A Multiscale Method for the Evaluation of Wiener Integrals

Erich Novak, Klaus Ritter, Achim Steinbauer

Abstract. Many applications require approximate values of Wiener integrals. A typical approach is to approximate the path integral by a high dimensional integral and apply a Monte Carlo (randomized) method. Here we develop (deterministic) quadrature formulas for the Wiener measure, the ‘knots’ are piecewise linear functions. Our construction is based on polynomial interpolation and uses ideas of Smolyak as well as the multiscale decomposition of the Wiener measure, due to Lévy and Ciesielski. Numerical examples indicate that our method seems to work well if the integrand is smooth.

§1. Introduction

The Wiener measure w is a Borel probability measure on C = C[0, 1], equipped with the topology of uniform convergence. It is uniquely determined by the following properties, see, e.g., [8]: 1) ∫ C x(t) dw(x) = 0 for every t ∈ [0, 1], 2) ∫ C x(s) · x(t) dw(x) = min(s, t) for all s, t ∈ [0, 1], 3) for all d ∈ IN and t_1, . . . , t_d ∈ [0, 1] the joint distribution of x(t_1), . . . , x(t_d) with respect to w is Gaussian.

The Wiener measure is probably the most widely used measure on an infinitedimensional (function) space. It plays a central role in the theory of stochastic processes and it is used in many applications, see [5]. Integrals

I_∞(f) = ∫ C f(x) dw(x) (1) of w-integrable functionals f on C occur, for instance, in the theory of partial differential equations, in mathematical finance, and in several branches of physics.

Approximation Theory IX, Volume 2: Computational Aspects 251 Charles K. Chui and Larry L. Schumaker (eds.), pp. 251–258. Copyright o^c 1998 by Vanderbilt University Press, Nashville, TN. ISBN 0-8265-1326-3.

All rights of reproduction in any form reserved.

These integrals usually cannot be evaluated explicitly, and therefore efficient quadrature formulas are needed. As in the finite dimensional case, we use the notion of quadrature formula for finite linear combinations of values of the integrand. Thus a quadrature formula

Q^n_∞(f) = n∑ i=1 a_i · f(x_i) (2)

for the Wiener measure is defined by ‘knots’ x_1, . . . , x_n ∈ C and coefficients a_1, . . . , a_n ∈ IR.

Typically, Wiener integrals are first approximated by d-dimensional integrals for large d. These high-dimensional integrals are then evaluated by Monte Carlo methods. Alternatively, quasi Monte Carlo methods are used, see [1]. The worst case complexity of integration with respect to the Wiener measure, and, more generally, of path integration for Gaussian measures, is studied in [15].

Since the Wiener measure is Gaussian, the high-dimensional integrals are Gaussian, too, for all linear discretizations. Interpolatory quadrature formulas for d-dimensional Gaussian integrals are constructed in [6,10]. These formulas work well, say, up to dimension d = 20, but much larger dimensions are needed for the approximate calculation of Wiener integrals.

We present a modification of the approach from [10], based on a multiscale decomposition of the Wiener measure, due to Lévy and Ciesielski. One obtains for instance a formula with n = 79 537 ‘knots’ and approximating dimension d = 1024. We demonstrate the efficiency of the new quadrature formulas by means of two examples, one of which is dealing with the valuation of a mortgage backed security.

§2. Approximation by Finite Dimensional Integrals

A natural approach for the approximate calculation of I_∞(f) is to replace the infinite dimensional integral (1) by a d-dimensional integral and then to apply a d-dimensional quadrature formula. Specifically, we use integrals with respect to joint distributions of x(1/d), x(2/d), . . ., x(1) for suitable dimensions d. For Y ∈ IR^d let ℓ_d(Y ) denote the piecewise linear function with breakpoints i/d and ℓ_d(Y )(i/d) = (Y_1 + · · · + Y_i)/ √ d for i = 1, . . . , d as well as ℓ_d(Y )(0) = 0. Define

I_d(g) = ∫ IR^d g(Y ) · ρ(Y_1) · · · ρ(Y_d) dY, (3) where ρ(Y_i) = 1/ √ 2π · exp(−Y^2_i /2).

