Quadrature Formulas for Multivariate Convex Functions

Carsten Katscher, Erich Novak and Knut Petras

Abstract. We study optimal quadrature formulas for convex functions in several variables. In particular, we answer the following two questions: Are adaptive methods better than nonadaptive ones? And: Are randomized (or Monte Carlo) methods better than deterministic methods?

1. Introduction and Results

We study optimal rates of convergence of quadrature formulas for convex functions in several variables. We mainly consider the classes

F_d = {f : [0, 1]^d → [−1, 1] | f convex},

but we will see that the lower bounds also hold for smaller classes (where we have a bound for the gradient of f) and the upper bounds also hold for larger classes (where we replace “convex” by “convex in each x_i-direction”). We will prove that the error of optimal deterministic methods is of the order

(1) n^{−2/d}.

This order can be obtained by nonadaptive methods, adaptive methods do not give a better order of convergence. If we allow randomized (or Monte Carlo) methods then the order of the optimal methods is

(2) n^{−2/d−1/2},

where we have to use a slightly different notion of the error than in the deterministic case. The upper bound is proved by an adaptive method and we believe that nonadaptive methods are worse. We construct nonadaptive Monte Carlo methods with an error of the order

(3) n^{−3/(2d)−1/2}

and conjecture that this is optimal. We could not prove the respective lower bound, however.

The basic facts and, in particular, the statements (1–3) are known for the integration problem in one dimension, see Novak and Petras (1994). We give some comments and begin with deterministic quadrature formulas.

For each quadrature formula, the error in the class of convex functions on, e.g., [0, 1] is not uniformly bounded. For the study of optimal quadrature formulas we therefore have to restrict the class of convex functions. The classes

F_{uv} = {f : [0, 1] → R | f convex, f^′_+(0) ≥ u, f^′_−(1) ≤ v},

where v > u, were studied by Glinkin (1984), Zwick (1988), and Novak (1993). The following is known for these classes. Let n ∈ N and t_i = (2i − 1)/(2n). Then the affine and nonadaptive formula

(4) Q^∗_n(f) = 1 16n^2

· (v − u) + 1 n n∑ i=1 f(t_i)

is optimal even in the class of adaptive formulas of the form

Q_n(f) = ϕ(f(t_1), . . . , f(t_n)),

where the knot t_i may depend on the ‘already known’ function values, i.e., t_i = t_i(f(t_1), . . . , f(t_{i−1})), and ϕ is an arbitrary mapping. Defining the maximal error of Q_n on a class F by

Δ_{max}(Q_n, F ) = sup_{f∈F} {|

∫_1 0 f(x) dx − Q_n(f)|},

we have Δ_{max}(Q^∗_n, F_{uv}) = v − u 16n^2 . We prefer, however, the more general classes F_d without the smoothness assumptions, because for each convex function on [0, 1]^d, an appropriate nontrivial multiple is in F_d. The class F_1 was studied by Braß (1982) who proved the following. Let c_n be defined by c_n = { 2(n^2 + 2n + 1)^{−1} if n is odd and 2(n^2 + 2n + 2)^{−1} if n is even.

Then the linear formula

(5) Q_n(f) = c_n ·

(∑_{n−12}

i=1 2if(i^2c_n) + 2if(1 − i^2c_n) + nf(1/2) ) if n is odd and

c_n ·

(∑_{n2}

i=1 2if(i^2c_n) + 2if(1 − i^2c_n) ) if n is even

is optimal for F_1 in the class of all nonadaptive quadrature formulas. The maximal error of the optimal formula is given by

(6) Δ_{max}(Q_n, F_1) = c_n.

Though adaptive formulas might be slightly better than nonadaptive formulas for F_1, it follows from the results for F_{uv} that n^{−2} is also the optimal order of convergence for adaptive formulas. The maximal error of the n-point Gaussian formula on the class F_1 is less than^{π2}_{3n2} , see Petras (1993b). Therefore the Gaussian formulas are “almost optimal” for F_1. More of the known results concerning deterministic quadrature formulas in the one-dimensional case can be found in the survey of Petras (1993a).

Some results are even known for d > 1. See, in particular, Sonnevend (1983) and Gruber (1993). We want to point out, however, that we do not require smoothness, such as C^1 or even C^2, for our upper bounds. We also do not know any previous work concerning error bounds for stochastic methods.

