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Abstract

We study the optimal approximation of the solution of an operator equa-
tion A(u) = f by certain n-term approximations with respect to specific
classes of frames. We consider worst case errors, where f is an element of the
unit ball of a Sobolev or Besov space Bj(Ly(2)) and Q C R? is a bounded
Lipschitz domain; the error is always measured in the H®-norm. We study the
order of convergence of the corresponding nonlinear frame widths and com-
pare it with several other approximation schemes. Our main result is that the
approximation order is the same as for the nonlinear widths associated with
Riesz bases, the Gelfand widths, and the manifold widths. This order is better
than the order of the linear widths iff p < 2. The main advantage of frames
compared to Riesz bases, which were studied in our earlier papers, is the fact
that we can now handle arbitrary bounded Lipschitz domains—also for the
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1 Introduction

We study the optimal approximation of the solution of an operator equation

(1) Alu) = f,

where A is a linear operator
(2) A H—G

from a Hilbert space H to another Hilbert space G. We always assume that A is
boundedly invertible, hence (1) has a unique solution for any f € G. We have in
mind the more specific situation of an operator equation which is given as follows.

Assume that Q C R? is a bounded Lipschitz domain and assume that
(3) A:Hij(Q) — H*(Q)

is an isomorphism, where s > 0. For the exact definitions of Lipschitz domains and
spaces of distributions defined on such domains we refer to the Appendix, see also
[9]. Now we put H = H§(2) and G = H*(£2). Since A is boundedly invertible, the
inverse mapping S : G — H is well defined. This mapping is sometimes called the
solution operator—in particular if we want to compute the solution u = S(f) from
the given right-hand side A(u) = f.

We study different mappings S,, for the approximation of the solution u = A~(f)

for f contained in F' C G. We consider the worst case error

(4) ¢(Sn, F,H) = sup [|AT(f) = Su(f)lla,

IFllFp<1

where F is a normed (or quasi-normed) space, F' C G. In our main results, F' will

be a Sobolev or Besov space.! Hence we use the following commutative diagram

a S g
I /" SF
F

Here I : F' — G denotes the identity and Sg the restriction of S to F'. Then one is

interested in approximations that have an optimal order of convergence depending

Formally we only deal with Besov spaces. Because of the embeddings By *™(L,(Q)) C
W, otH(Q) € BLP(Ly(Q)), which hold for 1 < p < oo, t > s, see [45], our results are valid

also for Sobolev spaces.



on n, where n denotes the degrees of freedom. For our purposes, the following ap-
proximation schemes are important. Consider the class £,, of all continuous linear
mappings S, : F' — H,

Sn(f) = ZLi(f) : iLz

with arbitrary h; € H. The worst case error of optimal linear mappings is given by
the approximation numbers or linear widths

eSS F H) = inf (S, F, H).

Sn€Lln

We may also use nonlinear approximations with respect to a Riesz basis R of H,

i.e., we consider the class NV,,(R) of all (linear or nonlinear) mappings of the form

Sn(f) = ch h’im
k=1

where the ¢, and the i; depend in an arbitrary way on f. Then the nonlinear widths
ense (S, I, H) are given by
e (S, FyH) = inf inf e(S,, F, H).
’ RERc SneENR(R)
Here R¢ denotes a set of Riesz bases for H where C indicates the stability of the
basis, i.e., we require B/A < C and A, B are the Riesz constants of the basis. The
investigation of these widths €)°¢ and its comparison with the linear widths have
been the major part of our analysis in [8, 9]. This has continued earlier research on
related topics, cf. e.g. [24, 38, 39, 40]. The next type of widths we are interested in
has served as a very useful tool in our analysis of the widths e;% in [9]. The man-
ifold widths are related to the class C,, of continuous mappings, given by arbitrary
continuous mappings N,, : ' — R" and ¢,, : R* — H. Again we define the worst
case error of optimal continuous mappings by
cont s
(5) e (S, F, H) —S:Lrelgne(Sn,F,H),
where S, = ¢, o N,,. These numbers have been studied in [13, 27] and later in
9, 14, 16, 17]. As mentioned above we have studied the relationships of these widths
in [9]. It has turned out that for problems as in (3) with F' = B_*"(L,(2)) (with

some extra conditions on €2) one has the following: if p > 2 and ¢ > 0 then

(6) en (S, By (Ly()), Hy() = e (S, By (Ly(2)), H5 ()
= enB(S8, B, (Ly(Q)), H () =< n~t/e,
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whereas in the case 0 < p <2 with ¢t > d(1/p —1/2)
en' (S, By T (Ly(€2)), Hg () = n~t/dtt/rmt/2
and
e (S, By (Lyp(), Hi () = enei(S, By M (Ly(Q)), H(2)) = n™"/.

Hence, if p < 2 then there is an essential difference in the behavior, nonlinear
approximations can do better than linear ones.

This paper is a continuation of [8, 9]. We are again interested in optimal nonlin-
ear approximation schemes, but this time not related to Riesz bases but to classes
of frames. The motivation for this is given by the following observations. In [9], we
presented upper and lower bounds for €% (S, F, H). The proof of the lower bound
was quite general and used the fact that e;°6(S, F, H) can be estimated from be-
low by the manifold widths e°™ (S, F, H) up to some constants. In contrary to this,
the proof of the upper bound was based on norm equivalences of Besov norms with
weighted sequence norms that are induced by a biorthogonal wavelet basis. However,
this restricts the choice of the underlying domain 2 C R? since on a general Lips-
chitz domain the construction of a suitable wavelet basis might be very complicated
or even impossible. This problem becomes less serious in the frame setting since a
suitable wavelet frame always exists, see Section 5.2 for a detailed discussion. More-
over, in recent years the application of frame methods for the numerical resolution
of the solution u in (1) has become a field of increasing importance. Especially, it
has been possible to derive adaptive wavelet frame schemes that are guaranteed to
converge for a wide range of problems [6, 7, 37]. Therefore it is important to clarify
the power that frame schemes can have, in principle.

In this paper, we give a first answer. Our main result states that the nonlinear
frame widths show the same asymptotic behavior as the eg?g(S, F,H), where we
now can allow arbitrary bounded Lipschitz domains.

There is an interesting difference to the Riesz bases case. In the frame setting,
we do not work with arbitrary n-term approximations, but only with those induced
by a frame pair, see Section 2.2 for details. The reason is that, for practical ap-
plications, only these canonical representations are used. Actually we prove that if
we would allow arbitrary n-term approximations then the associated frame widths
would be zero. Moreover, certain conditions related to stability must be satisfied
by the admissible frames. Fortunately, these conditions are always satisfied for the
known constructions of wavelet frames on Lipschitz domains.

This paper is organized as follows. In Section 2, we describe the basic setting.

First of all, we introduce and discuss the frame concept as far as it is needed for our
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purposes. Then, in Subsection 2.2, we define the nonlinear frame widths and prove
some basic properties that are needed in the sequel. Section 3 contains the main
results of this paper. In the next section two examples are discussed: the Poisson
equation for Lipschitz domains and a Fredholm integral equation of the first kind
(the single layer potential). Proofs of our main results are given in Section 5. For
general Hilbert spaces H and G we show that similar to the Riesz bases case the
nonlinear frame widths can be estimated from below by the manifold widths. Then,
for the more specific case of Besov spaces on Lipschitz domains, we also prove an
upper estimate which shows that the asymptotic behavior is the same as for the
Riesz basis case—but this time for arbitrary bounded Lipschitz domains.
Notation. We write a =< b if there exists a constant ¢ > 0 (independent of the

context dependent relevant parameters) such that
cla<b<ca.

One-sided estimates of this type are denoted by a < b. All unimportant constants
will be denoted by ¢, sometimes with additional indices. Identity operators are always

denoted by I, also sometimes with additional indices.

2 Frames

In this paper, we will study certain approximations of u = S(f) based on frames.
Therefore, in this section we recall the basic properties of frames as far as they
are needed for our purposes and introduce the corresponding nonlinear widths. For
further information on frames, we refer the reader e.g. to [2, 21]. A sequence F =
{hi}ren in a separable Hilbert space H is a frame for H if there exist constants
A, B > 0 such that

) ANt < W1 < B2 () s
k=1 k=1

for all f € H. As a consequence of (7), the corresponding operators of analysis and

synthesis given by

(8) T - H — EQ(N), f — ((f, hk)H)keN’
(9) T 6(N) = H, cr— Y cphy,



are bounded. The composition 7*7 is a boundedly invertible (positive and self-
adjoint) operator called the frame operator. Furthermore, F := (T*T)'F is again

a frame for H, the canonical dual frame. The following formulas hold

o0

(o (TT) )i b =Y (f ) (T°T) "y,

o
k=1 k=1

(10) f=

for all f € H. This classical concept of a frame is too general, we need an additional
stability condition, stronger than (7). Without this additional assumption on the
frames, there would not exist lower bounds for corresponding widths as we shall

now explain.

