(R") and 1/p(-) € C°8(R"). If p(:) €
Plog(R") then M is bounded on Ly(y/po (R™) for every po < p~ or, equivalently,
M is bounded on L,.y(R™), where ¢ = min(1, po).

Furthermore, from [9, Corollary 2.1] we obtain that M; is bounded on L,.y(¢,) if
p(-) € P&(R") for every py < min(p~,q) and ¢ = min(po, 1).

The next lemma gives the connection between 2-microlocal spaces and spaces of
variable smoothness.

Lemma 2.6: Let 5 : R — R be a measurable function. Then s € C,°5(R™) N
L (R™) if, and only if, {w;}en, defined by
wj(x) = 27°®)

belongs to W¢

Qq,02”

Proof. In [22] it was already shown that from s € C)°5(R™) N Lo (R™) it follows
{w;}jen, € WS, o, for some a > 0 and aj,a2 € R. Only the reverse direction
remains to be proved. It is trivial that the second condition in Definition 2.1 on
w;(x) is equivalent to the boundedness of s(x) and we get a1 < s(z) < ag. Let
z,y € R™ with |z — y| > 1, then we have log(e+1/|z — y|) > 1 and

2[|slo
(e+1/[z—yl)
So only the case |z — y| < 1 is open. Without loss of generality we assume that
w;(x) > w;(y), then we have

- < 2slloe <
s(a) = s(u)] < 2lslle < 1

wj(z) < logy C(1 + 27|z — y|)®

1
|s(x) — s(y)| = 310g2 0, (y) j

for all j € N. We choose 27772 < |z — y| < 27773 and obtain

|S({17) — 3(y)| < 10g2 C(l + 23)(‘“ < 10g2 C(l + 23)a
T 24loge 1/[x —y| T loga(e+1/]x —yl)
Clog

< .
~ log(e+1/|z —yl)
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Remark 2.7: (i) There exists also a more local class of exponent functions
called C}°8,_ (R™) defined in [40]. Here condition (5) has to hold only

locally for |z —y| < 1. This is somewhat weaker than the class C)°%(R™)

loc

condition, but we have C1°8,_(R™) N Lo, (R™) = C)°5(R™) N Loy (R™).

(ii) Lemma 2.6 does not state the equivalence of spaces of variable smoothness
and 2-microlocal function spaces. Only if the weight sequence {w;};en,
is constructed like w;(z) = 275(*) " then they coincide. For example, the
heavily used ([27], [29] and [20]) weight sequence w;(x) = 27°(1 + 27|z —
:c0|)5/ with zg € R™ and s,s’ € R can not be reformulated into a variable
smoothness function for s’ # 0.

Let us recall the characterization of Bjf) o(R") and F3f ,(R™) by local means,
proved in [22, Theorem 2.2]. For {¢)}ren, € S(R™), f € S'(R") and a > 0 we
define the Peetre maximal operator by

(W Fa(z) = sup — LD

———=="  where k € Ny and x € R" . 7
yern 1+ [2F(y — z)|o 0 @)

oy 0< @< 00, p e PPE(R) and let
a € R, R € Ny with R > «as. Further, let g, 11 belong to S(R™) with

Proposition 2.8: Let w = {wy }ren, € WS

DPyi(0)=0, for0<|B <R, (8)

and
[o(z)] >0 on {zeR":|z|<e} (9)
[1(z)] >0 on {reR"™:e/2< |z <2} (10)

for some € > 0.
(i) Fora> 2t + o and for all f € S'(R™) we have

[ F1 Bty g R™)|| ~ [| (@ % flwk| (L)) || ~ || (U5 fawi] €o(Lp))]| -

(ii) If p* < oo, then for a > y +o

mm(p ,q

| L) aR™)|| ~ || (W # flwg] Ly (L) || ~ || (Uk f)awr| Lyey (€q) ||

holds for all f € S'(R™).

If R = 0, then we do not need any moment conditions (8) on ;. The local
means characterization gives us that the definition of the spaces Fjfy ,(R™) and
Bty 4(R™) is independent on the start function oo of the resolution of unity. To
this end, we do not need an index ¢ in the notation of the norm.

3. DECOMPOSITION BY ATOMS AND MOLECULES

In this section we present two decomposition theorems. We characterize the
spaces Byt o(R") and Ity ,(R™) via decompositions by atoms and molecules. First
we introduce the basic notation.
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3.1. Preliminaries. For v € Ny and m € Z™ we define the closed cube Q,,, with
center in 27¥m and with sides parallel to the axes and length 27%. By x.,m, we
denote the characteristic function of the cube Q..

Definition 3.1: Let w = {wk}ren, € WS, 0,y 0 < ¢ < 00 and let p(-) € P(R").
Then for all complex valued sequences X = {\,m € C: v € Ng,m € Z™} we define

p(-)a = {)‘ : HM p()a]| < OO}

where

sz = (5

v=0

Z ‘)‘vm|wu(27ym)va(')

mezZ"

Ly (R™)

q> 1/q

Furthermore, for p™ < co we define

Soa= {2 M| < oo

where

00 1/q
HMf:())»QH = (Z Z )‘Vm|qwg(2um)Xum($)> Lp(.)(]Rn)

v=0mez"
We define atoms which are the building blocks for atomic decompositions.

Definition 3.2: Let K,L € Ny and let v > 1. A K-times continuous differentiable
function a € CE(R"™) is called [K, L]-atom centered at Q,m, v € Ny and m € Z",
if

suppa C YQum » (11)
IDPa(a)| < 2P for0<|p| < K (12)

and if
/J:Ba(x)dsz for 0<|B|<Landv>1. (13)

Rn
If an atom a is centered at @Q,.,, that means if it fulfills (11), then we denote it
by @,m,. We recall the definition 2° = xfl -+~ P and point out that for v = 0 or
L = 0 there are no moment conditions (13) required.
Definition 3.3: Let K, L € Ny and let M > 0. A K-times continuous differentiable

function pu € CE(R™) is called [K, L, M]-molecule concentrated in Q,m,, if for some
veNyg andmeZ"

D) < 2142w —27"m)™M . for0<[B| <K (14)
and
/xﬁu(x)dmzo if 0<|Bl<Landv>1. (15)
R’!L
Remark 3.4: (i) For L = 0 or v = 0 there are no moment conditions (15)

required. If a molecule is concentrated in @, that means it satisfies (14),
then it is denoted by pym,.
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(ii) If aym is a [K, L]-atom, then it is a [K, L, M]-molecule for every M > 0.

3.2. Basic results. For proving the decomposition by atoms and molecules we
need four basic lemmas. The next lemmas go back to Frazier & Jawerth [15] and a
proof adapted to our setting can be found in [21].

Lemma 3.5 (Lemma 3.3 in [15]): Let {p;}jen, be resolution of unity and let
{ttvm }veng,mezn be [K, L, M| molecules. Then

Vs i) ()| < 27 WmDEAN) (1 4 97| — 9 V)Lt —M or j <v
(@) * pum) ()] ; J
and

) 5 pm) (@)] < 270K (1 42— 3V M | for j > 0,

We also need a partition of unity of Calderon type; a proof can be found in [15].

