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Abstract

We study the approximation problem for C* functions f : [0, 1] — R with respect to
a Wyt-norm. Here, m = [m,m,...,m], d times, with the norm of the target space defined
in terms of up to m partial derivatives with respect to all d variables. The optimal order
of convergence is infinite, hence excellent, but the problem is still intractable and suffers
from the curse of dimensionality if m > 1. This means that the order of convergence
supplies incomplete information concerning the computational difficulty of a problem.
For m = 0 and p = 2, we prove that the problem is not polynomially tractable, but that
it is weakly tractable.

1 Introduction

The (optimal) order of convergence, or rate of convergence, is an important concept of nu-
merical analysis and approximation theory. The order of convergence measures how fast the
minimal error e(n) of algorithms using n function values or linear functionals goes to zero.
Roughly speaking, if e(n) = ©(n™%) then to guarantee that the error is €, we must take
n= @(5_1/ @) for ¢ — 0. Hence, asymptotically in ¢, the larger the order of convergence the
easier the problem. However, it is not clear what this means for a fixed € > 0; how long do
we have to wait for the asymptotic behavior to occur?

*This author was partially supported by the National Science Foundation under Grant DMS-0608727 and
by the Humboldt Research Award at the University of Jena.



In this paper we assume that the functions f : [0,1] — R are infinitely many times
differentiable with respect to all variables and that the sum of all normalized derivatives is
bounded in the L,-norm, for some p € [1,00]. We approximate such functions with respect
to the Sobolev norm W;*([0, 1]%) for m = [m,m,...,m], d times, for some non-negative
integer m. This space is defined in Section 2. Here we only mention that the norm in the
target space is defined in terms of up to m partial derivatives with respect to all d variables.
We consider the worst case setting along with algorithms using arbitrary linear functionals
as information operations on f. Here, d can be arbitrarily large. To stress the importance of
d, we denote the minimal error e(n) by e(n,d).

Since the smoothness of the functions is unbounded, the optimal convergence rate of this
multivariate approximation problem is infinite. That is, for any d and arbitrarily large r we
have

e(n,d) = O(n™") as n — oo.

Despite this excellent asymptotic speed of convergence, we prove that
e(n,d) =1 forall n=0,1,...,(m+1)¢-1.

Let n(e, d) denote the smallest number of linear functionals that is needed to find an algorithm
with error at most €. The last result means that

n(e,d) > (m+1)% forall ¢ € (0,1)andd € N:={1,2,...,}.

For m > 1, we have exponential dependence on d, which is called the curse of dimensionality.
Hence, for m > 1, the multivariate approximation problem is intractable.

So, we see that the only hope of non-exponential dependence on d is when m = 0. In
this case, we restrict ourselves to p = 2 and study multivariate approximation simply in the
Lo-norm. Now the multivariate approximation problem is weakly tractable, i.e., n(e,d) does
not depend exponentially on €' 4+ d. More precisely, we have

1
i B n(e,d)

= 0.
e~ltd—oo €1+ d

However, the problem remains polynomially intractable, i.e., no matter how large we choose
C, p and ¢, the inequality
n(e,d) < CePd

does not hold for some € € (0,1) and d € N.

These results illustrate that the optimal order of convergence does not tell us everything
about the difficulty of solving the problem. We may have an excellent order of convergence,
but an exponential dependence on d. Or equivalently, we must wait exponentially long to
enjoy the excellent asymptotic behavior.

We add in passing that similar results hold also for some other multivariate problems.
For example, consider multivariate integration studied in [5] for the Korobov space with the
smoothness parameter a > 1. In this case, algorithms can use only function values. Then

e(n,d) = O (n7?) as n— oo, for all p < a.



However,
e(n,d) =1  for n=0,1,...,29 -1, (1)
which implies that
n(e,d) > 2% for all e € (0,1).

That is, even for arbitrarily large «, despite an excellent order of convergence, this integration
problem is intractable. Further examples can be found in [9].