Remark 1. Let H be a separable Hilbert space and let K C H be a compact subset.
Then for an arbitrary C > 1 there exists a frame F = {h;}ien in H with B/A < C
such that the following is true: For all f € K and for all € > 0 there exists a h; € F
and ¢ € R such that

If = chilln <e.

Hence the best n-term approximation yields an error 0 already for n = 1. To prove
this statement, we construct such a frame for a given compact set K C H. Let
My = {e;, i € N} be a complete orthonormal set of H and let {k;, i € N} be a dense
subset of K. We consider sets of the form

Mg = {Oq]{?l, Oég]{?g, .. } C H

with o; = 8%, where 0 < § < 1 and put Fs = MyUM?. It is not difficult to check that

Fs is a frame with all the claimed properties if § = 6(C') is chosen appropriately.
The frames Fs can be considered as “pathological”, since the morms of many

elements of Fs are extremely small. A first idea would be to request that the norms

of the frame elements are uniformly bounded from above and below,
O0< < thHH§C2<OO f07’ all hiEf:{hi}ieI\h

but this does not help: Now we can define Fs as the union of My and multiples of
the e; + a;k;. Then one obtains such a “normed” frame such that: For all f € K
and for all € > 0 there exist h; € F and ¢; € R such that

||f — Clhl — CQhQHH < €.

Therefore we go into a different direction, see Definitions 1 and 2.



2.1 Frame Pairs

As it is well-known, Sobolev spaces built on Ly(2) can be discretized by means of
weighted (>-spaces, see the Appendix for some examples how one can do this. Let
w = (wy)ren be a sequence of positive numbers which we call simply a weight in
what follows. Then we put

° 1/2
lo = {a = (ap)ken: llalle, = <Zwk \akﬁ) < oo}.
k=1

Definition 1. Let H be a separable Hilbert space with dual space H'. Let w = (wy)g
be a weight.

(i) Two sequences (F,G), F :={hi}ren C H',G := {gr}ren C H, are called a frame
pair for (H,w), if

(11) f=2 ) gcwr 9rs

k=1
holds for all f € H and we have the norm equivalence

(12) AN S ) rxcrn Jken e, < 1 fllr < B Pa) s Jken lles,

with some positive constants A, B. In addition, we require that there exists a bounded

linear operator R : {s,, — H satisfying

(13) R(:) =gr and ||R| < B.

(i) Let K be a subspace of H. A frame pair (F,G) for (H,w) is called stable with
respect to K if the inequality

(14) AL, hie) e Jeealles <

Z(f, i) trxmr gk

keA

H

holds with some A" > 0, all finite subsets A C N and all f € K.

(iii) Let K be a subspace of H and let C' > 1 be a given number. By Pc(K) we denote
the set of all stable frame pairs (G, F) with respect to K such that the constants A, B
and A" in (12) and (14) satisfy B/ min(A, A") < C.

Remark 2. To avoid any type of confusion we shall use (-,-) for the scalar product

in H and (-,-) for duality pairings, in particular for H x H'.

Some comments are in order.



Remark 3. (i) A frame pair in the sense of (11) and (12) is sometimes called
an atomic decomposition, cf. e.g. [2, Def. 17.3.1.]. However, the phrase atomic
decomposition is used with a different meaning in the theory of function spaces,
cf. e.g. [18, 25, 43, 46]. For this reason we do not use it here.

(i) Let (F,G) be a frame pair for (H,w). As above let F = {hy}ren C H' and
G := {gr}ren C H. By the Riesz representation theorem, for every hy there
exists an element ﬁk € H such that (f, hi)gxm = (f, Ek)H Consequently,

I (f, o hi)ken lles = | (CF i) e wen s, forall f € H .

Hence, there is a one-to-one correspondence between F and the Hilbert frame
(\/Wg h ). However, note that G need not be related to the canonical dual

frame of (/@ ).

(11i) The reader might wonder why we use the concept of frame pairs instead of the
classical frame setting as introduced in (7) and (10). However, since we are
dealing here with Gelfand triples (H3(Q2), Lo(S2), H™*(2)), s—1/2 # integer, see
Remark 10, this approach would be at least problematic since we are not allowed
to identify the space HS(SY) with its dual.(Otherwise, it would not be possible
to identify Lo(Q) with its dual at the same time - a strange construction. We
refer to [23] for further details.)

(iv) Our concept is closely related to Banach frames in the sense of [20, 22]. A
Banach frame for a separable and reflexive Banach space B is a sequence F =
{hi}ren in B with an associated sequence space By such that the following

properties hold:

(B1) norm equivalence: there exist constants A, B > 0 such that

(15) A (U ees)yen|, < Mls < B | hedoser) |

‘ d

for all f € B;

(B2) there ezists a bounded operator S from By onto B, a so-called synthesis

or reconstruction operator, such that
(16) S (((f.dses) ) =

(It is a remarkable fact that for Banach spaces the ezistence of the reconstruc-
tion operator does not follow from the norm equivalence (15) and has to be

explicitly required).



A frame pair in the sense of Definition 1 (i) induces a Banach frame F =
{hk}ren for the special case B = H, By = l5.,(N) where the operator R serves
as synthesis operator, cf. [2, Thm. 3.2.3]. Consequently, in our setting, the
estimate

(17)

> kg

keN

< B [[(cx)renlly, ,
H

always holds.

(v) We comment on the condition (14). Clearly, (14) always holds on all of H
for a Riesz basis {gx}ren for H. However, there exist frames which are not
Riesz bases and for which (14) holds on H. E.g., take an orthonormal basis
{erYven and define the frame F =: {e1,27%ey,272¢y, €5, ¢4...}. This is a
tight frame, (12) holds with A = B = 1, so the primal and the canonical
dual frame coincide. (We refer again to [2, Chapt. 5] for further information,).
Since {ex}ren s an orthonormal basis, a direct computation shows that (14)
holds for A" = 2712 Nevertheless, requiring (14) on all of H would be very
restrictive, and most frames would not satisfy it. As an example, consider the
frame F = {e1,27 25,271/ 2¢y, 371 2e5,3712e3, 371/ 2¢5, ...}, This is also a
tight frame, but again a direct check shows that (14) does not hold. Therefore we
require (14) only on subsets. Fortunately, such a condition is satisfied in case

of the known frame constructions for function spaces on Lipschitz domains.

(vi) The example in (v) shows that the two constants A amd A’ in Definition 1
need not to be related at all. Nevertheless, to avoid unnecessary notational
difficulties, we will restrict ourselves to the case A = A’ in the sequel. The
modifications to the case A # A’ are straightforward.

(vii) For simplicity, we have introduced our basic concepts for frame pairs indezxed
by the set of natural numbers. Later on, we shall also use frame pairs corre-

sponding to more general countable sets, with the obvious modifications.

For later use, let us finally state the following simple but useful property: frame

pairs are invariant under isomorphic mappings.

Lemma 1. Let G, H be Hilbert spaces and let S : G — H be an isomorphism. Let
(F,G) be a frame pair for (G,w) with frame constants A, B. Then the following
holds:

(i) (S*~N(F), S(G)) is a frame pair for (H,w) with frame constants A = AJ||S™|
and B = B||S||.



(ii) If (F,G) is contained in Po(K) then (S*~(F), S(G)) is contained in Pz(S(K)),
where C = C||S||||S.

