SMOLYAK’S CONSTRUCTION OF CUBATURE FORMULAS OF ARBITRARY TRIGONOMETRIC DEGREE

RONALD COOLS, ERICH NOVAK, KLAUS RITTER

Abstract. We study cubature formulas for d-dimensional integrals with a high trigonometric degree. To obtain a trigonometric degree ℓ in dimension d, we need about d^‘/ℓ! function values if d is large. Only a small number of arithmetical operations is needed to construct the cubature formulas using Smolyak’s technique. We also compare different methods to obtain formulas with high trigonometric degree.

1. Introduction

We study cubature formulas

Q_n(f) = n∑ i=1 a_i f(x_i)

for the approximation of d-dimensional integrals

I_d(f) = ∫ [0, 1]d

f(x) dx. (1)

A trigonometric monomial in the variable x = (x_1, x_2, . . . , x_d) is a function of the form f : R^d → C : x → e^{2πıα1x1} e^{2πıα2x2} · · · e^{2πıαdxd} , where α_1, α_2, . . . , α_d ∈ Z and ı^2 = −1. The degree of this monomial is ∑d j=1 |α_j|. The set of all linear combinations of trigonometric monomials of degree at most ℓ is denoted

by T(ℓ, d). A cubature formula Q_n has trigonometric degree ℓ if it is exact on T(ℓ, d)

but not on T(ℓ + 1, d), i.e., ∀ f ∈ T(ℓ, d) : Q_n(f) = I_d(f) and ∃ f ∈ T(ℓ + 1, d) : Q_n(f) ≠ I_d(f).

We define N_{min}(ℓ, d) = min{n ∈ N : ∃ Q_n : Q_n = I_d on T(ℓ, d)} to be the minimal number n of knots needed by any cubature formula Q_n of trigonometric degree at least ℓ in dimension d. (We use N to denote the set of positive integers.)

Date: April 8, 1998.

1991 Mathematics Subject Classification. Primary 41A55, 41A63; Secondary 65D32. 1

The search for N_{min}(ℓ, d) was pioneered by Noskov (1985) and Mysovskikh (1988a). Cools and Sloan (1996) include the known results on lower bounds and minimal cubature formulas. Also the following facts can be found in their paper. The numbers N_{min}(ℓ, d) and corresponding cubature formulas are only known in exceptional cases. More exactly, they are known if d = 1 or d = 2 or if ℓ ∈ {1, 2, 3}. Only one more case is known, namely N_{min}(5, 3) = 38. Thus one is interested in upper and lower bounds for this quantity, as well as in “simple” formulas that have a “high” trigonometric degree. It is known that

dim T(⌊ℓ/2⌋, d) ≤ N_{min}(ℓ, d) ≤ dim T(ℓ, d), (2)

where

dim T(ℓ, d) =^{d∑}_{j=0} ( d j ) ( ℓ j ) 2^j.

For odd degree ℓ the lower bound in (2) can be improved to

(ℓ+1)/2 ∑ j=1 ( d − 1 j − 1 ) ( ℓ+1 2 j ) 2^j ≤ N_{min}(ℓ, d).

For fixed degree ℓ and large dimension d the upper bound in (2) is of the order 2^ℓ ℓ! d^ℓ. This upper bound is constructive but, in general, for such Tchakaloff-type upper bounds no construction is known which is feasible for large d. In contrary, the method from Section 5 only uses about 1 ℓ! d^ℓ knots to achieve trigonometric degree ℓ, and there is a very simple expression for the corresponding cubature formula. The cost to compute all the knots and weights is proportional to the number of knots, in each dimension d.

For more motivation and information about minimal formulas see Cools (1997). The nonperiodic case (with algebraic polynomials instead of trigonometric polynomials) is studied in Novak and Ritter (1997b), with surprisingly different results. See Section 6.5 for a discussion.

