HIGH DIMENSIONAL INTEGRATION OF SMOOTH FUNCTIONS OVER CUBES

ERICH NOVAK AND KLAUS RITTER

Abstract. We construct a new algorithm for the numerical integration of functions that are defined on a d-dimensional cube. It is based on the Clenshaw-Curtis rule for d = 1 and on Smolyak’s construction. This way we make the best use of the smoothness properties of any (nonperiodic) function. We prove error bounds showing that our algorithm is almost optimal (up to logarithmic factors) for different classes of functions with bounded mixed derivative. Numerical results show that the new method is very competitive, in particular for smooth integrands and d ≥ 8.

1. Introduction

Smolyak (1963) studied tensor product problems and introduced a general construction that leads to almost optimal approximations for any dimension d > 1 from optimal approximations for the univariate case d = 1. This construction is also known under different names, including “Biermann interpolation”, “Boolean method”, “discrete blending method”, “hyperbolic cross points”, and “sparse grid method”.

Smolyak’s construction has been developed independently in many papers for specific problems. If in the univariate case the operators are polynomial interpolation operators then one obtains discrete versions of polynomial blending interpolation which occur in computer aided design and in the finite element method. See Gordon (1971) and Delvos and Schempp (1989). For d > 1 the interpolation points of the Smolyak algorithm form a set of “hyperbolic cross points” or a “sparse grid”. These points are also used for spline interpolation and Fourier approximation.

Further results and applications of Smolyak’s algorithm can be found in Baszenski, Delvos, and Jester (1992), Bungartz (1992), Griebel, Schneider, and Zenger (1992), Novak and Ritter (1996), Pereverzev (1986), Ritter, Wasilkowski, and Woźniakowski (1995), Temlyakov (1987, 1993, 1994), Wahba (1978), Wasilkowski and Woźniakowski (1995), Woźniakowski (1992), and Zenger (1991).

We are interested, in particular, in numerical integration. This application is also called rth order blending cubature and was already studied in Smolyak (1963). Other papers include Baszenski and Delvos (1993), Bonk (1994), Delvos (1990), Genz (1974), Lyness and Sloan (1995), Paskov (1993), Ritter, Wasilkowski, and Woźniakowski (1993), and Temlyakov (1992). In some of these papers the stress is on the numerical integration of periodic functions. In this case, the multivariate Boolean midpoint rule is very competitive.

In this paper we present a method for high dimensional numerical integration that is almost optimal for different classes of nonperiodic functions. We apply Smolyak’s

Date: March 1995, revised January 1996. 1

construction to the Clenshaw-Curtis rule, see Sections 2 and 3. The respective error bounds are proved in Section 4, which heavily relies on Smolyak’s original results and the recent refinements of Wasilkowski and Woźniakowski (1995). The new method is exact for certain “nonclassical” spaces of polynomials, see Section 5. In Section 6 we present numerical results. The testing package of Genz (1984, 1987) is used and, in particular, the results of Sloan and Joe (1994).

In the extensive tests of Sloan and Joe for d = 5, 8, and 10 the methods ADAPT and COPY are usually the two most successful ones. The method ADAPT is the famous adaptive method of Van Dooren and De Ridder (1976) in conjunction with the modification of Genz and Malik (1980). Sloan and Joe used the implementation found in the NAG routine D01FCF. The method COPY is an embedded sequence of lattice rules, see Sloan and Joe (1994) for details.

Our tests show that the new method is very good for functions which are at least differentiable and depend on a large number d of variables. For the families 1–4 of Genz the results of the new method were usually not as good as those of ADAPT and COPY for d = 5 and comparable for d = 8. For d = 10 the results of our method were excellent and we expect that the advantage of the new method is even more impressive for d > 10. Unfortunately, we could not find many test results for higher dimensions in the literature.

2. Smolyak’s Construction

We explain Smolyak’s construction not in the most general case but consider, for d = 1, always one of the spaces

F^r_1 = C^r([−1, 1]), r ∈ N,

with the norm ‖f‖ = max(‖f‖_∞, . . . , ‖f^{(r)}‖_∞). For d > 1 we consider the tensor product

F^r_d = {f : [−1, 1]^d → R | D^αf continuous if α_i ≤ r for all i}

with the norm ‖f‖ = max {‖D^αf‖_∞ | α ∈ N^d_0 , α_i ≤ r}. This means, in particular, that finite linear combinations of functions

(f_1 ⊗ · · · ⊗ f_d)(x_1, . . . , x_d) = f_1(x_1) · · · · · f_d(x_d)

with f_i ∈ F^r_1 are dense in F^r_d and ‖f_1 ⊗ · · · ⊗ f_d‖ = ‖f_1‖ · · · · · ‖f_d‖. We are mainly interested in numerical integration (cubature) of functions f ∈ F^r_d and define I_d(f) = ∫ [−1,1]^d f(x) dx. We wish to find good approximations to the functional I_d in the multivariate case on the basis of good approximations to I_1 in the univariate case. The algorithm of

Smolyak (1963) provides a general and very efficient construction in such a tensor product situation.