Proof. Step 1. Proof of (i). We start by showing (11). For f € H, we obtain

£=8671) = (XU i merm ) = SO4F S (e e S(gi).

keN keN

The next step is to show the norm equivalence (12). We obtain

|||fHH HSH 1(SoS™H(NHu <1157 (Nl
BUSTNf), bndaxc s = BUL, S H W) s Ve,

B B
< 187 Alle < ISl -

151

IN

Let R be the bounded operator associated with (F,G). Then R = S o R is again a

bounded operator with
R(6) = S(R(6x)) = S(gw),  IRI < [ISIIRII < [IS]|B,

and (i) is shown.
Step 2. Proof of (ii). For f € S(K), we get

IS e Sl > 1577 D27 e e,

keA keA
|
|

> [l A

| ((STH),s ) axa ) wen s
| ((F, S P i Ve s »

and (i) is proved with C' = B/A = C||S||||S~]!. O

= s

2.2 Nonlinear Widths for Frame Pairs

The aim of this paper is to study the asymptotic behavior of specific nonlinear
approximation schemes based on frames and to compare them with other well-
known widths. Especially, we want to prove frame analogues to the results obtained
in [8, 9] for the nonlinear widths associated with classes of Riesz bases.

Let (F,G) be a frame pair for (H,w) in the sense of Definition 1 and consider
specific n-term approximations of the form

©  o(wE0)e gt oS,

Al<n
keA

We do not allow arbitrary expansions in terms of the g involving at most n nonvan-

ishing coefficients. The reason is that, for practical applications, only these canonical
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representations are used. Furthermore, to end up with a reasonable notion of a width
we need to restrict us to stable frame pairs.

In what follows we shall use the conventions: if F' is a subspace of G and if S :
G — H is an isomorphism then we equip the subspace S(F') with the quasi-norm
| S(F)IS(E)| :== || f|F]|- Furthermore, if K is a subspace of S(F') we endow it with

the quasi-norm of S(F).

Definition 2. Let G and H be separable Hilbert spaces and let S : G — H be an
isomorphism. Let F be a quasi-normed subspace of G. For a given constant C' > 1
we denote by K¢ the set of all subspaces K C S(F') such that the inequality

(19) e (I, S(F), H) < Ce™ (I, K, H)

holds for all n. Then, for n € N, the nonlinear frame width eff?cme(S, F,H) of the
operator S is defined by
(20)

(S, F, H) i= int { sw o, (SU(F.9)) | (F.G) € Pe(K), K € Ke }.

FX>

Remark 4. We comment on this definition. To get a reasonable lower bound for
e,f;?gw(s, F,H) we need to restrict ourselves to frame pairs which are stable with
respect to subspaces K of S(F') which are not too small. “Not too small” is expressed
by the inequality (19).

In the above definition we decided for the manifold widths because they have

cont

cont are particular examples of s-numbers in the

some nice properties. These widths e
sense of Pietsch [31], see also [27]. One of the interesting properties consists in the

inequality
(21) e (Tyo Ty o Ty, Eo, Fy) < | To || || T2 || €™ (Th, EL, F)

where Ty € L(Ey, E), Ty € L(E,F), Ty, € L(F, Fy) and Ey, E, F, Fy are arbitrary
quasi-Banach spaces. As a consequence one obtains that the asymptotic behavior
of the manifold widths remains unchanged under isomorphisms. A similar result is
true in case of our nonlinear frame widths. As a consequence we can concentrate on

the investigation of identity operators in what follows.

Lemma 2. Let G and H be separable Hilbert spaces and let S : G — H be an
isomorphism. Let I be a quasi-normed subspace of G and let I : F' — G be the
identity. For C' > 1 and

C=C(Is7Isy?

11



we obtain

(22) en(S, F, H) < ||S| eye®(I, F, G)
and
(23) enm (1, F,G) < ||S7H enid®(S, F, H).

Proof. We shall prove (22), the proof of (23) is very similar. From (20) we can
conclude that for any ¢ > 0 we can find a subspace K € K¢ and a frame pair
(F,G) € Po(K) for (G, w) such that

sup inf
I flp<1 [AISn

f—= Z (fs hi)axar i HG <ent(I,F,G)+e¢.
ke

Lemma 1 implies that (S*~(F), S(G)) is a frame pair for (H,w) which is contained
in Pe, (S(K)), where C; = C'[|S7|||S]|. We consider the following commutative

diagrams:
I>

S(F) "~ H K G
S*ll TS Sl TS”
r 2.« S(K) —2 H.

By means of (21) we derive from these diagrams
e (11, S(F), H) < ST S]] ™ (T2, F.G)

and
ey (I, K, G) < ||STH[[|S] ex™ (1, S(K), H) .
Now our assumption K € K¢ yields
e ™ (I, S(F), H) < [[STH IS er™ (L, F.G) < CISTH [|S] 7™ (I, K, G)
< C(ISTHISI ™ (I, S(K), H) .

In other words, S(/K) belongs to the set 5. From

| 505 =205 5 e Staw) |, < ISI || £ = D048 b |
keA

keA

it follows that
eif%ne(S, F, H)<|S| eg%ne(I,F, G).

12



We finish this section by proving two additional properties of nonlinear frame

widths that will be used later on in Section 5.3.

Lemma 3. Let Gy, Gy, Hy, Hy be Hilbert spaces and let S; € L(F;, H;), i = 1,2,
be isomorphisms. Let Fy, Fy be quasi-normed subspaces of Gy and G, respectively.
Furthermore we suppose Ty € L(Fy, Fy), Ty € L(Hs, Hy) and both are isomorphisms.

Finally, we assume that we can decompose S; =T5 0 Sy 0T7. Then,
(24) enZ(St, 1, Hy) < || To|l | Th| enid®(Se, o, Ha)
holds with C = C'||T5 || || T2

Proof. Corresponding to our assumptions we have the following commutative dia-

gram:

F1TH1

d| 2

F2 e Hg.
Sa

By definition, for any € > 0 we can find a subspace K € K¢ C G and a frame pair
(F,G) € Po(K) for (Hy, w) such that

sup inf
I £llry <1 1AlISn

Saf — Z (Sof, hie) by by G HH2 < 65%“(52, Fy, Hy) + €.
kEA

Lemma 1 implies that (T3 ' (F), T5(G)) is a frame pair for (H,, w) which is contained
in P (T>(K)), where C' = C'[|T; || | Ty||. We put

w = T3 (fe) and v = To(gr) -
Consequently

Hslg = ) (Sig, k) by UkHHl

keA

IA

172 H Sa(Thg) — Z (S2(T1g), Tur) myxy Ty ok
keA

< || (QS?CHIC(S% Fy, Hy) +¢),

Ho

if || T1g||r < 1. A homogeneity argument yields

sup inf || S1(g) =D (S1g, k) g v ) STl || enie(Sa, Fo, Ho)
HgllFlgl ‘A|STL kEA Hy
which proves our claim. O

13



Lemma 4. Let U be a closed subspace of the Hilbert space H equipped with the same
norm as H. Let G be a Hilbert space and let S : G — H be an isomorphism. If F
is a subset of STY(U), then

en' (S, F,U) < ey (S, F, H)
follows.

Proof. The Hilbert space H can be written as the orthogonal sum of U and its
orthogonal complement V. By P we denote the orthogonal projection onto U. Let
(F,G) be a frame pair for (H,w). Then the elements f € U can be written in the
form

f=> {f 1) Pgy.
k=1

The norm equivalences (12) remain unchanged. Hence, (F, P(G)) is a frame pair
for (U, w) with constants A,B and A < A < B < B. Concerning the stability it is

enough to notice that only subsets K of S(F') C U come into consideration. O

3 Main Results

In this section, we want to state and to prove the main results of this paper. The first
theorem is a general result for arbitrary Hilbert spaces H and G that clarifies the
relationships of the manifold widths e (S, F, H) with the nonlinear frame widths

framC(S F, H). The second theorem deals with the more specific situation of function

spaces on Lipschitz domains contained in R? and provides upper and lower bounds
for eume(S, By (L, (92)), H3().

Theorem 1. Let H and G be separable Hilbert spaces. Let S : G — H be an
isomorphism. Suppose that the embedding F' — G is compact. Then for all C > 1

and all n € N, we have
(25) ey (S, F H) < 2C% el®°(S, F. H) .

Theorem 2. Let Q be a bounded Lipschitz domain contained in R, Let 0 < p,q <
00, s >0, and t > d(— —3)4. Let S+ H5(Q) — H(Q) be an isomorphism. Then

there exists a number C* such that for any C' > C* we have
framc(S B s+t(L (Q)) HS(Q)) —t/d

Remark 5. (i) The number C* depends on Q. It is known that for any Lipschitz
domain there exists an appropriate frame pair as it is needed here. However,

optimal estimates about the stability seem to be not known.
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(i1) For exact definitions of the distribution spaces defined on Lipschitz domains

we refer to the Appendiz and to [9]

(11i) Theorem 2 is a frame analogue to Theorem 4 in [9]. In [9], it has been shown
that if the domain Q is chosen in such a way that the spaces By **'(L,(Q?)) and

H(Q) allow a discretization by one common wavelet system R*, then also
ene (S, By T (Ly()), H () = n™*

holds for C' sufficiently large. We see that the restrictive condition on the
domain that was needed in the Riesz basis case can be dropped in the frame

setting.