We finally add that this paper has been written before the publication of the book [3]. We
included the essence of this paper in [3] as Example 3.1.4 of Chapter 3 with the information
that this example is based on a paper submitted for publication. In meantime, our book has
been published sooner than the publication of this paper.

2 The problem

We consider functions from the class C*°([0, 1]¢) of infinitely differentiable functions defined
on the d-dimensional cube [0,1]¢. Let f € C*°([0,1]¢). Obviously for any multi-index

B = [51,Pa..., 0 € N  with Ny := {0,1,2,...},

the function
§B1+P2++Ba

OP1210P229 - - - OPagy

also belongs to C*°([0,1]%). For any p € [1,00] we also have | DPf||, < oo, where L, is the
classical space of functions defined on [0, 1]¢, i.e., for p € [1,00) we have

il = ([,

)

Dﬁf =

f

1/p
)P dx> ,

whereas for p = oo, we have

[fllLec = esssup|f(z)].
z€0,1]¢

We restrict the class C*°([0,1]?) by taking the linear space

1/p
F =iy = { £ e 2@ |15l = (X FI0°01,) < o,

BeNG

with 81 = ], B;!.

Hence, we deal with infinitely differentiable functions for which the sum of all normalized
derivatives is bounded in L,,. This class is nonempty since f = 1 belongs to F'. Furthermore,
all multivariate polynomials belong to F' since the series with respect to § for a polynomial
consists of only finitely many positive terms. In any case, we hope the reader agrees that F
seems to be a “very small” set of functions.



For a given non-negative integer m, we consider the space G = Gg, given by

6= {sewp@u e = (¥ luDﬁfwz,,)l/p <oo.

|
BENE: |B51<m 8

Hence, G is the Sobolev space W;™([0,1 ) of functions whose partial derivatives up to order
m in each variable belong to L,([0,1]%). Note that for m = 0, the space Ggg, is just
Ly([0, 11%).

For any m and for all f € F' we have || f|l¢ < ||f|lr. Let Py, denote the linear space of
polynomials of d variables that are of degree at most m in each variable. Clearly, dim(Py,,) =
(m + 1)¢ and

Il = [Ifllc forall f & Pimn.
Hence, the norms in F' and G are the same for this (m + 1)%-dimensional subspace. As we
shall see this property will be very important for our analysis.

For the classes Fy, and Gy, p, we consider the multivariate approximation problem
APP; with APPy: Fy, — Ggmp given by

APP,f = f.
This is clearly a well-defined problem. Since
IAPPg] = sup  [|[APPaflla,,., = 1,

fEFd,pv ”f”F <1

it is properly normalized. We approximate APP;f by algorithms A, that may now use not
only function values but also arbitrary linear functionals, i.e.,

An(f) = ¥n (Ll(f)aL2(f)”Ld(f))’ (2)

where ¢, : R" — Gy, is some linear or non-linear mapping, and L; is an arbitrary
continuous linear functional whose choice may adaptively depend on the already computed
values Li(f), La(f),...,Lj—1(f). The worst case error of A, is defined by

e (An) = sup IAPPaf — An(f)llGam -
fe€Fap, IfllF,, <1
The minimal number of information operations needed to solve the problem to within ¢ is
given by
n(e,d) = n""(e,APPg, Fyp, Ggmyp) = min{n : 3 A, such that e""(4,) < e}.
Tractability means that n(e,d) does not depend exponentially on e~! and d. More pre-
cisely, we call a problem weakly tractable if
1 d
im  2nEd
e ltd—oo €71 +d

holds and intractable if this relation does not hold. Furthermore, a problem is polynomially
tractable if there exist non-negative numbers C', p and ¢ such that
n(e,d) < CePd? foralle € (0,1) and d € N.

If ¢ = 0 above, then the problem is strongly polynomially tractable. For detailed discussion
of tractability, the reader is referred to [3].