Assume that a sequence of quadrature formulas U^i(f) = m_i∑ j=1 f(x^i_j) · a^i_j with m_i ∈ N is given. In the multivariate case d > 1 we first define

(U^{i1} ⊗ · · · ⊗ U^{id} )(f) = m_{i1}∑

j_1=1 · · · m_{id}∑

j_d=1 f(x^{i1}_{j1} , . . . , x^{id}_{jd} ) · (a^{i1}_{j1} · · · · · a^{id}_{jd} ). This is a so-called tensor product algorithm, which has a poor order of convergence and only serves as a building block for the more complicated algorithm of Smolyak. We use the notation U^0 = 0 and Δ^i = U^i − U^{i−1} for i ∈ N. Moreover we put |i| = i_1 + · · · + i_d for i ∈ N^d . Now the algorithm of Smolyak is given by A(q, d) = ∑ |i|≤q (Δ^{i1} ⊗ · · · ⊗ Δ^{id} ) (1)

for integers q ≥ d. For the case d = 2 we can also write A(q, 2) = ∑ i_1+i_2=q

(U^{i1} ⊗ U^{i2} ) − ∑ i_1+i_2=q−1

(U^{i1} ⊗ U^{i2} ).

For general d the analogous formula is A(q, d) = ∑ q−d+1≤|i|≤q (−1)^{q−|i|} · ( d − 1 q − |i| ) · (U^{i1} ⊗ · · · ⊗ U^{id} ), see Wasilkowski and Woźniakowski (1995, Lemma 1) and, similar, Delvos (1982, Theorem 1).

Clearly A(q, d) is a linear functional, and A(q, d)(f) depends on f ∈ F^r_d only through function values at a finite number of points. To describe these points let X^i = {x^i_1, . . . , x^i_{mi} } ⊂ [−1, 1] denote the set of points that correspond to U^i. The tensor product algorithm U^{i1} ⊗ · · · ⊗ U^{id} is based on the grid X^{i1} × · · · × X^{id} , and therefore A(q, d)(f) depends (at most) on the values of f at the union H(q, d) = ⋃ q−d+1≤|i|≤q (X^{i1} × · · · × X^{id} ) ⊂ [−1, 1]^d

of grids. Nested sets X^i ⊂ X^{i+1} (2) yield H(q, d) ⊂ H(q + 1, d) and H(q, d) = ⋃ |i|=q (X^{i1} × · · · × X^{id} ). (3)

Therefore nested sets seem to be the most economical choice. The points x ∈ H(q, d) are called hyperbolic cross points and H(q, d) is also called a sparse grid. For instance, if X^i = {0, ±1/2^i, . . . , ±(1 − 1/2^i), ±1} then H(q, d) consists of all dyadic grids with product of mesh size given by 1/2^q.

3. The Clenshaw-Curtis Rule

We want to construct cubature formulas that use in an optimal way the global smoothness properties of any continuous nonperiodic function on [−1, 1]^d. To this end we employ Smolyak’s algorithm with quadrature formulas U^i that use the smoothness of univariate functions optimally.

For any cubature formula Q we have the error bound |I_d(f) − Q(f)| ≤ ‖I_d − Q‖ · ‖f‖ in terms of the norm on F^r_d , i.e., ‖I_d − Q‖ denotes the respective operator norm of I_d − Q. In the univariate case d = 1, lim_{n→∞} ( n^r · inf_{Qn} ‖I_1 − Q_n‖ ) = β_r (4)

with known constants β_r > 0 for any r ∈ N, see Strauß (1979). Here the infimum is over all formulas Q_n which use n function values, and formulas which yield the asymptotic error β_r · n^{−r} depend on the smoothness r.

Recall that m_i denotes the number of function values used by U^i, and assume that m_i < m_{i+1}. In light of (4) we are interested in formulas U^i with

lim sup i→∞ ( m^r_i · ‖I_1 − U^i‖ ) < ∞, ∀ r ∈ N. (5) This property holds, for instance, for any sequence of interpolatory formulas U^i with positive weights, see Brass (1992).