(iv) Our proof of the upper bounds in Theorem 2 is constructive. One may always

use the frame pair constructed in Lemma 5 below.

4 Examples

In this section, we apply the analysis presented above to two classical examples, i.e.,
the Poisson equation in a Lipschitz domain and the single layer potential equation

on the unit circle.

4.1 The Poisson Equation

We consider the Poisson equation in a bounded Lipschitz domain € contained in R?

(26) —Au = f in Q
v = 0 on 0N

As usual, we study (26) in the weak formulation. Then, it can be shown that the
operator A = A : H} — H~! is boundedly invertible, see, e.g., [23] for details.
Hence Theorem 2 applies with s = 1, so that

ene (S, By M (Ly(9)), Ho () = n~/

4.2 The Single Layer Potential

As a second example we shall deal with an integral equation. Let I" be the unit

circle. Then we consider the Fredholm integral equation of the first kind
1
Af(z) = —%/log|x—y|f(y)df‘y:<p(x), xel.
r
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The left-hand side is called the single layer potential. The following is known, cf. e.g.
[5]: the operator A belongs to L(H~Y/2(T"), HY/*(T")), where H'/?(T) is the collection
of all functions g € Ly(I") such that

. 2
[ [P o i, o
rJr |x—y|

and H~Y2(T) its dual. Furthermore, A is a bijection of H onto G where

G:={ge H*T): /g(y)dFy =0} and H:={ge HY*I): (g9,1) = 0}.
r

The space G can be interpreted as the quotient space HY?(I')/R of HY?(T') with
R (the constants) and H can be interpreted as the quotient space H~'/2(T")/R
of H~Y2(T") with R. By S we denote A~!, defined on G with values in H. Now
we investigate e,ff%’e(S, F,G) where F' is chosen to be the quotient space of the

Besov space By 2(Lp(lﬂ)) and the constants, see Subsection 5.3.2 for a definition

of Bé+1/2(Lp(F)). We put

Y7 (Lyp(1)) :=={g € Bi(Ly(I)) : (g,1)r =0}.
The same principles as above apply. Again we use a commutative diagram

HY2(T)/R s, H2(T)/R

(27) I NS Sr
F =Y, 2 (L,(I)).

Here I denotes the identity and S the restriction of S to F'. Then the outcome is
as follows.

Theorem 3. Let 0 < p,q < oo and t > (% — %)Jr Then there exists a number C*
such that for any C' > C* we have

eframe (S, Y2 (L,(T)), H) < n™".

Remark 6. There are far-reaching extensions concerning the theory of the mapping
properties of the single layer potentials. In particular, much more general curves and
surfaces are discussed. We refer to [44, Sect. 20| for the discussion of these properties

in the framework of d-sets.
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5 Proofs

5.1 Proof of Theorem 1

First we deal with Theorem 1. Here we shall work in the framework of Hilbert frame
pairs. Hence we consider sequences (gx ), and (hy)x in a (separable) Hilbert space H
such that

(28) f=> (fm)g
k=1
for all f € H, compare with Remark 3 (ii). By (17) we may assume that
~ 2
Z cegr|| < B*- Z i

for arbitrary (cx)ren € f2(N). Moreover, we assume that the representation (28) is
stable on K C H in the sense that

(29)

2

(30) AN () <

keA

keA

for arbitrary f € K and A C N. Moreover we assume that

B
31 — <.
(31) 5o
We consider particular n-term approximations of f € K by subsums of (28) and

their error

(32) oul(f) = inf ||7 = S0 b
[Al<n keA

We define

(33) enc(K,H)= inf supo,(f),

(91)k>(hi)k feK

with the understanding that (28)-(32) hold true. Moreover, we define

(34) ey (K, H) »= inf Sup [[ipn (N (1)) = ull,

Nn Pn ye K

where the infimum runs over all continuous mappings ¢,, : R - Hand N,, : K —

R™. Then the following result is a frame analogue of Proposition 1 from [9].

Proposition 1. Assume that K C H is compact and C > 1. Then

(35) e (K, H) < 2Ce, (K, H).
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Proof. Assume that K, n, and C' > 1 are given. Let ¢ > 0. Then there exist sequences
(gr)r and (hy)r in H such that (28)-(31) as well as

36 sup inf — Jh <encolK,H)+¢

(36) sup 1ot 1f = S ol < o, )

hold. Since we only consider f € K, we can always assume that the index set A is

a subset of {1,2,..., N}. We only loose another . Here N might be large, but is
finite. We write

(37) Ln(f) =Y (f ) gw

N
k=1

and obtain
(38) sup [ f — Ln(f)|| < e
feK
and
39 sup inf ||L — Jh <e,clK,H)+ 4e.
( ) feIBWSN N(f) RGZA(f k)gk ,C( )

For the n-term approximation in (39) we also write

(40) fi=Y"ag,

keA

hence ay = (f, hy) and |A| = n for each f € K and

(41) sup [ Ln(f) = foll < enc(K, H) + 4e.

For the proof we may assume that A = 1. We consider the modification L} of Ly
defined by

N
(42) Ly(f) = arg.
k=1

where a} = ay, if |ax| > 26 and a}, = 0if |ax| < (. To obtain a continuous dependence

of aj from a; and, hence, a continuous mapping Ly : H — H, we define
aj, = 2sgnay, - (Jax| — B)

if |ax| € (5,20). The number g > 0 will be defined later.
Assume that for f € K there are m > n of the aj with |ax| > . Then

Lyf—fn= Zakgka

keA
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where A contains at least m — n elements with |ay| > 3. Then we obtain from (30)

ILnf = fill = (m—n)'/?3

and with (41) we get

1
(43) m—n < E(emc(K, H) + 4¢e)*.
Now we consider the sum Zm‘ <5 a; for f € K. We distinguish between those k that

are used for f* (there are at most n of those k) and the other indices and obtain

(44) > a} <nf’+ (enc(K, H) +4e)”.

lag|<B
Now we are ready to estimate || Ly (f)—Ln(f)|| for f € K. Observe that |aj—ax| < 3
for any k. We obtain

1L (f) = (Pl < B(mB? + 02 + (eno(K, H) + 42)*)'2.
Using the estimate (43) for m, we obtain
1N () = L ()]l < BB + 2(enc(K, H) +4e)*) 2.

Now we define 3 by
nB* = (en oK, H) + 4¢)?

and obtain the final error estimate (where we replace, for general A, the number B
by B/A)

1L3(F) ~ In(F) < 27 (enc 6, H) +42).

In addition we obtain

m < 2n

and therefore L}, yields a continuous 2n-term approximation of f € K with error
at most 0B

sup ILN(F) = fll < = (enc (B H) +4e) + .
The mapping L} is continuous and the image is a complex of dimension 2n, see, e.g.,
[14]. Hence we have an upper bound for the so-called Aleksandrov widths, see [14]
and [36]. By the famous theorem of Nobeling, any such mapping can be factorized
as Ly = Pani1 © Napy1 where Ny,q 0 K — R and 4,41 @ R — H are

continuous. Hence the result is proved. O
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Proof of Theorem 1
First we observe that
Ciny1 (S, Iy H) = ety (1, S(F), H).
Condition (19) implies that
e (I,S(F), H) < Ce™(I,K,H) = C e (K, H)
so that Proposition 1 yields
et (K, H) <2C enc(K, H) <2C ey(1,S(F), H).

We also have
en®(I,5(F), H) = en®°(S, F, H),

hence we finally obtain

e (S, F H) < 2C% efr'e(S, F, H).

5.2 Proof of Theorem 2

We want to make a general remark concerning the notation in advance. In what
follows we will use the symbol (-, -) for different duality pairing. Which one will be

always clear from the context. So we avoid indices.

5.2.1 Lower Bounds

The proof of the lower bound follows by combining Theorem 1 with the following
proposition proved in [9], see also [13, 14, 16]:

Proposition 2. Let Q C R? be a bounded Lipschitz domain. Let 0 < p,q < oo,

s> 0, and
1 1
t>d(———) .
p 2/,

e (S, By (Lyp(), Hg () = n™"7.

