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ABSTRACT. Permutative sliding block codes – in the sense of Hedlund – give rise to finite-to-
one extensions of subshifts. We provide criteria under which minimality and unique ergodicity
are preserved by this ‘lifting procedure’. These findings are illustrated by means of some nat-
ural example families, which we use to obtain strictly ergodic finite-to-one extensions of sub-
stitution subshifts (including the case of Fibonacci, Tribonacci, silver mean and noble means
substitutions). We further study the interplay between permutative sliding block codes and
Toeplitz flows. In particular, we find examples which demonstrate that a permutative lift of
a strictly ergodic subshift may be minimal, but not uniquely ergodic – a phenomenon which
cannot occur for primitive substitution subshifts.
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1. INTRODUCTION

1.1. Context and overview. The study of extension structures has a long tradition in er-
godic theory and topological dynamics. Early seminal results include the structure theorems
by Furstenberg and Veech for minimal distal flows [Fur63, Vee70] and the Furstenberg-
Zimmer Structure Theorem for ergodic measure-preserving transformations [Zim76, Fur77].
Further progress with a particular view towards number-theoretic applications has been
made in [HK05, HKM10] (see also [HK18]). In the context of entropy theory, symbolic ex-
tensions of smooth dynamical systems have been studied in [DN05, DM09, Bur11]. Apart
from these particular examples, there exists a wealth of further results on extension struc-
tures of dynamical systems in the literature – we restrict here to cite only to a biased selection
[AG77, FG78, SY12, GGY18, GHS`25, QY25].

More recently, different topological and measure-theoretic concepts of finite extension
structures and their relations to dynamical properties have received considerable attention
(e.g. [LTY15, DG16, Gla18, FGJO21, GRJY21, BHJ24, GRLT24, LXZ25]). At the same time,
multivariate versions of classical notions like stability, sensitivity, equicontinuity or tameness
have equally attracted significant interest [HLSY21, LY21, LYY22, LY23, LLTY24]. These are
again closely related to respective notions of finite extension structures [SYZ08, HLSY21,
BHJ24, GRLT24, Hau25, LXZ25, Liu26]. From a broader viewpoint, these developments
contribute towards a structure theory of zero entropy systems in topological dynamics.

In this context, the construction and description of examples is of vital interest. The
problem is that the main interest does not lie in arbitrary finite-to-one extension of a given
system – otherwise the direct product with any finite system would do – but rather in those
extensions that keep essential dynamical properties of the underlying system. In particular,
much of the above-mentioned theory on finite extensions has been developed in the setting
of minimal or even strictly ergodic systems, so that finite extensions which preserve these
properties are of particular interest. However, the construction of minimal or strictly ergodic
extensions is in general a non-trivial problem and equally has a long history (e.g. [Anz51,
Fur61, GW79, Lem87, Lem88, HPS92, Bje05, CP08, Jäg09, DG16, DPS21, HJ25]).

In this article, we focus on a specific pathway that leads to a wealth of new examples
of strictly ergodic finite extensions of symbolic systems. The principal idea already goes
back to the work of Hedlund on sliding block codes [Hed69], but it has apparently never
been fully exploited in this context so far. We consider the class of permutative sliding block
codes, which has been described in some detail in [Hed69, Sections 6 and 17]. One of their
structural properties is the fact that they are always constant-to-one endomorphisms of the
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whole shift space. This means that they can be used to lift any subshift to a finite-to-one
extension by simply taking the preimage, which we will refer to as a permutative lift of the
subshift. However, it is a priori not clear to what extent dynamical properties are preserved
by this procedure. The main questions that we will focus on here are the following.

‚ If φ is a permutative sliding block code and Y is a minimal subshift, is the extension
φ´1pY q minimal as well?

‚ If φ is a permutative sliding block code and Y is a uniquely ergodic subshift, is the
extension φ´1pY q uniquely ergodic as well?