We suggest to use the Clenshaw-Curtis method with a suitable choice of the sequence m_i. See Brass (1977) and Engels (1980) for the following facts. For any choice of m_i > 1 let x^i_j = − cos π · (j − 1) m_i − 1 , j = 1, . . . , m_i. (6) The Clenshaw-Curtis formula

U^i(f) = m_i∑ j=1 f(x^i_j) · a^i_j uses these points x^i_j , and the weights a^i_j are characterized by the demand that U^i is exact for all polynomials of degree less than m_i. Property (5) holds due to the positivity of the weights. In order to obtain nested sets of points, see (2), we choose

m_i = 2^{i−1} + 1, i > 1. (7) It is very important to choose m_1 = 1 if we are interested in cubature for relatively large d, because in all other cases the number of points used by A(q, d) increases too fast with d. For instance, this number is m^d_1 for A(d, d) and d (m_2 −m_1) m^{d−1}_1 +m^d_1 for A(d+1, d). It is natural to take x^1 = 0, thus U^1(f) = 2 · f(0).

Since m_i is odd for any i > 1 the respective weights are given by

a^i_j = a^i_{mi+1−j} = 2 m_i − 1 1 − cos(π · (j − 1)) m_i · (m_i − 2) − 2 (m_i−3)/2 ∑ k=1 1 4k^2 − 1

· cos 2πk · (j − 1) m_i − 1

for j = 2, . . . , m_i − 1. The two missing weights are given by

a^i_1 = a^i_{mi} = 1 m_i · (m_i − 2) . Let us look at two bivariate examples of resulting hyperbolic cross points, see (3).

-1

0

1

-1 0 1 H(4, 2)

-1

0

1

-1 0 1 H(8, 2)

The cardinalities of H(4, 2) and H(8, 2) are 13 and 321, respectively.

Although the univariate formulas U^i have only positive weights, the multivariate formulas A(q, d) may also have negative weights. For d = 2, negative weights already occur in the formula A(4, 2) at the knots {(0, 0), (±1, 0), (0, ±1)}.

4. Error Bounds There are general techniques to get error bounds for Smolyak’s algorithm for d > 1 from those for the case d = 1. For our particular problem we start with the estimate ‖I_1 − U^i‖ ≤ γ_r · 2^{−r·i} in the univariate case, see (5) and (7). Explicit values for the constants γ_r can be obtained by known bounds for the respective Peano kernels, see Brass (1993).

In the sequel we also consider tensor products of quadrature formulas and integrals. For a formal definition of tensor products of operators we refer to Delvos and Schempp (1989). In a bivariate example we have

(I_1 ⊗ U^i)(f) =

∫_1 −1 m_i∑ j=1 f(s, x^i_j) · a^i_j ds = m_i∑ j=1 ∫_1 −1 f(s, x^i_j ) ds · a^i_j and (I_1 ⊗ U^i)(f_1 ⊗ f_2) = I_1(f_1) · U^i(f_2).

Furthermore, |I_1 ⊗ U^i(f)| ≤ ‖I_1‖ · ‖ ‖ ‖ m_i∑ j=1 f(·, x^i_j) · a^i_j ‖ ‖ ‖ = ‖I_1‖ · sup_{0≤α1≤r} sup_{s∈[−1,1]} |U^if^{(α1,0)}(s, ·)| ≤ ‖I_1‖ · sup_{0≤α1≤r} sup_{s∈[−1,1]} ‖U^i‖ · ‖f^{(α1,0)}(s, ·)‖ = ‖I_1‖ · ‖U^i‖ · ‖f‖. Thus ‖I_1 ⊗ U^i‖ = ‖I_1‖ · ‖U^i‖.

Now we follow the lines of Wasilkowski and Woźniakowski (1995, Lemma 2). Note that

A(q + 1, d + 1) = ∑ |i|≤q ( Δ^{i1} ⊗ · · · ⊗ Δ^{id} ⊗ q+1−|i| ∑ k=1 Δ^k ) = ∑ |i|≤q Δ^{i1} ⊗ · · · ⊗ Δ^{id} ⊗ U^{q+1−|i|} due to definition (1). Hence the error of A(q + 1, d + 1) may be written as I_{d+1} − A(q + 1, d + 1) = (I_d − A(q, d)) ⊗ I_1 + ∑ |i|≤q Δ^{i1} ⊗ · · · ⊗ Δ^{id} ⊗ (I_1 − U^{q+1−|i|}).

Since ‖I_1‖ = 2 and ‖S ⊗ T ‖ = ‖S‖ · ‖T ‖ (8) for the operators involved, we get ‖I_{d+1} − A(q + 1, d + 1)‖ ≤ 2 · ‖I_d − A(q, d)‖ + ∑ |i|≤q ‖Δ^{i1} ‖ · · · · · ‖Δ^{id} ‖ · ‖I_1 − U^{q+1−|i|}‖. Moreover ‖Δ^{ik} ‖ ≤ ‖I_1 − U^{ik} ‖ + ‖I_1 − U^{ik−1}‖ ≤ γ_r · 2^{−r·ik} · (1 + 2^r), and therefore ∑ |i|≤q ‖Δ^{i1} ‖ · · · · · ‖Δ^{id} ‖ · ‖I_1 − U^{q+1−|i|}‖ ≤ ( q d ) · γ^{d+1}_r · (1 + 2^r)^d · 2^{−r·(q+1)}.