Then
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5.2.2 Upper Bounds

The proof of the upper bound turns out to be a little bit more complicated. However,
let us mention that our proof is constructive. As a first step we reduce the proof of

Theorem 2 to the proof of the following

Theorem 4. Let € be as above. Let 0 < p,q < 00, s € R and suppose that

t>d(§‘%)+

holds. Then there exists a number C* such that for any C > C* we have
entr (1, By (Ly(Q)), B3 (L2(2))) < n~"4.

Proof of Theorem 2. Since H*(Q2) = B5*(L2(?)), cf. Remark 10, Theorem 4
yields that

ene (I, By (Ly()), H(Q) < 7
Since S : H™*(2) — Hy(2) is an isomorphism, Lemma 2 implies the desired result.
U

5.2.3 Widths and Discrete Besov Spaces

The proof of Theorem 4 requires several preparations. First of all, let us fix some
notation. Let 0 < p,¢q < oo and let s € R. Let V := (V;)22_; be a sequence of
subsets of finite cardinality of the set {1,2,...,2%— 1} x Z?. We suppose that there
exist 0 < C; < Cy and J € N such that the cardinality |V;| of V; satisfies

(45) Oy <27V, <Cy  forall j>J.

Then by (V), where 0 < ¢ < oo, denotes the collection of all sequences a = (a;x);x

of complex numbers such that

1/q

e ) q/p
(46) | by, = Z 2J(s+d(1/2—1/p))q< Z |%A|p> < 00,
j=—1 AEV;
For ¢ = oo, we use the usual modification
1/p
(47) lall .. = up 2J<s+d VRPN agalP ] < oo
j=-10 AEV;

In our paper [9] we have dealt with several types of widths of embeddings of those

discrete Besov spaces. A few of the results we obtained there will be recalled now.
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Proposition 3. Let 0 < p,q < 0o and s € R. Suppose that
1 1

(48) t>d<———) .
p  2/+

It holds

M (1, b5 (), b3 5(V)) < en (1, b5H(V), b5 ,(V)) =< n™"/7 .

n L 20 n L 20

Remark 7. Of course, the constants in the above inequalities depend on V (and
therefore on Cy,Cy and J) as well as on s,t,p and q. But this will play no role in
what follows.

5.2.4 Frame Pairs for Sobolev Spaces on Domains

Now we turn to the construction of frame pairs for Sobolev spaces with some addi-
tional features.
Let s € R be fixed and let
(49)
Ui {on @i ke 2y U b dion: i=1,..2021,j=0,12... kez'},

be a biorthogonal wavelet system such that the parameter r, controlling the smooth-
ness and the moment conditions, satisfies r > |s|, see Proposition 4 in the Appendix.
Here, as always in this subsection we shall use H*(2) = B5(Lo(2)) in the sense of

equivalent norms, see the Appendix. We suppose

Supp ¢ , supp ¥ , supp @, supp ¢ C [~N, NJ¢, i=1,...2¢-1.

By B(z°, R) we denote a ball with radius R and center z°. We may assume Q C
B(2", R) for some R > 0 and 2 € Q. Rychkov [33] has proved that in case of a
bounded Lipschitz domain there exists a linear and continuous extension operator
E € LIH(N) — H*(RY)). In addition we may assume that

(50) supp £f C B(z°,2R)
holds for all f € H*(2). Now we turn to the wavelet decomposition of £ f. Defining
A= {keZd: 279k — 2% < 2R+ 27N, i=1,... ,d}, j=0,1,....

we obtain for given f € H*(Q)

291 oo
(51) &f = Z(gf, Dk) Pk + Z Z Z(gf, Vi jk) Vijk (convergence in  S)
kAo =1 j=0 keA,
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and

G2)  NefE @ < (X lensar) +

keAo
291 oo ’ N 1/2
(Z ZQ2JS(Z ‘<5fa¢i,j,k>|2>) < 0.

This can be rewritten by using

(53) V_1 = A(]
(54) Vj;:{uwy 1§i§ﬂ—1,k€A&,_ﬁ:QL“w

¢j,)\ = ¢i,j,k7 if A\ = (’L, ]{7) S Vj, 7 € Ny, and wj,)\ =y if A =k € V_;. Similarly in
case of the dual basis. Then (51), (52) read as

(55) Ef = i Z (Ef, @ZM) Pia (convergence in  §')
j=—1 A€V,

and

(56) £ @) = [ EF TH R = || (EFhia))sn llog 9 -

Let X denote the characteristic function of 2. We put
(57) gj,)\ = XQ'I/J]')\, ] = —]_,0,]_,... s )\ - Vj.

For M € N we have

M

S Y En - (X X Eh i wﬂ)

Jj=—1XeV; Jj=—1XeV;

and consequently

M
im Y > (Ef ) gin=(Ef), = f

M—o0

Jj=—1XeV;
in H°(Q2). Let £* denote the adjoint of £. Define
(58) hin=E(@n),  j=-101..., A€V,

Then, taking into account the norm equivalences (56), it follows that (F, G) satisfies
(11) and (12) for (H*(2),b5,(V)), where

(59) F = {hj)\ o g=-L0,1,..., A€ V]} and
(60) G = {gin: j=-101,..., reV,}.
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Instead of writing (H,w) we used here the notation (H,¢s,,), see Definition 1. To
obtain a frame pair, it remains to establish a suitable reconstruction operator. Due
to the norm equivalences stated in (52) and Proposition 4, it is clear that such an
operator R : fy,, — H*(R?) exists on all of R%. Therefore

Rt b3,(V) — HYQ),  a=(a;))Gnev — Xxak(a)
does the job. We collect our findings in the following lemma.

Lemma 5. Let Q C R? be a bounded Lipschitz domain. Let ¥ be a wavelet system,
see (49), such that r > |s|, see Proposition 4. Let F and G be defined as in (57)-(60).
Then (F,G) is a frame pair for (H*(S2),05,(V)), where V = V() is defined in (53),
(54).

5.2.5 Stability of Frame Pairs

Next we need to investigate the stability of this frame pair constructed in the previ-
ous subsection. The symbol V will always refer to V = V() defined in (53), (54).
11
Let 0 < p,q < oo and suppose t > d(; -5
parameter r of the wavelet system satisfies

)+. Furthermore, we require that the

1 1
(61) 7 > max (s +t, dmaX(O,I—) —1) —s, dmaX(O,I—) —1)—(s+ t)) ,

see Proposition 4. We choose a rectangular subset [J of 2 such that dist ((J, 0£2) > 0.
Then we define

(62) V}:{@MGA% smm%ACD} j=0,1,...

Of course, it may happen that Vj = ) if j is small. Let J € N be a number such
that V7 # ) for all j > J. Then we put

(63)

K = {f eD'(Q): there exists (a;); € b5 (V) st. f= Z Z aja ¢j7,\}.

j=J AeVj

Because of dist ([J,0€2) > 0 we can extend f by zero outside of 2 and obtain from
Proposition 4 that K C B;™(L,(9)). Again making use of Proposition 4 we find
that

| 5 wtisl < 2 il

(J,N)eA (J,\)eN

= [ (@) gaen llog,9) -

He (RY)
if A C ;2 ; V;. Here the constants do not depend on A.
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Finally we have to show that K is sufficiently large or more exactly, that K € K¢
for some sufficiently large C'. By definition of K the mapping

T f = (F050) ey

belongs to L(K, b5/ (V*)). Moreover, it is invertible and 77! € L(b51/(V*), K). Once

[ 21
again we shall use the extension operator £. In addition we apply the fact that £

may be chosen such that & € L(B:T(L,(12)), Bit*(L,(R?))), cf. Ryshkov [33]. Now
we extend T by defining

T f ((EF,00) ey,

This extension is again bounded, cf. Proposition 4. Let us have a look at the com-
mutative diagram
Iy

bpa (V) —— 135(V)

| |

1P

K —— B3(Lx()).
Because of Vi C Vj, j > J, there is a natural embedding operator between these
sequence spaces, here denoted by I;. Since T' € L(B35(L2(92)), b5,(V)) we can apply
(21) and conclude
(64) ™ (L 0y (V). b55(V)) < | T7H T || €™ (L2, K, B3 (La(R2))) -

7 7Dyq

Furthermore

e (1, by (V) 05,5(V7)) = €™ (11, 5, (V7), 05,5(V)) -

n L 20 n 77Dy

To explain this we split b5 ,(V)) into b3 ,(V*) and its orthogonal complement U. Then
the claimed identity follows from the observation that optimal approximations S,, =
©n 0 Ny, see (5), of elements of b5¢(V*)) are obtained with ¢, : R™ — b3 ,(V*). The
behavior of the left-hand side in (64) is known, see Proposition 3. As a consequence
we obtain

et < e (1 B V), B0 (97)) = € (I BT, B (V)

20 77Dy

(65) < oe™(h, K, By(L2()))

with some positive ¢, ¢co. Summarizing we have proved that the frame pair (F,G)

from Lemma 5 is admissible in the sense of Definition 2 for C' sufficiently large.

