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Resolution of Unity

ϕ0(x) =

{
1 , if |x| ≤ 1

0 , if |x| ≥ 2
.

We put ϕ(x) = ϕ0(x)− ϕ0(2x) and ϕj(x) = ϕ(2−jx) for all
j ∈ N, then

∞∑
j=0

ϕj(x) = 1 for all x ∈ Rn.

Then suppϕj ⊂ {ξ ∈ Rn : 2j−1 ≤ |ξ| ≤ 2j+1} and we have
the Littlewood-Paley Analysis of f ∈ S ′(Rn)

f =
∞∑
j=0

(ϕj f̂)∨ .
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The spaces Cs,s′
x0

(Rn)

Definition 1 (J. M. Bony 1984)
Let x0 ∈ Rn and s, s′ ∈ R. A function f ∈ S ′(Rn) is said to
belong to Cs,s′

x0
if there exists a constant C > 0 s.t.

|(ϕj f̂)∨(x)| ≤ C2−js(1 + 2j|x− x0|)−s
′

for all j ∈ N and x ∈ Rn.

This can be rewritten in

sup
j∈N0

ess sup
x∈Rn

(
2js(1 + 2j|x− x0|)s

′|(ϕj f̂)∨(x)|
)
≤ C .
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The spaces Hs,s′
x0

(Rn)

Definition 2 (J. M. Bony 1984)
Let x0 ∈ Rn and s, s′ ∈ R. A function f ∈ S ′(Rn) is said to
belong to Hs,s′

x0
if

∥∥∥2js(1 + 2j|x− x0|)s
′
(ϕj f̂)∨(x)

∣∣∣L2

∥∥∥ ≤ cj and
∞∑
j=0

|cj|2 <∞ .

This can be rewritten in

∞∑
j=0

22js
∥∥∥(1 + 2j|x− x0|)s

′
(ϕj f̂)∨(x)

∣∣∣L2

∥∥∥2

<∞ .
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Interludium: Local Regularity of functions

Definition 3
Let x0, s ∈ R. Then f : R→ R belongs to the Hölder space
Cs
x0

if and only if there exist a constants C, r > 0 and a
polynomial P with degP ≤ bsc such that

|f(x)− P (x− x0)| ≤ |x− x0|s for all |x− x0| ≤ r.

The pointwise Hölder exponent of f at x0 is

αp(x0) = sup{s : f ∈ Cs
x0
} .
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Definition 4
Let f be a function in Lloc1 (R) and denote by f (−l) the
primitive of order l. Then f is called a (h, βc)-type chirp at
x0 ∈ R if for all n ∈ N

f (−n) ∈ Ch+n(1+βc)
x0

.

βc is called the chirp exponent.

Definition 5
Let Cα(Ω) be the usual Hölder spaces on Ω. Then
αl(f, x0, η) = sup{α : f ∈ Cα(Bη(x0))}; and the
local Hölder exponent is defined by

αl(x0) = lim
η→0

αl(f, x0, η) .

other exponents: weak scaling exponent, oscillating exponent
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Cusp and Chirp
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2-microlocal frontier and regularity exponents
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The Idea

We define generalized Besov spaces with an ”admissible”
sequence of weight functions w = {wj}j∈N0 with the norm:

∥∥f |Bs,w
pq

∥∥ :=

(
∞∑
j=0

2jsq‖wj(ϕj f̂)∨|Lp‖q
)1/q

for 0 < p, q ≤ ∞.

• What are the conditions for our admissible weight
sequence?

• Example weights: wj(x) = (1 + 2j|x− x0|)s
′

• Is the definition independent of the Resolution of Unity?
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Definition 6
Let α, α1, α2 ≥ 0. We say that a sequence of non-negative
measurable functions w = {wj}∞j=0 belongs to the class
Wα

α1,α2
if and only if

1. There exists a constant C > 0 such that

0 < wj(x) ≤ Cwj(y)
(
1 + 2j|x− y|

)α
j ∈ N0 and x, y ∈ Rn.