Instead of I_∞(f) we consider the integral I_d(f ∘ ℓ_d). The use of piecewise linear interpolation is motivated by the fact that ℓ_d(Y )(t) is the conditional mean of x(t) with respect to w given Y = (x(1/d), . . . , x(1)). Note that every quadrature formula Q^n_d for I_d yields a quadrature formula Q^n_∞ for I_∞ by Q^n_∞(f) = Q^n_d (f ∘ ℓ_d). The latter formula is based on piecewise linear ‘knots’ x_i.

Let F denote the class of Lipschitz continuous functionals on C with Lipschitz constant bounded by one. Then

lim sup d→∞ sup_{f∈F} |I_∞(f) − I_d(f ∘ ℓ_d)| · √ d/ ln d ≤ 1/ √ 2, which follows from [12]. For f(x) = max(x) = max_{t∈[0,1]} x(t) we have lim_{d→∞} |I_∞(f) − I_d(f ∘ ℓ_d)| · √ d = c with an explicitly known constant c > 0, see [2]. Therefore even d = 100 might only yield a modest accuracy.

Integrals (3) also arise from the Karhunen-Loève expansion. In this case piecewise linear functions are replaced by Fourier partial sums. See [15] for the analysis of a corresponding algorithm that is based on high-order derivatives of the functionals f.

The construction of approximating finite-dimensional integrals for functional integrals is studied in the monograph [5], see also [3,9]. In [4,7] the Wiener measure and functionals of a specific form are investigated.

§3. Quadrature Formulas for d-Dimensional Gaussian Integrals

For the approximate calculation of (3) we use quadrature formulas for d-dimen-sional Gaussian integrals, see [6] and [10]. First we select the Gauss-Hermite formulas U^i with 2^{i−1} + 1 knots for i > 1 and a single knot for i = 1 to approximate ∫ IR g(y)ρ(y) dy. Then we use Smolyak’s construction to obtain formulas for the d-dimensional integral (3). The Smolyak formulas A(q, d) are linear combinations of product formulas with the following key properties. Only products with a relatively small number of knots are used and the linear combination is chosen in such a way that an interpolation property for d = 1 is preserved for d > 1. The formula A(q, d) is defined by A(q, d) = ∑ q−d+1≤|i|≤q (−1)^{q−|i|} · ( d − 1 q − |i| ) · (U^{i1} ⊗ · · · ⊗ U^{id} ), (4)

where q ≥ d, i ∈ IN^d, and |i| = i_1 + · · · + i_d. It is proved in [10] that A(d + k, d) has polynomial exactness 2k + 1 and uses, for d → ∞, about 2^k/k! · d^k knots. This dependence is almost optimal and also numerical tests show that the formuals A(q, d) are very competitive if the integrand is smooth and if d is of moderate size, say d = 10 or d = 20.

Assume, however, that d = 100 which is not unrealistic, see Section 2. Then we can use only a few of the formulas A(q, d), at most A(104, 100).

For such small values of q we obtain completely wrong results for many functionals f because all ‘knots’ x_i in the respective quadrature formula Q^n_∞(f) = A(q, d)(f ∘ l_d) have a too small L_∞-norm. For instance, if d = 100 and q = 104 then ‖x_i‖_∞ ≤ 0.49 for all i, while I_∞(max) = √ 2/π. Therefore we cannot use this method though it works well for d ≤ 20. In the next section we apply a modified (‘weighted’) version of (4) to a transformed version of I_d(f ∘ l_d) to obtain much better formulas.