Inductively we obtain the following estimate. Theorem 1. Let θ_r = max(2^{r+1}, γ_r · (1 + 2^r)).

The error of the cubature formula A(q, d) satisfies ‖I_d − A(q, d)‖ ≤ γ_r · θ^{d−1}_r · ( q d − 1 ) · 2^{−r·q}.

Now we relate the error of A(q, d) to the number n(q, d) of knots which are used by this cubature formula, i.e., to the cardinality of H(q, d), see (3). Henceforth constants hidden in O-notations depend on r as well as on d. Theorem 1 implies Smolyak’s original estimate ‖I_d − A(q, d)‖ = O(q^{d−1} · 2^{−r·q}). Using m_i ≤ 2^i we get n = n(q, d) ≤ 2^q · ( q − 1 d − 1 ) = O(q^{d−1} · 2^q),

and a simple manipulation yields the following bound.

Corollary 1. Let n = n(q, d) denote the number of knots which are used by A(q, d). Then ‖I_d − A(q, d)‖ = O(n^{−r} · (log n)^{(d−1)·(r+1)}). Remark 1. The crucial property to get the error bounds for A(q, d) is (8), and therefore Theorem 1 and Corollary 1 hold for arbitrary tensor product problems, see Smolyak (1963) and Wasilkowski and Woźniakowski (1995). In the latter paper explicit bounds – with strong emphasis on their dependence on d – are obtained for the error of A(q, d) as well as for the number of points in H(q, d).

Recovery of functions is another interesting application for Smolyak’s construction. We look at the particular case of recovering f ∈ F^r_d in the uniform norm. In this case we define I_d as the embedding I_d(f) = f

of F^r_d into C([−1, 1]^d). Clearly

I_d(f_1 ⊗ · · · ⊗ f_d) = I_1(f_1) ⊗ · · · ⊗ I_1(f_d).

Assume that a sequence of recovering operators

U^i(f) = m_i∑ j=1 f(x^i_j) · a^i_j with a^i_j ∈ C([−1, 1]) is given in the univariate case. The corresponding tensor product operators are

(U^{i1} ⊗ · · · ⊗ U^{id} )(f) = m_{i1}∑

j_1=1 · · · m_{id}∑

j_d=1 f(x^{i1}_{j1} , . . . , x^{id}_{jd} ) · (a^{i1}_{j1} ⊗ · · · ⊗ a^{id}_{jd} ) and Smolyak’s construction (1) yields an operator A(q, d) mapping F^r_d into C([−1, 1]^d). Theorem 1 and Corollary 1 hold analogously, provided that the respective estimate holds for U^i in the univariate case.

Corollary 1 gives the best error bound for Smolyak’s construction which holds for arbitrary tensor product problems, see Temlyakov (1987). For some problems, however, this bound is improved in terms of powers of log n, see Temlyakov (1993) and Wasilkowski and Woźniakowski (1995).

Remark 2. The lower bound in (4) clearly extends to the classes F^r_d with d > 1. Thus no sequence of cubature formulas yields errors on any class F^r_d which tend to zero faster than n^{−r}. On the other hand our method yields errors of order n^{−r} · (log n)^{(d−1)·(r+1)} for all classes F^r_d . Hence these methods are almost optimal (up to logarithmic factors) on a whole scale of spaces of nonperiodic functions.

For periodic functions, cubature formulas are known which are asymptotically optimal on a whole scale of spaces, see Temlyakov (1992). Periodization is a standard technique to derive error bounds for related spaces of nonperiodic functions. In particular this approach leads to cubature formulas Q_{n,r} which even satisfy ‖I_d − Q_{n,r}‖ = O(n^{−r} · (log n)^{(d−1)/2}) on the class F^r_d .

However, periodization takes into account the smoothness r in order to preserve the order of the error, and therefore the resulting formulas Q_{n,r} depend on r. Moreover, computational problems may occur and the exactness of the cubature formulas may be spoiled. We refer to Niederreiter and Sloan (1993) and Sloan and Joe (1994) for a detailed discussion of this topic.

Remark 3. Property (5) is the essential requirement for the U^i in the univariate case. It also holds for the Gauß formulas. These formulas have a higher polynomial exactness than the Clenshaw-Curtis formulas and yield methods A(q, d) with a higher degree of exactness also for d > 1, cf. Theorem 2.