2. The Method

We construct cubature formulas A(q, d) to approximate the integral (1) as follows. First we select quadrature formulas U^1, U^2, . . . to approximate the one-dimensional integral ∫_1 0 f(x) dx. Then we use Smolyak’s construction to obtain formulas for the d-dimensional integral. This construction has product formulas U^{i1} ⊗· · ·⊗U^{id} as building blocks. Let n_i denote the number of knots of U^i. Clearly the above product formula needs n_{i1} . . . n_{id} function values, sampled on a grid. The Smolyak formulas A(q, d) are linear combinations of product formulas with the following key properties. Only products with a relatively small number of knots are used and the linear combination is chosen in such a way that an interpolation property for d = 1 is preserved for d > 1. The formula A(q, d) is defined by A(q, d) = ∑ q−d+1≤|i|≤q (−1)^{q−|}i^| · ( d − 1 q − |i| ) · (U^{i1} ⊗ · · · ⊗ U^{id} ), (3)

where q ≥ d, i ∈ N^d , and |i| = i_1 + · · · + i_d. Henceforth n = n(q, d) denotes the total number of knots used by A(q, d).

Numerical integration with the Smolyak construction was already studied in Smolyak (1963). Other papers include Baszenski and Delvos (1994), Frank and Heinrich (1996), Genz (1986), Lyness and Sloan (1997), Novak and Ritter (1996, 1997a, 1997b), Temlyakov (1992, 1994), and Wasilkowski and Woźniakowski (1995).

In this paper we always take rectangle rules

U^i(f) = 1 n_i ni−1∑ j=0 f(j/n_i) (4) to build the formulas A(q, d). It remains to select a sequence (n_i)_i to specify the formulas A(q, d) completely. We analyze two particular choices, namely,

n_i = 2^i , i ∈ N, (5)

in Section 4 as well as

n_i = 2^{i−1} , i ∈ N, (6)

in Section 5.

Error bounds for both methods are known, see Section 6.1. In this paper we study the trigonometric degree of these formulas. For ℓ, d ∈ N we define N(ℓ, d) = min{n(q, d) : q ≥ d, A(q, d) = I_d on T(ℓ, d)}. Hence N(ℓ, d) = n(q, d) for the minimal q such that A(q, d) has trigonometric degree at least ℓ. We study the numbers N(ℓ, d) for both sequences (5) and (6).

The results from this paper also hold for another choice of univariate formulas, the midpoint rules. The latter are based on knots j/n_i + 1/(2n_i).

3. General Facts Let A(q, d) denote a cubature formula (3) with univariate formulas U^i of the form (4). Rectangle rules (4) have trigonometric degree n_i − 1, and we have N_{min}(n_i − 1, 1) = n_i.

Hence these formulas are optimal for d = 1. In the following we put n_0 = 0. Lemma 1. If n_i ≥ n_{i−1} for all i ∈ N then A(q, d)(f) = I_d(f) for all polynomials f ∈ ∑ |i|=q (T(n_{i1} − 1, 1) ⊗ · · · ⊗ T(n_{id} − 1, 1)).

For a different kind of formulas U^i the proof is given in Novak and Ritter (1996). In that paper the algebraic degree was studied. The proof depends on the fact that the spaces of exactness of U^i are embedded if n_i ≥ n_{i−1}, and that is true also for

T(n_i − 1, 1), the case we are here investigating.

Now we consider the classical spaces T(ℓ, d), and we require n_{i+1} − n_i ≥ n_i − n_{i−1} (7) for all i ∈ N. This convexity property holds in both cases, (5) and (6). Theorem 1. Assume (7). Define ℓ(q, d) by ℓ(q, d) = n_{σ−1}(d − τ − 1) + n_σ(τ + 1) − 1 where q = σd + τ for some σ ∈ N and τ ∈ {0, . . . , d − 1}. Then A(q, d) has at least trigonometric degree ℓ(q, d). Proof. The proof is very similar to the proof of Theorem 1 of Novak and Ritter (1997b). In that paper the algebraic degree was studied. Assume that the (algebraic or trigonometric) degree of U^i is m_i. Then, following Novak and Ritter (1997b), the degree of A(q, d) is at least ℓ(q, d) = (m_{σ−1} + 1)(d − τ − 1) + (m_σ + 1)(τ + 1) − 1 if the convexity assumption m_{i+1} − m_i ≥ m_i − m_{i−1} holds for all i ∈ N, where m_0 = −1. The latter condition is satisfied in our case because of (7) and m_i = n_i − 1.