2. For all j ∈ N0 we have

2−α1wj(x) ≤ wj+1(x) ≤ 2α2wj(x) for all x ∈ Rn.

Such a system {wj}∞j=0 ∈ Wα
α1,α2

is called admissible weight
sequence.
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Definition 7
Let w = {wj}j∈N0 ∈ Wα

α1,α2
and {ϕj}j∈N0

be a Resolution of
Unity. Furthermore let 0 < p ≤ ∞, 0 < q ≤ ∞ and s ∈ R,
then we define

Bs,w
pq (Rn) =

{
f ∈ S ′(Rn) : ‖f |Bs,w

pq (Rn)‖ϕ <∞
}

with

‖f |Bs,w
pq (Rn)‖ϕ =

(
∞∑
j=0

2jsq‖(ϕj f̂)∨|Lp(wj)‖q
)1/q

.

Remark 8
This definition is independent of the function ϕ, so we can
suppress it in the notation of the norm.
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Weight sequences
• wj(x) = (1 + 2j dist(x, U))

s′
, where U ⊂ Rn

U ⊂ Rn is an open subset → [Moritoh, Yamada 2004]

• Let w : Rn → [0,∞) be a measurable function with the
following properties:
There are constants C1, C2 ≥ 1 and β ≥ 1, such that for
all x, y ∈ Rn

0 ≤ w(x) ≤ C1w(y) + C2|x− y|β .

We define now for s′ ∈ R and j ∈ N0

wj(x) =
(
1 + 2jw(x)

)s′/β
for all x ∈ Rn.

Special case: w : Rn → [0,∞) subadditiv, that means

0 ≤ w(x+ y) ≤ c̃1 (w(x) + w(y)) and w(x) ≤ c̃2|x|β .
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Lifting Property

Let σ ∈ R. Then the Liftoperator Iσ is defined through

Iσ : f →
(
〈ξ〉σf̂

)∨
where 〈ξ〉σ := (1 + ξ2)σ/2.

Then we have the following: Iσ is an isomorphic mapping from
Bs,w
pq onto Bs−σ,w

pq and∥∥Iσf |Bs−σ,w
pq

∥∥ ∼ ∥∥f |Bs,w
pq

∥∥ .
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Theorem 1
Let s ∈ R, w = {wj}j∈N0 ∈ Wα

α1,α2
, 0 < p, q ≤ ∞ and let

m ∈ N0. Then∑
|β|≤m

∥∥Dβf
∣∣Bs−m,w

pq (Rn)
∥∥

and

∥∥f |Bs−m,w
pq (Rn)

∥∥+
n∑
i=1

∥∥∥∥ ∂mf∂xmi

∣∣∣∣Bs−m,w
pq (Rn)

∥∥∥∥
are equivalent quasi-norms on Bs,w

pq (Rn).
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Embeddings

Let s ∈ R and w ∈ Wα
α1,α2

and % ∈ Wβ
β1,β2

.

1. If 0 < p ≤ ∞, 0 < q1 ≤ q2 ≤ ∞ and
wj(x)

%j(x)
≤ c, then

Bs,%
pq1

(Rn) ↪→ Bs,w
pq2

(Rn) .

2. If 0 < p ≤ ∞, 0 < q1 ≤ ∞, 0 < q2 ≤ ∞ and
wj(x)

%j(x)
≤ c,

then for all ε > 0

Bs,%
pq1

(Rn) ↪→ Bs−ε,w
pq2

(Rn) .
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3. If 0 < p1 ≤ p2 ≤ ∞, 0 < q ≤ ∞ and s1, s2 ∈ R with

wj(x)

%j(x)
≤ c2

j
(
s1−s2−n( 1

p1
− 1

p2
)
)

(1)

for all j ∈ N0 and x ∈ Rn, then we have

Bs1,%
p1q

(Rn) ↪→ Bs2,w
p2q

(Rn) .
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Local Means
Let B = {x ∈ Rn : |x| < 1} be the unit ball and k ∈ S(Rn) a
function with support in B. For a distribution f ∈ S ′(Rn) the
corresponding local means are defined for x ∈ Rn and t > 0 by

k(t, f)(x) =

∫
Rn

k(y)f(x+ ty)dy = t−n
∫

Rn

k

(
y − x
t

)
f(y)dy .