We prefer the Clenshaw-Curtis formulas mainly because of (2), which has two important consequences. The number of knots in H(q, d) is reduced because different grids have many common points. Furthermore, weights of different sign at common points partially cancel. Hence we get better stability properties.

Property (5) is also satisfied for certain extrapolation methods, such as the Romberg method. The application of Smolyak’s algorithm to a method of this kind is studied in Bonk (1994). However, the Clenshaw-Curtis method has a much higher degree of exactness and also leads to better numerical results.

Remark 4. Our method is easily modified to work for weighted integrals

I_d(f) = ∫ [−1,1]^d f(x) · ρ(x) dx where ρ = ω_1 ⊗ · · · ⊗ ω_d is a tensor product. We only need to redefine the weights in the cubature formulas A(q, d).

In the univariate case we consider generalized Clenshaw-Curtis formulas U^{i,ω}(f) = m_i∑ j=1 f(x^i_j ) · a^{i,ω}_j which use the Clenshaw-Curtis points x^i_j, see (6), and are exact for all polynomials of degree less than m_i. Sloan and Smith (1978) show that lim_{i→∞} m_i∑ j=1 |a^{i,ω}_j | = ∫_1 −1 |ω(x)| dx if ω ∈ L_p([−1, 1]) for some p > 1. In particular, the functionals U^{i,ω} are uniformly bounded on C([−1, 1]). As in the case ω ≡ 1, the error bound (5) follows for U^i = U^{i,ω} and I_1(f) =

∫_1 −1 f(x) · ω(x) dx. Again we choose m_1 = 1 and m_i = 2^{i−1}+1 for i > 1 and apply Smolyak’s construction (1) with Δ^{ik} = U^{i,ωk} − U^{i−1,ωk} . Theorem 1, with different constants, and Corollary 1 still hold for the resulting cubature formula A(q, d) if ω_k ∈ L_p([−1, 1]) for some p > 1 and all k = 1, . . . , d. Observe that the set H(q, d) of knots is not changed. Remark 5. There is another important modification of our method which yields different sets of knots. We only indicate the basic idea. Assume that the smoothness of f varies with the coordinates. For instance, this may be due to a transformation of a rectangular domain with different sidelengths onto the cube [−1, 1]^d. Then it makes sense to increase the number of knots in different coordinates with different speed by letting m_i depend on the coordinates. 5. Polynomial Exactness Let P_k denote the space of polynomials in one variable of degree at most k. The Clenshaw-Curtis formula U^i is exact on V^i = P_{mi} since m_i is odd. In the multivariate case our method is exact on certain “nonclassical” spaces of polynomials.

Theorem 2. The cubature formula A(q, d) is exact on ∑ |i|=q (V^{i1} ⊗ · · · ⊗ V^{id} ). Proof. Our proof is via induction over d. For d = 1 we have A(q, 1) = U^q and the statement follows. For the multivariate case we use the fact that A(q, d + 1) can be written in terms of the A(ℓ, d), we have

A(q, d + 1) = q−1∑ ℓ=d A(ℓ, d) ⊗ (U^{q−ℓ} − U^{q−ℓ−1}) due to definition (1).

The induction step is as follows. Assume that f = f_{i1} ⊗ · · · ⊗ f_{id+1} , f_{ik} ∈ V^{ik} , with |i| = q and i_1 + · · · + i_d = m whence m + i_{d+1} = q. Then

A(q, d + 1)(f) = q−1∑ ℓ=d A(ℓ, d)(f_{i1} ⊗ · · · ⊗ f_{id} ) · (U^{q−ℓ} − U^{q−ℓ−1})(f_{id+1} ). Since U^{q−ℓ}(f_{id+1} ) = U^{q−ℓ−1}(f_{id+1} ) = I_1(f_{id+1} ), d ≤ ℓ ≤ m − 1, and A(ℓ, d)(f_{i1} ⊗ · · · ⊗ f_{id} ) = I_d(f_{i1} ⊗ · · · ⊗ f_{id} ), m ≤ ℓ ≤ q − 1, we obtain

A(q, d + 1)(f) = q−1∑ ℓ=m I_d(f_{i1} ⊗ · · · ⊗ f_{id} ) · (U^{q−ℓ} − U^{q−ℓ−1})(f_{id+1} ) = I_d(f_{i1} ⊗ · · · ⊗ f_{id} ) · U^{q−m}(f_{id+1} ) = I_{d+1}(f)

as claimed. □

It follows, for instance, that A(d + 2, d) is exact for the polynomials

x^4_j , x^2_j , 1, x^2_j x^2_k

with 1 ≤ j, k ≤ d as well as for all monomials having at least one odd exponent. Thus A(d + 2, d) is exact for all polynomials of degree at most 5.

