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Resolution of Unity
J1ifjz[ <1
Polw) = {0 Cif 2] > 2

We put ¢(z) = ¢o(x) — ¢o(22) and ¢;(z) = p(277z) for all
7 €N, then

ngj(a:) =1 forallz e R".
=0

Then supp; C {£ € R": 2771 < |¢] < 277!} and we have
the Littlewood-Paley Analysis of f € S’(R")

f= Z(%’f)v :
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The spaces C’;E)S/(R”)

Definition 1 (J. M. Bony 1984)

Let xo € R" and s,s" € R. A function f € §'(R"™) is said to
belong to C;;f' if there exists a constant C' > 0 s.t.

(i )V ()] < C2795(1 + 2|z — 20|)™*  forall j € N and = € R".

This can be rewritten in

sup ess sup (2”(1 + 2j!$ - l‘o|)sl|(90jf)v($)|> <C.
j€ENg xz€R”
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The spaces HiéS/(R”)

Definition 2 (J. M. Bony 1984)

Let xo € R" and s,s" € R. A function f € §'(R"™) is said to
belong to H:*' if

This can be rewritten in

f: 22]'5

=0

2°(1+ [z — wol) ()" (@) Lo

o0
‘Scj and Z|cj|2<oo.
=0

2
< o0 .

(14 2] = 2o])” (3) " (2)| Lo
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Interludium: Local Regularity of functions

Definition 3

Let zg,s € R. Then f : R — R belongs to the Holder space
C,, if and only if there exist a constants C,r > 0 and a
polynomial P with deg P < |s| such that

|f(z) = P(x — x0)| < |z —mo]® forall |z — x| <.
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Interludium: Local Regularity of functions

Definition 3

Let zg,s € R. Then f : R — R belongs to the Holder space
C,, if and only if there exist a constants C,r > 0 and a
polynomial P with deg P < |s| such that

|f(z) = P(x — x0)| < |z —mo]® forall |z — x| <.

The pointwise Holder exponent of f at xg is

ap(rg) =sup{s: feC;} .
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Definition 4
Let f be a function in L'*(R) and denote by f(=V the

primitive of order l. Then f is called a (h, 3.)-type chirp at
xg € R if foralln € N

-n h~+n(14Bc
e e cr (1+8e)

0. is called the chirp exponent.
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Definition 4

Let f be a function in L'*(R) and denote by f(=V the
primitive of order l. Then f is called a (h, 3.)-type chirp at
xg € R if foralln € N

-n h~+n(14Bc
e e cr (1+8e)

0. is called the chirp exponent.

Definition 5

Let C*(Q2) be the usual Holder spaces on Q2. Then
a(f,xo,m) =sup{a: f € C(B,(x))}; and the
local Holder exponent is defined by

(o) = }}L%Oél(f; To,1) -
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Definition 4

Let f be a function in L'*(R) and denote by f(=V the
primitive of order l. Then f is called a (h, 3.)-type chirp at
xg € R if foralln € N

-n h~+n(14Bc
e e cr (1+8e)

0. is called the chirp exponent.

Definition 5

Let C*(Q2) be the usual Holder spaces on Q2. Then
a(f,xo,m) =sup{a: f € C(B,(x))}; and the
local Holder exponent is defined by

(o) = }}L%Oél(f; To,1) -

other exponents: weak scaling exponent, oscillating exponent
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Cusp and Chirp
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2-microlocal frontier and regularity exponents

Local Holder Exponent

-
! \

I

I Weak scaling Exponent
I

I

I

i

I

_— Pointwise Holder Exponent

Oscillating
Exponent |
i
i
I
i
i
I
I
I
i
I
I
]

Chirp Exponent
o=0
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The Idea

We define generalized Besov spaces with an "admissible”
sequence of weight functions w = {w; }en, with the norm:

0o 1/q
| £ Bs|| := (Z 2jsq|’wj(80jf)v|Lqu>

=0

for 0 < p,q < o0.
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The Idea

We define generalized Besov spaces with an "admissible”
sequence of weight functions w = {w; }en, with the norm:

0o 1/q
| £ Bs|| := (Zstquj(%f)vleHq)
§=0
for 0 < p,q < o0.

e What are the conditions for our admissible weight
sequence?

e Example weights: w;(x) = (1 + 27|z — x])*
e |s the definition independent of the Resolution of Unity?
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Definition 6

Let o, i, ap > 0. We say that a sequence of non-negative
measurable functions w = {w;}52, belongs to the class
W4, o, if and only if

1. There exists a constant C > 0 such that
0 < wj(z) < Cw;(y) (1+ 2|z —y|)* j€N;andz,y € R
2. For all j € Ny we have
27w () < wjq(x) < 2%2w;(z) for all x € R™.

