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Abstract

We develop a duality theory for multiple objective linear programs which has several ad-
vantages in contrast to other theories. For instance, the dual variables are vectors rather
than matrices and the dual feasible set is a polyhedron. We use a set-valued dual objective
map where its values have a very simple structure, in fact they are hyperplanes. As in other
set-valued (but not in vector-valued) approaches, there is no duality gap in the case that the
right-hand side of the linear constraints is zero. Moreover, we show that the whole theory
can be developed by working in a complete lattice. Thus the duality theory has a high de-
gree of analogy to its classical counterpart. These advantages open the possibility of various
applications such as a dual simplex algorithm. Exemplarily, we discuss an application to a
Markowitz-type bicriterial portfolio optimization problem where the risk is measured by the
Conditional Value at Risk.

1 Introduction

Duality in Multiple Objective Linear Programming has been of interest to researchers for more
than 30 years, see e.g. Kornbluth [13], Roedder [20], Isermann [9, 10], Brumelle [1], Jahn
[11, 12], Luc [15] and Gopfert and Nehse [4]. Nevertheless the importance in applications is
not as high as the importance of duality in scalar optimization (see e.g. the corresponding
remark by Gopfert and Nehse [4, page 64]). For instance, no economical interpretation of these
vectorial dual problems is known to the authors. Important instruments like a dual simplex
algorithm are missing, because the dual variables are matrices (of rank 1) rather than vectors
and there is no counterpart to the important fact of the scalar theory that the solutions are
attained in vertices of the feasible polyhedron. The latter problem could be partially solved in
[6]. The attainment in vertices was shown under additional assumptions, which can be omitted
completely in the present approach. Simultaneously, we work with a simpler set-valued objective
map in comparison to [5, 6, 14]. The values are hyperplanes, whose parameters depend linearly
on the dual variables. Our duality theory provides the theoretical basis for a dual simplex
algorithm for multiple objective linear programs. By an example from Mathematical Finance,
we show that our duality theory also has practical relevance.

Another item in the present paper is the formulation of the duality results in terms of
infimum and supremum with respect to an appropriate complete lattice. The image space of
the objective function, which is usually IR? partially ordered by the ordinary ordering cone IR% ,
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is embedded into a larger space. This larger space is a subset of the power set of IR?, in fact
the space of all self-infimal subsets of the power set. The ordering relation induced by the cone
IRi is extended appropriately. The lattice structure allows us to carry over many formulations
and results from scalar linear programming. For instance, we can answer the question about a
natural and expedient concept of the attainment of a solution in multiple objective optimization.

A related approach with vector-valued primal and dual problems, called geometric duality,
is developed in [7]. These results are based on duality assertions between the two polyhedral
image sets in a similar manner like the classical duality of polytopes.

This paper is organized as follows. In Section 2 we develop our duality theory for multi-
objective linear problems. It is our intention to formulate this theory with easy notations and
independently from other works. For simplicity, we avoid discussing the theoretical background
when we develop the duality theory. But Section 3 is devoted to this topic. We reformulate the
duality results in terms of infimum and supremum in the underlying complete lattice and point
out the analogies to the classical scalar theory. The last section is devoted to an application
of the duality results to a Markowitz-type bicriterial portfolio optimization problem based on
the Conditional Value at Risk. We consider the linear approximation of the problem due to
Rockafellar and Uryasev [18, 19]. The dual variables and the dual solutions are interpreted by
practically relevant quantities.

2 Duality results

Let us first introduce some notations. For a set A C IR™ we denote by cl A, int A, bd A, ri A and
rbd A, respectively, the closure, interior, boundary, relative interior and relative boundary of A.
Given two vectors y1,y2 € IR" we write y; < yo if yo—y1 € R} :={y € R" | 41 >0,...,y, > 0}
and y1 < y2 if y2 — y1 € int R’} We denote by

MinA:={ye Al ({y} —intRL)NA=0}

is the set of weakly minimal points of a set A C IR? with respect to ]Ri. The set of weakly
maximal points of A is Max A := — Min(—A).

Let m,n,q € IN and A € R™", M € IR?*" b € IR™ be given. We consider the following
vector optimization problem

(P) Min(M[X]+IR%), X :={xeR"| Az > b},

where

M[X) = | {Mz}.

reX

A point 2 € X is called a weakly efficient solution of (P) iff
Mz € Min M[X] + RS or equivalently  Ma" € Min M[X].

Note the a point 2° is a weakly efficient solution of (P) if and only if it is a weakly efficient
solution of the more common problem

Min M [X], X:={zeR"| Az > b},

even though the set Min M [X] and Min(M[X]+1R%) can be different. The set Min(M[X]+IRY)
is closely related to the infimal set of M[X]. The details are discussed in the next section.
Consider the following set-valued dual objective map

H:R™xR!=R?Y H(u,c):= {yG]Rq|cTy:bTu}.