In the randomized setting we consider general (adaptive) stochastic rules of the form Q^ω_n (f) = ϕ^ω(f(t^ω_1 ), . . . , f(t^ω_n)),

i.e., the knots t^ω_i are random variables (which can be chosen nonadaptively or adaptively) and also the ϕ^ω is randomly chosen. Then, as usual, the error of Q^ω_n is defined in a ‘worst case stochastic sense’,

Δ_{max}(Q^ω_n, F_d) = sup_{f∈F} E(| ∫ [0,1]^d

f(t) dt − Q^ω_n (f)|).

It is known from Novak and Petras (1994) that in the case d = 1 nonadaptive stochastic methods are at most slightly better than (adaptive or nonadaptive) deterministic methods, the optimal order is n^{−2}. We also proved that adaptive Monte Carlo methods are better and here the optimal order is n^{−5/2}.

These results are quite different from known results for unit balls of Hölder or Sobolev spaces. It is known for all these classes that adaptive methods are not better than nonadaptive ones – for deterministic methods as well as for stochastic methods – while randomized methods are better than deterministic methods, see Novak (1988) and Traub, Wasilkowski, Woźniakowski (1988). Classes of monotone functions were studied by Novak (1992) for d = 1 and by Papageorgiou (1993) for d > 1. The results are similar to the results of the present paper.

2. Proofs

We have to prove five statements:

a) the lower bounds (1) for adaptive deterministic methods; b) the upper bound (1) for nonadaptive deterministic methods; c) the lower bounds (2) for adaptive Monte Carlo methods; d) the upper bounds (3) for nonadaptive Monte Carlo methods. e) the upper bounds (2) for adaptive Monte Carlo methods;

a) More precisely, we prove for deterministic methods Q_n involving n =^1_2 k^d nodes, where k/2 ∈ N, that

Δ_{max}(Q_n, F_d) ≥ b_d 2^dd(d + 2)

· (2n)^{−2/d}.

Here, b_d ≥ ( π(d + 1)

)_{−1/2}

(2eπ/d)^{d/2} denotes the volume of the d-dimensional unit ball. Let x = (x_1, . . . , x_d), and define f ∈ F_d by

f(x) = −1 + 8 d d∑ i=1 ( x_i − 1 2 )_2 .

We divide [0, 1]^d into the d-cubes G_1, . . . , G_{2n}, whose edges have the lengths k^{−1}. Assume that they are ordered in such a way that all nodes of Q_n for the function f are in G_{n+1} ∪ . . . ∪ G_{2n}. Let y_i be the center of G_i, let h̃_i : R^d → R represent the hyperplane which is tangent to f at the point y_i, and let h_i(x) = h̃_i(x) + 2/(dk^2). Note that h_i(x) ≥ f(x) if and only if x is in the largest d-dimensional ball, which is contained in G_i. Define

g = max { f, h_1, . . . , h_n } ∈ F_d.

Using that h_i(x) − f(x) = 2/(dk^2) − h if and only if ‖x − y_i‖_2 =

√_{hd} 8 , we obtain

δ_n := ∫ G_i

g(x) − f(x) dx =

∫^2_{dk2} 0 b_d ( hd 8 )_{d/2} dh = 1 n · 2^{1−d}b_d d(d + 2)

· (2n)^{−2/d}.

From Q_n(g) = Q_n(f), we obtain the stated lower bound.

b) Let Q_n be a given quadrature formula and let Q^d_n be the corresponding product formula on C ( [0, 1]^d ) involving n^d nodes (cf. Davis and Rabinowitz (1984)).

Note that the function ∫ [0,1]^{d−1} f(x1, . . . , xd−1, ·) dx1 . . . dxd−1 is convex on [0, 1] and

that f(·, . . . , ·, x_d) is convex on [0, 1]^{d−1}. Therefore, we may apply the technique of Haber (1970) and obtain that

Δ_{max}(Q^d_n, F_d) ≤ Δ_{max}(Q_n, F_1) · d−1∑ k=0 ‖Q_n‖^k.