§4. Using the Lévy-Ciesielski Representation

For μ ∈ IN put m(μ) = 2^{μ−2} if μ ≥ 2 and m(1) = 1. We define the Schauder functions S_{μ,ν} for ν = 1, . . . , m(μ) in the usual way. Put S_{1,1}(t) = t. For μ ≥ 2 let S_{μ,ν} denote the piecewise linear function with breakpoints ξ/(2m(μ)) such that S_{μ,ν} (ξ/(2m(μ))) = δ_{2ν−1,ξ} for ξ = 0, . . . , 2m(μ). Finally, define σ(1) = 1 and σ(μ) = 2^{−μ/2} for μ ≥ 2. Henceforth let d = 2^k for k ∈ IN_0 and put Y = (Y_{1,1}, . . . , Y_{μ,1}, . . . , Y_{μ,m(μ)}, . . . , Y_{k+1,m(k+1)}) ∈ IR^d. We define

h_d(Y ) = k+1∑ μ=1 σ(μ) m(μ)∑

ν=1 Y_{μ,ν} · S_{μ,ν} . In the limit, with a sequence of independent standard normal random variables Y_{μ,ν} , this so-called Lévy-Ciesielski construction yields a multiscale decomposition of the Wiener measure, see [8, Section 2.3.i]. For finite d we have

I_d(f ∘ ℓ_d) = I_d(f ∘ h_d).

This representation was used in [1] to compute integrals by quasi-Monte Carlo methods, see also Section 6.

Observe that different variables Y_{μ,ν} influence the integrand f ∘ h_d in a different way, according to the standard deviations σ(μ). Hence one could study weighted norms, see [13]. In the following we suggest a modification of (4). For simplicity we use the same Gauss-Hermite formulas U^i as in Section 3. However, a multiindex i ∈ IN^d now corresponds to a product formula U^{i1−β1} ⊗ · · · ⊗ U^{id−βd} . The sequence β_1, β_2, . . . is essentially defined by the following conditions. For the second variable Y_{2,1} we take β_2 = 0. Suppose that j = 2^{μ−2} + ν with 1 ≤ ν ≤ m(μ) or that j = μ = 1. Then U^{ij −βj} should use about σ(μ)/σ(2) times as many knots as U^{ij} . After suitable rounding we end up with the definition

β_1 = −1, β_2 = β_3 = β_4 = 0, β_2μ�2_{+ν} = ⌊μ/2⌋ − 1.

Hence we obtain, for d = 2^k, A(q, d) = ∑ q−d+1≤|i|≤q (−1)^{q−|i|} · ( d − 1 q − |i| ) · (U^{i1−β1} ⊗ · · · ⊗ U^{id−βd} ),

where i ∈ IN^d and U^j = U^1 for j < 1.

The quadrature formulas Q^n_∞(f) = A(d + k, d)(f ∘ h_d) do not depend on d if d ≥ 4^k. This follows from the fact that (U^{i1} ⊗ · · · ⊗ U^{id} ⊗ U^1 ⊗ · · · ⊗ U^1)(f ∘ h_{2d}) = (U^{i1} ⊗ · · · ⊗ U^{id} )(f ∘ h_d). Hence we define A(k)(f) = A(4^k + k, 4^k)(f ∘ h_d) for k ∈ IN_0 and obtain a sequence of quadrature formulas for the Wiener measure with n(k) ‘knots’. One gets n(0) = 3, n(1) = 25, n(2) = 201, n(3) = 1561, n(4) = 11 393, and n(5) = 79 537, and so on. In Figure 1 we show the 25 ‘knots’ of A(1).

Fig. 1. The 25 ‘knots’ of A(1).

§5. A Numerical Example As an example, we study

f(x) = exp(2

∫_1 0 x(t) dt). (5) The random variable

∫_1 0 x(t) dt is normally distributed with mean zero and variance 1/3. Hence I_∞(f) = exp(2/3) and

σ^2(f) = exp(8/3) − exp(4/3) ≈ 10.6 for the variance σ^2(f) of f. An idealized form of the classical Monte Carlo method is

M_n(f) = 1 n n∑ i=1 f(x_i), where the ‘knots’ x_i are chosen independently according to the Wiener measure. This method has a standard deviation (‘error’) σ(f)/ √ n. In Figure 2 we show the accuracy of A(k) and M_n. The accuracy (‘number of correct digits’) is defined by the negative logarithm (to the basis 10) of the relative error. This accuracy is plotted against the logarithm of the number n of ‘knots’. We also show the accuracy of antithetic sampling, which is only slightly better than the ‘crude’ Monte Carlo method.