Lemma 6. Let Q C R? be a bounded Lipschitz domain. Let 0 be a rectangular
subset of Q such that dist ((,0Q) > 0. Let s e R, 0 < p,q < o0 and t > d(% — %)Jr

25



Let U be a wavelet system, see (49), such that v satisfies (61), see Proposition 4.
Let F and G be defined as in (57)-(60). Then the frame pair (F,G) is stable with
respect to the set K defined in (63), i.e. it belongs to Pc(K), and it also belongs to
Ko € B (L,(Q) if C is sufficiently large.

5.2.6 Proof of Theorem 4

To prove Theorem 4 we shall use the frame pair from Lemmata 5 and 6.
Let A C V be a set of cardinality n. Then

on(f, (F,G))Bs (o)) < H Z <fag*1zj,>\>gj,>\‘

G AEA
< all((fE i) Gnen llbs., »

B3(L2(9))

where we have once again used (17). By O we denote the canonical orthonormal

basis of 6872(V) and by e; y its elements, respectively. For a € b3 ,(V) we put

E a5\ €51

(G EA

on(® Ors, = fnf

b5(V)
If A contains the n largest terms 27° [(f, £*1;.,)| then

on(f, (F,G))Bsra) < 1 Un((<f7 E PN ey O)bs

2,2

follows. Next we shall use the following abbreviations: let Fy = By (L,(€2)) and
Fy = b3*!(V). Using Proposition 3 with respect to V and a simple homogeneity

argument we find

sup  0n(f, (F,G))B3rai) < 2 sup  0u(a, O)yg, < csn™ 7,
£l <1 lallm, <1 ’
since
I ({f, 5*1;j,A>)j,Aevag;f =< f HBS“(LP(Q)) :
This completes the proof of Theorem 4. O

Remark 8. The advantage of our frame construction consists in the fact that it
1s universal for all bounded Lipschitz domains. The disadvantage of our frame con-
struction lies in the use of the operator £*. This limits its value in case of concrete
calculations. There are other frame constructions in the literature. Let us mention
here the constructions given in [4], [47] and [6]. We add a few comments to these

frames:
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e The frame pairs constructed in [4] allow a discretization of Besov spaces on
domains ) under certain restrictions, both with respect to the domains and
with respect to the parameters of the Besov space. In particular, only the case
1<p<o0,0<q<o0ands >0 is considered. With (F,G) denoting the

frame pairs constructed in the aforementioned paper we obtain

sup Un(.fa (Fa g))H75(Q) = n_t/d

Ifllm <1

where
Fy == B *"(L,(Q)), t—s>0, 1<pqg<oo.

q

Generalization to the case 0 < q,p < 1 have been given in [15].

e The frames constructed in [47] allow a discretization of Besov spaces on Lip-
schitz domains ) under the restrictions 0 < p,q < 0o and s < 0. The frame
pairs consist of either wavelets originating from a wavelet basis on R? or di-
lated and shifted versions of the associated scaling function. They all have the
property that their support is contained in ). Furthermore, these dilated and
shifted copies of the scaling functions show up only near the boundary. Inside
a box contained in 2 and with some distance to the boundary the frame pair
reduces to a biorthogonal wavelet subsystem. The same construction can be
made to discretize the Besov spaces E;(LP(Q)) if s > dmax(0,1/p — 1), see
the Appendiz for a definition. Hence, with (F,G) denoting the frame pair of
[47] we obtain

sup o (f, (F,G)) o) =< n~"",

1fllmy <1
where
Fo— B¢1_8+t(Lp(Q)) if t—s<0
P Bt(L(9) if t—s> dmax(0,1-1).

o The frame pairs constructed in [6] allow a discretization of H®(S2)-spaces with
s > 0. This construction works for domains with piecewise analytic boundary
and is based on an overlapping partition of the domain by means of sufficiently
smooth parametric images of the unit cube. On the reference cube, a tensor
product biorthogonal wavelet basis employing the boundary adapted wavelets on
the interval from [10] is constructed. Under certain conditions, the union of all

the parametric images of these bases gives rise to frame pair for H*(£2), s > 0.

o Of course, all the examples of biorthogonal wavelet bases on polyhedral do-

mains also fit into our setting. One natural way as, e.g., outlined in [1] and
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[11], is to decompose the domain into a disjoint union of parametric images of
reference cubes. Then one constructs wavelet bases on the reference cubes and
glues everything together in a judicious fashion. However, due to the glueing
procedure, only Sobolev spaces H® with smoothness s < 3/2 can be charac-
terized. This bottleneck can be circumvented by the approach in [12]. There, a
much more tricky domain decomposition method involving certain projection
and extension operators is used. By proceeding in this way, norm equivalences
for all spaces BY(L,(Q)) can be derived, at least for the case p > 1, see [12,
Theorem 3.4.3]. However, the authors also mention that their results can be

generalized to the case p < 1, see [12, Remark 3.1.2].

5.3 Proof of Theorem 3

Periodic Besov spaces have analoguous properties than the Besov spaces defined on
smooth domains or on R Our general reference for these classes is [34]. A definition

of periodic Besov spaces is given in the Appendix.

5.3.1 Widths of Periodic Besov Spaces

As a preparation of the proof of Theorem 3 we shall investigate the widths of em-
beddings of periodic Besov spaces, a topic which is also of self-contained interest.
In [9] we reduced the corresponding problem for the nonperiodic Besov spaces on a
Lipschitz domain to that one for the discrete Besov spaces. It would be of interest to
construct an isomorphism between these periodic spaces B} (L,(T)) and b; , as well,
see Subsection 5.2.3. Periodic wavelet constructions exist in the literature. However,
up to our knowledge, those characterizations of periodic Besov spaces are estab-
lished only with additional restrictions for the parameters. So we employ a different

strategy here.
Theorem 5. Let 0 < p,q < o0, s € R and suppose that
‘s (1 1)
p  2/4+
holds. Then there exists a constant C* such that for any C > C* we have
ener®(L, By (Ly(T)), B5(Ly(T))) =< n~".

Proof. Step 1. Preparations. For the estimate from above we shall use a connection
between periodic and weighted spaces. Let o.(z) := (1 4 |z|>)™*/2, 2 € R, k > 0.
We define

(66) By(Ly(R, 0,) = {f € S(R): [o.€ ByL,(R)},
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endowed with the natural quasi-norm

1 1Bg(Lyp(R, o) := [ f 0 [ B (Lp(R))|| -

Here S'(R) denotes the collection of the tempered distributions on R. As a combina-
tion of Franke’s characterization of weighted spaces, see Theorem 5.1.3 in [34], and
a result of Triebel [41] we find that f € B;(L,(T)) if and only if f is a 27-periodic
distribution in &'(R) which belongs to B;(L,(R, ox)) with £ > (1/p). Moreover,

there exist positive constants ¢, co such that

e[| FIB(Lp(R, 0)) | < || 1By (Lp(T)[| < o || f[By(Lp(R, 0x))l

holds for all such f.
Step 2. Let ¢ € C§°(R) be a smooth cut-off function such that ¢(z) = 1if |z| <7
and ¢¥(x) = 0 if |z| > 27. We shall study the mapping T : f +— ¢ - f. Let J =
[—3m, 37]. Obviously

I f 9 1By(Lp(IDII < 1 f 9 [BI(Lp(R)I = [ f ¥ 0x (1 0x) ¥(-/2) [ B4 (Ly(R))]|
< el (Vo) (/2 |CHR)f 4 0 [ By (Lp(R))]]
ca || f|Bg(Lp(R; 0x))] -