It turns out that there is no general answer to these questions. In fact, on the one hand it
is easy to see that even a fixed point of the shift can have non-minimal, and therefore also
non-uniquely ergodic, lifts under permutative sliding block codes (a simple example will
be given below). On the other hand, the Thue-Morse subshift, viewed as an extension of
the period doubling subshift, provides a paradigmatic example in which strict ergodicity is
perserved during this lifting procedure. Moreover, the answers to the above questions can be
independent – in Section 6, we provide an example of a strictly ergodic Toeplitz flow whose
lift under a simple permutative sliding block code is minimal, but not uniquely ergodic.

Hence, our aim is to establish criteria – both in terms of the subshift Y and the sliding
block code φ – which allow to ensure that the lift of a strictly minimal/uniquely ergodic sub-
shift Y under φ is again minimal/uniquely ergodic. It turns out that the results we obtain
hinge on the study of the behaviour of certain return permutations associated to a permu-
tative sliding block code, which thus turn out to be a crucial concept in our context. We
are convinced that these considerations will equally be instrumental in addressing a wealth
of further question that naturally occur in this setting, in particular concerning further dy-
namical spectral properties and quantities or the study of broader classes of examples. The
latter may also serve as a useful testing ground in the context of the above-mentioned recent
developments in the structure theory of topologial dynamics.

1.2. Presentation of the main results. In order to give a more precise statement of the
main concepts and results, we need to introduce some notation and terminology. Given a
finite alphabet Aκ “ t0, . . . , κ´1u, κ P N, we call AZ

κ the shift space over the alphabet Aκ and
define the (left) shift map σ : AZ

κ Ñ AZ
κ by σpxqn “ xn`1 for all n P Z. By A˚

κ “
Ť

nPN0
An

κ,
we denote the set of all finite words with letters in Aκ and write |w| for the length of w P A˚

κ.
Given y P AZ

κ and integers k ă n, we let yrk,ns “ yk . . . yn. A subshift Y is a closed σ-invariant
subset of AZ

κ and WpY q denotes the set of all finite words that occur in sequences of Y .
A continuous map φ : AZ

κ Ñ AZ
κ is called a shift endomorphism if it commutes with the

shift map, that is, φ ˝ σ “ σ ˝ φ. A block code of length ℓ P N is a map h : Aℓ
κ Ñ Aκ,

and we denote by Fpκ, ℓq the family of such mappings. Each block code h induces a shift
endomorphism ηh, referred to as a sliding block code, by

ηhpxqn “ h
`

xrn,n`ℓ´1s

˘

for all n P Z. Similarly, for each m P N, h defines a map hm : Am`ℓ´1
κ Ñ Am

κ by hmpvqn “

h
`

vrn,n`ℓ´1s

˘

, n “ 0, . . . ,m ´ 1. The seminal Curtis-Hedlund-Lyndon Theorem states that,
up to post-composition with a shift iterate, every shift endomorphism is given by a sliding
block code [Hed69].

Following [Hed69, Section 6], we call a block code h P Fpκ, ℓq (and likewise its associated
sliding block code ηh) permutative if for all u P Aℓ´1

κ the mappings

a ÞÑ hpuaq and a ÞÑ hpauq

are permutations of the alphabet Aκ. In this context, we will call elements of Aℓ´1
κ prefixes

or suffixes, depending on the situation. An important observation is the following: given a
permutative block code h P Fpκ, ℓq, a prefix u P Aℓ´1

κ and an arbitrary sequence y P AZ
κ, the

permutative structure of h allows to construct – via a straightforward induction – a unique
sequence ξupyq with prefix u and image y under ηh. More precisely, we have
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Proposition 1.1 ([Hed69]). Let h P Fpκ, ℓq be permutative. Then for every u P Aℓ´1
κ there

exists a continuous mapping

ξu : AZ
κ Ñ AZ

κ , y ÞÑ ξupyq

such that ξupyqr0,ℓ´2s “ u and ηh pξupyqq “ y holds for all y P AZ
κ. Further, we have

η´1
h pyq “

␣

ξupyq | u P Aℓ´1
κ

(

, (1.1)

and consequently #η´1
h pyq “ κℓ´1 for all y P AZ

κ.
Moreover, if u ‰ u1 P Aℓ´1

κ , the sequences ξupyq and ξu
1

pyq are pℓ ´ 1q-separated, meaning
that they do not coincide on any interval of ℓ ´ 1 consecutive integers.