3 On the order of convergence
We first discuss the optimal order of convergence. Let

e(n,d) = inf e (A,)
An

be the minimal worst case error that can be achieved by using algorithms A,, of the form (&)
based on n arbitrary linear functionals.
It is easy to see that for any d € N and any r > 0 we have

e(n,d) = O(n™") as n — oc. (3)

To prove this, consider first the spaces C* := C*([0, 1]%) of s times continuously differentiable
functions with the norm
— max max |D?f(2),
Il = max, max D)

where || = Z‘ij:l Bi. Now take
s = d(r+m), and s; = dm.

Note that the norm of the space C*! is stronger than the norm of G, ,. That is, C*t C Gy, p
and there exists a number C' dependent on d,m and p such that ||f|lc,,,, < C|/fs, for all
feC.

Note that for any positive k, the class Fy,, is a subset of the Sobolev space W;‘([O, 1]4). 1f
the embedding condition k — sy > d/p holds then W¥([0,1]?) and Fy;, can both be regarded
as subsets of C*2.

It is well-known that we can approximate functions from C*®2 in the norm of C*!, and
then in the norm of Gy, p, by algorithms using n function values with worst case error of
order n~(52=51)/d_ This result was probably first observed by Bakhvalov [T] for m = 0, which
gives s1 = 0. For general s1, which is needed for m > 1, this result can be found, for instance,
in the book of Triebel [8, p. 348].

Take k = s+ 1+ d/p. Then we conclude that functions from Fj, can be approximated
in the norm of G4, ;, with worst case error of order n™", as claimed.

Since r can be arbitrarily large, the optimal order of convergence of the multivariate
approximation problem for the class Fy,, is formally infinite. This implies that for a fixed d,
the minimal number of information operations goes to infinity slower then any power of .
That is, for any fixed d and any positive n we have

n"(e,APPy, Fyp,Gamp) = o(e”") as € —0.

Again, this is very encouraging but one could say that this is possible only because the
class I, is so small.



4 Intractability for m > 1

But how about tractability? How long do we have to wait to see this nice convergence of
e(n,d) to zero? We claim that

e(n,d) =1 forall n=0,1,...,(m+1)%—1. (4)

First of all, observe that the zero algorithm A, (f) = 0 has worst case error at most 1 since
APP, is properly normalized. Hence, e(n,d) < 1. To prove the reverse inequality, take an
arbitrary algorithm A, (f) = ¢n(L1(f),...,Ln(f)) that uses adaptive linear functionals L;.
We now show that e"*"(A4,,) > 1.

For b = [by,ba,...,bq] € {0,1,...,m}?, define the functions

d 1\
fo(@) = H <$j - 5) -
7j=1
The functions f; are polynomials of degree at most m in each variable. Each b yields a new
polynomial f, and the set {f,} consists of (m 4 1)? linearly independent polynomials. Note
also that || fy|r = || fol| since all terms D? f, are zero if there is an index 3; > m, and hence
the summation for the F-norm is the same as the summation for the G-norm. Let

s@) = Y ah@)

be{0,1,...,m}¢

for some real numbers a,. Again for any choice of a, we have ||g||r = ||lgc-

We choose the scalars a; such that Li(g) = 0. Based on this zero value, the second linear
functional Lo is chosen, and we add the second equation for the scalars a; by requiring that
Ly(g) = 0. We do the same for all chosen linear functionals L; based on the zero information,
and we have n homogeneous linear equations for {as},

> wLi(fy) =0 for j=1,2,...,n.
be{0,1,...,m}d

Since we have (m+1)¢ > n unknowns, we can choose a non-zero vector {a,} = {a}} satisfying
these n equations. The function g with a; is non-zero since the f;’s are linearly independent.
Then |[|g||r,, is well-defined and positive. We finally define two functions

fr= (0 —2— for ke {0,1).
||gHFd,p

Note that
fi € Fap and | fillr,, = Ifellca,., = 1

Furthermore, L;(fy) = 0 for all j = 1,2,...,n and therefore A, (f;) = ¢(0,...,0) does not
depend on k. Hence,

" (An) = %?ﬁ(\\fo —¢(0,0,...,0)lle; /1 = ¢(0,0,...,0)lc)
> % (Hfo - 30(0’0’ .. ’O)HG + ||f1 - 90(0’05 cee aO)HG)
> ifo- fille = 1.