Remark 6. Theorem 2 holds for general tensor product problems if the spaces

V^i = {f ∈ F^r_1 | I_1(f) = U^i(f)}

of exactness for the univariate problem are nested, i.e., V^i ⊂ V^{i+1}. In the case of polynomial interpolation this fact is shown in Delvos (1982).

Remark 7. For trigonometric polynomials, the space span{exp(i⟨k, ·⟩) | k ∈ Z^d, d∏ j=1 (1 + |k_j|) ≤ K} (9)

is an analogon to the space of exactness of A(q, d). Here ⟨·, ·⟩ denotes the Euclidean inner product in R^d . The frequencies k which appear in (9) form a hyperbolic cross in Z^d. These spaces of trigonometric polynomials were introduced by Babenko (1960). Further results and applications can be found in Frank, Heinrich, and Pereverzev (1995), Temlyakov (1994), and Tikhomirov (1990).

6. Numerical Examples

Achim Steinbauer (1995) implemented our method which is denoted by NEW in this section. To compare NEW with different existing methods, computations were made with NEW that are analogous to those of Sloan and Joe (1994). These authors compared four different methods for functions of d = 5, 8, and 10 variables using the testing package of Genz (1984, 1987). The two most successful methods are generally ADAPT, the adaptive method of Van Dooren and De Ridder (1976), and COPY, an embedded sequence of lattice rules. The two other methods are an adaptive Monte Carlo method found in the NAG routine D01GBF and certain rank-1 lattice rules.

The testing package of Genz is based on a collection of six families of integrands f_1, . . . , f_6 which are defined on [0, 1]^d. The formulas A(q, d) are modified accordingly. Each of these families is given a name or attribute as follows:

1. OSCILLATORY: f_1(x) = cos ( 2πw_1 + d∑ i=1 c_ix_i ) , 2. PRODUCT PEAK: f_2(x) = d∏ i=1 ( c^{−2}_i + (x_i − w_i)^2 )_{−1} , 3. CORNER PEAK: f_3(x) = ( 1 + d∑ i=1 c_ix_i )_{−(d+1)} , 4. GAUSSIAN: f_4(x) = exp ( − d∑ i=1 c^2_i (x_i − w_i)^2 ) , 5. CONTINUOUS: f_5(x) = exp ( − d∑ i=1 c_i|x_i − w_i| ) ,

6. DISCONTINUOUS: f_6(x) =

0, if x_1 > w_1 or x_2 > w_2, exp (∑_d i=1 c_ix_i ) , otherwise.

Different test integrals were obtained by varying the parameters c = (c_1, . . . , c_d) and w = (w_1, . . . , w_d). The parameter w acts as a shift parameter, and the difficulty of the integrand is monotonically increasing with the c_i > 0. For d = 10 we require 10∑ i=1 c_i = b_j (10)

where b_j depends on the family f_j and is given by

j 1 2 3 4 5 6 b_j 9.0 7.25 1.85 7.03 2.04 4.3.

We add that the values b_j correspond to the level of difficulty L = 1 for the families PRODUCT PEAK, GAUSSIAN and DISCONTINUOUS, and to the level L = 2 for OSCILLATORY, CORNER PEAK, and CONTINUOUS, see Sloan and Joe (1994).

Twenty vectors w and c^′ were generated independently and uniformly distributed in [0, 1]^d. Then c^′ was renormalized to satisfy (10). This way we get 20 integrands for each test family in dimension d = 10. The integrals were computed with A(q, 10) with q = 13, . . . , 18. The corresponding number n of knots is 1581, 8801, 41265, 171425, 652065, and 2320385. For any n and any family f_j , we use the median of the actual number

− log_{10} |I_d(f_j ) − A(q, d)(f_j)| |I_d(f_j )| of correct digits as the measure for the accuracy of NEW. Each of the figures shows the dependence of the median on log_{10} n. To allow a comparison with the methods ADAPT and COPY we also show the respective results of Sloan and Joe (1994).

1 2 3 4 5 6 7 8 9 10 11

3 3.5 4 4.5 5 5.5 6 6.5

Median number of correct digits for OSCILLATORY with d = 10

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

1 2 3 4 5 6 7 8 9 10

3 3.5 4 4.5 5 5.5 6 6.5

Median number of correct digits for PRODUCT PEAK with d = 10

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5

3 3.5 4 4.5 5 5.5 6 6.5

Median number of correct digits for CORNER PEAK with d = 10

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

1 2 3 4 5 6 7 8 9 10

3 3.5 4 4.5 5 5.5 6 6.5

Median number of correct digits for GAUSSIAN with d = 10

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

0.5 1 1.5 2 2.5 3 3.5 4 4.5

3 3.5 4 4.5 5 5.5 6 6.5

Median number of correct digits for CONTINUOUS with d = 10

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

0.5 1 1.5 2 2.5 3 3.5

3 3.5 4 4.5 5 5.5 6 6.5

Median number of correct digits for DISCONTINUOUS with d = 10

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

For the family PRODUCT PEAK we also show the results in dimensions d = 5 and 8. Here the respective constant b_j is chosen as 29 for d = 5 and 14.32 for d = 8, which corresponds to the same level L = 1 of difficulty as for d = 10.