We use the following notation

Hu) = |J H(uw,c) and k:=(1,1,...,1)7 € R%
(u,c)eU

As the dual problem to (P) we consider the problem
(D) MaxH[U], U= {(u,c) € R™"xR?| (u,c) >0, kTc=1, ATu=M"c}.

This means the dual problem consists in determining weakly maximal points of the union of the
hyperplanes H(u, ¢) defined by the points (u,c) € U. The new idea in this approach compared
to [14] and [6] consists in having a pair (u, ¢) of dual variables and having hyperplanes as values
of the dual objective without making any assumptions on the rank of M.

A point (u?, %) € U is called a weakly efficient solution of (D) iff

H(u®, ®) N Max H[U] # 0,
or equivalently,
3% € Hu®, ) : Y(u,c) e U ({yo} +int R%) NH(u,c) = 0. (1)

The subsequent weakly efficient solutions of (P) or (D) are referred to simply as solutions of (P)
or (D). The notion of a solution of problem (P) as a feasible point whose image is weakly minimal
is common in vector optimization. We adapt this concept for the set-valued dual problem by
defining solutions of (D) as feasible points whose image, which is a hyperplane, contains weakly
maximal points. Thus the solution concept for the dual problem (D) is different from those in
the literature.

In the following we prove weak and strong duality between the two problems directly. In the
proofs the following pairs of dual scalar linear optimization problems depending on parameters
¢,y € IR? play an important role.

(P1(c)) " Mz — min s.t. Az > b,

(D1(c)) bT'u — max s.t. u>0, ATu=MTc,

(Pa(y)) z — min s.t. Az > b, Mx —kz <y,

(Da(y)) b'u —yT'c — max s.t. u,c >0, Alu— MTe=0, kTe=1.

The first pair of problems comes from classical linear scalarization and is mainly used for char-
acterizing solutions of (D). The second pair of problems is very useful for characterizing weakly
minimal and weakly maximal points in the image space IR?. Similar problems also occur, for in-
stance, in [8]. Note that the problems (P2(y)) also provide a very common scalarization method
in vector optimization, see e.g. [3, 16].

The following notion might also be useful for characterizing solutions of (P) and (D). A pair
of points (z,z) € R™ x IR and (u,c) € IR™ x IR? is called complementary for the problems
(P2(y)) and (Da(y)) if u? (Ax —b) = 0 and ¢! (Mz — kz —y) = 0.

Lemma 1. If (z,2) € R" xR and (u,c) € U are complementary points for (Pa(y)) and (D2(y))
then z = bTu — yTc.

Proof. If (u,c) € U we have kTc = 1 and ATu = M7Tec. Hence ¢! (Mz — kz —y) = 0 and
ul(Az —b) =0 imply z = "Mz — Ty =ul Az — Ty =ulb — cTy. O



Subsequently, we use the following notation
M:=MX]+RS ={yeR?| 3z € X¥: Mz <y}, F(u,c) :=H(u,c) N M.

The following lemma can be interpreted as evidence of weak duality. An interpretation of weak
duality with the help of set relations is given in the next section.

Lemma 2. If (u,c) €U and y € M then cT'y > bl u.

Proof. Since y € M there is some x € X such that y > Mz. Hence (z,0) is feasible for (P2(y)).
Duality between (P2(y)) and (Dz(y)) implies b7u — yZc < 0. O

The next lemma states a sufficient optimality condition for (D), which is based on weak duality.
Lemma 3. If (u%, c°) e U and y° € F(u®, ) then y° € Max H[U].

Proof. Let (u°,c°) € U and y° € F(u®,"). Therefore we have y° € H[U]. We show that
({4°} +int RL) N H(u,c) = @ for all (u,c) € U. Assume on the contrary that there are
(u,c) €U and y € H(u,c) with y > y°. Since ¢ > 0, ¢ # 0 this implies ¢’y > Ty > bTu = Ty,
a contradiction. O

The following theorem provides different characterizations of (weakly efficient) solutions of (D).
Theorem 4. Let (u°,c) € U. Then the following statements are equivalent.
(i) (u%,c®) is a solution of (D),
(i) u® solves (D1(c%)),
(iii) there exists some 29 € X with AT M0 = pTu0,
(iv) F(u®, ) is nonempty.

Proof. (i)=(ii). Assume u’ does not solve (Di(c?)). Then there is some u € IR™ such that
(u,c®) €U and bTu > bTu’. But for each y € H(u, ") we get

y+ k(0 u—b"u’) € ({y} +int RY) N H (u, ")

contradicting (1), i.e., (u’, %) being a solution of (D).
(ii)=(iii). If u® solves (D1(c")) then by duality between the problems (P1(c?)) and (D;(c"))
there is some 20 € X' such that " Ma0 = bTu0.
(iii)=-(iv). If (iii) holds then Mx® € H(u®, ). Since M2 € M we have Mz" € F(u°, ).
(iv)=-(i). By Lemma 3. O

We continue with a strong duality theorem in the sense that the set of weakly minimal points
for (P) and the set of weakly maximal points for (D) coincide.