By X^i we denote the set of knots that are used by U^i. Recall that n_i = #X^i, and put X^0 = ∅. Clearly X^{i−1} ⊂ X^i (8) for all i ∈ N in both cases, (5) and (6). We derive a simple recursion for the number n(q, d) of knots used by A(q, d). Lemma 2. Assume (8). Then

n(q + 1, d + 1) = q−d+1 ∑ s=1 n(q + 1 − s, d) · (n_s − n_{s−1}). Proof. By (3) and (8) the formula A(q, d) is based on the set H(q, d) = ⋃ |i|=q X^{i1} × · · · × X^{id} of knots. We have H(q + 1, d + 1) = q−d+1⋃ s=1 ⋃ |i|=q+1−s X^{i1} × · · · × X^{id} × (X^s \ X^{s−1})

= q−d+1⋃ s=1 H(q + 1 − s, d) × (X^s \ X^{s−1}). Hereby the recursion follows.

4. The Meritorious Rule In this section we study the sequence n_i = 2^i , i ∈ N, which gives the so-called meritorious rules, see Lyness and Sloan (1997). The notion of merit is based on another order on the set of trigonometric monomials e^{2πı}ffx = e^{2πıα1x1} . . . e^{2πıαdxd} . Instead of the degree ∑d j=1 |α_j| the number ρ(ff) = ∏d j=1 max(1, |α_j|) is used, and the merit of a cubature formula Q_n, which is exact for constants, is defined as min{ρ(ff) : ∃ ff ∈ Z^d : Q_n(e^{2πı}ffx) ≠ I_d(e^{2πı}ffx)}.

Theorem 2. Let q = σd + τ with σ ∈ N and τ ∈ {0, . . . , d − 1}. Then A(q, d) has trigonometric degree ℓ(q, d) = 2(q − d) + 1 if q < 3d 2^{σ−1}(d + τ + 1) − 1 otherwise. (9)

Proof. Let ℓ = ℓ(q, d) for arbitrary q ≥ d. As a consequence of Theorem 1 we see that A(q, d) is exact on T(ℓ, d).

It remains to find a polynomial f ∈ T(ℓ + 1, d) such that A(q, d)(f) ≠ I_d(f). We first consider the case q < 2d and let f(x) = exp(2πı 2x_1) · · · · · exp(2πı 2x_r), where r = q − d + 1. Then f ∈ T(ℓ + 1, d) and

(U^{i1} ⊗ · · · ⊗ U^{id} )(f) =

1 if i_1 = · · · = i_r = 1 0 otherwise for every i ∈ N^d . Put I = {i ∈ {1}^r × N^{d−r} : |i| ≤ q} to obtain A(q, d)(f) = ∑ i∈I (−1)^{q−|}i^| · ( d − 1 q − |i| ) . If r = d then I = {(1, . . . , 1)} and A(2d − 1, d)(f) = (−1)^{d−1} ≠ 0.

If 1 ≤ r < d then A(q, d)(f) = q−r∑ j=d−r (−1)^{q−r−j} · ( d − 1 q − r − j ) · ( j − 1 d − r − 1 )

= q−d∑ j=0 (−1)^j · ( d − 1 j ) · ( d − j − 2 2d − q − 2 )

= k∑ j=0 (−1)^j · ( m + 1 j ) · ( m − j m − k ) , where k = q − d and m = d − 2. The identity (27) in Netto (1927, p. 252) yields A(q, d)(f) = (−1)^k. Hence A(q, d)(f) = (−1)^{q−d} ≠ I_d(f) = 0 Now consider the case q ≥ 2d. Note that for 2d ≤ q < 3d both expressions on the right side of (9) are identical. Take σ ≥ 2 and τ ∈ {0, . . . , d − 1} such that q = σd + τ. Put r = τ + 1 and let

f(x) = exp(2πı 2^σx_1) · · · · · exp(2πı 2^σx_r) · exp(2πı 2^{σ−1}x_{r+1}) · · · · · exp(2πı 2^{σ−1}x_d). Then f ∈ T(ℓ + 1, d) and