If we choose Q_n as in equation (5), we have

Δ_{max}(Q^d_n, F_d) ≤ 2d (n + 1)^2 .

c) Consider the equidistribution μ on the following set of 2^{2n} functions,

F^∗_d := { max{f, h_{i1} , . . . , h_{ik} } | {i_1, . . . , i_k} ⊂ {1, 2, . . . , 2n} } ⊂ F_d,

where we adopt here and in the following the notation of part a). We first want to estimate the expectation of the error of a deterministic (adaptive) method for the class F^∗_d . It is obvious that an additional function value at t_i ∈ G_j only gives additional information if f(t_i) < h_j (t_i) and if no further node is in G_j . Therefore, we have 2^n distinct combinations of function values depending on whether the function value at t_i is f(t_i) or h_j (t_i), where i = 1, . . . , n. For each of these combinations, the sum of all occurring errors is at least

δ_n · n∑ k=0 ( n k ) | | |k − n 2 | | | ≥ δn · 2^{n−2} √ 2n

(for the last inequality, cf. Novak (1992)). We obtain

E_μ (| | ∫ [0,1]^d

f(x) dx − Q_n(f) | | ) ≥ 2^n · δ_n2^{n−2} √ 2n 2^{2n} .

Fubini’s theorem shows that this is also a lower bound for the worst-case expectation for the error of any adaptive stochastic formula.

d) Let k ≥ 3 be an odd number and

x_i = { 2^{(i−1)2}

(k−1)^2 if i ≤ k+1 2 1 − x_{k+1−i} else.

We also put l_i = (x_{i+1} − x_i) and t_i =^1_2 (x_i + x_{i+1}), where i = 1, . . . , k − 1. We divide [0, 1]^d into (k − 1)^d little boxes of the form

G_i = [x_{i1} , x_{i1+1}] × . . . × [x_{id} , x_{id+1}],

where (i_1, . . . , i_d) ∈ {1, . . . , k − 1}^d. The volume of G_i is

|G_i| = d∏ r=1 l_{ir} ,

the midpoint is (t_{i1} , . . . , t_{id} ). Let

I^u_i (f) = |G_i| 2^{−d} ∑ ỹ f(ỹ), where ỹ runs through all 2^d corners of G_i and let

I^l_i (f) = |G_i| f(t_{i1} , . . . , t_{id} ).

We also put

S^u_kd_{,d}(f) =

(k−1)^d∑

i=1 I^u_i (f) and S^l_{(k−1)}d_{,d}(f) =

(k−1)^d∑

i=1 I^l_i (f).

It is clear that S^l_{(k−1)}d_{,d}(f) ≤ ∫ [0,1]^d

f(x) dx ≤ S^u_kd_{,d}(f).

By a computation that is similar to that in part b) one obtains

(7) S^u_kd_{,d}(f) − S^l_{(k−1)}d_{,d}(f) := F (f) ≤ 8d (k − 1)^2 . For the following we need a bound for each single

F_i(f) := I^u_i (f) − I^l_i (f),

where f ∈ F_d. We therefore estimate f(ỹ) − f(t_{i1} , . . . , t_{id} ) for each corner ỹ = (y_{i1} , . . . , y_{id} ) of G_i. Choose without restriction G_i ⊂ [0,^1_2 ]^d and consider the representation

f(ỹ) − f(t_{i1} , . . . , t_{id} ) = f(y_{i1} , . . . , y_{id} ) − f(t_{i1} , y_{i2} , . . . , y_{id} ) + f(t_{i1} , y_{i2} , . . . , y_{id} ) − f(t_{i1} , t_{i2} , y_{i3} , . . . , y_{id} ) + . . .

+ f(t_{i1} , . . . , t_{id−1} , y_{id} ) − f(t_{i1} , . . . , t_{id} ).

Since g := f(t_{i1} , . . . , t_{ir−1} , ·, y_{ir+1} , . . . , y_{id} ) is convex and ‖g‖ ≤ 1, we have for y_{ir} < t_{ir} that g(y_{ir} ) ≤ y_{ir} g(t_{ir} ) + (t_{ir} − y_{ir} )g(0)

t_{ir} − 0 , i.e.,

g(y_{ir} ) − g(t_{ir} ) ≤ (t_{ir} − y_{ir} ) g(0) − g(t_{ir} )

t_{ir} ≤ l_{ir} t_{ir} = 4i_r − 2 2i^2_r − 2i_r + 1 ≤ 8 l_{ir} (k − 1)^2 . We easily see that the same inequality holds for y_{ir} > t_{ir} . Finally, we obtain

(8) F_i(f) ≤

(_d ∏ r=1 l_{ir} ) 2^{−d} ∑ ỹ d∑ r=1 8 l_{ir} (k − 1)^2 = 2^{3−d} (k − 1)^2 ∑ ỹ d∑ r=1 d∏ j=1 j≠r

l_{ij}

≤ 2^{3−d} (k − 1)^2 ∑ ỹ d · ( 2k − 4 (k − 1)^2

)_{d−1}

≤ 2d ( 2 k − 1

)_{d+1} .