Theorem 5. The following four statements are equivalent.
(i) y° € Min M,
(ii) there is some ¥ € R™ such that (z°,0) solves (P2(y°)),
(iii) there is some (u®,c?) € U with bTu® = 0T solving (D2(y%)),

(iv) y° € Max H[U].



Proof. (ii)=(i). If (x°,0) solves (P2(y°)) then 2° € X and Mx° < y° hence y° € M. Assume
that there is some y € M (i.e., there is some x € X with Mz < y) with y < y°. Then there is
some z < 0 such that y < y° 4 kz. This implies Mz — kz < y — kz < ¢, i.e., (z, 2) is feasible
for (P2(y°)) and z < 0 contradicts the optimality of (z,0).

(i)=(ii). If y° € Min M then there exists some z° € X with Mz? < 0, i.e., (z°,0) is feasible
for (P2(y°)). Assume that there is some (z,2) € IR"™! with z < 0 being feasible for (P2(y°)).
Let y := ¢° + zk: then y < y° and Mz < y° + kz = vy, i.e.,, y € M contradicting the weak
minimality of °.

(ii)«<(iii). By duality of (P2(y?)) and (D2(y°)).

(iii) < (iv). We have y° € Max H[U] iff

Y’ € HU| (2)
and
y" ¢ HU] — int RY. (3)
Condition (2) is equivalent to
I, ) el - ° Teo =70, (4)
and (3) is equivalent to
V(u,c) eU : yOTc > bl (5)
Since (iii) is equivalent to (4) together with (5), the statement follows. O

Now we are able to prove the following theorem which provides sufficient conditions for solutions
of (P) and (D).

Theorem 6. Let (u°,c°) € U and 2° € X be given. Then 2 is a solution of (P) and (u°,c?) is
a solution of (D) if one of the following equivalent conditions is satisfied.

(i) bTu’ = AT M0,
(ii) u® solves (D1(c%)) and x° solves (P1(c")),
(iii) (2°,0) solves (P2(Mx°)) and (u°, %) solves (Do(Mz?)),
)

(iv) for all y € RY there is some 2 € R such that (2%, 2°) and (u°,c°) are complementary
points for (Pa(y)) and (Da(y)).

Proof. First we show the equivalence of the four conditions.
(1)< (ii). By duality between (P1(c?)) and (D;(c?)).
(i) (iii). By duality between (Po(M2?)) and (Do(M2?)).
()& (iv). If (u°, ) e, 2° € & and

ZO — bT’LLO _ yTCO (6)

then we have . . .

0" (Az° —b) = " (Ma® — k2 — ) = " Ma® — b7, (7)
If (i) holds we define 2° by (6) and then (i) and (7) imply (iv). If (iv) holds then (6) holds by
Lemma 1 and then then (iv) and (7) imply (i).

Now, sufficiency of these equivalent conditions for z° and (u°, ) being solutions of (P) and
(D) follows from Theorem 4 and Theorem 5. O



In the following we prove some statements showing the relationship between proper faces
(in particular facets) of M and solutions of (D). Let us recall some facts concerning the facial
structure of polyhedral sets. Let A C IR? be a convex set. A convex subset F C A is called a
face of A iff

yhy? e A, A e (0,1), Ayl—l—(l—/\)gfe}" = vyl y?eF.

A face F of A is called properiff ) # F # A. A set £ C A is called an ezposed face of A iff there
are ¢ € IR? and v € IR such that A C {yEIRq|cTy27} and £ = {yeIRq|cTy:7}ﬂ.A.
The proper (r — 1)-dimensional faces of an r-dimensional polyhedral set A are called facets of
A. A point y € A is called a vertez of A iff {y} is a face of A.

Theorem 7 ([21], Theorem 3.2.2). Let A be a polyhedral set in IR?. Then A has a finite number
of faces, each of which is exposed and a polyhedral set. Every proper face of A is the intersection
of those facets of A that contain it, and rbd A (the relative boundary of A) is the union of all
the facets of A. If A has a nonempty face of dimension s, then A has faces of all dimensions
from s to dim A.

Remark. If M # () then M is a g-dimensional polyhedral set, hence the facets of M are the
(¢ — 1)-dimensional faces of M, i.e., the maximal (w.r.t. inclusion) proper faces. A subset
F C M is a proper face iff it is a proper exposed face, i.e., iff there is a supporting hyperplane
H to M such that F = H N M. We call a hyperplane H := {y ceR?|cly = 7} (i.e., ¢ #0)
supporting to M iff ¢I'y > v for all y € M and there is some y° € M such that ¢’y = 4.

Lemma 8. If'H = {y cR?|cly = '7} is a supporting hyperplane to M then ¢ > 0.