(U^{i1} ⊗ · · · ⊗ U^{id} )(f) =

1 if i_1, . . . , i_r ≤ σ and i_{r+1}, . . . , i_d ≤ σ − 1 0 otherwise for every i ∈ N^d . Put I = {i ∈ {1, . . . , σ}^r × {1, . . . , σ − 1}^{d−r} : q − d + 1 ≤ |i| ≤ q} to obtain I = {σ}^r × {σ − 1}^{d−r} and A(q, d)(f) = ∑ i∈I (−1)^{q−|}i^| · ( d − 1 q − |i| ) = (−1)^{d−1} ≠ I_d(f) = 0.

Clearly 2^d = n(d, d) ≤ N(ℓ, d). Hence, for fixed degree ℓ and large dimension d, the numbers N(ℓ, d) increase exponentially with d. In the following table we give some explicit values for N(ℓ, d) in dimensions d = 5, 10, 15, 20 and 25. This table can easily be computed by means of Lemma 2 and Theorem 2. Table 1 ℓ N(ℓ, 5) N(ℓ, 10) N(ℓ, 15) N(ℓ, 20) N(ℓ, 25) 5 832 77 824 4 947 968 263 192 576 1.262 ·10^{10} 7 3 072 425 984 35 586 048 2.339 ·10^9 1.334 · 10^{11} 9 10 272 2 013 184 214 990 848 1.715 · 10^{10} 1.148 · 10^{12} 11 32 064 8 579 072 1.147 · 10^9 1.095 · 10^{11} 8.515 · 10^{12} 13 95 104 33 820 672 5.568 · 10^9 6.281 · 10^{11} 5.627 · 10^{13}

5. A Modified Rule with Polynomial Bounds We want to modify the method from Section 4 such that N(ℓ, d) increases for fixed degree ℓ like a polynomial in the dimension d. Since n(d, d) = n^d_1 we require n_1 = 1. (10) It turns out that X^2 \ X^1 should also be small in order to obtain a slowly growing sequence n(k + d, d) in d. Hence we require #(X^2 \ X^1) = 1 (11) for j = 1, . . . , d. Therefore we use the modified sequence n_i = 2^{i−1} , i ∈ N, in this section.

Theorem 3. Let q = σd + τ with σ ∈ N and τ ∈ {0, . . . , d − 1}. Then A(q, d) has trigonometric degree ℓ(q, d) = q − d if q < 3d 2^{σ−2}(d + τ + 1) − 1 otherwise.

(12)

Proof. Let ℓ = ℓ(q, d) for arbitrary q ≥ d. As a consequence of Theorem 1 we see that A(q, d) is exact on T(ℓ, d).

Let q = σd + τ with σ ∈ N and τ ∈ {0, . . . , d − 1}. Put r = τ + 1 and let f(x) = exp(2πı x_1) · · · · · exp(2πı x_r) if q < 2d and f(x) = exp(2πı 2^{σ−1}x_1) · · · · · exp(2πı 2^{σ−1}x_r) · exp(2πı 2^{σ−2}x_{r+1}) · · · · · exp(2πı 2^{σ−2}x_d) if q ≥ 2d. Then f ∈ T(ℓ + 1, d) and similar to the proof of Theorem 2 we obtain A(q, d)(f) ≠ I_d(f). Now we derive an estimate on the number n(q, d) of knots used by A(q, d). We use ≈ to denote the strong equivalence of sequences, i.e., v_n ≈ w_n iff lim_{n→∞} v_n/w_n = 1.