1 2 3 4 5 6 7 8 9

3.5 4 4.5 5 5.5 6 6.5

Median number of correct digits for PRODUCT PEAK with d = 5

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

1 2 3 4 5 6 7 8

3.5 4 4.5 5 5.5 6 6.5 7

Median number of correct digits for PRODUCT PEAK with d = 8

NEW COPY ADAPT ⋆

⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆ ⋆

Furthermore, we have also tested NEW with the other examples from Sloan and Joe (1994) and with the examples from Bonk (1994). The results of our computations can be summarized as follows:

• The new method leads to good results if the integrand is smooth and the dimension d is high.

More precisely we made the following observations:

• For certain very smooth functions the results are excellent in any dimension.

This can be seen with f(x) = exp( ∑_d i=1 x_i) on [−h, h]^d with a relatively small h, see also Bonk (1994).

• For the families 1–4 of Genz the results of NEW were usually not as good as those of ADAPT and COPY for d = 5 and comparable for d = 8. For d = 10 the results of NEW were excellent and we expect that the advantage of the new method is even more impressive for d > 10.

• For the family 6 of discontinuous functions the results were poor in any dimension d ≤ 10.

Acknowledgments. We are indebted to Achim Steinbauer who did the programming and performed the numerical tests. We also thank T. Bonk, H. Brass, R. Cools, K. Frank, M. Griebel, S. Heinrich, S. Joe, K. Petras, I. H. Sloan, and J. F. Traub for helpful remarks.

This paper was initiated by stimulating discussions during the 1994 Dagstuhl Seminar ‘Algorithms and Complexity for Continuous Problems’ and the 1994 AMS-IMS- SIAM Summer Research Conference ‘Continuous Algorithms and Complexity’ in Mt. Holyoke.

References

Babenko, K. I (1960): On the approximation of a class of periodic functions of several variables by trigonometric polynomials. Soviet Math. Dokl. 1, 672–675

Baszenski, G., Delvos, F.-J. (1993): Multivariate Boolean midpoint rules. In: Brass, H., Hämmerlin, G., eds., Numerical Integration IV, ISNM 112, pp. 1–11. Birkhäuser, Basel

Baszenski, G., Delvos, F.-J., Jester, S. (1992): Blending approximations with sine functions. In: Braess, D., Schumaker, L. L., eds., Numerical Methods of Approximation Theory, Vol. 9, ISNM 105, pp. 1–19. Birkhäuser, Basel

Bonk, T. (1994): A new algorithm for multi-dimensional adaptive numerical quadrature. In: Hackbusch, W., Wittum, G., eds., Adaptive Methods – Algorithms, Theory and Applications, pp. 54–68. Vieweg, Braunschweig

Brass, H. (1977): Quadraturverfahren. Vandenhoeck & Rupprecht, Göttingen

Brass, H. (1992): Error bounds based on approximation theory. In: Espelid, T. O., Genz, A., eds., Numerical Integration, pp. 147–163. Kluwer Academic Publishers, Dordrecht

Brass, H. (1993): Bounds for Peano kernels. In: Brass, H., Hämmerlin, G., eds., Numerical Integration IV, ISNM 112, pp. 39–55. Birkhäuser, Basel

Bungartz, H.-J. (1992): Dünne Gitter und deren Anwendung bei der adaptiven Lösung der dreidimensionalen Poisson-Gleichung. Ph.D. thesis, TU München

Delvos, F.-J. (1982): d-variate Boolean interpolation. J. Approx. Th. 34, 99–114

Delvos, F.-J. (1990): Boolean methods for double integration. Math. of Comp. 55, 683–692

Delvos, F.-J., Schempp, W. (1989): Boolean Methods in Interpolation and Approximation. Pitman Research Notes in Mathematics Series 230. Longman, Essex

Engels, H. (1980): Numerical Quadrature and Cubature. Academic Press, London

Frank, K., Heinrich, S., Pereverzev, S. (1995): Information complexity of multivariate Fredholm equations in Sobolev classes. J. Complexity, to appear

Genz, A. C. (1974): Some extrapolation methods for the numerical calculation of multidimensional integrals. In: Evans, D. J., ed., Software for Numerical Mathematics, pp. 159–172. Academic Press, New York

Genz, A. C. (1984): Testing multidimensional integration routines. In: Ford, B., Rault, J. C., Thomasset, F., eds., Tools, Methods, and Languages for Scientific and Engineering Computation, pp. 81–94. North-Holland, Amsterdam