Proof. If H is a supporting hyperplane to M then there is some 3° € M with ¢/ = v and
cl'y > ~ for all y € M. By definition of M we have y° +w € M, for all w € IRY, hence w>0
for all w € RY. This implies ¢ > 0. O

Lemma 9. A set F C M is a proper face of M if and only if there is a solution (u,c) € U of
(D) such that F = F(u,c).

Proof. "if”. If (u, c) € U is a solution of (D) then there is some z° € X such that M2 € H(u, c),
hence Mz° € F(u,c). Moreover, if y € M then ¢’y > b"u by Lemma 2. Consequently, H(u, c)
is a supporting hyperplane to M and F(u,c) is a proper face of M.

"only if”. If F is a proper face of M then there is some ¢ € IR?\ {0},7 € IR such that
H = {y eR?|cly = 'y} is a supporting hyperplane to M and F = H N M. By Lemma 8 we
have ¢ > 0. Since ¢ # 0 we obtain k¢ > 0. Without loss of generality we can assume that
kETc = 1. Since H is a supporting hyperplane, we have ¢’y > ~ for all y € M and ¢’y? = ~ for
some y € M. Hence there is some z° € X such that ¢/ Ma? = ¢T'y0 = ~, i.e.,

’y:cTMxO:min{cTM:r:xeX}.

By duality between (P1(c)) and (Di(c)), problem (Di(c)) has a solution u with bTu = v =
c"'Mz®. Thus (u,c) € U is a solution of (D) by Theorem 4, and H(u,c) = H. Hence F =
F(u,c).

O

Corollary 10. Each proper face of M is weakly minimal.

Proof. Let F be a proper face of M. By the preceding lemma there is a solution (u,c) € U of
(D) such that F = F(u,c). Let y € F = F(u,c), then y € M (implying the existence of z € X
such that Mz <y, i.e., (x,0) is feasible for (P2(y))) and bTu = c’'y. Duality between (Pa(y))
and (D2(y)) implies that (u,c) is optimal in (D2(y)) and (x,0) is optimal in (P2(y)) hence y is
weakly minimal by Theorem 5. 0



Corollary 11. Min M # 0 if and only if ) # M # IRA.

Proof. This is a direct consequence of Corollary 10, Theorem 7 and the fact that a nonempty
set in A C IR? has a nonempty boundary iff A # IRY. O

The following lemma shows that facets of M may be described by extreme solutions of (D)
(i.e. solutions of (D) being a vertex of the feasible set Uf).

Lemma 12. If F is a facet of M then there is an extreme solution (u°,c%) of (D) such that
F =Fu ).
Proof. Let )

U:={(u,c) el | Flu,c)=F}.

By Theorem 4, all points of U are solutions of (D) because F is nonempty as a facet of M. Let
y € riF be arbitrary. Since F is a (¢ — 1)-dimensional face we have (u,c) € U if and only if
(u,c) €U and y € H(u,c), i.e., bTu=ylc. Hence U = U N'H, with

Hy = {(u,c) e R™ x R | y"c - bTu =0} .

Since y € Min M by Corollary 10, Theorem 5 implies that #, is a supporting hyperplane to
U, hence U is a nonempty face of U. Since Y C U C ]RTJ”J contains no lines there is a vertex
(u®, c) of U (see [17, Cor. 18.5.3]). Hence (u’, ) is also a vertex of U, i.e. an extreme solution
of (D). O

We define the following sets.

pFaces(M) := {F C M | F is a proper face of M},
Facets(M) := {F C M | F is a facet of M},

Sol(D) := {(u,c) €U | (u,c) is a solution of (D)},
ExtrSol(D) := {(u,c) € Sol(D) | (u,c) is a vertex of U} .

Now we can extend the strong duality result in Theorem 5. In the next section we interprete the
following result as the attainment of the supremum in the dual problem in extreme solutions.

Theorem 13. We have the following chain of equalities.

Min M = bd M = U F(u,¢) = Max H[ExtrSol(D)] = Max H[U].
(u,c)€ExtrSol(D)

Proof. Theorem 7, Lemma 12, Lemma 9 and Corollary 10 imply the following chain of inclusions

bdM= |J Fc U Fu,e)S  |J  Fluc)
FeFacets(M) (u,c)€ExtrSol(D) (u,c)eSol(D)
— U F C MinM C bd M.
FepFaces(M)

Hence the first two equalities hold.

The equality Min M = Max H[U] was already shown in Theorem 5. Thus it remains to show
that Uy, ¢ emxtrsol(p) 7 (4 ¢) = Max H[ExtrSol(D)].

If y € Une)epxtrson) F (us ¢) then there exists some (u,c) € ExtrSol(D) such that y €
F(u,e) = H(u,c) N M, 1e. y € H[ExtrSol(D)]. Since (u,c) is a solution of (D) we have
(y+int IRE)NH[U] = 0, hence (y+int IRE )NH[ExtrSol(D)] = @ implying y € Max H[ExtrSol(D)].