Lemma 3. Assume (10) and (11). For d → ∞ and fixed ℓ n(ℓ + d, d) ≈ 1 ℓ! d^ℓ. Proof. This is very similar to Lemma 2 of Novak and Ritter (1997b). Corollary 1. Let ℓ < 2d. Then A(ℓ + d, d) has degree ℓ and the corresponding number of knots satisfies N(ℓ, d) = n(ℓ + d, d) ≈ 1 ℓ! d^ℓ. Here, as in Lemma 3, ℓ is fixed and d tends to infinity.

The upper bound (2) yields

N_{min}(ℓ, d) ≤ dim T(ℓ, d) = d∑ j=0 ( d j ) ( ℓ j ) 2^j ≈

2^ℓ ℓ! d^ℓ. We conclude that the polynomial dependence on d for the modified method is the same as in the upper bound (2) but better by a constant of 2^ℓ.

We use Lemma 2 and Theorem 3 to compute the following table. The table gives explicit values for N(ℓ, d) in the same range as in Table 1.

Table 2 ℓ N(ℓ, 5) N(ℓ, 10) N(ℓ, 15) N(ℓ, 20) N(ℓ, 25) 5 1 002 8 378 35 004 104 380 253 756 7 8 472 122 468 765 314 3 158 460 10 105 856 9 62 912 1 462 563 13 049 304 72 053 110 295 574 206 11 165 504 15 157 188 186 519 138 1.343 · 10^9 6.921 · 10^9 13 427 264 141 264 528 2.333 · 10^9 2.146 · 10^{10} 1.367 · 10^{11}

6. Discussion 6.1. Error bounds. It is known that both sequences (5) and (6) lead to cubature formulas A(q, d) that are universal, i.e., they are almost optimal for many different classes of periodic functions. If f has bounded derivatives up to order r then |I_d(f) − Q_n(f)| = O ( n^{−r/d}(log n)^{(d−1) r/d} ) . (13)

If f has a bounded mixed derivative f^{(r,...,r)} then |I_d(f) − Q_n(f)| = O ( n^{−r}(log n)^{(d−1) (r+1)} ) . (14)

These two estimates are optimal – up to logarithmic factors – in both smoothness scales and hold for all r ∈ N. The bound (14) follows from general estimates in Smolyak (1963), see also Wasilkowski and Woźniakowski (1995) and Novak and Ritter (1996). See Temlyakov (1994, Section IV.6) for the estimate (13). The Korobov classes are studied in Baszenski and Delvos (1994), and a result similar to (14) is obtained.

6.2. Comparison between meritorious and modified rules. Let N_{mod}(ℓ, d) denote the number of points needed by a modified rule to obtain trigonometric degree ℓ in dimension d. In the sequel we compare some other constructions of cubature formulas with the modified rules. To this end we compute ratios r(ℓ, d) = N(ℓ, d) N_{mod}(ℓ, d) , where N(ℓ, d) denotes the number of points used by a respective construction to obtain trigonometric degree at least ℓ in dimension d.

We begin with a comparison between meritorious and modified rules. The recursion from Lemma 2 is valid in both cases but with a different sequence n_i. From this follows immediately that

n_{mer}(q, d) = 2^d n_{mod}(q, d). (15)

Here n_{mer}(q, d) and n_{mod}(q, d) denote the number of points used by the meritorious and modified rules, respectively. In Lyness and Sloan (1997) it is shown that n_{mer}(q, d) = 2^{q−d+1} p_{d−1}(q − d + 1) (16) where p_{d−1} is a polynomial of degree d − 1.

From Theorems 2 and 3 follows that for a given d and ℓ ≥ 2d + 1, a meritorious rule A(q, d) will have the same odd degree ℓ as a modified rule A(q + d, d). Hence r(ℓ, d) = n_{mer}(q, d) n_{mod}(q + d, d) = 2^{q−d+1}p_{d−1}(q − d + 1) 2^{q−d+1}p_{d−1}(q + 1) . Here q of course depends on ℓ but is the same for both methods. Consequently lim_{ℓ→∞} r(ℓ, d) = 1

for every dimension d.