This completes the proof of (@).

The essence of (@) is that the use of fewer than (m + 1)? arbitrary linear functionals is
not enough to reduce the error. Hence, if we want to guarantee that the error is at most
£ < 1, then we have to use at least (m + 1) linear functionals. This means that

n" (e, APPy, Fyp, Gamyp) > (m+ 1)  forall e € [0,1). (5)

Hence if m > 1 then we have the curse of dimensionality and the multivariate approximation
problem for the classes Fy, and Gg p, p is intractable. This means that the set Fy,, is not so
small after all.

5 Multivariate approximation for m =0

Since for m > 1 we have intractability and the curse of dimensionality, we consider m = 0
with the hope that the curse of dimensionality is no longer present. In this case we restrict
ourselves to p = 2 and analyze the multivariate approximation problem in detail.

We will need a couple of known general results, see, e.g., the books [B, 6l [7] where these
results can be found. For m = 0 and p = 2, the space Ggp2 is just the Hilbert space
Ly = Ly(]0,1]¢) with the inner product

(f9)r, = /[0 1 f(z)g(x) dz,

whereas F' = Fj 5 is the unit ball of the Hilbert space with the inner product

1
(for =3 5 (D°1D%),
B NG
Let Wy = APP;APP, : Fyo — Fyo, where APP} : Ly — F,; is the adjoint operator of
APP,. Obviously W is a self-adjoint positive semi-definite operator. It is well-known that
lim,, o e(n,d) = 0 iff Wy is compact. Since we already know that the limit of e(n, d) is zero,
we conclude that Wy is compact. Hence, F;2 has an orthonormal basis of the eigenfunctions
Nd,j of Wd, i.e.,
Wana,; = Ad,j Ndj

with (94, Nak) p = 0j,k- We may assume that the non-negative eigenvalues \g; are ordered,
ie.,
Ad1 = Aa2 = 2> Mg = - > 0.

Obviously lim,, .o Agn, = 0. Since we now allow algorithms using arbitrary linear functionals,
it is well-known that
e(n,d) = \/Agny1 foral n=0,1,...,
and that the algorithm
n
An(f) =D mag) p Mag

j=1

7



has worst case error equal to e(n,d). We stress that although the algorithm A,, is linear and
uses non-adaptive information, it minimizes the worst case error in the class of all non-linear
algorithms using n arbitrary adaptive linear functionals.

5.1 Periodic case

We now restrict our attention to functions from the space F' = Fj; o that are periodic. By a
periodic function f € Fyy we mean that for d = 1 we have f(%)(1) = f(9)(0) for all 8 € Ny,
whereas for d > 1, we have (DPf)(z) = (DPf)(y) if |z; — y;| € {0,1} for all i. That is, the
values of all derivatives are the same if a component z; = 0 of x is changed into x; = 1.
Hence, let

Eyy = { f € Faa | f is periodic }.

The space F;;r is equipped with the same norm as Fys. For example, for j € N&, the
functions

Hnjk(:ﬂj) with 7, () = sin(2mjpz) or n;, (xr) = cos(2mj,x)

belong to F per Note that the approximation problem is still properly normalized for the
subspace F;’ 5 since ||APP4| FP L, = 1.

The subspace F p; is much smaller than Fj5. So if we establish a negative result for Fclljgr,
then the same result will be also true for the larger class Fj 2. Obviously, positive results for
pr’r do not have to be true for Fy .

To verify tractability of the approximation problem defined over the subspace Fé’;r,
need to find the eigenpairs of Wy. It will be instructive to consider first the univariate case
d = 1. Define n;(x) = 1, and for k = 1,2,..., define

ok () = V2 e 2T sin(2r kx), nopr1(x) = V2 e 2T cos(2m k x).