On the other hand, if y € Max H[ExtrSol(D)] then y € H[ExtrSol(D)] and y ¢ H[ExtrSol(D)]—
int RY.. This is equivalent to

3(a,¢) € ExtrSol(D) : y'c = bl (8)



and
V(u, c) € ExtrSol(D) : yT¢ > bTu. 9)

By Theorem 4, @ solves (D1(¢)) hence X # () by duality of (P1(¢)) and (D1(¢)).Thus the
feasible set for (P2(y)) is nonempty as well. Since (@,¢) € U, i.e. U # ), problem (Dy(y))
has an optimal solution (u",c”) being a vertex of . Optimality of (u?,c%) for (D2(y)) implies
optimality of u® for (D1(c")) hence (u°, ”) € ExtrSol(D) by Theorem 4. Now, (9) implies that
yT'c® > bTul. Moreover, optimality of (u”, c°) for (Da(y)) implies b7 u® — y*'c® > bTa — yTe = 0,
i.e. yT'c® = bTu’. Consequently we have y € H(u,®) and y € Min M C M by Theorem 5, i.e.
ye U(u,c)EExtrSol(D) f(uv c)‘ [

3 Lattice theoretical interpretation

In this section, we discuss the theoretical background of the duality assertions developed in the
previous section. On the one hand, this provides a motivation of the solution concepts for the
dual problem introduced above, which differs from those in the literature. On the other hand we
see that vector optimization and scalar optimization can be considered in a common framework,
i.e., duality assertions for vector optimization problems can be expressed in the same way as the
corresponding scalar results.

First we embed the image space IR? of the given vector-valued objective function in a com-
plete lattice. The appropriate lattice is introduced in the first subsection. Then, we can refor-
mulate our pair of dual problems in terms of this lattice. Finally we obtain duality and dual
attainment assertions being analogous to the classical scalar results.

3.1 The space T of self-infimal sets

Let us recall some facts about self-infimal sets. For a more detailed discussion the reader is
referred to [14]. The infimal set of a subset A of R? := RY U {00, +00} is defined by

{—o0} if —-oco€eAd or A+RL DR
Inf A:= 14 {400} if AC {+o0}
Mincl ((A\ {+o0}) + RL) otherwise

Note that the closure operation is only necessary for the case that (A\ {+oc}) is not polyhedral.
The supremal set of a set A C IR? is defined analogously and is denoted by Sup A. It holds
Sup A = —Inf(—A).

Let Z be the family of all self-infimal subsets of IR?, i.e., all sets A C IR satisfying Inf A = A.
In 7 we introduce an order relation < as follows:

(A, BCR? and A+intIRY D B+intRY) or
A B:<= ¢ A={-o0} or
B = {+o0}.

As shown in [14, Proposition 3.4 and Theorem 3.5, (Z, %) is a complete lattice and for arbitrary
sets A C 7 it holds that

inf A = Inf U A, sup A = Sup U A.
AcA AcA

Note that we use |J .9 A = 0. The preceding result shows that the infimum and supremum in
T are closely related to the usual solution concepts in vector optimization.



3.2 Reformulation of the problems using the space 7

In Section 2 we considered the linear vector optimization problem (P). It is easy to see that
Min(M[X] + RY) = Inf M[X] iff X # 0 and M[X] + R% # IR?. Our aim is to reformulate
problem (P) and its dual problem (D) as optimization problems with Z-valued objective function.
Consider the function

P:R" -1, P(z) :=Inf {Mz} = {Mz}+DbdIR%.

It holds
Inf M[X] = Inf LGJX{Mx} = Inf LEJXInf {Mz} = xlg'(P(:v)

Hence, we have
{400} if X=0
inf P(z) =4¢ {—o0} if M=IR?
red Min M otherwise.

Note that, by Corollary 11, Min M # 0 iff ) # M ## IR?Y. This means, if the set Min M is
nonempty, it coincides with inf,cy P(z), otherwise if Min M is empty, we distinguish between
two cases: infyey P(z) = {+oo} if X = 0 and inf,cx P(z) = {+o0} otherwise. Thus, (P) is
essentially equivalent to

(P) 1g/fv P(z), X :={xeR"|Ax > b}.

Moreover, it is easy to see that x € X' is a (weakly efficient) solution of (P) if and only if
(x e X, P(x) < P(x0)> = P(z) = P(2%) (10)

The above considerations show the relationships between the concepts used in the previous
section and lattice theoretical solution concepts for the primal problem.

We next want to reformulate the dual problem (D) using the supremum in Z. We first
consider two auxiliary assertions.

Lemma 14. The set H[U] — IR% is closed.