We use ≍ to denote the weak equivalence of sequences, i.e., v_n ≍ w_n iff c_1 v_n ≤ w_n ≤ c_2w_n, ∀n ∈ N, with two constants c_i > 0. Let d ∈ N be fixed. From Theorem 3 we have ℓ(q, d) ≍ 2^{q/d}, and hence log ℓ(q, d) ≍ q. Using (15) and (16) we get n_{mod}(q, d) ≍ 2^qq^{d−1} ≍ (ℓ(q, d))^d(log ℓ(q, d))^{d−1}.

Given ℓ ∈ N, choose q(ℓ) minimal such that ℓ(q(ℓ), d) ≥ ℓ. Then ℓ(q(ℓ), d) ≍ ℓ, and therefore N_{mod}(ℓ, d) = n_{mod}(q(ℓ), d) ≍ ℓ^d(log ℓ)^{d−1}. (17) For degree ℓ = 2k + 1 or ℓ = 2k with k < d we obtain r(ℓ, d) = n_{mer}(k + d, d) n_{mod}(ℓ + d, d) = 2^d n_{mod}(k + d, d) n_{mod}(ℓ + d, d) . For fixed k and large d, Lemma 3 yields r(ℓ, d) ≈ ℓ! k! 2^d d^{ℓ−k} . Hence we obtain lim_{d→∞} r(ℓ, d) = ∞ for every degree ℓ.

Although in this paper we focus on cubature formulas for large dimensions d, in comparisons we consider values of ℓ and d which make sense in practical computation. The corresponding number of points must not be too large, say, must not exceed 10^9. Thus, if N(ℓ, d) and N_{mod}(ℓ, d) are greater than 10^9, instead of the ratio r(ℓ, d) a ‘−’ is shown in the following tables.

For the meritorious rule some values of r(ℓ, d) are listed in the next table. Based on further computations we conjecture that the modified rule is better whenever d > ℓ.

Table 3 ℓ r(ℓ, 5) r(ℓ, 10) r(ℓ, 15) r(ℓ, 20) r(ℓ, 25) 5 0.83 9.3 141 2 521 49 718 7 0.36 3.5 46 741 13 201 9 0.16 1.4 16 238 3 885 11 0.19 0.57 6 − − 13 0.22 0.24 − − −

6.3. Comparison with minimal formulas. Minimal formulas are known for degree ℓ ∈ {1, 2, 3} as well as for dimension d ≤ 2. See Cools and Sloan (1996) for results and references; see also Section 6.4. We have N_{min}(1, d) = 2, (18)

N_{min}(2, d) = 2d + 1, (19) and N_{min}(3, d) = 4d (20) for every d, while N_{mod}(1, d) = d + 1, N_{mod}(2, d) = 1 2 d^2 + 5 2 d + 1, and N_{mod}(3, d) = 1 6 d^3 + 2 d^2 + 29 6 d + 1 holds for the modified rule. Moreover, N_{min}(2k + 1, 2) = 2 (k + 1)^2 (21) for every k ≥ 0. One has, for instance, N_{min}(11, 2) = 72 while N_{mod}(11, 2) = 256. A meritorious rule needs 192 points for trigonometric degree 11 if d = 2. 6.4. Comparison with copy rules. For dimensions d > 2, all the known minimal formulas are lattice rules. The copy construction is a simple way to derive a sequence of lattice rules from a basic lattice rule, see, e.g., Niederreiter (1992) and Sloan and Joe (1994).

Consider a basic lattice rule in dimension d that uses t_0 knots and has trigonometric degree ℓ_0. Let m ∈ N. The corresponding m-copy rule is constructed by subdividing [0, 1]^d into m^d congruent subcubes and scaling the basic rule onto these subcubes. The m-copy rule uses t_0m^d knots, and its trigonometric degree is given by (ℓ_0 + 1)m − 1. Therefore we have N(ℓ, d) = t_0⌈(ℓ + 1)/(ℓ_0 + 1)⌉^d for the copy construction. For fixed degree ℓ the number N(ℓ, d) increases exponentially in d. In particular, lim_{d→∞} r(ℓ, d) = ∞. On the other hand, for fixed dimension d the number N(ℓ, d) is of order ℓ^d, while N_{mod}(ℓ, d) is of order ℓ^d(log ℓ)^{d−1}, see (17). Therefore lim_{ℓ→∞} r(ℓ, d) = 0. The simplest copy rules are product rectangle rules. In this case t_0 = 1 and ℓ_0 = 0, and therefore N(ℓ, d) = (ℓ + 1)^d.