Lemma 3.6 (Theorem 6 in [15]): Let {¢;}jen, € ®(R™) be a resolution of unity
and let R € N. Then there exist functions 6,0 € S(R™) with:

supp 0o, suppf C {x € R" : |z| < 1}, (16)
00(€)] = co >0 for [g[<2, (17)
0@ 2e>0 for s<lel<2, (18)
/xWO(x)dac =0 for 0<|v|<R (19)
Rﬂ.
such that
Oo(©)vo($) +D 02778277 =1, for all ¢ €R™ (20)
j=1
where the functions o, ¥ € S(R™) are defined via
p ¢o(§) D ¢1(26)
= = = = . 21
Yo (€) e ™ ¥(E) 56 (21)

The next lemma can be found in [24, Lemma 7.1] and a proof in our notation is
postponed to the appendix.
Lemma 3.7: Let 0 <t <1 and R> %. For any j,v € No, | € Z", v € Q1 and
any sequence {hym fveny,mezn of complex numbers, we have

D ] (L4 27|z =27 m)) ™7 < emax(20 %, )M, ( 2 |hvmxum> () .

meZ™ mezZ"
The next lemma is a Hardy-type inequality which is easy to prove.
Lemma 3.8 (Lemma 3 in [43]): Let 0 < ¢ < 00, 6 > 0 and p € P(R™) with 0 <

p~ < pt < oo. Let {gk}ren, be a sequence of non-negative measurable functions
on R™ and denote
o0

G,(z) = 22*"’*’“‘59;6@) , reR" veNp.
k=0
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Then there exist constants C1,Cy > 0 such that
| Grl la(Lyp))|| < Cu [l grl €a(Lye)) |

and

|Gl Ly ()| < Ca || gnl Ly (8a)] -

We introduce the numbers o, and o, , by
1 1
Up:ﬂ(min(l,p)_l) and Up’q:n<min(1,p,q)_1> . (22)
If p or g are constant exponent functions, then we get back the usual definitions of
op and o, 4, see [39].

The last task in this subsection is to clarify the convergence of the sum

F=Y3" Mombtwm (23)

v=0mezn

where {tim }veny mezn are [K, L, M| molecules and {A,m }ren, mezn belongs to
some sequence space from Definition 3.1. At least, we have to show the convergence
of (23) in &'(R™). To this end, we need some embedding theorems between the
sequence spaces. A first result are the Sobolev embeddings, which were recently
proved in [40, Theorem 3.1] and [2, Theorem 6.4] in the variable smoothness setting.
If one looks at the proofs in [40] and [2] it is easy to verify the Sobolev embeddings
with admissible weight sequences. The condition needed in the proof of the F-case
([40, Lemma 2.9]) is

w; () <c¢ forjz—y| < 27
w;(y)
which is trivially fulfilled by {w;};en, € W3, 4, In the B-case the weights have to

fulfill a similar condition (]2, Lemma 4.3]) which is also easy to check.
Now, we state the needed Sobolev embeddings with 2-microlocal weight sequences.
We also use the notation f;‘(’_) ) which gets defined in Section 5. To avoid confu-

sions read the proposition as if 0 < ¢ < 0o is a fixed parameter.
0 .
Proposition 3.9: Let w®, w' € W¢, . with 230 > 1 and po(-),p1(-) € P'¥(R™)

1,002 w; (+)
with

(z)

w (=B — —2—) n
B =2""00@ @’ for all x € R™.
T

g
(i [y

(1) Let 0 < po(x) < pi(z) < oo with 0 < py < p; < pf < oo and let
q(-) € P(R™) with g(xz) = oo for allx € R™ or 0 < ¢~ < ¢g(z) < oo for all
x € R™. Then

o 1
po(a) ™ Fo (2.0 -
(ii) If 0 < ¢ < o0, then
o

() b

’LUl
p1()q *

Further, we need an embedding between B and F spaces. This was already done
in [2, Theorem 6.1]. Since we only need the case where ¢ is constant, it is easy to
have also ¢ = oo included.
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Proposition 3.10: Let w € WY, . p(-) € PI°5(R") and 0 < q < oo, then

b0y min(p.a) = To().q = Up() max(ot g) -

Finally, we can state the lemma on the convergence of (23) in &’(R™). The proof
is again postponed to the appendix.
Lemma 3.11: Let w = {wg }ren, € WS and let p(-) € P°8(R") and 0 < ¢ <

1,02

oo. Furthermore, let K, L € Ng and M > 0 with
L>o,—0a1, K arbitrary and M large enough .

If X € b;‘z,m or A € () and {tym }veNg,mezn are [K, L, M]-molecules concen-

trated in Qum, then the sum

Z Z Avmbum (3;‘) (24)

v=0mezn
converges in S'(R™).

3.3. Atomic and molecular decompositions. Now we state one direction of
the atomic decomposition theorem.

Theorem 3.12: Let {w,},en, € ngm and 0 < q < co. Further, let K, L € Ny

and p(-) € P8(R™) with 0 < p~ < pT < c0.
(i) If
K > an and L>op,—ay,

then for each f € Bi)((R") there exist X € by, —and [K, L]-atoms
{@um }veng,mezn centered at Qum such that

oo
f= Z Z Avm Gum converging in S'(R™), (25)
v=0mezn

holds. Moreover

H Al b;lz')’q

< el f1B).q(R™)]|

where the constant ¢ > 0 is universal for all f € Bty ,(R™).
(ii) If p* < o0 and

K> as and L>o0pq—01,
then for each f € Iyt (R™) there erist A\ € f;)‘(")q and [K, L]-atoms
{aum }reny mezn centered at Qum such that (25) holds. Moreover

|71 5380|111 B3y o)

where the constant ¢ > 0 is universal for all f € F;ty ,(R™).

Proof. The proof follows the ideas in [15] and [14]. Because every [K, L] atom is a
[K, L, M] molecule for arbitrary M > 0 from Lemma 3.11 we have the convergence
of (25) in §’'(R™). We use Lemma 3.6 with R = L — 1, the functions 6y, 0 € S(R™)
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with the properties (16)-(20) and the functions 9,1 € S(R™) with (21). Let
f € 8’'(R™), then from Lemma 3.6 we get

f=1Fx0xtho+ Y 202" ) x by x f

v=1
where ¥, (-) = 2" (27-). Now, splitting the integration with respect to the cubes
Qum we derive

fa) =3 / bol — 1) (W0 * Ny + 3 327 /9(2"@: )+ D))y -

mezn v=lmez"
om vm
For each v € N and all m € Z™ we define

Avm = Cq sup |(¥, * f)(y)],

YEQum

where Cy = max{supy,<; |[D?0(x)| : [8| < K}. If Ay, # 0, then we define

o) = 52" / 62" (x — ) (W F)(w)dy .
Qum

otherwise, we set aym,(x) = 0. The agy,, atoms and Mg, are defined similarly by
using 6y and g. Clearly, (25) holds and the properties of g, %, 8 and 1), ensure
that a,,, are [K, L]-atoms. It remains to prove, that there exists a constant ¢ such

that H Alap) < e | f1 A%y o(R™)||; where a stands for b or f and A for B or F
respectively.
For fixed v € Ny and a > m + « we obtain