It is easy to check that the sequence {7} is orthonormal in the subspace Fy'y', i.e., (g, 1s) g, , =
Ok,s- Define

) = Lontom() for oy € 1)

We claim that K is the reproducing kernel of FY5'. That is, in particular, Ki(-,y) € FT5
for all y € [0,1], and f(y) = (f, Ki(-,9))p,, for all f € F5" and all y € [0,1]. Indeed, it is
enough to check the last property. Observe that for arbltrary B € Nand k > 1, we have

<f(ﬁ),n§§)>L2 mok(y) + <f(ﬁ),77§€)+1>L2 Mok+1(y)

= (27Tk)2ﬁ (<f7 M2k) 1, M2k(Y) + (fsMekr1)p, 772k+1(y)) .



Therefore,

NE

<fa Kl(',y)>F172

o) gy, iy Zzﬂ,< ) > L, W)

1 j=1p5=0

0 0 f(ﬁﬂ? Mok (y) + fﬁ,n Nok+1(Y)
S >+Z< W), Ty,

<.
I

j=1 B,k=1 ﬁ'
= (fim)g, + Z (2k)? ((fsmr) 1y M2k () + (f s m2ks1) 1, M2kt 1 ()
k=1
= (fil)p, + Z(f,sm27rk:>L sin(2mky) + (f, cos 2nk-) ; cos(2mky).
k=1

The last series is the Fourier series for f evaluated at y. Since f is periodic and differentiable,
this is equal to f(y).

It now follows that the sequence {73} is an orthonormal basis of the subspace FY5'.
Indeed, it is enough to show that if f € F5 and (f,7j)p , = 0 for all j then f = 0.
Orthogonality of f to all n; implies that (f, K1(-,y))p, , = 0, and therefore f(y) = 0. Since
this holds for all y € [0, 1], we have f = 0, as claimed. ’

Note that for k # s, we have

0 = (m,ns)p, = (APP1ng, APPing) . = (g, APPTAPP1ng) = (e, Wins) p
This means that Win, is orthogonal to all 7 except k = s. Hence,
Wins = Ashs,
and A\s = (s, 7s)p,- This yields
M =1 and Ao = Aopyr = e & for k=1,2,....

For d > 2, it is easy to see that Fp is the tensor product of d copies of F1'5" and Wy is
the d-fold tensor product of Wj. ThlS 1mphes that the eigenpairs of W, are

Wana; = Ad,jnd;j,

where j = [j1, jo, . - . , ja] € N¢ andl]

d
Nd,j (% Hn]k zp) and  Ag; = H)\jk’
k=1

Hence, the eigenvalues for the d-dimensional case are given as the products of the eigenvalues
for the univariate case. To find out the nth optimal error e(n, d), we must order the sequence

'Knowing the eigenvalues of Wy, it is possible to apply general results, such as Theorems 5.1 and 6.1 of
2] and Theorem 3.1 of [I0], to conclude the behavior of n(e,d). We prefer, however, to derive the bounds on
n(e,d) directly and obtain sharp bounds and asymptotic constants for a fixed d.



X Ag, A, }]ENd The square root of the (n+ 1)st largest eigenvalue is then e(n,d). Thus,
e(n,d) < e iff n is at least the cardinality of the set of all eigenvalues Aq; > 2. If we denote
n(e,d) := n"" (e, APPy, Féjgr, Ls) as the minimal number of linear functionals needed to solve

the problem to within ¢, then

n(e,d) = |{j="lhjo.-,ja) € NT XXy, > €2}

Clearly, n(e,d) = 0 for all € > 1 since the largest eigenvalue is 1. It is also easy to see that
n(e,d) =1 for all £ € (¢27 1) since the second largest eigenvalue is Ay = ¢ 47", For d = 1,
note that e~ 2™)? > ¢2 iff k < [v/2In e 1/(27)] — 1. This yields that

n(e,1) = 2 {%\/21115—1-‘ - 1= Q\/lné + O(1) as ¢ — 0.
™ T

For d > 1, we have the formula

n(e,d+1) Zn( >—n5d +2Z (2e2™7,a)

which relates the cases for d + 1 and d. The last two series are only formally infinite, since
for large 7 and k the corresponding terms are zero. More precisely, to obtain a positive
n(e eQ(Wk)Q,d) we need to assume that e e2™)” < 1. Let