Genz, A. C. (1987): A package for testing multiple integration subroutines. In: Keast, P., Fairweather, G., eds., Numerical Integration, pp. 337–340. Kluwer, Dordrecht

Genz, A. C., Malik, A. A. (1980): Algorithm 019: an adaptive algorithm for numerical integration over an N-dimensional rectangular region. J. Comp. Appl. Math. 6, 295–302

Gordon, W. J. (1971): Blending function methods of bivariate and multivariate interpolation and approximation. SIAM J. Numer. Anal. 8, 158–177

Griebel, M., Schneider, M., Zenger, Ch. (1992): A combination technique for the solution of sparse grid problems. In: Beauwens, R., de Groen, P., eds., Iterative Methods in Linear Algebra, pp. 263–281. Elsevier, North-Holland

Lyness, J. N., Sloan, I. H. (1995): Cubature rules of prescribed merit. Math. of Comp., to appear

Niederreiter, H., Sloan, I. H. (1993): Quasi-Monte Carlo methods with modified vertex weights. In: Brass, H., Hämmerlin, G., eds., Numerical Integration IV, ISNM 112, pp. 253–265. Birkhäuser, Basel

Novak, E., Ritter, K. (1996): Global optimization using hyperbolic cross points. In: Floudas, C. A., Pardalos, P. M., eds., State of the Art in Global Optimization, pp. 19–33. Kluwer, Dordrecht

Paskov, S. (1993): Average case complexity of multivariate integration for smooth functions. J. Complexity 9, 291–312

Pereverzev, S. V. (1986): On optimization of approximate methods of solving integral equations. Sov. Math. Dokl. 33, 347–351

Ritter, K., Wasilkowski, G. W., Woźniakowski, H. (1993): On multivariate integration for stochastic processes. In: Brass, H., Hämmerlin, G., eds., Numerical Integration IV, ISNM 112, pp. 331–347. Birkhäuser, Basel

Ritter, K., Wasilkowski, G. W., Woźniakowski, H. (1995): Multivariate integration and approximation for random fields satisfying Sacks-Ylvisaker conditions. Ann. Appl. Prob. 5, 518–540

Sloan, I. H., Smith, W. E. (1978): Product-integration with the Clenshaw-Curtis and related points. Numer. Math. 30, 415–428

Sloan, I. H., Joe, S. (1994): Lattice Methods for Multiple Integration. Clarendon Press, Oxford

Smolyak, S. A. (1963): Quadrature and interpolation formulas for tensor products of certain classes of functions. Soviet Math. Dokl. 4, 240-243

Steinbauer, A. (1995): Hochdimensionale Integration mit den Algorithmen von Smolyak und Clenshaw-Curtis. Thesis, Augsburg

Strauß, H. (1979): Optimal quadrature formulas. In: Meinardus, G., ed., Approximation in Theorie und Praxis, pp. 239–250, Bibliographisches Institut, Mannheim Temlyakov, V. N. (1987): Approximate recovery of periodic functions of several variables. Math. USSR Sbornik 56, 249–261 Temlyakov, V. N. (1992): On a way of obtaining lower estimates for the errors of quadrature formulas. Math. USSR Sbornik 71, 247–257 Temlyakov, V. N. (1993): On approximate recovery of functions with bounded mixed derivative. J. Complexity 9, 41–59 Temlyakov, V. N. (1994): Approximation of Periodic Functions. Nova Science Publishers, New York Tikhomirov, V. M. (1990): Approximation Theory. Encyclopaedia of Mathematical Sciences, Vol. 14, Springer, Berlin Van Dooren, P., De Ridder, L. (1976): An adaptive algorithm for numerical integration over an n-dimensional cube. J. Comp. Appl. Math. 2, 207–217 Wahba, G. (1978): Interpolating surfaces: high order convergence rates and their associated designs, with applications to X-ray image reconstruction. Dept. of Statistics, University of Wisconsin, Madison Wasilkowski, G. W., Woźniakowski, H. (1995): Explicit cost bounds of algorithms for multivariate tensor product problems. J. Complexity 11, 1–56 Woźniakowski, H. (1992): Average case complexity of linear multivariate problems, Part 1 and 2. J. Complexity 8, 337–392 Zenger, Ch. (1991): Sparse grids. In: Hackbusch, W., ed., Parallel Algorithms for Partial Differential Equations, pp. 241–251. Vieweg, Braunschweig

Mathematisches Institut, Universität Erlangen-Nürnberg, Bismarckstraße 1 1/2, 91054 Erlangen, Germany

E-mail address: novak@mi.uni-erlangen.de, ritter@mi.uni-erlangen.de