Let k0, k
0 ∈ S(Rn) be two functions satisfying

supp k0 ⊆ B , supp k0 ⊆ B ,

and

k̂0(0) 6= 0 , k̂0(0) 6= 0 .



Outline 2-microlocal Besov spaces Properties Decomposition by Wavelets

Local Means
Let B = {x ∈ Rn : |x| < 1} be the unit ball and k ∈ S(Rn) a
function with support in B. For a distribution f ∈ S ′(Rn) the
corresponding local means are defined for x ∈ Rn and t > 0 by

k(t, f)(x) =

∫
Rn

k(y)f(x+ ty)dy = t−n
∫

Rn

k

(
y − x
t

)
f(y)dy .

Let k0, k
0 ∈ S(Rn) be two functions satisfying

supp k0 ⊆ B , supp k0 ⊆ B ,

and

k̂0(0) 6= 0 , k̂0(0) 6= 0 .



Outline 2-microlocal Besov spaces Properties Decomposition by Wavelets

For N ∈ N0 we define the iterated Laplacian

k(y) := ∆Nk0(y) =

(
n∑
j=1

∂2

∂y2
j

)N

k0(y) , y ∈ Rn .

It follows easily that

ǩ(x) = |x|2N ǩ0(x) and that implies

Dβǩ(0) = 0 for 0 ≤ |β| < 2N .
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Theorem 2
Let w = {wj}j∈N0 ∈ Wα

α1,α2
, 0 < p, q ≤ ∞, s ∈ R.

Furthermore, let N ∈ N0 with 2N > s+ α2 and let
k0, k

0 ∈ S(Rn) and the function k be defined as above. Then

‖k0(1, f)w0|Lp(Rn)‖+

(
∞∑
j=1

2jsq
∥∥k(2−j, f)wj

∣∣Lp(Rn)
∥∥q)1/q

∼
∥∥f |Bs,w

pq (Rn)
∥∥

holds for all f ∈ S ′(Rn).
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Daubechies Wavelets

Theorem 3
For any k ∈ N there is a real compactly supported scaling
function ψF ∈ Ck(R) and a real compactly supported

associated wavelet ψM ∈ Ck(R) such that ψ̂F (0) = (2π)−1/2

and ∫
R
xlψM(x)dx = 0 for all l ∈ {0, . . . , k − 1} .

We have, that {ψjm : j ∈ N0,m ∈ Z} is an orthonormal basis
in L2(R), where

ψjm(t) :=

{
ψF (t−m), if j = 0,m ∈ Z
2

j−1
2 ψM(2j−1t−m), if j ∈ N,m ∈ Z

.
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Daubechies Wavelets in Rn

We define

G0 = {F,M}n and Gj = {F,M}n∗ if j ≥ 1 ,

where the * indicates, that at least one Gi of
G = (G1, . . . , Gn) ∈ {F,M}n∗ must be an M . We set for
j ∈ N0, G ∈ Gj and m ∈ Zn

Ψj
Gm(x) = 2j

n
2

n∏
r=1

ψGr(2jxr −mr) .

Then {Ψj
Gm : j ∈ N0, G ∈ Gj,m ∈ Zn} is an orthonormal

basis in L2(Rn).
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Definition 9
Let w ∈ Wα

α1,α2
, s ∈ R and 0 < p, q ≤ ∞. Then

b̃s,wpq :=
{
λ = {λjGm} ⊂ C :

∥∥∥λ| b̃s,wpq ∥∥∥ <∞}
where∥∥∥λ| b̃s,wpq ∥∥∥ = ∞∑

j=0

2j(s−
n
p
)q
∑
G∈Gj

(∑
m∈Zn

|λjGm|
pwpj (2

−jm)

)q/p
1/q

.
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Wavelet Decomposition Theorem I