2m €
Then i
n(e,d+1) = n(e,d) + 2 Zn (6 eQ(Wk)Q,d) .
k=1

We now show by induction on d that

n(e,d) = © <(ln é)dﬂ) as £ — 0. (6)

This is clearly true for d = 1. If it is true for d, then using the formula for n(e,d + 1) we
casily see that we can bound n(e,d + 1) from above by O((In1/¢)@+1)/2) since k. is of order
(In 1/¢)Y/2. We can estimate n(e,d+ 1) from below by taking k. /2 terms and using the lower
bound on n(e 2™)* d), which again yields an estimate of order (In 1/¢)(@+1)/2,

Let us pause and ask what (B) means. From one point of view, this estimate of n(e,d)
is quite positive since we have weak dependence on € only through In 1/¢. But if d is large,
@) may suggest that we have an exponential dependence on d, and the problem may be
intractable. As we already know, the factors in the big theta notation are very important
and so we can claim nothing based solely on (). We need more information about how
n(e,d) behaves. We now prove that

n(e,d) 1

Ca = limy (In 1/6)d/2 ~ (2m)?2T(1+d/2) "

10



establishing the asymptotic behavior of n(e, d) as € tends to zero.

For d = 1, we have already shown the formula C7 = \/5/7r Assume that C, is the
asymptotic constant for d, and consider the case d + 1. For every positive § there exists
g4 = ¢eas € (0,1) such that for all € € (0,24], we have

/2
n(e,d) = Cq(1+g(e)) <ln é) with [g(e)| < 0, and gi_r)r(l)g(&?) = 0.

oo | Y2 |
€ s € '

Note that k. — k¥ = O(1) as ¢ — 0. We have

Define

/2
nle,d+1) = Cy(l+g(e) (m é)
ke

+2Cq ((1 +g (5 eQ(m)?)) <ln é — 2 k)z)d/z

k=1

+2 Z 2(7rk )

k=k}+1

Note that for k € [k* + 1, k] we have n(e e2™)* d) < n(eq,d), and therefore

ke

Z n(e 62(7Tk)2,d) < (ke — k7)) nleq,d) = O((In 571)d/2)-
k=kz+1

Now consider the terms for which k € [1,k}]. Then ¢ e2(™)* < ;. For ¢ tending to zero, we
have

kZ , 1 d/2 kX 1 d/2
> (149 (ze2™)) (m— — 2<wk>2> = (1+o0(1)) / (m— —2<m>2) do
k=1 c ! ©
d+1)/2 1
_ 1 \‘;;(1) <ln é) / (1 _ 1‘2)d/2 dz
™ 0
(d+1)/
1+o0(1 1
— \for) (m g) 1B(3,144d/2),

where B(x,y) is the beta function and is related to the Gamma function by B(z,y) =
I'(x)I'(y)/T(z +y). This proves that

n(e,d+1) = Cgy1(1+0(1))(In 1/5)(d+1)/2
as € goes to zero, with

o B(3,14+d/2) Cq  T(1/2)T(1+d/2)
e V27 T V2l + (d+1)/2)

11



Solving this recurrence, we obtain
PTG L 1
(V2m)iT(1+ (d+1)/2) | @m)EDRT(1+(d+1)/2)’

Cit1 =

which agrees with the asymptotic formula ().

We stress that the asymptotic constant Cy in () is super exponentially small in d due
to the presence of I'(1 + d/2) in the denominator. This property raises our hopes that we
can beat the apparent exponential dependence on d. Indeed, assume for a moment that the
limit in () is uniform in d. That is, suppose that there exists a positive g such that for all
e € (0,e0) and all d, we have

1\ %2 2 (ln 5’1)
nled) < 2Cq <ln E) T en)?2T(1+d/2)

/2

It can be easily checked that %2 /T'(1 + d/2) < exp(x) for all z > 1. Therefore
1

2
n(e,d) < om)i2 =

Hence, we have strong polynomial tractability if ([[d) holds uniformly in d.