The lattice rule with knots (0, . . . , 0) and (1/2, . . . , 1/2), which is probably first mentioned as such in Mysovskikh (1988b), has trigonometric degree one. By (18) it is a minimal formula. The corresponding copy rules are sometimes called body-centered cubic rules, and they yield N(2k + 1, d) = 2(k + 1)^d.

These copy rules are minimal formulas for dimension d = 2, see (21). This result is probably first obtained by Noskov (1985). Moreover, the rules are better than the modified rules for small dimensions. Specifically, r(ℓ, d) < 1 for d ≤ 6. The following table shows superiority of the modified rule for larger dimensions.

Table 4 ℓ r(ℓ, 5) r(ℓ, 10) r(ℓ, 15) r(ℓ, 20) r(ℓ, 25) 5 0.49 14.1 820 66 809 6.6 · 10^6 7 0.24 17.1 2 806 696 233 2.2 · 10^8 9 0.10 13.3 4 677 2 647 143 2.0 · 10^9 11 0.09 8.0 5 042 − − 13 0.08 4.0 − − −

The lattice rule whose lattice is generated by ( 1 4d , 3 4d , . . . , 2d − 1 4d )

has trigonometric degree 3 and uses 4d knots. It is a minimal formula due to (20). This result is due to Noskov (1988). The corresponding copy rules yield N(4k + 1, d) = N(4k + 3, d) = 4d(k + 1)^d.

For ℓ = 4k + 3 with k ∈ N these copy rules are better than the modified rules in moderate dimensions. Specifically, r(ℓ, d) < 1 for d ≤ 12 and ℓ = 4k + 3. The following table shows superiority of the modified rule for large dimensions. To further illustrate this fact consider the case ℓ = 7 and d = 40. Then N_{mod}(ℓ, d) = 1.3 · 10^8 while N(ℓ, d) = 1.7 · 10^{14} for the copy rule.

Table 5 ℓ r(ℓ, 5) r(ℓ, 10) r(ℓ, 15) r(ℓ, 20) r(ℓ, 25) 5 .64 4.89 56.2 804 13223 7 .08 .33 2.6 27 332 9 .08 1.61 66.0 3871 286658 11 .03 .16 4.6 − − 13 .05 .30 − − −

Note that the degree of m-copy rules increases proportional to m with slope ℓ_0 + 1. This causes N(ℓ, d) to be constant on certain ranges of ℓ if ℓ_0 > 0. Theorems 2 and 3 show that the same phenomenon is present for the modified and meritorious rules. Since the plateaus of N(ℓ, d) and of N_{mod}(ℓ, d) appear in different ranges, one obtains the irregular behavior illustrated in Table 5.

6.5. Are the periodic and nonperiodic cases really different? A comparison between the periodic and the nonperiodic case, i.e., with algebraic instead of trigonometric degree, reveals the following facts. In both cases

• the bounds (2) hold with the respective spaces of polynomials; • for degree ℓ and large dimension d, the upper bound is of order d^ℓ while the lower bound is of order d^k where k = ⌊ℓ/2⌋.

What we achieve so far by constructive methods, however, is different. In the nonperiodic case, see Novak and Ritter (1997b), one has methods with about d^k knots, which also is the order of the lower bound. In the periodic case, studied in this paper, we only obtained methods with about d^ℓ knots, which is the order of the upper bound. Looking at (18) and (20), we conjecture that about d^k knots are always sufficient also in the periodic case.

It is not clear to us whether the methods of ideal theory, as presented in Temirgaliev (1991), can be developed to a point where similar (or even better) results can be proven.