Now we are ready to define a nonadaptive Monte Carlo method with an order n^{−3/(2d)−1/2}. For i = 1, . . . , (k − 1)^d we independently and randomly choose a

ω ∈ d∏ j=1 [−l_{ij} /2, l_{ij} /2]

according to the normed Lebesgue measure and put

Φ_i(ω)(f) = |G_i| 2^{−d} ∑ (α_1,...,α_d)∈{−1,1}^d

f(t_{i1} + α_1ω_1, . . . , t_{id} + α_dω_d).

It is easy to see that E(Φ_i(f)) = ∫ G_i

f(x) dx

and hence the Monte Carlo method

Q(f) =

(k−1)^d∑

i=1 Φ_i(f)

has expectation E(Q(f)) = ∫ [0,1]^d f(x) dx. By induction one can prove

I^l_i (f) ≤ ∫ G_i

f(x) dx ≤ I^u_i (f) and I^l_i (f) ≤ Φ_i(ω)(f) ≤ I^u_i (f)

and so obtains | ∫ G_i

f(x) dx − Φ_i(ω)(f)| ≤ I^u_i (f) − I^l_i (f) = F_i(f)

for each ω and f ∈ F_d. For the stochastic error of Q(f) we obtain by (7) and (8)

E(| ∫ [0,1]^d

f(x) dx − Q(f)|) ≤ (

(k−1)^d∑

i=1 F_i(f)^2)^{1/2} ≤

(max_i F_i(f) ·

(k−1)^d∑

i=1 F_i(f))^{1/2} < ( 2d ( 2 k − 1

)_{d+1} · 8d (k − 1)^2

)_{1/2} =

2d ( 2 k − 1

)_{(d+3)/2}

Since we need 2^d(k − 1)^d function values to compute Q(f) we obtain the claimed order of convergence.

e) The basic idea is the same as in Novak and Petras (1994) for the case d = 1. We define an adaptive Monte Carlo method in three steps.

i) The first step is deterministic and nonadaptive. For a given k ≥ 2 we compute S^u_{kd,d}(f) and S^l_{(k−1)d ,d}(f), as defined in part d). We need k^d +(k −1)^d function values to do this.

ii) The second step is still deterministic, but depends on f. We do not compute new function values but define an adaptive partition of [0, 1]^d into boxes G_{i,j} . For i = 1, . . . , (k − 1)^d we define

λ_i = ⌈

F_i(f) F (f)

(k − 1)^d⌉.

We divide each box G_i into λ_i subsets G_{i,j} For the total number λ of sets G_{i,j} we obtain by λ_i <^{Fi(f)}_{F (f)} (k − 1)^d + 1 that λ < 2(k − 1)^2. The definition of G_{i,j} is as follows. We set

H_j := [t_{i1} − j l_{i1} 2λ_i

, t_{i1} + j l_{i1} 2λ_i ] × d∏ r=2 [x_{ir} , x_{ir +1}], j = 1, . . . , λ_i

and G_{i,1} = H_1, G_{i,j} = H_j \ H_{j−1}, j = 2, . . . , λ_i.

The G_{i,j} are sets with symmetry center in (t_{i1} , . . . , t_{id} ). We define

I^u_{i,j}(f) = |G_{i,j} |2^{−d} ∑ ỹ f(ỹ),

where ỹ runs through all corners of H_j, and

I^l_{i,j} (f) = |G_{i,j}|f(t_{i1} , . . . , t_{id} ) =

|G_i| λ_i f(t_{i1} , . . . , t_{id} ).

Again, we obtain I^l_{i,j} (f) ≤ ∫ G_{i,j}

f(x) dx ≤ I^u_{i,j} (f).

Furthermore, the numbers I^u_{i,j}(f)−I^l_{i,j}(f) are increasing for increasing j and I^u_{i,λi} (f)− I^l_{i,λi} (f) =^1_{λi} ( I^u_i (f) − I^l_i (f) ) , such that

I^u_{i,j} (f) − I^l_{i,j}(f) ≤

F_i(f)

λ_i ≤ F (f) (k − 1)^d .

iii) The stochastic step is as in part d) with the nonadaptive boxes G_i replaced by the adaptive sets G_{i,j} . The only difference in the definition of the quadrature formula for G_{i,j} is that ω is randomly chosen in ( [t_{i1} − j l_{i1} 2λ_i

, t_{i1} − (j − 1) l_{i1} 2λ_i

] ∪ [t_{i1} + (j − 1) l_{i1} 2λ_i

, t_{i1} + j l_{i1} 2λ_i ] ) × d∏ r=2 [− l_{ir} 2 , l_{ir} 2 ].