Z Wy (2) AvmXvm () < ¢ Z wy(z) sup  [(ty = f)(Y)[xom (@)

mezmn mezn YEQum

§c’wl,(:r) sup |(¢u*f)($—z)|
|z|<c2—v 1+ |2uz|a

< wy (@) (W) f)a() (26)

since |z —y| < 27" for o,y € Qum and Y, csn Xom(z) = 1. Here, (¢} f)a denotes
the Peetre maximal operator, defined in (7). In applying the L,.)(R™) and the ¢,

norm we get
a\ 14
) S

szl < (3

=0

(1+12"2(%)

Y 27w (@) () fa(2)]

mezmn

Ly (R™)

If we apply the L,.y(¢4) norm on (26), then we obtain

H/\| ;)1(]~),q

Since g € S(R™) and ¢ € S(R™) are two kernels which fulfill the moment con-
ditions (8) and the Tauberian conditions (9) and (10), we can use Proposition 2.8
with a > y +a and derive from (27) and (28)

|28, < el f1 B o R

o] 1/q
<c (Z 3 |2”Swu($)(1/)ﬁf)a(x)q> Lo®)| . @)

v=0meZ"
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and

|71 7500 < cll 7155y 0@
which prove both parts of the theorem. 0

To get the reverse direction of the atomic decomposition theorem we use the more
general molecules. Afterwards the atomic decomposition theorem follows easily.

Theorem 3.13: Let {wy}ren, € WS, o, and 0 < g < oo, p(-) € P8(R™) with
0<p <pt <oo.
(i) Let K, L € Ny with

K > ay and L>o0p,—o

and M > 0 large enough. If {ftym }veny,mezn are [K, L, M]-molecules and
A= {AV’W}VEN(),WEZ" S b;u(_)’q, then

f= Z Z Avmblom convergence in S’ (R™), (29)

v=0mezn

is an element of By ,(R™) and

171 Bt o (R™)] < e

(i) Let p* < o0 and K, L € Ny with

A b;”(,MH . (30)

K > as and L>o,4— 01,
and M > 0 large enough. If {{tym }veng mezn are [K, L, M]|-molecules and
A= {Avm}rveng.mezn € Fo().qr then (29) is an element of Fyjfy o(R™) and

£ By R < ]| M £t - (31)

Proof. The convergence of the sum (29) in S’(R") follows from Lemma 3.11. As
usual we divide the summation (29) in dependence on j € Ny into two parts

f=§: > /\umuumzi o+ i o= f+f

v=0meznr v=0meznr v=j+1mez"

Let {¢;} en, be a resolution of unity from (4). Now, let us prove the first part of
the theorem for the Besov spaces. We have

17185250 @) < e (| f3 By o R+ [177] B0 RM)]])

) 1/q
[e%e] J q
=c| D110 D Aeml@) # pmm) (s ()| Ly (R")
=0 || v=0 mezn
q\ 1/a

o

e300 S0 D M@ # o) (w ()] Ly (R™)

=0 || v=j+1 meznr

=01 +092 .



14 HENNING KEMPKA

We estimate 1. We use Lemma 3.5 with v < j and by the properties of the weight
sequence we obtain

Z ST @Y * ttm) (@)w; (@) Aum]

v=0mezm

J
o3 X 3D (2=t + 2 — 2
v=0mezm

and using Lemma 3.7 with ¢ < min(1,p~) and M — « > n/t we can estimate this
from above by

J
< C’Zg—(j—V)(K—az)Mt ( Z |)\l,m|w,,(2_”m)xl,m> (z) .

v=0 mezmn

Further, using Lemma 3.8 with § = K — ay > 0 and the fact that M; is bounded
on Lp() (Rn)

q 1/q
o1 <e Z ZQ =9 M, (Z IAymlwu(T”m)xum) ()| Lp(y (R™)
j=0 mez"
~ a\ 1/q
c ( M, ( Z |)\umwu(2ym)XVm> () Lp(~)(Rn) >
v=0 meZ™
o a\ 1/q
< (Z > Pumlwy 27 m)xum ()| Ly (R™) )
v=0 || mezZ"
(32)

For o5 we use Lemma 3.5 with v > j and obtain

Z ST @Y * i) (@)w; (@) Aum]

v=j+1mezZn

<c Y 3 2 IEEE |y (27 m) (14 2 — 2V m| )M
v=j+1mezn

and using Lemma 3.7 with ¢ < min(1,p~) and M — a — L —n > n/t we estimate
further

< Z 2—(V—j)(L+n+oc1—%)Mt < Z |>\Vm|wy(2_ym)XUm> (z) .

v=j+1 mezm
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Finally, using Lemma 3.8 with § = L +n + oy — % > 0 we obtain

q\ 1/a
o2 <c Z Z 2_(V_j)6Mt ( Z |)\l/me(2_l/m)XVm> () Lp()(Rn)
3=0 || v=j+1 mezn
- q\ 1/aq
< (Z ‘Mt ( > |)\um|wu(2_ym)XVm> ()] Lp( (R™) >
v=0 mez"
. q\ 1/q
< (Z 3= Pumlwn 277 m)xum ()| Lo (R™) ) =" [Nt
v=0 || mezZn
(33)
Now, by (32) and (33) we get | /1 Bty o (M) < | 1w || -

In the F-case we do the same estimates and calculations as above, use the second
part of Lemma 3.8 and the boundedness of M; on Ly.)({,) for t < min(p~, ¢, 1) to
obtain (31). O

Remark 3.14: Closer inspection of the proof shows that M > o, + L + 2n + 2«
(0p,q in the F-case) is a sufficient condition for M.

Since every [K, L]-atom is a [K, L, M]-molecule for every M > 0 we get the
following corollary.
Corollary 3.15: Let {w;}jen, € WS

(1) Let K, L € Ny with

and let 0 < g < oo, p(+) € PlB(R™).

1,02

K > ay and L>o,—0a .

(a) If A e b;”(
then

Y and {aym }veng,mezn are [K, L]-atoms centered at Qum,

f= Z Z Aom@ym  sconvergence in S’ (R™), (34)

v=0mezZn

belongs to the space Byt o(R™) and there exists a constant ¢ > 0 with

| £1 B3y o R)]| < ]| A2

The constant ¢ > 0 is universal for all X and a,,.