Acknowledgments. The formulas on which Table 1 is immediately based were previously known to James Lyness. We thank him for making available to us his independent (and different) derivation and for his version of this table.

One of the authors (E.N.) was supported by a Heisenberg scholarship of the DFG.

References

Baszenski, G., Delvos, F.-J. (1994): Multivariate Boolean trapezoidal rules. In: Anastassiou, G., Rachev, S. T., eds., Approximation, Probability, and Related Fields, pp. 109–117. Plenum, New York.

Cools, R. (1997): Constructing cubature formulas: the science behind the art. Acta Numerica, 1–54.

Cools, R., Sloan, I. H. (1996): Minimal cubature formulae of trigonometric degree. Math. Comp. 65, 1583–1600.

Frank, K., Heinrich, S. (1996): Computing discrepancies related to spaces of smooth periodic functions. Tech. Rep. 286/96, Fachbereich Informatik, Uni Kaiserslautern.

Genz, A. C. (1986): Fully symmetric interpolatory rules for multiple integrals, SIAM J. Numer. Anal. 23, 1273–1283.

Lyness, J. N., Sloan, I. H. (1997): Cubature rules of prescribed merit. SIAM J. Numer. Anal. 34, 586–602.

Mysovskikh, I. P. (1988a): On cubature formulas that are exact for trigonometric polynomials. Soviet Math. Dokl. 36, 229-232.

Mysovskikh, I. P. (1988b): Cubature formulas that are exact for trigonometric polynomials. Metody Vychisl. 15, 7–19. In Russian.

Netto, E. (1927): Lehrbuch der Kombinatorik, Teubner, Leipzig.

Niederreiter, H. (1992): Random number generation and Quasi-Monte Carlo methods. SIAM, Philadelphia.

Noskov, M. V. (1985): Cubature formulae for the approximate integration of periodic functions, Metody Vychisl. 14, 15–23. In Russian.

Noskov, M. V. (1988): Cubature formulae for the approximate integration of functions of three variables, Zh. Vychisl. Mat. i. Mat. Fiz. 28, 1583–1586. In Russian.

Novak, E., Ritter, K. (1996): High dimensional integration of smooth functions over cubes. Numer. Math. 75, 79–97.

Novak, E., Ritter, K. (1997a): The curse of dimension and a universal method for numerical integration. In: Multivariate Approximation and Splines, Nürnberger, G., Schmidt, J. W., Walz, G, eds., ISNM 125, pp. 177–187. Birkhäuser, Basel.

Novak, E., Ritter, K. (1997b): Simple cubature formulas for d-dimensional integrals with high polynomial exactness and small error. Preprint.

Sloan, I. H. , Joe, S. (1994): Lattice methods for multiple integration. Clarendon Press, Oxford.

Smolyak, S. A. (1963): Quadrature and interpolation formulas for tensor products of certain classes of functions. Soviet Math. Dokl. 4, 240-243.

Temirgaliev, N. (1991): Application of divisor theory to the numerical integration of periodic functions of several variables. Math. USSR Sbornik 69, 527–542. Temlyakov, V. N. (1992): On a way of obtaining lower estimates for the errors of quadrature formulas. Math. USSR Sbornik 71, 247–257.

Temlyakov, V. N. (1994): Approximation of periodic functions, Nova Science, New York.

Wasilkowski, G. W., Woźniakowski, H. (1995): Explicit cost bounds of algorithms for multivariate tensor product problems. J. Complexity 11, 1–56.

Department of Computer Science, Katholieke Universiteit Leuven, Celestijnenlaan 200A, B-3001 Heverlee, Belgium E-mail address: ronald.cools@cs.kuleuven.ac.be

Mathematisches Institut, Universität Erlangen-Nürnberg, Bismarckstraße 1 1/2, 91054 Erlangen, Germany E-mail address: novak@mi.uni-erlangen.de

Fakultät für Mathematik und Informatik, Universität Passau, 94030 Passau, Germany

E-mail address: klaus.ritter@fmi.uni-passau.de