IA A

where p has to be chosen sufficiently large, cf. e.g. [42, 2.8] or [32, 4.7]. Since 1
is a pointwise multiplier for these weighted Besov spaces as well we end up with
T € L(B;(Ly(T)), B;(Ly(J))). Moreover, T is a bijection onto a closed subspace
of B;(Ly(J)), denoted by T7(L,(J)), simultenuously for all parameters. Now we

consider the commutative diagram:

By (L, (T)) —— B3(La(T))

r| [

Iz

T (Lp(])) —— T5(L2(J)) .
Lemma 3 yields
er @ (I, By (Ly(T)), By(L2(T))) < (ITIHIT M| en (Lo, T, (Ly (), T (La(T)))
with C = C'||T7||||T||. Now we employ Lemma 4 and obtain
ener® (I, Ty (Lyp( 1)), T3 (La(J))) < eI, Ty M (Ly( ), B(La(T))) -
This, together with a monotonicity arguments leads to
e (I, By (Ly(T)), By(L2(T))) < (ITIHIT | e (o, Byt (Ly(J)), B3 (L2(])))

29



The estimate from above is finished by using Theorem 4 with {2 = J and d = 1.
Step 3. Let J = (—1/2,1/2). Then there exists a linear extension operator & :
B (L,(J)) — B;(Ly(R)), see [33]. Let ¢ be as above. We define

Tf(z) ::{ Ef(x)Y(6) if —r<z<m,

2m-periodic extension  otherwise.

We claim that T' € L(B;(L,(J)), B;(L,(T))) for all parameter constellations. To see
that we first construct an appropriate decomoposition of unity. We put

()

Ple) = Sore J(x —2mk)’ veR.

It follows that

o)

1= Z o(x — 2mm) forall zeR

and supp ¢ C {z € R: ¢(x/2) = 1}. Hence, with t = min(1,p,q) and k > 1/t > 1/p,
we obtain

ITf 1B (Lp(T)I" < & [ (TF) ox | By(Lp(R)) [

Ry mf;oo o — 27m) (Tf) 0. | By (Ly(R))

< 4 mim (- — 22m) (Tf) 0x | B (Ly(R))|

_ m;i_m Il = 2mm) ("2 () 00 | By(Ly(R)I

<o 3 let =2 e @I () CHIEL ),

where we used again assertions on pointwise multipliers, see, e.g., [42, 2.8] or [32,
4.7]. The shift-invariance of || - |B;(L,(R))|| and the periodicity of T'f imply

10 () () 1B LR = 16 /2) (TF) By L R))]

for all m € Z. Furthermore, elementary calculations yield
[ o(- = 2mm) 0, [CH(R)|| < ¢4 0x(27m)

with ¢4 independent of m. Altogether this proves

e}

177 1BYULD) < esllv(-/2) @) BLEI( Y ol2mmy)”

m=—0Q

< |l 9(-/2) (TF) [Bi(Ly(R))] -
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Taking into account the identity

2

W@/ Tf () = ble/2) (Y Ef(w = 2mm) (6w — 27m)) )

m=—2

we have

19 (- /2) (THIBULR)I < er Y [19(-/2) Ef(w — 2mm) (6(x — 2mm)) | By (Ly(R)) |

m=—2

cs ) | Ef(x—2mm) (6(x — 2mm)) |By(Ly(R)) |

m=—2

col EFP(6(-)) [By(Ly(R))]
crol| EF 1By (Ly(R))]|
< e llENN 1By (Lp(I)I

IA

VANVAN

which proves the claim. Moreover, T is a bijection onto a closed subspace of By (L,(T)).
This subspace will be denoted by 77 (L,(T)). Now we can argue as in Step 2. The

commutative diagram

BH(Ly(J)) —— B3T(La(J))

r| [

s I s
TH(Ly(T)) —2  T3(Ly(T))
implies

en @ (I, By (Ly( 1)), B3(La(1))) < ITI T~ enig (T2, By (Ly(T)), B3(La(T))) -

with C = C||T7Y| ||T]|. The estimate from below is finished by using Theorem 4
with @ = J and d = 1. O

Now we consider some subspaces of B} (L,(T)). Let
(67) Zi(Ly(T)) == { f € By(L,(M): (£, 1)r =0},

Observe that the function g(z) = 1 belongs to D(T), the collection of all complex-

valued, 27-periodic and infinitely differentiable function. Since
D(T) — B;(Ly(T)) — D'(T)

the scalar product (f, 1)t is well-defined for all f € BS(L,(T)), cf. [34, 3.5.1].
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Corollary 1. Let 0 < p,q < 00, s € R and suppose that

t><1 1)
p  2/+

holds. Then there exists a constant C* such that for any C > C* we have
frame s+t s - —t
ene (L, Zg7 (Ly(T)), Z5(Lo(T))) < n™".

Proof. The upper estimate can be established as above. For the estimate from below
we start with f € B;(L,(J)) and J = [~1/2,—1/4]. The operator T has to be
replaced by

Ef(x)Yv(14(z+1/2)) = Ef(—x)v(14(—x+1/2)) if —m<z<m,

2m-periodic extension otherwise .

Tf(x) = {

Hence (T'f, 1)y = 0 which is clear for f € D(T). Since D(T) is dense in D'(T) it

follows in general. O

5.3.2 Besov Spaces on the Unit Circle

There is a simple transformation of the interval [0, 27) onto the unit circle given by
t — (cost,sint), 0<t<2m.

For a given distribution f € D'(I") we define

(68) h(t) :== f(cost,sint), teR.

Observe that ¢ € D(I") implies ¢(cost,sint) € D(T). Hence, if f € D'(I") then
h € D'(T).

Definition 3. Let s € R and 0 < p,q < co. Then B;(L,(T")) is the collection of all
distributions f € D'(I') such that the corresponding distribution h is contained in
B (Ly(T)). We put

£ 1B (Lp(D)) || := | 2 [ By (Lp(T))]-
Lemma 7. In the sense of equivalent norms we have H'?(T') = By*(Ly(T)) as well

as H-V2(I') = By "*(Ly(T)).

Proof. 1t holds

BY?(Ly(T)) = {h € Ly(T) : /:ﬂ /:W %dwd(y < oo},

|z
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see e.g. [34, 3.5.4]. Furthermore, the norms || h |B;(L,(T))| and

I A Lo(T)] + (/ﬁ/;ﬂ%dmy)m

are equivalent. Now it remains to observe that

G / / % )
= r|h|L2<nr>||+(/O”A“%dmy)m

since there exist positive constants ¢y, ¢5 such that
2 2 . N2 2
c1lr —yl® < (cosz —cosy)” + (sinz —siny)” < ¢z |z — y|

for all ,y € [0,27]. This proves H/2(T') = BY*(L,(T)) in the sense of equivalent
norms. The second assertion follows from (HY2(I'))" = H~'/?(T") (just by definition)
and the duality relation (By?(Ly(T))) = By "/*(La(T)), see [34, 3.5.6). O

5.3.3 Proof of Theorem 3

We consider the commutative diagram

I

Yy (L,() ——  HY(D)

/| I
Zy P (Ly(T)) —2— Zy/*(Ly(T))

Here the operator T is chosen to be the mapping f +— h. Since T is a bijection

considered as a mapping defined on D’(I") with values in D’(T) we obtain that

T is an isomorphism belonging to £(B;+1/2(LP(F)), B;H/Q(Lp(’]l"))). Consequently,

T: Y}f“ﬂ(Lp(F)) — Z;+1/2(Lp(’]1")) is an isomorphism as well. Lemma 3 yields
(69)
e (I, Yy M (Ly(T)), HYA(D)) < | TN IT M epigr(Ta, Zg 7 (Ly(T)), 2o (L2(T)))

with C = C'||T7Y|| |||l As a consequence of the commutative diagram
2" P(Ly(T) —— 2, (Lo(T))
T*ll TT
Yy (L) — YD)

Lemma 3, and inequality (69) we conclude

(1, YIVA(L, (D)), HYA(D)) = e (I, 253 (L,(T)), 23/ (La(T)))
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JFrom Corollary 1 we derive
et (L, Y MLy (D), HYA(D)) = ™

for C' sufficiently large. Now the assertion follows from the commutative diagram
(27) and Lemma 2.

6 Appendix — Besov Spaces

Here we collect some properties of Besov spaces which have been used in the text
before. For general information on Besov spaces we refer to the monographs [28, 29,
30, 32, 42, 43, 46]. A collection of results for Besov as well as Sobolev spaces on
domains can be found in [9]. There detailed references are given.