(b) For every f € By ,(R"), there exists A € bity,q ond [K, L]-atoms
centered at Q. such that there exists a representation (34), converg-
ing in S'(R™), with

|18, < el 1B oD

where the constant ¢ > 0 is universal for all f € By ,(R™).
(ii) Let p* < 0o and K, L € Ny with

K > ay and L>o0pq—0q .
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(a) If A€ fil),
then f represented by (34) belongs to the space Fyfy o(R™) and there
exists a constant ¢ > 0 with

H f] qu-)’q(Rn)H <c H Al f;l(’%q

The constant ¢ > 0 is universal for all X and a,n,.
(b) For every f € Fyty ,(R™), there exists \ € p(-),q Gnd [K, L]-atoms
centered at Qum, such that there exists a representation (34), converg-

ing in S'(R™), with
|71 752 < el 71 By @]

where the constant ¢ > 0 is universal for all f € Fjy ,(R™).

and {aym }veng,mezn are [K, L]-atoms centered at Qum,

4. WAVELET DECOMPOSITION

In this section we describe the function spaces By ,(R") and Fj¢) ,(R") by a
decomposition with wavelets. The proof relies on [21] and [24]. The ingredients are
the local means characterization (Proposition 2.8) and the just proved decomposi-
tions by molecules and atoms.

4.1. Preliminaries. First, we recall some results from wavelet theory.

Proposition 4.1: (i) There are a real scaling function p € S(R) and a real
associated wavelet Py € S(R) such that their Fourier transforms have

compact supports, Yr(0) = (27T)—1/2 and

i e [8e 2] ]2, 8
supp ¥y C 37r, 37r 377,37r

(ii) For any k € N there exist a real compactly supported scaling function ¥p €
Ck(R) and a real compactly supported associated wavelet 1y, € C*(R) such

that 1@(0) = (2m)" Y2 and

/xle(x)dxzo foralll € {0,...,k—1} .
R

In both cases we have, that {,m : v € Ng,m € Z} is an orthonormal basis in
Ly(R), where

Yr(t —m), ifr=0meZ

Yym(t) == { v

2 21ij(2yilt7m), ifreN,meZ

and the functions ¥, Yp are according to (i) or (ii).

This proposition is taken over from [39, Theorem 1.61]. The wavelets in the first
part are called Meyer wavelets. They do not have a compact support but they
are fast decaying functions (¢, ¥pr € S(R)) and 13, has infinitely many moment
conditions. The wavelets from the second part are called Daubechies wavelets.
Here the functions ¥, ¢ do have compact support, but they only have limited
smoothness. Both types of wavelets are well described in [41, Chapters 3 and 4].
This orthonormal basis can be generalized to the n-dimensional case by a tensor
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product procedure. We take over the notation from [39, Section 4.2.1] with [ = 0.
Let ¥pr, 9% F be the Meyer or Daubechies wavelets described above. Now, we define

G'={F,M}" and G"={F,M}™ ifv>1,

where the * indicates, that at least one G; of G = (Gy,...,G,) € {F, M}™ must
be an M. It is clear from the definition, that the cardinal number of {F, M}"™* is
2™ — 1. Let for z € R"

(@) =272 ] ve, (272, —m,) (35)
r=1

where G € G¥, m € Z" and v € Ny. Then {¥F,, : v € Ng,G € G",m € Z"} is an

orthonormal basis in Lo(R™). Finally, we have to adjust the sequence spaces bp( )
and f“’ , to our situation.

Deﬁnltlon 4.2: Let w € W2 0<q<ooandp(-) € PR") with 0 < p~ <

1,02
pt < oco.
(i) Then
p( )’q {)\ = {Aém}VENo,GGG”,mEZ"C C: H A‘ E;lz.)’q < OO} where
q\ 1/a
|nEz,, ( 3 w27 m) N o (0| Ly (R7) ) .
v=0GeG"” || meZm

(i) For pt < oo we define

f;‘i’_)’q {)\ {)\Gm}l’GNO GeGv, mGZ“C C: H )\| H < OO} where

1/q
= <Z Z Z w27 m)| A | T em (T )) Ly (R™)

v=0 GeEGY meL"

H Al f;(,'),q

To get the wavelet characterization we use local means with kernels which only
have limited smoothness and we use the molecular decomposition described in the
previous section. This idea goes back to [38], [24] and [17]. First, we recall the local

means with kernel k
kit ) =[5 (150 sway

R™

With t = 279, 2 = 277 where j € Ny and | € Z", one gets

K27, f)(2791) = 207 / K2y — 1) f(y)dy

R

= / kju(y)f (y)dy (36)
R’n
= ku(f) -
We have that (36) is a dual pairing if k;; are the Meyer wavelets, because they are

S(R™) functions, and for Daubechies wavelets because of their compact support.
Now the usual properties on k get shifted to the kernels kj;.
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Definition 4.3: Let A,B € Ny and ¢ > 0. Further, let k;j(z) € CA(R™) with
7 €Ny andl € Z" be functions in R™ with

1DPkj(z)| < 2V (14 29|z —2791))"C , 8| <A,

forallz e R™, j € Ny, l € Z"™, and

/xﬁkjl(:v)d:r =0, |Bl<B,
En
forj>1andl e Zm.
From the definition it is clear that {277"k;; }jen, ez are [A, B, C] molecules.

4.2. Wavelet isomorphism. We want to use the molecular decomposition ob-
tained in the last section. We assume that {gym ren,,mezn are [K, L, M| molecules
and that the {kj;}jen,,icz» are the above given functions from Definition 4.3.
Before coming to the theorem we recall two fundamental lemmas. First, we have
to give estimates of the quantity | ( wum, ki) |-

Lemma 4.4 (Appendix B in [16].): (i) Letv > j, M > A4+n and L > A,
then
| (o ko) | < 27D (1 4 9d|97vy — 9d7|) 7 min(M=A=n,C) —(37)
(ii) Letv <j, C>K+n and B> K, then
[ (s it} | € 270K (1 2v]2iy — 9oig))= min(MC=Km) (35)

The second lemma is just a reformulation of Lemma 3.7. For the_ proof, Just take
Lemma 3.7 and remember that € Q;;, which means 0 < |z —277]| <277,

Lemma 4.5: Let 0 <t <1 and R > %. For any j,v € No, any | € Z" and any
sequence {hym tveny mezn of complex numbers, we have with x € Q)

7 w1+ 272771 = 27 m|) " < cmax(27DF )M, ( > |humxyml> (z) .

mezn mezn

Now, we are ready to state the first theorem, which gives us one direction of the
wavelet decomposition. We define k(f) = {k;i(f) : j € No,l € Z™}.