For the stochastic error of the resulting method we obtain

E(| ∫ [0,1]^d

f(x) dx − Q(f)|) ≤ ( λ∑ i=1 F (f)^2 (k − 1)^{2d}

)^{1/2} < 8 √ 2 d(k − 1)^{−2−d/2}.

In this step we compute λ · 2^d < 2(k − 1)^d 2^d function values, together certainly less than 2^{d+2}k^d. Hence we obtain the claimed order of convergence.

Remarks. a) Again we stress that we cannot prove that the upper bound (3) is optimal. This open problem seems to be related with difficult discrepancy problems that are studied in the book of Beck and Chen (1987). A related open problem concerns the integration of multivariate monotone functions. Papageorgiou (1993) proved optimal rates for deterministic and for randomized methods but it is unclear whether (for d > 1) adaptive Monte Carlo methods are better than nonadaptive ones.

b) In all proofs of upper bounds we did not really use that the functions are convex. It is enough to demand that f is convex in each x_i-direction. So the upper bounds even hold for larger classes.

c) Similarly, the lower bounds even hold (with different constants) for smaller classes where we demand, in addition, that the functions are C^1 with a Lipschitz constant 1.

d) The ratios of our upper and lower bounds are increasing exponentially with increasing dimension. It might be interesting to study the exact behaviour of the distinct constants with respect to the dimension in the different settings.

References [1] J. Beck, W.W.L. Chen (1987): Irregularities of distributions. Cambridge Tracts in Mathematics 89.

[2] H. Braß (1982): Zur Quadraturtheorie konvexer Funktionen. In: G. Hämmerlin (ed.), Numerical Integration, pp. 34–47, ISNM 57.

[3] P. J. Davis, P. Rabinowitz (1984): Methods of numerical integration (2nd Edition). Academic Press.

[4] I. A. Glinkin (1984): Best quadrature formula in the class of convex functions.

Math. Notes 35, 368–374. [Russian original: Mat. Zametki 35, 697–707] [5] P. M. Gruber (1993) Aspects of approximation of convex bodies. In: Handbook of convex geometry, 319–345, P. M. Gruber and J. M. Wills, eds., Elsevier.

[6] S. Haber (1970): Numerical evaluation of multiple integrals. SIAM Rev. 12, 481–526.

[7] E. Novak (1988): Deterministic and stochastic error bounds in numerical analysis. Lecture Notes in Mathematics 1349, Springer.

[8] E. Novak (1992): Quadrature formulas for monotone functions. Proc. Amer.

Math. Soc. 115, 59–68.

[9] E. Novak (1993): Quadrature formulas for convex classes of functions. In: H.

Braß and G. Hämmerlin (eds.), Numerical Integration IV, ISNM 112, 283–296. [10] E. Novak and K. Petras (1994): Optimal stochastic quadrature formulas for convex functions. BIT 34, 288-294.

[11] A. Papageorgiou (1993): Integration of monotone functions of several variables.

J. Complexity 9, 252–268.

[12] K. Petras (1993a): Quadrature theory of convex functions. In: H. Braß and G.

Hämmerlin (eds.), Numerical Integration IV, ISNM 112, 315–329. [13] K. Petras (1993b): Gaussian quadrature formulae – second Peano kernels, nodes weights and Bessel functions. Calcolo 30, 1–27.

[14] G. Sonnevend (1983): Optimal passive and sequential algorithms for the approximation of convex functions in L_p([0, 1]^s), p = 1, ∞. In: Constructive function theory, Proc. int. Conf., Varna/Bulg. 1981, 535–542.

[15] J. F. Traub, G. W. Wasilkowski, and H. Woźniakowski (1988): Information-based Complexity. Academic Press.

[16] D. Zwick (1988): Optimal quadrature for convex functions and generalizations.

In: H. Braß and G. Hämmerlin (eds.), Numerical Integration III, ISNM 85, 310– 315.

Carsten Katscher, Erich Novak Knut Petras Mathematisches Institut Institut für Angewandte Mathematik Universität Erlangen-Nürnberg Technische Universität Braunschweig Bismarckstr. 1 1/2 Pockelsstr. 14 91054 Erlangen 38106 Braunschweig Germany Germany novak@mi.uni-erlangen.de k.petras@tu-bs.de