We now return to the proof of () with the new task of checking whether ¢4 can be
uniformly bounded from below. Unfortunately, this is not true. It is enough to take €% €
[A4, A2) to realize that we can take d — 1 indices j; = 1 and the remaining index j; = 2 to
obtain the eigenvalue \j; = A2 > €®. Hence n(e,d) > d, which contradicts strong polynomial
tractability.

In fact, polynomial tractability does not even hold, i.e., there is no upper bound of the
form

n(e,d) < CePdl Vee(0,1),deN.

This follows from the general observation that as long as the largest eigenvalue is 1 and the
second largest eigenvalue Ao for d = 1 is positive, then there is no polynomial tractability.
Indeed, for an arbitrary integer k and arbitrary d > k , consider the eigenvalues A\j, Aj, - - A,
with d — k indices j; equal to 1 and k indices j; equal to 2. Then we have at least (ﬁ) = 0(d")

eigenvalues equal to \5. It is enough to take, say, e2 = A\5/2 to realize that n(y/\5/2,d) is

at least of order d*. Since k can be arbitrary, this contradicts not only strong polynomial
tractability, but also polynomial tractability.

Well, we are back to square one. Despite the exponentially small asymptotic constants,
we have polynomial intractability of the multivariate problem for m = 0. Hence, the only
remaining hope for a positive result is to weaken the notion of polynomial tractability, and
in particular, to check if weak tractability holds. Here we will finally report good news.

Asin [10], let Aj Aj, -+ Aj, > €% and let k be the number of indices j; > 2. Then (d — k)4
indices are equal to 1. Note that A5 > 2 implies that

-1
k<a(e) = Flln%-‘ - 1.
)
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So we have at least (d — a(g))4+ indices equal to 1. Observe also that j; < n(e,1). Thus

d ) d
gn@@é( )Maw@
<(d —afe))+ (d—a(e))+
For a fixed € and for d tending to infinity, we have
ne,d) = © (a2 /man)

with the factors in the big-theta notation depending now on e

For arbitrary d and € € (0,1) we conclude that
a(e)
a(e) 1 1
n(zs,d)gM 2| —1/2In-| -1 .
a(e)! 27 £

. In n(e,d)
im ——
e-ltd—oo € 1+4d

This implies that
p— 0’
which means that weak tractability indeed holds.
Hence, we have mixed news for the periodic case of the approximation problem. We have
polynomial intractability, which obviously implies polynomial intractability for the original

non-periodic case. But we have weak tractability for the periodic case, but it is not yet clear
whether this good property extends to the non-periodic case.

5.2 Weak tractability

We now show that weak tractability holds not only for the original non-periodic case, but it
also holds for a much larger space of less smooth functions. Namely, define

Fly = Ga12 = W3([0,1]%)

as the Sobolev space of functions whose partial derivatives up to order one in each variable
belong to Ly = Lo([0,1]%). The norm in F}, is defined as in Gg 2. Clearly

Fyz © Fip and |[fllp, < [flr, forall f € Fya.

Again, consider first the case d = 1, and the subspace F11,2 of periodic functions from Fc}z.
Periodicity now means that f(1) = f(0). Proceeding as before, it is easy to check that the
functions 1; = 1, and

= V2 i = L cos(2rkx
ok () = N sin(2mkz), okt (z) = NEIE (2mkz)

are orthonormal in Fllz, and the function
[e.e]
Ki(z,y) = > ni(z)n;(y)
j=1
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is the reproducing kernel of Fllg. Therefore the sequence {n;} forms a basis of Fﬁz. The
eigenvalues )\?er of Wi = APP{APP; : Fll’Q — 13‘11’2 are

1
per per per
Al =1 and X, = Ay, = T (2202 e for Kk =1,2,....