Theorem 4.6: Let w € W< 0 < q < oo and p(-) € P8(R™). Further, let

ay,027

{kji}jeny iczn be as in Definition 4.3 with C > 0 large enough and A, B € Ny.
(i) If
A>o0p—og and B> as ,
then for some ¢ > 0 and all f € By ,(R™)

| ko8| < el 51858 oD -
(ii) Let p™ < oco. If

A>o0pq— a1 and B>as,

then for some ¢ > 0 and all f € Ffy ,(R™)

K1 £ ]| < e 11 B3 0RO
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Proof. This time we only prove the F-part of the Theorem. The Besov spaces

part follows the same line of arguments. We apply the decomposition by atoms to
I € Bty 4(R") and get

F=Y23" Xomtum (39)
v=0mezn

where {aym ren,,mezn are [K, L]-atoms with K =B >aand L=A > 0, , — 1.
By Corollary 3.15 it is sufficient to find a ¢ > 0 with

[, < el rm. - (40)
As usual, we decompose the sum in (39) in
J

-3

v=0

+ > =
v=j+1
and derive
balh) = [ a0y + [ ki) )y
Rn R

We use Lemma 4.4 where pi,,, = aym; that means that M = oo in the formulation
of the lemma. For v < j we obtain by Lemma 4.4 with C > K +n and Lemma 4.5
with appropriately chosen ¢ < min(1,p~,q)

wi @)k (f)1<ed Y Pom (ki aum) [w; ()

v=0megzn

J
ey 27Uz NN w27 m) (14 27 (27 m — 27 1)) TC e

v=0 mezn
J
< ZQ*(i*u)(K,az)Mt ( Z |)\I/m|wy(2ym)x1jm> (33)
v=0 mezn
for z € Q; and C — K —n—a > n/t. For the norm with 6 = K — s > 0 we obtain
- 1/q
|kl g = [ {22 2 Teantiesra ) ) | Ly ()

j=01lezn

1/q

S ¢ Z Z [Z 2(jy)6Mt< Z Al/ﬂ’l|wu(2ym)x1/m>(')‘| X]l() Lp()(Rn)

j=01eznv=0 mezn
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Now apply Lemma 3.8 and use the vector-valued maximal inequality to estimate
further

. a\ 1/q
< C/ (Z lMt ( Z |/\Vm|wu(2ym)XVm> ()‘| ) LP()(RH)

v=0 mezm™

Al 1171()‘)#1

00 1/q
< (Z Z |/\Vm|qwz€(2_um)xum(')> Ly (R™) =c’

v=0mezn

For v > j we use Lemma 4.4 again and obtain

|wj () ki (f7)]

<ec Z 2_(y_j)(A+n+a1) Z |)\Vm‘wy(2—l/m)(1 _|_2j|2_Vm — Q_jl|)_c+a .
v=j+1 mezn

By Lemma 4.5 with suitably chosen ¢t < min(1,p™,¢) and « € @j; this can be
further estimated to

< Z 2—(u—j)(A+n+oc1—n/t)Mt ( Z |>\umwu(2_”m)xum> (z) .

v=j+1 mezn
Weset § = A —o0p4+ a1 =6 >0 and get in applying the norm and Lemma 3.8
- 1/a
[ R 738l = |20 3 st eos OOl | [ Ly (B
j=01lezn

q 1/q

<cl (XD X 2(””‘%(2 lAym|wy<2”m>xym> O x| Loy ®)

j=01lezn |v=j+1 mezn
- q1 Ve
<d| > <Mt<z |)\Vm|wl,(2”m)xmn> (-)) Lyy(R™)
v=j+1 mezn

1/q

<c’ [Z Z [Avm 2w (277 m) Xpm (+) LyyRM)|| = " |[Al fpl.4

v=0mezZ"

Finally, we obtain (40) and Corollary 3.15 ensures
[EEIA

Remark 4.7: Deeper inspection shows that

<c| I R -

C > max(A,B) +2a+2n+o0,,
is a sufficient condition (C' > max(A4, B) + 2a + 2n + o, in the B-case).

We come to the wavelet decomposition theorem. Let us assume that
Yy € CF(R™)  and  p € C*(R™) (41)
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are the real compactly supported Daubechies wavelets from Proposition 4.1, with

/xﬂ'L/)M(.T)dIE =0 for |B] < k. (42)
Rn

By the tensor product procedure (35) we have that {V¢, |, : v € No,G € G and m €
Z"} is an orthonormal basis in Lo (R"™).
Before coming to the theorem we clarify the convergence of

o0
SN N2Eg,  withaeby, . (43)
v=0 GEG¥ meZ"
We say that a series converges unconditionally, if any rearrangement of the series
also converges to the same outcome. We know that {2*"7’5 Ve, toeng,ceay mezn
are [k, k, M]-molecules for every M > 0 and therefore we have the unconditional
convergence of (43) in §'(R™) from Lemma 1 in [21] with k& > 0}, — a3.
Moreover, the following proof shows the unconditional convergence of (43) in
By 4(R™) for 0 < ¢ < oo and p(-) € P(R") with p™ < co. If 0 < p* < 0o and
0 < g < o0, then we have unconditional convergence in B.) ,(R™), where {0} jen,
2 0.
In the case of no restrictions on p(-),q we also have unconditional convergence in

is an admissible weight sequence with sup,cg»

BE.).4(R™) where {0;};en, is an admissible weight sequence with sup, cg. 242 — 0

wj ()
5,’7 ((?) = 0. For the Triebel-Lizorkin spaces we have the same

convergence assertions; the last case is missing due to the restriction p* < oco.
Theorem 4.8: Let w € WS 0 < g < oo and p(-) € Pl8(R™).

ay,Q02”

(i) Let f € S'(R™) and

and lim| ;|0 SUPjen,

k> max(o, — a1, o) (44)
in (41) and (42). Then f € Byt o(R™) if, and only if, it can be represented
as

F=Y00 >0 M, 2R, withAeby,) . (45)

v=0GEGY meL"

with unconditional convergence in S'(R™) and in any space B.) o(R™) with

i’u((z)) — 0 for |z] = oo and all v and also sup,cpn 5;((?) — 0 for v — oo.
The representation (45) is unique, we have
Gm = Mo (F) = 22 (W) (46)
and
Iif = {275 ([, 9} (47)

is an isomorphic map from Byt ,(R™) onto l;]’j’(,) ¢ Moreover, if in addition
max(pt,q) < oo, then {U%, }eny,GeGr mezn s an unconditional basis in

Bi).q(R™).
(i) Let p* < oo, f € S'(R™) and

k> max(op ¢ — o1, 2)
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in (41) and (42). Then f € Fyy (R™) if, and only if, it can be repre-
sented as (45) with A € f;‘({),q with unconditional convergence in S'(R™)

and in any space Fg.y o(R") with sup,cgn fj((?) — 0 for j — oo. The
representation (45) is unique, we have (46) and (47) is an isomorphic
map from Fjty ,(R™) onto f;‘(’.)q. Moreover, if in addition q < oo, then

{W& tveNo,GeGr mezn s an unconditional basis in Iy ,(R™).
Proof. First Step: Let f € §'(R™) be given by (45). Then by the support properties

we have that {2772 WY, Y, cn, .GeGr mezn are [k, k, M] molecules for every M > 0.
From Theorem 3.13 and (44) we obtain f € Bjf) ,(R™) and

1f1 Bty.a R < e

with ¢ > 0 independent of A € Bﬁ-),q'

Second Step: Let f € B, ,(R") then we can apply Theorem 4.6 with k,,, =
2v2 WY, . Since all conditions on k,,, are fulfilled by (44) and the compact support
of the wavelets we get

/\|b;;;,),qH (48)

|28 | < el s B @) - (49)

Third Step: For max(p™,q) < oo we get the unconditional convergence of (45) in

Byty,q(R™) by (48) and the properties of the sequence spaces B;"(
Let p* < co and ¢ = oo, then we get the convergence in By (R

by using (48) again and sup,cgn % — 0 for j — 0.