Proof. Let {y;},cny be a sequence in H[U] — IRY converging to § € IR?, thus for each ¢ there is
some (u;,¢;) € U with y; € H(ui, ¢;) — R, ie, yle; < bTu;. We have to show that there is
some (1, ¢) € U with g'¢ < b'a.
Assume on the contrary that 7 ¢ — bTu > 0 for all (u,c) € U. Since U is polyhedral there is
some v > 0 with 77 ¢ — bTu > ~ for all (u,c) € U. Take iy € IN such that ||y;, — 7lleo < 7, then
(= i) cio < l1yi0 — Flloollcio 1 <

hence
T

g eiy — b uiy < yhciy +v — by, <7,
a contradiction. ]
Lemma 15. It holds Max (H[U] — R%) = MaxH[U].
Proof. We have
y € MaxHU] <= (ye€HU] andy ¢ HU] —intRY)
and

y € Max (HU] -RL) <= (yeHU]—-RL andy ¢ HU] —intRY).

9



Thus it remains to show that
(y e HU] - RL and y € HU] — it RY) = y € H[U].

Indeed, y ¢ H[U] — int RY implies y7c > bTu for all (u,c) € U and y € H[U] — RY implies the
existence of some (%, ¢) € U with y'¢ < bTa. Thus we obtain y’¢ = bTa, i.e., y € H]U. O

Note that the hyperplane H(u,c) C IR? is a self-infimal set, whenever (u,c) € U. Therefore the
term sup(, ey H(u, c) is well defined. The next lemma clarifies the relationship between this
supremum and the solution concept of problem (D).

Lemma 16. It holds

{—o0} if U=10
sup H(u,c) = ¢ {+o0} if  HU]-RL =1RY
(u.c)eu Max H[U]  otherwise.

Proof. (i) If U = (), we have sup,, ey H(u, ¢) = Sup H[U] = Sup ) = {—o0}, by definition.
(ii) The case H[U] — IRE = IRY follows from the definition of the supremal set.
(iii) Since H[U] C IR?, we have

sup H(u,c) = Sup H[U] = Maxcl (HU] — RY),
(u,c)eU

by the definition of the supremal set. Lemma 14 and Lemma 15 yield that Max cl (H[U]-1RY) =
Max H[U]. O

Remark. The preceding three lemmas remain valid if the set U is replaced by any finite or
polyhedral subset.

Lemma 16 shows in fact the relationship between problem (D) and the following problem,

(D) sup H(u,c), U:={(u,c) e R™ x R?| (u,c) >0, kle=1, ATu=M"c}.
(u,c)eU

Indeed, if the set Max H[U] is nonempty, it coincides with sup, ey H(u,c) in problem (D’).
Otherwise, if Max H[U] is empty, we distinguish between the following two cases:

{—oc0} whenlU =10
{+00} otherwise.

sup H(u,c) = {
(u,c)eld

The solution concept for (D) as introduced in Section 2 can be expressed in terms of the ordering
relation in the complete lattice Z. This characterization is completely analogous to (10). So we
obtain yet another motivation for this solution concept.

Lemma 17. A point (u°,c°) € U is a (weakly efficient) solution of (D) if and only if
((u, c)elU, Hu, ) < H(u, c)) = HW’ ) =H(uc). (11)

Proof. Let (u’,c?) € U be a solution of (D). Hence u° solves (D1(c")) by Theorem 4. Consider
(u,c) € U with H(u®,®) < H(u,c). Then we have ¢ = ¢ and bTu® < bTu. Since < = ¢, u
is feasible for (D1(c?)) hence b"u < bTu® and consequently b’ u" = bTw. This means we have
H(u®, ) = H(u,c).

Let (u’, %) € U be no solution of (D). By Theorem 4 there exists some @ > 0 with AT% =
M7Tcy and b7a > b7 ul. Hence, we have H(u®, %) < H(a, ) but H(u, ) # H(a, ), i.e., (11)
is not satisfied. O

10



3.3 Duality and dual attainment

As a consequence of the duality assertion given in Section 2 and the above considerations, we
present here duality assertions for vector optimization problems, formulated along the lines of
the classical scalar duality theory. The complete lattice (Z, <) of self-infimal subsets of RY plays
a key role in these results.

The first result shows that we have weak duality between (P’) and (D).

Theorem 18 (weak duality). Let x € X and (u,c) € U. Then it holds
H(u,c) < P(z).

Proof. For all y € P(z) = {(} Mz) + bdIRY C M, Lemma 2 yields y’ ¢ > bTu, hence P(z) C
H(u,c) + RL. This implies H(u,c) < P(x). O

The next result shows strong duality between (P’) and (D’). The following distinction
between the three cases is well-known from scalar linear programming.

Theorem 19 (strong duality). Let at least one of the sets X and U be nonempty. Then it holds
strong duality between (P') and (D’), i.e.,

V= sup H(u,c) = inf P(x).
(u,c)eU ( ) zeX ( )

Moreover, the following statements are true.
(i) If X A0 and U # 0, then {—oo} #V # {400} and
V = Max H[U| = Min P[X] # 0.