In most of the references given above Besov as well as Sobolev spaces are treated as
classes of complex-valued functions (distributions). In the framework of information
based complexity it is common to deal with real-valued functions (distributions), cf.
e.g. (5). Here we make use of the following point of view: all spaces in the Appendix
are spaces of complex-valued distributions. Then, finally we consider the restrictions

to the real-valued subspaces.

6.1 Wavelet Characterizations

For the construction of biorthogonal wavelet bases as considered below we refer to
the recent monograph of Cohen [3, Chapt. 2]. Let ¢ be a compactly supported scaling
function of sufficiently high regularity and let ;, i = 1,... 2¢ — 1 be corresponding
wavelets. More exactly, we suppose for some N > 0 and r € N

SU.prD,Sllpp’l?Di C [_N>N]da izla"'>2d_1>

©,; € C"(RY), i=1,...,2¢ -1,

/xo‘wi(x)dzzo for all |a| <7, i=1,...,29 -1,
and

ol — k), 224,22 —k), jeNy, kez,

is a Riesz basis in Ly(R?). We shall use the standard abbreviations

Vijr(x) = 274/ %(zjx — k) and or(r) = p(x — k).
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Further, the dual Riesz basis should fulfill the same requirements, i.e., there exist
functions @ and 9;, i = 1,...,2% — 1, such that

(P, %’,j,k) = <7;Ei,j,ka o) =0,
(P, pe) = Ok (Kronecker symbol) ,
Wijs Duwd) = Oin O One s
supp ,  suppd; C [N, N4, i=1,...,29-1,
P € C'RY,  i=1,...,29-1,
/x“%(z)dm =0 for all |a| <r, i=1,...,2¢-1.

For f € S'(RY) we put
(70) (fsVijr) = f(WQijx)  and (fson) = f(@r),
whenever this makes sense.

Proposition 4. Let s € R and 0 < p,q < 0o. Suppose
1
(71) r > max (s, d max(0,— — 1) — s) .
b
Then B:(Ly(RY)) is the collection of all tempered distributions f such that f is
representable as

291 oo
f= Z ag pr + Z Z Z @ j i Vi gk (convergence in  S')
kezd =1 j=0 kez
with
291 oo _ - a/p 1/q
71BN = (S lal) "+ (X S 20 (F jaab)”) <,
kezd =1 j=0 kezd
if ¢ < oo and

1/p i(s 1_1 1/p
| FIBL(Lp®DI = (S Ja’) T+ sup sup 2CHE (S fagup) < oo

kezd

The representation is unique and

Qi k = (f, Jz;k) and ar, = (f, or)

hold. Further I : f w— {{f, k), {f, 'l’/;”k>} is an isomorphic map of qu(Lp(]Rd))
onto the sequence space (equipped with the quasi-norm || - |Bs(L,(RY))|*), i.e. | -

| B3 (Lp(RY)||* may serve as an equivalent quasi-norm on Bg(L,(R?)).

A proof of Proposition 4 has been given in [47], see also [25] for a homogeneous
version. A different proof, but restricted to s > d(% —1)4, is given in [3, Thm. 3.7.7].

However, there are many forerunners with some restrictions on s, p and gq.
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6.2 Besov Spaces on Domains

Let © C R? be an bounded open nonempty set. Then we define B:(L,(2)) to
be the collection of all distributions f € D’(Q2) such that there exists a tempered
distribution g € B;(L,(R?)) satisfying

fle)=gly)  forall ¢ eD(Q),
ie. glo=fin D'(Q). We put
1 £ 1B;(Lp()I| == inf [l g |By(Ly(R))],

where the infimum is taken with respect to all distributions ¢ as above.

6.3 Sobolev Spaces on Domains

Let € be a bounded Lipschitz domain. Let m € N. As usual H™(f2) denotes the
collection of all functions f such that the distributional derivatives D®f of order
|a] < m belong to Ly(2). The norm is defined as

IFIH™ @)=Y I Df |La(D)]].

la<m

It is well-known that H™(RY) = BI*(Ly(R%)) in the sense of equivalent norms, cf.
e.g. [42]. As a consequence of the existence of a bounded linear extension operator

for Sobolev spaces on bounded Lipschitz domains, cf. [35, p. 181], it follows
H™(Q) = BY'(La2(2)) (equivalent norms),

for such domains. For fractional s > 0 we introduce the classes by complex interpo-
lation. Let 0 < s < m, s ¢ N. Then, following [26, 9.1], we define

HY(Q) = [HW(Q),LQ(Q) L e=1 —%.

This definition does not depend on m in the sense of equivalent norms, cf. [45]. The
outcome H*(Q)
coincides with B3(Ly(2)), cf. [9] for further details.

6.4 Spaces on Domains and Boundary Conditions

We concentrate on homogeneous boundary conditions. Here it makes sense to intro-

duce two further scales of function spaces (distribution spaces).
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Definition 4. Let Q C R? be an open nontrivial set. Let s € R and 0 < p,q < oo.
(i) Then é;(Lp(Q)) denotes the closure of D(Y) in B;(Ly(S2)), equipped with the
quasi-norm of B (L,(€2)).
(ii) Let s > 0. Then H(2) denotes the closure of D(2) in H*(2), equipped with the
norm of H*(2).
(iii) By ES(LP(Q)) we denote the collection of all f € D'(Q) such that there is a
g € Bi(Ly(RY)) with
(72) 9o =1 and  suppg C Q,
equipped with the quasi-norm

| £1By(Ly ()| = inf || g | By (Ly(RY)|l,
where the infimum is taken over all such distributions g as in (72).

Remark 9. For a bounded Lipschitz domain it holds é;(Lp(Q)) = ES(LP(Q)) =
Bi(Ly()) of
0<pqg<oo, max(l—l,d<l—1)> <s<},
p p p
cf. [19, Cor. 1.4.4.5] and [45]. Hence,
Hy(Q) = B3(La()) = B3(Ls(Q)) = B3(La(Q)) = H*(Q)
if0<s<1/2.

6.5 Sobolev Spaces with Negative Smoothness

In what follows duality has to be understood in the framework of the dual pairing

(D(), D'(2)).
Definition 5. Let Q C R? be a bounded Lipschitz domain. For s > 0 we define
(HS(Q))l if s— 3 # integer,
H™(Q) =
(ES (Lo (Q)))/ otherwise.
Remark 10. If Q C R? is a bounded Lipschitz domain then
HE(Q) = B3(Ly(R)), s> 0, s—% # integer,
holds. Furthermore
(73) H™(Q) = By*(L2(R),  s>0,

to be understood in the sense of equivalent norms. Again we refer to [9] for detailed

references.
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6.6 Besov Spaces on the Torus

Here our general reference is [34, Chapt. 3|. Since we are using also spaces with
negative smoothness s < 0 and/or p, ¢ < 1 we shall give a definition, which relies on
Fourier analysis.

Let D(T) denote the collection of all complex-valued infinitely differentiable func-
tions on T (i.e. 2m-periodic). By D'(T') we denote its dual. Any f € D'(T') can be
identified with its Fourier series Y oo c(f) €*® where cx(f) = (2m)~! f(e=*®).
Next we need a smooth dyadic decompositions of unity. Let ¢ € C§°(R) be a function
such that p(z) = 1if |z| <1 and ¢(z) = 0 if |z| > 2. Then we put

(74) o) = (), oi(z) == (277x) — p(277%1z), jeN.
It follows

Z(p](x):lv .CL’GR,
=0

and
supp ¢; C {xeRd: 2072 < | gzﬂ'“}, ji=1,2,....

By means of these functions we define the Besov classes.

Definition 6. Let s € R and 0 < p,q < co. Then B;(L,(T)) is the collection of all

periodic tempered distributions f such that

1/q
I £ 1B, (D)) = (szn S (k) () € |y (T ") <oc

k=—00
if ¢ < o0 and
| f1BZ(Lp(T)) | = sup 2 | Z wi (k) cr(f) €™ |Ly(T)|| < oo
i yeer e —oo
if ¢ =00
Remark 11. i) These classes are quasi-Banach spaces. They do not depend on

the chosen function ¢ (up to equivalent quasi-norms).

(i1) There is a number of different characterizations of periodic Besov spaces, cf.
e.g. [34, Chapt. 3|. In particular we wish to refer to the characterization by
differences [34, 3.5.4].
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