)q°
") for all {o;}jen,

To obtain the convergence for p™ = oo we have to compensate the behavior at

infinity by introducing a weaker weight sequence @ with il;((?) — 0 for |z| — oo

ov(x)
wy, (x)

convergence in B,y ,(R") by using (48) again.
A simple example of such a weaker weight sequence is given for every € > 0 by

ov(x) =277 (1 4 2%|z|) " wy () (50)
which belongs to W<

a1 —2e,a0+€"
Fourth Step: Now, we want to prove the uniqueness of the coefficients. We define

I=D D D Mem2 VRV, (51)

v=0 GEGY meL™

for all v € Ny and sup,cgn — 0 for v = co. Then we get the unconditional

where A%, is given by (46). We want to show that g = f, or

(9:0) = ([f,p) for every p € S(R").
From the first step we have g € By ,(R™). The third step tells us that (51)
converges at least in B%.) ,(R") for all @ given by (50) for some £ > 0. Since

k > 0p, — a; we can find € > 0 such that ‘l/’//m, still belongs to the dual space
(B.),q(R™))" (that means k > 0, — a1 + 2¢).

Because of the convergence in B%.) ,(R") ,the dual pairing and the orthonormality
of {U%, }veny.cear mezn in La(R™) we get

(0.9 ) = (£ V) - (52)
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This holds also for finite linear combinations of ¥%, ,. For a function ¢ € S(R™)
we have the unique Lo(R™) representation

o= 27V (p,U5,,) Vs, -
v,G,m

Since S(R™) is a subspace in every Besov space considered this representation con-
verges in (Bg.) ,(R™))" and by (52) we get

(g9,0)=([f.9) -

Final Step: Hence, f € S'(R") belongs to Byt ,(R™) if, and only if, it can be
represented by (45). This representation is unique with coefficients (46). By (48),
(51), with g = f, and (49) it follows

2B || ~ 11715 o R

Hence, I in (47) is an isomorphic map from B, ,(R™) into Ep(~),q’ It remains to

prove that this map is onto. Let A € BZE-) o T hen by the above considerations it
follows that

F= 3 N 2B, € B (R
v,G,m
By the same reasoning as in the fourth step this representation is unique and
Gm = AN (f). This proves that I is a map onto.
The proof for the Triebel-Lizorkin spaces follows the same line of arguments as
the proof for the Besov spaces. We use ky,, = 2% W, as kernels of local means
with A = B = k and C' > 0 arbitrary and that {2_V%qjém}V€N0’G€Gu’m€Zn are
[k, k]-atoms. In the proof we replace the used Besov space theorems with the corre-
sponding F-parts in Theorem 3.13 and Theorem 4.6. Also the part on convergence
gets easier, because p(+) is by definition smaller than infinity. O

Now, we present a wavelet decomposition theorem with the help of Meyer wavelets,
described in Proposition 4.1. We have 11, ¥r € S(R™) and we have infinitely many
moment conditions on ¥,;. We lose the compact support property for the wavelets
and we use the molecular decomposition. The proof is the same as in Theorem
4.8. We use again our wavelets as molecules and also as kernels from Definition 4.3
where the technicalities turn out to be easier because A, B, C are infinite.

Theorem 4.9: Let {U%, }oeny cecr,mezn be the Meyer wavelets according to Propo-
sition 4.1.  Further, let w € Wg ,,, 0 < ¢ < oo, p(-) € Plg(R") and let
feS®R).

(i) We have f € By o(R™) if, and only if, it can be represented as

f:i S N2V, with €D, (53)

v=0GeGY meL"

with unconditional convergence in S'(R™) and in any space B.) ,(R™) with

ov(x)
w,, (z)
The representation (53) is unique, we have

Gm = N (F) = 273 (f, W) (54)

— 0 for |z| — oo and all v and also sup,cgn 5}“((?) — 0 for v — oo.
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and

I:f e {273 ([, W)} (55)

is an isomorphic map from Bty ,(R™) onto Z);f’(%q. Moreover, if in addition

max(pt,q) < oo, then {U%, }eny,Gecr mezn is an unconditional basis in
0),a(R™).

(ii) Let p™ < oo then f € Fjt) (R™) if, and only if, it can be represented

as (b3) with X € f;‘(’_)’q with unconditional convergence in S'(R™) and in

any space F.y ,(R™) with sup,cgn % — 0 for j — oco. The represen-

tation (53) is unique, we have (54) and (55) is an isomorphic map from

F3ty o(R™) onto f;(}~)7q' Moreover, if in addition ¢ < co, then {¥%,, }veny,cear mezn

is an unconditional basis in Fyf) ,(R™).

Remark 4.10: The wavelet characterization of Fjfy ,(R™) is not restricted to
the two wavelet systems presented in Proposition 4.1. The proof of Theorem
4.8 also applies to all wavelet systems {¥Y%,, }oeny,Gecv,mez» which satisfy that
{27V2 WY, Y} eny.GeGr mezn are [K, K, M] molecules with

K > max(op, —aq,a2) and M > K 40, +2n+2a,

in the B-case and with o), 4 replacing o, in the F-case.
The proofs can easily be extended to bi-orthogonal wavelet bases (see [24] for de-
tails).

5. THE CASE OF Iyt 4 (R™)

In this section we present the decomposition of functions in F;f) 4 (R"™) by
atoms, molecules and wavelets. The proofs above can be modified to this situation.
First, we define the spaces under consideration.

Definition 5.1: Let w € Wy, ,, {¢j}jen, be a resolution of unity. Further, let
p(-),q(:) € PR"™) with 0 < p~ < pT < 0o and 0 < ¢~ < g+ < oo. The space
F3ty q()(R™) is defined by

Ea0®") = {f €8 [ 1 Bty ) ®||, < 00}, where
1/q(x)

a(x)
Lyy(R™)

| 1B @], = || | 2| 0sh) @y (a)
7=0

This definition was given in [22] where also a characterization by local means
was proved. This local means characterization shows that if p(-),q(:) € P°8(R")
with p*, ¢ < oo we have that the definition of the spaces is independent of the
start function ¢q of the resolution of unity.

Remark that due to Lemma 2.6 this definition is a generalization of the spaces
5y g (R™) from [12].

We also have to define the modified sequence spaces.

Definition 5.2: Let w € W3, ,, and p(-),q(-) € P(R") with 0 < p~ < p* < o0
and 0 < g~ < gt < 0.
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(i) We define

p( )7q( A {AVW}VEN(),TTLEZ” C (C H A‘ f ) q )H < OO} wh@r@
1/q()
H AL o0 Z > |w»(2”m)%m|q(z>xum(w)> Ly (R™)
v=0mezZn

(ii) We define

f;(’.),q(.) = {)\ = {)\ém}ueNo,Ger,meZn cC: H )\| f;{~)7q(~)H < 00} where

0o 1/q(x)
| M7t = (Z > > |wu<2—"m>Aemq<z>xm<x>> Ly()(R")

v=0GeGY meLn

Since the maximal operator is not bounded on L,y (£4.)) (see [12, Section 5])
if ¢(+) is not constant, we have to work with another tool. We use a convolution
inequality from [12]. Therefore we introduce the functions 7, r(x) = (1 +2¥|z|)~f
for v € Ng and R > 0.