Such a system {w;}52, € WS, ,, is called admissible weight
sequence.
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Definition 7
Let w = {w;}jen, € Wy, o, and {¢}},cn, be a Resolution of

ai,a2

Unity. Furthermore let 0 < p < 00, 0 < g <00 and s € R,
then we define

By (R") = {f € S'(R") : || f| By (R")[|, < oo} with

1/q
1By (R™)[, = (ZQ”"H @i )7 | Lp(w;) || ) :
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Definition 7
Let w = {w;}jen, € Wy, o, and {¢}},cn, be a Resolution of

ai,a2

Unity. Furthermore let 0 < p < 00, 0 < g <00 and s € R,
then we define

By (R™) = {f € SR"): || fIBu*(R")||, < 00} with
1/q
1By (R™)[| = (ZWH 03 )Y 1 Lp(wy)|* > :
Remark 8

This definition is independent of the function , so we can
suppress it in the notation of the norm.
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Weight sequences

o wj(z) = (1+ 27 dist(x, U))s/, where U C R"
U C R™ is an open subset — [Moritoh, Yamada 2004]
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Weight sequences

o w;(z) = (1 + 27 dist(z,U))", where U C R"
U C R™ is an open subset — [Moritoh, Yamada 2004]

e Let w: R" — [0,00) be a measurable function with the
following properties:
There are constants C;, C, > 1 and 3 > 1, such that for
all z,y e R"

0 < w(z) < Crw(y) +Colr —y|” .
We define now for s’ € R and j € Nj
w;(z) = (14 2jw(x))5//ﬁ for all z € R".
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Weight sequences

o w;(z) = (1 + 27 dist(z,U))", where U C R"
U C R™ is an open subset — [Moritoh, Yamada 2004]

e Let w: R" — [0,00) be a measurable function with the
following properties:
There are constants C;, C, > 1 and 3 > 1, such that for
all z,y e R"

0 < w(z) < Cw(y) + Caolz —y|? .
We define now for s’ € R and j € Nj
wi(z) = (1+ 2jw(x))5//ﬁ for all x € R".
Special case: w : R™ — [0, 00) subadditiv, that means

0<w(@+y) <é(w) +wy) and w) < élr)’ .
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Lifting Property

Let 0 € R. Then the Liftoperator I, is defined through

L7 (1677)" where (67 := (14 €)%

Then we have the following: I, is an isomorphic mapping from
B, onto B, and

[ 1 £1 By 7| ~ || £ Byl -
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Theorem 1
Let s € R, w = {w;}jen, € Wi, 0, 0 <p,q < 00 and let
m € Ng. Then
> 1D By R
|B|<m
and
Hf'Bs m,w Rn Bs mw(Rn)

are equivalent quasi-norms on By (R™).

Wavelets
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Embeddings

Let se Rand w e WS  and g € ngﬂ2.

a1,02

1. fO<p<o0, 0<q < g < oo and Z?((;:))gc,then
J

Bi#(R") = By (R")
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Embeddings

Let se Randw e W _ and g € ngﬂ2.

a1,02

1.IfO<p<oo 0<q < ¢ < oo and Z?((i))gc,then
J

Bs,g(Rn) SN Bs,w(Rn) )

pq1 pq2

2. IfO<p§oo,0<Q1§oo,0<qQ§ooandZ?T(j))gc,
J
then for all e > 0

Bs,g(Rn) SN Bsfs,w(Rn) )

pa1 Pq2
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3.0 < pr <py <00, 0<q<o0and sy, sy € R with

w]'(x) c j(slfszfn(ﬁ*é )
0;(x) = 1

for all j € Ny and x € R", then we have

BSl,Q(R’ﬂ) [N BSQ,'LU(RTL) .

pi1q p2q
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Local Means

Let B = {x € R": || < 1} be the unit ball and k£ € S(R") a
function with support in B. For a distribution f € S'(R™) the
corresponding local means are defined for x € R™ and t > 0 by

-
t

bt D) = [ kG mdy =t [k (U50) sy
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Local Means

Let B = {x € R": || < 1} be the unit ball and k£ € S(R") a
function with support in B. For a distribution f € S'(R™) the
corresponding local means are defined for x € R™ and t > 0 by

—n y—x
bt D) = [ kG mdy =t [k (U50) sy
Let ko, k° € S(R") be two functions satisfying
suppko C B, suppk’ C B,

and

~ ~

Fo(0) #0, KO(0) #0.
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For N € Ny we define the iterated Laplacian
N
N 1.0 - 82 0 n
k(y) == A (y) = Za_yz Ey), yeR".
j=1
It follows easily that

k(z) = |2V ko (2) and that implies
DPE(0)=0 for 0<|Bl <2N.
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Theorem 2
Let w = {w;}jen, € W2 .. 0<p,qg <00, s€R

ag,0027

Furthermore, let N € Ny with 2N > s + « and let
ko, k° € S(R™) and the function k be defined as above. Then