Let w ∈ Wα
α1,α2

, s ∈ R, 0 < p, q ≤ ∞ and {Ψj
Gm} be the

Daubechies Wavelets with

k > max(σp − s+ α1, s+ α2) . (2)

Let f ∈ S ′(Rn). Then f ∈ Bs,w
pq (Rn) if, and only if, it can be

represented as

f =
∞∑
j=0

∑
G∈Gj

∑
m∈Zn

λjGm2−j
n
2 Ψj

Gm with λ ∈ b̃s,wpq ,

with unconditional convergence in S ′(Rn) and in any

Bσ,%
pq (Rn) with σ < s and

%j(x)

wj(x)
→ 0 for |x| → ∞.
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Wavelet Decomposition Theorem II
The representation

f =
∞∑
j=0

∑
G∈Gj

∑
m∈Zn

λjGm2−j
n
2 Ψj

Gm with λ ∈ b̃s,wpq ,

is unique,

λjGm = λjGm(f) = 2j
n
2

〈
f,Ψj

Gm

〉
and

I : f 7→ {2j
n
2

〈
f,Ψj

Gm

〉
}

is an isomorphic map from Bs,w
pq (Rn) onto b̃s,wpq . Moreover, if

in addition max(p, q) <∞ then {Ψj
Gm} is in unconditional

basis in Bs,w
pq (Rn).
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The 2-microlocal spaces Bs,s′
pq (Rn, U)

Let s, s′ ∈ R, U ⊆ Rn bounded and 0 < p, q ≤ ∞. Then∥∥∥f |Bs,s′

pq (Rn, U)
∥∥∥ =(

∞∑
j=0

2jsq
∥∥∥(ϕj f̂)∨(1 + 2j dist(·, U))s

′
∣∣∣Lp(Rn)

∥∥∥q)1/q

and∥∥∥λ| b̃s,s′pq (U)
∥∥∥ = ∞∑

j=0

2j(s−n/p)q
∑
G∈Gj

(∑
m∈Zn

|λjGm|
p(1 + 2j dist(2−jm,U))ps

′

)q/p
1/q

.
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Wavelet decomposition of Bs,s′
pq (Rn, U) I

Let U ⊂ Rn bounded, s′ ∈ R and
wj(x) = (1 + 2j dist(x, U))s

′
. Further, let s ∈ R,

0 < p, q ≤ ∞ and {Ψj
Gm} be the Daubechies Wavelets with

k > max(σp − s−min(0, s′), s+ max(0, s′)) . (3)

Let f ∈ S ′(Rn). Then f ∈ Bs,s′
pq (Rn, U) if, and only if, it can

be represented as

f =
∞∑
j=0

∑
G∈Gj

∑
m∈Zn

λjGm2−j
n
2 Ψj

Gm with λ ∈ b̃s,s′pq (U) ,

with unconditional convergence in S ′(Rn) and in any
Bt,t′
pq (Rn, U) with t < s and t′ < s′.
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Wavelet decomposition of Bs,s′
pq (Rn, U) II

The representation

f =
∞∑
j=0

∑
G∈Gj

∑
m∈Zn

λjGm2−j
n
2 Ψj

Gm

is unique,

λjGm = λjGm(f) = 2j
n
2

〈
f,Ψj

Gm

〉
and

I : f 7→ {2j
n
2

〈
f,Ψj

Gm

〉
}

is an isomorphic map from Bs,s′
pq (Rn, U) onto b̃s,s

′
pq (U).

Moreover, if in addition max(p, q) <∞ then {Ψj
Gm} is in

unconditional basis in Bs,s′
pq (Rn, U).
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Waveletdecomposition for

Bs,s′
∞,∞(Rn, x0) = Cs,s′

x0
(Rn)

Theorem 4 (Jaffard, 91)
Let f ∈ S ′(Rn) and wj(x) = (1 + 2j|x− x0|)s

′
. Then

f ∈ Cs,s′
x0

(Rn) if and only if the wavelet coefficients satisfy

|
〈
f,Ψj

Gm

〉
| ≤ c2−(n/2+s)j(1 + 2j|2−jm− x0|)−s

′
.
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