Lemma 5.3 (Theorem 3.2 in [12]): Let p(-), q(-) € C8(R™) with1 < p~ < pt <
and 1 < g~ < q* < oco. Then the inequality

[Nl 70, % Ful €ay ] Loy R[] < e[| fil Ly (b)) |

holds for every sequence {f,},en, of L'°¢(R™) functions and constant R > n.
Further we need a generalized version of Lemma 3.8 which is proved in [22].
Lemma 5.4 (Lemma 4.2 in [22]): Let p(-),q(-) € P(R™) with 0 < ¢~ < q7 < o0
and 0 < p~ < pt < oo. For any sequence {g;}jen, of nonnegative measurable

functions on R™ and § > 0 let

= Z2“k_j|5gk(x) for all z € R™ and 5 € Ny.

Then with constant ¢ = ¢(p, q,0) we have

H {Gj}jenol Lpy (Lq(y H < CH {95} iene| Lpc) (€ H

Since the maximal operator is of no use in the case when ¢ is a variable function,
we have to give a modified version of the heavily used Lemma 3.7, which is not
hard to prove.

Lemma 5.5: Let 0 <t <1, j,v € Ny and {hum }ren,,mezn be positive real numbers
then we have for R > 0 and x € R", that

S hum(1+ 2w — 27 m|) R

mezm
1/t
< cmaux(l,2(”_j)R <|:'7V Rt * ( Z Y X () )1 (z )) .
mezn

It is now very easy to follow the proofs on the previous pages and replace Lemma
3.8 by Lemma 5.4, Lemma 3.7 by Lemma 5.5 and instead of the boundedness of
the maximal operator we use Lemma 5.3. Furthermore, we use [22, Corollary 4.7]
as the local means characterization and we obtain the decompositions by atoms,
molecules and wavelets for the Triebel-Lizorkin spaces with variable p(-) and g(-).
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Corollary 5.6: Let {w;}jen, € WS, o, and let p(-),q(-) € PP8(R™) with 0 < p~ <

pT < oo and 0 < g~ < gt < co. Furthermore, let K, L € Ny with
K> as and L>o0pq—0y .

(i) If X € f;‘(’,) ) and {aym }veng,mezn are [K, L]-atoms centered at Qum,
then f represented as

f= Z Z Aom@ym  sconvergence in S’ (R™), (56)

v=0mezZn

belongs to the space Ity oy (R™) and there exists a constant ¢ > 0 with

171 B2y, RO < €| Mt 000 | -
The constant ¢ > 0 is universal for all X\ and a,m,.
(ii) For every f € Fyf) q)(R™), there exists X € fU)  and [K,L]-atoms
centered at Qum, such that there exists a representation (58) converging in
S'(R™), with
HA‘fﬁ?-m(-)H < c|| 1 E) -y R
where the constant ¢ > 0 is universal for all f € Fjty o)(R™).
Corollary 5.7: Let w € WS, ,, and let p(-),q(-) € P5(R™) with 0 < p~ <p* <
0 and 0 < ¢~ < qt < oco. Let f € S'(R™) and {U%,,}veny,GeGr mezn be the
Daubechies wavelets with

k > max(op, ¢ — o1, 2)

in (41) and (42). Then f € Fjfy o (R™) if, and only if, it can be represented as

Y Y S e, wtaef.. 60
v=0GeG¥ meZ"
with unconditional convergence in S'(R™) and in F;{y 4)(R™). The representation
(57) is unique, we have

Gm = Mo (F) = 272 (f, V)

and

Iif— {272 (£, 9%}
is an isomorphic map from Iyt ;) (R™) onto f;‘(’_) o)

Here the part on convergence gets easier since p™, g™ < co. The first is natural
but the restriction ¢* < oo comes from the use of Lemma 5.5.
Above we stated explicitly the two most important results but it is also possible
to give analogues of Theorems 3.13 and 4.9 for the spaces Fy{y o()(R™) where the
proofs get modified as described.

Remark 5.8: Quiet recently in [2] Almeida and H&st6 introduced Besov spaces
@f((.')),q(,)(R”), where all three parameters are variable. To that end they presented
a convolution inequality as Lemma 5.3 for the mixed spaces £,(.y(Lyp(.)(R™)); see [2,
Lemma 4.7] for details.

It seems that it is possible to use this convolution inequality as a replacement for
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the boundedness of the maximal operator and to receive a wavelet characterization
for Bps((.'))ﬂ(.) (R™), also with the smoothness function 27 () replaced by an admissible
weight sequence w, as done above in the F-case. Since the definition of the spaces
B[;S(Q)Zq(_) (R™) is very advanced and directly working with the modular, we leave that
for future research.

6. RESULTS FOR SPACES OF VARIABLE SMOOTHNESS

This section collects the important results from the previous sections and we
write it down for the special case of function spaces with variable smoothness. These
spaces were introduced in [12] and attracted a lot of attention. The definition of
the spaces B3() ,(R"), F3ly,(R™) and F3() . (R™) and its corresponding sequence
spaces is easy: just use w;(z) = 275(*) in the previous definitions. Then it is easy
to verify a; = inf(s(x)) = s~ and as = sup(s(z)) = sT. Using Lemma 2.6 we get
that s(-) € Loo N C’llgf(R”) defines an admissible weight sequence. Therefore, the
following corollaries are covered by the previous results.

Corollary 6.1: Let s : R" — R be in Lo, N C)°5(R™) and p(-) € PS(R™). The
symbol A stands for B or F' and so does a symbolize b or f respectively.

(i) Let 0 < g < oo (p* < oo in the F-case) and K, L € Ny with

K >st and  L>o0,—5s (0p4 in the F-case).

(a) If X e a;E'_g ¢ nd {avm}ven,mezn are [K, L]-atoms centered at Quym,
then
f= Z Z Avm@um  sconvergence in S'(R™), (58)
v=0mezn

belongs to the space fﬁ((_')),q(R”) and there exists a constant ¢ > 0 with

|11 40.®")
The constant ¢ > 0 is universal for all X and a,n,.