Fig. 2. Test results for the functional (5).

§6. An Example from Finance

High dimensional integration is needed to compute the value of financial derivatives, such as mortgage backed securities, see [1,11]. The geometric Brownian motion is the canonical model for the interest rate, and the value of the security is given as an expectation. For mortgage backed securities the integrand is rather complicated, due to a prepayment option. Hence the integral cannot be computed analytically. A discretization is used, and a typical security of length 360 months yields a 360-dimensional integral.

Here we consider the example (4.5) from [1]. We use the method from Section 4, with minor modifications due to the fact that d = 360 is not a power of four. In Figure 3 we also present (as in Figure 2) results from [1] for four different methods. Namely, a crude Monte Carlo method (MC) and a Monte Carlo method with antithetic sampling (MC-anti), both being based on pseudo-random numbers. Furthermore, two quasi-Monte Carlo methods, (QR,LC) and (QR-anti,LC), that are based on the Sobol sequence and the

Fig. 3. An Example from Finance.

Lévy-Ciesielski representation. The method QR-anti,LC uses antithetic sampling, in addition.

We stress that even better results are obtained by taking into account the special structure of the integrand or by using second-order derivatives of the integrand. See [1,14] for details. Here, however, we have only considered general purpose methods.

Acknowledgments. We thank William Morokoff for providing us the ‘exact’ value of the integrand in Figure 3.

References

1. Caflisch, R. E., W. Morokoff, and A. Owen, Valuation of mortgage backed securities using Brownian bridges to reduce effective dimension, to appear in J. Comput. Finance.

2. Calvin, J. M., An asymptotically optimal non-adaptive algorithm for minimization of Brownian motion, in The Mathematics of Numerical Analysis, J. Renegar, M. Shub and S. Smale (eds.), Amer. Math. Soc., Providence, 1996, 157–163.

3. Cameron, R. H., A “Simpson’s rule” for the numerical evaluation of Wiener integrals in function space, Duke Math. J. 18 (1951), 111-130.

4. Chorin, A. J., Accurate evaluation of Wiener integrals, Math. Comp. 27 (1973), 1–15.

5. Egorov, A. D., P. I. Sobolevsky, and L. A. Yanovich, Functional Integrals:

Approximate Evaluation and Applications, Kluwer Academic Publishers, Dordrecht etc., 1993.

6. Genz, A. C., and B. D. Keister, Fully symmetric interpolatory rules for multiple integrals over infinite regions with Gaussian weight, J. Comput. Appl. Math. 71 (1996), 299–309.

7. Hald, O. H., Approximation of Wiener integrals, J. Comp. Phys. 69 (1987), 460–470.

8. Hida, T., Brownian Motion, Springer-Verlag, 1980.

9. Lobanov, Yu. Yu., Deterministic computation of functional integrals, Computer Physics Communications 99 (1996), 59-72.

10. Novak, E., and K. Ritter, Simple cubature formulas for d-dimensional integrals with high polynomial exactness and small error, preprint.

11. Paskov, S. H., and J. F. Traub, Faster valuation of financial derivatives, J. Portfolio Management 22 (1995), 113–120.

12. Ritter, K., Approximation and optimization on the Wiener space, J. Complexity 6 (1990), 337–364.

13. Sloan, I. H., and H. Woźniakowski, When are quasi-Monte Carlo algorithms efficient for high dimensional integrals?, J. Complexity, to appear.

14. Steinbauer, A., Quadraturformeln für das Wienermaß, Erlangen, in preparation.

15. Wasilkowski, G. W., and H. Woźniakowski, On tractability of path integration, J. Math. Phys. 37 (1996), 2071–2088.

Erich Novak, Klaus Ritter, Achim Steinbauer University of Erlangen and Nürnberg Mathematical Institute Bismarckstr. 1 1/2 D-91054 Erlangen Germany {novak,ritter,steinbau}@mi.uni-erlangen.de