(i) If ¥ =0 and U # 0, then V = {+o0}.
(ii) If X # 0 and U = 0, then V = {—o0}.
Proof. By the weak duality we have

sup H(u,c) < inf P(x).
(u,c)eU reX

(i) If X # 0 and U # 0, this implies that neither sup, )y H(u, c) nor infzecx P(x) can be
{—o0} or {+00}. Hence, Theorem 5 implies

sup H(u,c) = Max H[U] = Min M = inf P(z).
(u,c)eU zeX

(i) If X = 0 and U # 0, we have inf ey P(x) = {+00}. Theorem 5 implies that
Max H|U] = Min M = 0.

Since U # 0, we conclude H[U] — RY = IR? and Lemma 16 yields sup,, ey H(u, ¢) = {+00}.
(iif) If & # 0 and U = ), we have sup(,, ¢eys H(u, ¢) = {—00}. Theorem 5 implies that

Min M = Max H[U| = 0.
Since X' # (), we obtain M = IR, hence inf,cx P(z) = {—o0}. O

In scalar linear programming, the attainment of the supremum of the problem in a vertex of
the feasible set plays a key role in the simplex algorithm. It is therefore sufficient to search for a
solution on a finite subset of the feasible set. The next result shows that we have a corresponding
result for our dual problem. Typically, in our case, the supremum in (D) is not attained in a
single vertex, but in a finite number of vertices, namely, in the set of those vertices of U being
solutions of (D), i.e., the set ExtrSol(D) of extreme solutions of (D).

11



Theorem 20 (dual attainment in vertices). Let X # () and U # 0. Then the supremum in the
dual problem (D') is attained in extreme solutions of (D), i.e.,

sup H(u,c) = sup H(u,c).
(u,c)eld (u,c)€ExtrSol(D)

Proof. Since U # () and X # () we have

sup H(u,c) = MaxH[U]
(u,c)eU

by Theorem 19. Max H[U]| = Max H[ExtrSol(D)] follows from Theorem 13.
It remains to show that

Max H[ExtrSol(D)] = sup H(u,c).
(u,c)€ExtrSol(D)

If X # () and U # 0 then we conclude from Theorem 19 and Corollary 11 that ) # M # IR?. Thus
M has a facet and consequently ExtrSol(D) # ) by Lemma 12. Moreover, H[ExtrSol(D)]—IR% C
HU] — RY # IRY. Hence the desired statement follows from the remark after Lemma 16. [

4 An example from Mathematical Finance

We consider a Markowitz-type bicriterial portfolio optimization problem, where the expected
return of the portfolio should be maximized and the risk of the portfolio, measured by the
Conditional Value at Risk, should be minimized. For details about the Conditional Value at
Risk (sometimes also called Average Value at Risk) see e.g. [19] or [2, Section 4.4].

We consider a market with n different financial instruments with returns r;,j = 1,...,n
being random variables combined in a random vector r = (ry,...,7,)? with a given probability
distribution P. The decision vector x € IR™ represents a portfolio of these instruments, where
the components x; denote the fraction of the capital invested in instrument j. This yields the

constraints "
x>0, Y zj=1
j=1

The return of a portfolio « equals 7'z so the bicriterial optimization problem consists in min-
imizing the negative expected return, i.e., —FE(rTz) and the Conditional Value at Risk of the
return, i.e., CVaRg(rTz), for a given risk level 8 € [0,1). We can approximate this problem
by a linear one by sampling the probability distribution of r like it is done in [18]. If !, ...,7™
denotes a sample of size m then

J IS
BT ~ = k
(r'z) er T
k=1
and

1 m
C’VaRg(rTx) ~ inf {(Jé+ m sz |la e R,Vk € {1,...m}: z; € IR+,TkT:E +a+z > 0} .
k=1

Then the given problem accords essentially with the following linear vector optimization problem:
(Pm) Min (f[X] +R3),

where

n
X:=1¢(r,z,0) e R} xR} xR | ij:1,Vk6{1,...,m}:rkT:U—l—a+zk20
j=1
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and

f(:'E’ 27 a) =
1
at— 2z
(= Am &
As already noted in Section 2, finding solutions of (Pyr) is equivalent to finding weakly efficient
solutions of the problem Min f[X].

We set
I, 0 0 0
0 I 0 0
_LiTRT 0 0 "
M= co A= 0 0 b= T
0 (ljﬁ)mlfn 1
-1 0 0 ~1
R I, 1, 0
where
r% ri’
R:=1: - : ,
T}L I L

Iy is the /-dimensional identity matrix and 1, is the /-dimensional vector with all components
being 1. Then the problem (Pyp) is equivalent to

Min(M[X] + R%), X ={z e R""* | Az > b},

a problem of type (P).
As the corresponding dual problem to (Pyp) we derive the following problem as a special case
of problem (D):

(D) MaxHU], U= {(d,c) e R xRL| ¢ +co =1, ATu=M"c}

In fact, we have

U= {(w,p,vl,vg,u,c) e R} xR xRy xRy XIP{TXIR?M c1+c=1,

C2

w—i—ln(vl—vg)—i—Ru:leW, p—i—u:lmm, 1%@6202}

and the set-valued objective map is given
H(wapa 0171)2711’70) = {Z/ S IR2 ‘ C1Y1 + C2Y2 = U1 — 7}2} .