(b) For every f € Asly,(R™), there exists X € a;?;,q and [K, L]-atoms

centered at Q,m, such that there exists a representation (58), converg-
ing in 8’ (R™), with

H )\| as(')

P(-),q

<c||ara),

)

< || #1410 ®")

where the constant ¢ > 0 is universal for all f € Ay (R™).
(i) Let q(-) € P8(R"™) with ¢t < oco. Further, let pt < oo and K,L € Ny
with

K> st and L>o0pq4—5"

(a) If A € f;(()) o) and {aym }veng.mezn are [K, L]-atoms centered at Qum,

then f represented by (58) belongs to the space F;((.'))’q(.)(R") and there
ezists a constant ¢ > 0 with
<c H A£G

FI B gy (®™) ()sa() H :

The constant ¢ > 0 is universal for all X and a,n,.
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(b) For every f € Esy) ) (R™), there ezists A € fé() oy and (K, L]-
atoms centered at Q). such that there exists a representation (58),
converging in S'(R™), with

s

7

‘<c

FIE () (R” )‘

where the constant ¢ > 0 is universal for all f € sz((.')),q(.)(R").

And finally we mention the decomposition with Daubechies wavelets for these
spaces.

Corollary 6.2: Let s(-) € Loo N CI°5(R™) and p(-) € PY8(R"). The symbol A

loc
stands for B or F' and so does a symbolize b or f respectively.

(i) Let 0 < g < oo (p™ < oo in the F-case) and
k > max(o, —s~,sT) (0,4 in the F-case)

n (41) and (42). Then f € S'(R™) belongs to ALY ,(R™) if, and only if,
it can be represented as

f:i ST N2 R, with Aeal.

v=0GeGY meZn

(59)

with unconditional convergence in S'(R™) and in any space A3 ,(R™),
where o(x) < s(z) with inf(s(z) — o(z)) > 0 and o(x)/s(x) — 0 for
|z| = co. The representation (59) is unique, we have

Gm = N (F) = 27% (f, W)

and

Iif {22 (f,9%,)}
is an isomorphic map from 1%3((.'))7,1(11%") onto @ 8 . Moreover, if in addition
max(pt,q) < oo, then {U%, }eny.GeGr mezn 18 an unconditional basis in
A};S((.'))’Q(R”),
(ii) Let q(-) € P8(R™) with 0 < p~ < pt < o0, 0 < ¢~ < q* < 0o and let

k> max(opq — s ,sT)

n (41) and (42). Then f € S’'(R™) belongs to F(())q()( ™) if, and only
if, it can be represented as (59) with \ € f (- ) ()’ with unconditional

convergence in S'(R™) and in E{y 4 (R"). The representation (59) is
unique, we have

Cm = MNom () =272 (f,98,,)
and
I:f e {275 (f,98,,)}

is an isomorphic map from F&) ;) (R™) onto f )q()
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APPENDIX

In this appendix we present the proofs of Lemmas 3.7, 3.11.

Proof. Remember that 0 <t <1 and R > n/t. We set § = % — % > 0 and for each
k € N we define

Q= {m ez 2" < omin®) |97V, g| < 2k} (60)
and
QO _ {m c7n - 2min(V,j)|271/m _ Z‘| < 1} )

First step: v < j If x € Qji, then

S lhuml (T4 27z =27 m) F <Y TS | (14 27|z — 27 m) R

mezn k=0meQy
<cZ Z |hom|27 onk—ng <t bup 2- Z [hom]
k=0meQy meQy
1/t
<" | sup 27F7 |Pym|t
<I€€No m;lk "
. 1/t
=" sup 2"(1’7]6) / Z |hum,|Xl/7n(y) dy . (61)
k€No meQy
Umea,
We set Qk = U{m:2min(u,j)|2—1/m_z‘§2k} Qym and we have ‘Qk| ~ Q(kfu)n and
Unea, Qum = Qi \ Q1. Then for all k € Ny we obtain
1 Q1 \ Qr—1]
ME)(@) = sup / Iy / F()ldy
MIE) =swiar )| @@\ Qe ) T
: / W)l
ZCi sV~ y)lay
|Qx \ Qr—1]
Qr\Qk-1
! [ 1w
-t y)|dy .
| LJ'm,GQ;c QVm|
meQy Qum
Therefore, we get together with (61)
N 1/t
Z |h1/m‘ +2j|l‘ —27 ml) B < c sup lMt ( Z |h1/mX1/m> (.’13)]
mezn k€No meQy
S CMt < Z hum|Xz/m) (I’) .
meZL™

Second step: j < v We use the same decomposition of R™ as in (60) and use the
Qum| ~ 2k=3) and this

same 6 > 0 as above. The only change is that |Um€Qk
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explains
> w1+ 27|z — 27 m|) TR < ¥ I M, ( > |hum|xym> (z) .
mezn mezn

O

Proof. First, we use the embedding results. We choose ¢ < min(p~, 1) appropriately
and get from Propositions 3.9 and 3.10 that

— b°

w Q
bp(y,0 < Op(y p(-) /1,00

/t.q

and

o o
pOa 7 Tyt 7 Vo

where gj(z) = ug(x)?fjﬁot. We have that 2 777 =; 2735(@)7¢ i3 again a 2-

microlocal weight sequence with s(-) € C°¢(R") and 0 < s(x) < 1. Therefore, g is

also an admissible weight sequence and it is easy to show that g € ng_m,a , With
B > 0 large enough. We have to prove that the limes

TILHSOZ Z Avmtom (T) exists in S'(R™).

v=0mezZ"

We can assume, that A € bﬁ(.) see the above embeddings. For ¢ € S(R™) we

/t,00°
get from the moment conditions (15) for fixed v € Ny

/ > Aomttom (v)e(y)dy

Rn mez"
:/ Z Aumﬂum(?/)@l/(y)x
Bn MEL"
P i (62)
AEOEDS DRp@7m) () grimyp | o5t (y) gy,

bt B! (y)~

where k > 0 will be specified later on. We use Taylor expansion of ¢ up to the order
L and get with £ on the line segment joining y and 27¥m. By using the properties
of the weight sequence and (y)* < (y — 27"m)"(£)" we derive

DYp(27"m)

N (y—27"m)"| 0, (v)

tom W] (W) = >

[vI<L

)

—V o1 —O0 v et 24 K— —K K D’Y@g
< 2L a0 (1 1 9y 9l M ()5 up (g 5 1212
e e

where M > 0 and k > 0 are at our disposal. Hence, we derive from (62)

/ S Mvmttom (1)) dy

n MEL™

<2t gl [0S e (27 m) (1427 |y — 27 m) M )y
Rn mezZn
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We estimate now the integral and from the Hélder’s inequality for L,.)(R™) (see
[23]) we get with p(-)/t > 1 and choosing x large enough

Z [Avmlow(27m)(1 + 2|y — 2_Vm‘)L+ﬁ+H_M<y>ﬂ_mdy
R mezZn

< | D0 Pumlen(@7Vm)(1 42"y — 27 m|) Ao+ Lp<.>/t<R“>H :
mez”

Finally, we use Lemma 3.7 with M large enough and the boundedness of the max-

imal operator and obtain

/ Z Avmtom () (y)dy

n MEZL™

H,L27”(L+a1*m) M Z [Aumlow(27m) Xxpm (+) LP(')/t(Rn)

meZ"

< [lepl|, 27RO H Al by

< le]

eee]
Since L > oy —oy > 0p —ap and A € bf)(_)/t » the convergence of (24) in S'(R")
follows. 0
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