0 1/q
| ko(1, £)wo| Ly(R™) || + (Z 2754 || (277, f)w,] LAR”)H")
j=1

~ (1B R
holds for all f € S'(R").
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Daubechies Wavelets
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Daubechies Wavelets

Theorem 3
For any k € N there is a real compactly supported scaling
function v € C*(R) and a real compactly supported

associated wavelet 15, € C*(R) such that 1(0) = (27)~4/2
and

/:Ble(x)da::O foralll € {0,...,k—1} .
R

We have, that {1;,, : j € No,m € Z} is an orthonormal basis
in Ly(R), where

Yr(t —m), ifj=0meZ
wjm(t) = i1 9 o .
272 (2771 — m), ifjeNmeZ
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Daubechies Wavelets in R"

We define
={F, M}" and Gj:{F,M}”* ifj>1,

where the * indicates, that at least one G; of
G = (Gy,...,Gy) € {F, M}"™ must be an M. We set for
j €Ny, Ge€GIandmeZ

\Il]Gm =23 H?,DG 2z, —m,) .

Then {U2, :j €Ny, G € G/, m € Z"} is an orthonormal
basis in Ly(R™).
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Definition 9
Let w € W©

1,027

s€Rand 0 < p,g<oo. Then

b = {)\ — (), }cC: HA]bS“’

}

where

izj(s—;;)q Z Z |>\ |pw 27 m)
=0

GeGI \mezZn

a/p\ V4
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Wavelet Decomposition Theorem |

Let w e WS ., s €R, 0<p,q<ocoand (WL, } be the

Daubechies Wavelets with
k > max(o, — s+ a1, 5+ aa) . (2)

Let f € S'(R"). Then f € B>**(R") if, and only if, it can be
represented as

o0
oY Y M, el
7=0 GeGJI meZnr
with unconditional convergence in S'(R") and in any

Bg2(R") with o < s and 245 — 0 for [z| — oo.
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Wavelet Decomposition Theorem ||
The representation

(@)
oYY S N2, wih e
=0 GeGi mezn
is unique,

Mo = Mo (f) = 275 ( f, 0L,

and

I:f {275 (£, 97,0}

is an isomorphic map from B;:*(R") onto 13;;]“’. Moreover, if

in addition max(p, ¢) < oo then {¥7, } is in unconditional
basis in B5**(R").
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The 2-microlocal spaces B;’QS/(R”, U)

Let s, € R, U C R" bounded and 0 < p,q < co. Then

|15 =

2j8q
b

(3. )" (1 + 2 dist (-, U))*
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The 2-microlocal spaces B;q‘s (R™, U)

Let s,s' € R, U C R" bounded and 0 < p,q < co. Then

| 11555 @0 -
e’} q 1/q

(Z 2 | (1)1 (1 + 27 dlist(-, U))* | L,(R") )

§=0

and

RE-AGIE

1/q

00 a/p
PRI (Z XL, [P(1 4 27 dist(277m, U))P® )

j=0 GeGIi \meznr
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Let U C R™ bounded, s’ € R and
wj(z) = (1+ 27 dist(z, U))*". Further, let s € R,
0 < p,q <ooand {U, } be the Daubechies Wavelets with

k > max(c, — s — min(0, s'), s + max(0, ")) . (3)
Let f € S'(R"). Then f € Bs*(R",U) if, and only if, it can
be represented as
F=Y0" > M,2700,,  with \e by (U),
J=0 GeGi meZn

with unconditional convergence in S'(R™) and in any
BYY(R™,U) with t < s and ¢/ < &',
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Wavelet decomposition of B;;JS/(R”, U) I

The representation

o
_ E ’ § E J 2\l
f - )\Gm2 2\IIG’m
j=0 GeGI meZr
is unique,

Mo = Mo (f) = 275 ( 0L,

and

I:f {275 (£, 07,0}

is an isomorphic map from B;;]s/ (R™, U) onto Bf);lsl(U).
Moreover, if in addition max(p, q) < oo then {¥7, } is in
unconditional basis in B (R™,U).
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Waveletdecomposition for

B[R, 20) = O3 (R")

Theorem 4 (Jaffard, 91)

Let f € S'(R™) and w;j(z) = (1 + 2/|x — x¢|)*". Then
fe Cj’os/ (R™) if and only if the wavelet coefficients satisfy

| (F 07, 0 | < e27M/2FI(1 4 271270 m — )™
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