Interpreting w and p as slack variables and defining v := v{ — v9 we arrive at
U= {(U,u,c) € R xR XIRa_ | ¢1 +c2 =1, lﬁu:c%

—C C
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and
H(v,u,c) = {y eR? | cryr + coyp = U} .

The following transformation of the dual variables results in dual variables being interpretable
as probabilities. Note that H does not depend on u and for each (v, u,c) € U there is

(v,q,¢) €U := {(v,q,c) ERxR?xR2 | c1+e=1 1lg=1,

—C1 1
1 R <Rl,,— <lp—
nv+ qCQ_ m m 9 q_ m(l—ﬁ)m}7

where ¢ is given by éu if co # 0 and can be chosen as ¢ = % for all k if co = 0. On the other
hand for each (v, q,c) € U we have (v, caq,c) € U, hence U can be replaced by U and problem
(D) is equivalent to

Max H[U|
~ Z,_{:{(v7q,c)€]l:{><mm><m2’020, c1t+e=1, Z%ZL
(DM) k=1
Vi =1 C0<qg <t Vji=1 oS (L K
=1,...,m: _qk_m, 17=1..,n: U_—; Erjcl+7’ijC2 .

Applying Theorem 4 we can characterize the solutions of (Dy). A triple (v*,¢*,c*) € U is a
solution of (D) if and only if

v* =max {v | (v,¢* ¢") €U} =max{v | (v,q,c") €U},

i.e., if and only if

1 /1
* . k x k _*x x . k x k *
v = min —E —7ric] +7r7qCy | = max min — E —7ricy + rigic
i=1,....n <m A JHk2 qeQ j=1,...,n P m 7 1 J 2

with

i 1
Q:={qgeR™| =1 Vk=1,..m: 0<q < ———
{ ; (1-p8)m

Since ¢ > 0 and )", gx = 1, the numbers g may be interpreted as probabilities describing
an alternative probability distribution P, for the samples r*. Then oy rqu = FFa (r;), the
expectation of r; under the alternative distribution Py, and > ;" , %r;“ = EF(r;), the expectation
of 7; under the given distribution P. The numbers ¢ are related to the dual description of
the coherent risk measure Conditional Value at Risk. This dual description signifies that the
Conditional Value at Risk of some financial position equals the worst case expected loss of this
position under a certain set of alternative probability distributions (for deatails see e.g. |2,
Theorem 4.47]). Moreover, the scalarization weights ¢; and ¢y describe the model uncertainty,
i.e., ¢ can be interpreted as the probability for P being the right probability distribution and
c2 as the probability that P, provides the appropriate distribution. Then P g 1= c1P + c2F,
describes a probability distribution being a mixture of P and P, and Efa (r;) = ¢; EF (r;) +
coEFa(r;). Hence, a solution for the dual problem consists of some (c*,¢*) determining an
alternative probability distribution P 4« and a number v* = minj—1,__» —EF (e*a*) (r;) where
the vector ¢* € Q must be chosen such that it maximizes minj—y —Efer o (rj) or minimizes
max;—1i,.n EFfe 0 (1), i.e., the largest expected return of the n given financial instruments,
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given the value of ¢*. That means, (c¢*, ¢*) provides the worst case for the expected return of the
"best” of the given financial instruments under the considered alternative probabilities ¢« 4

Using the results of Section 2 we can see that a point (z*, 2*,a*) € X is a solution of (Py)
if and only if there is a solution (v*,q*,c*) of (Dy) such that

CT % kT * * 1 . * * : Prex g%
—EZT‘ T+ c (oz +m22k =v" = min —E"("a) (1))

P j=1,...n
or equivalently if

—cEPT (r Ty + C’Q‘CVaRgppr(rTx*) =% = j_nlainn — B (1)), (12)
where E%P" and CVaRgp P are the approximations of the expectation and the Conditional Value
at Risk with the help of the samples. Thus one can find a solution of the portfolio optimization
problem by first determining some ”worst case” alternative probability P« ) belonging to a
solution (v*,¢*,c¢*) of (Dy) and then searching for a portfolio * such that (12) is satisfied.

For vector optimization problems one often does not want to chose a scalarization in advance
and prefers computing the whole set of efficient solutions. Concerning the dual problem, it might
be also useful to compute all solutions of (Dy) together with the corresponding efficient portfolios
and to provide the decision maker (the investor) with this information because from solving the
dual problem the investor gets an information about the relationship between the scalarization
weights ¢* and the "worst case” alternative probability scenario P« ) taken into account under
this scalarization.

Acknowledgments. The authors would like to express their gratitude to Matthias Ehrgott for several
useful remarks on the manuskript of this article.
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