We now turn to the space F1172 of non-periodic functions. Define

90 =2 =%+ D T ) e k) o = € [0.1]

It is easy to check that g belongs to F11’2 and is orthogonal to all n;. Note that g(1) =
—g(0) = %, hence g ¢ Fllg. For f € Fll’2, let

hi(x) = f(z) = [f(1) = FO)] g(x).
Then hy € 13’11’2. Hence,

f=1fQ)=f(0)]g + hy forall f e F},. (8)

This proves that the reproducing kernel of Fll’2 is

Kilonfper(x’ y) g( + Z

lgllF, HgHF12 =

The decomposition () suggests that we first compute Li(f) = f(1) — f(0) and then
approximate the function hy = f — Li(f)g. Note that

Fonidpp, = L) g mid ey, + (b, = (hys gy

and
17122, = La(HPlalZy, + lingls

Hence, approximation of functions from the unit ball of F1172 with n information evaluations

is not harder than approximation of periodic functions from the unit ball of 13‘11’2 with n — 1
information evaluations, and not easier than the periodic case with n evaluations.
Let )\?on—per denote the ordered sequence of eigenvalues of

WINPT _ APPYAPP; : Fl, — Fi,

for the non-periodic case. We have

1
Waf (z) = /0 KR () £ (y) dy,
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which easily yields from the form of K7°"""* that all eigenvalues A7 for the periodic case

are also the eigenvalues for the non- perlodic case, and we have one extra eigenvalue

HQH%Q(()H)

A= < 1.

H9HL2(01 + Hg HL2 (j0,1])
Therefore A\{”" P =1, and A\y™" P < X" 7P as well as

APeT < )\I}on—per \per
J -

i1 for all j > 2.

Hence, X} P =0(;71).

We turn to the case d > 2. Since F), is the d fold tensor product of Fll’Q, the eigenvalues
of Wy = APP}APP, : Fdl,2 — Fdl,2 are products of AJP" P% . NJUTPY for j; € N In
Chapter 5 of [3] we prove that linear tensor product problems are weakly tractable as long
as the eigenvalues for d = 1 satisfy the following two conditions:

e the second largest eigenvalue is smaller than the largest eigenvalue,
e the nth largest eigenvalue goes to zero faster than (In n)~2(In In n)~2.

These two assumptions hold in our case, and therefore the approximation problems for the
space Fde as well as for the smaller space Fy; o are weakly tractable.

In faét, in this case we can say more on n(e,d) due to Theorems 5.1 and 6.1 of [2], see
also Chapter 8 of [3]. Namely, there exist positive numbers ¢ and C; such that

n(e,d) < Cyexp (t In(e7') (1 +1n(d))) forall e€(0,1], d€N.

Furthermore, the infimum over ¢ for which the last estimate holds is

2
max |2, —— | .
< (I/Anon per)>

This obviously also implies weak tractability, and in addition tells us much more about the
behavior of n(e,d).

6 Summary
We summarize our results for the multivariate approximation problem

APPy : Fd,p — Gd,m,pa deN.
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Theorem 1

e The order of convergence is infinite for any p and m, see ().
e For m > 1 and any p, the problem is intractable, see (H).

e For m = 0 and p = 2, the problem is not polynomially tractable, but it is weakly
tractable.

We end this paper with an open problem which is also presented in [B]: For m > 1, we
have intractability for any p, whereas for m = 0 and p = 2 we have weak tractability but
polynomial intractability. This leaves the case m = 0 and p # 2.

Furthermore, the partially positive result for m = 0 and p = 2 was obtained by assuming
that algorithms use arbitrary linear functionals. It is not clear what happens if we allow
algorithms that can only use function values.

e Consider multivariate approximation as before with m = 0 and p # 2, and algorithms
using arbitrary linear functionals. Verify whether weak or polynomial tractability hold.

e Consider multivariate approximation as before with m = 0 and arbitrary p € [1, o],
and algorithms using only function values. Verify whether weak tractability holds.

This problem for p = oo has been recently solved in [E] by proving that multivariate approx-
imation even for arbitrary linear functionals is still intractable.
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