The mappings ξu will be called (continuous) inverse branches of ηh.
We should point out that some of these assertions are not explicitely stated in [Hed69],

while others are obtained as consequences of more general results on surjective sliding block
codes. We therefore provide a short direct proof in Section 3.

The inductive construction of the sequences ξupyq also works on a finite level, so that
for each finite word w P A˚

κ and each prefix u P Aℓ´1
κ there exists a unique word ξupwq P

A|w|`ℓ´1
κ such that ξupwqr0,ℓ´2s “ u and h|w| pξupwqq “ w. This allows to associate, to any

given permutative block code h, the following family of permutations on the set of prefixes.
Given a finite word w P A˚, we define

Φphq
w : Aℓ´1

κ Ñ Aℓ´1
κ , u ÞÑ ξupwqr|w|,|w|`ℓ´2s

and call this the prefix permutation induced by w. In other words, Φphq
w puq is defined as the

suffix of the unique lift ξupwq of the word w with prefix u.

Proposition 1.2. Suppose that h P Fpκ, ℓq is permutative. Then for every w P A˚
κ, the mapping

Φ
phq
w is a permutation of Aℓ´1

κ . Moreover, given w, v P A˚
κ, we have

Φphq
wv “ Φphq

v ˝ Φphq
w .

The proof is given in Section 3. Altogether, the above concepts lead to a useful structural
result, namely a skew-product representation for permutative lifts of subshifts.

Theorem 1.3. Suppose that h P Fpκ, ℓq is a permutative block code, Y Ď AZ
κ is a subshift and

X “ η´1
h pY q. Let

γ : X Ñ Y ˆ Aℓ´1
κ , x ÞÑ

`

ηhpxq, xr0,ℓ´2s

˘

(1.2)

and
T : Y ˆ Aℓ´1

κ Ñ Y ˆ Aℓ´1
κ , py, uq ÞÑ pσpyq,Φy0

puqq . (1.3)

Then γ and T are homeomorphisms and γ is a conjugacy between pX,σq and pY ˆ Aℓ´1
κ , T q.

A particularly significant are prefix permutations induced by return words: we call

RY
h pwq “ tΦwv | wvw P WpY qu

the set of return permutations for the word w.

Remark 1.4. We note that RY
h pwq could also be replaced by the possibly larger set R̃Y

h pyq “

tΦv | vw P WpY q and vw starts with wu. All the results below still hold in this case and the
proofs remain valid with only minor technical modifications.

Further, we say a subset P of the permutation group Per
`

Aℓ´1
κ

˘

acts transitively on Aℓ´1
κ

if this holds for the subgroup xP y generated by P . These notions now allow to state equiva-
lent criteria for the minimality of permutative lifts.

Theorem 1.5. Suppose that h P Fpκ, ℓq is a permutative block code and Y Ď AZ
κ is a minimal

subshift. Let X “ η´1
h pY q. Then the following are equivalent:

(i) pX,σq is minimal;
(ii) for every word w P WpY q, the return permutation set Rpwq acts transitively on Aℓ´1

κ ;
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(iii) there exists a sequence of words wpnq P WpY q such that |wpnq|
nÑ8
ÝÑ 8 and for all

n P N the return permutation set Rpwpnqq acts transitively on Aℓ´1
κ ;

(iv) there exists a sequence of words wpnq P WpY q such that wpn`1q starts with wpnq,
|wpnq|

nÑ8
ÝÑ 8 and for all n P N the family

Ť

kěn Rpwpkqq acts transitively on Aℓ´1
κ .

The proof is given in Section 4.1. As we will see below, the last formulation in (iv) is
tailor-made for the application to substitution subshifts.

In order to ensure the unique ergodicity of permutative lifts, there are actually two pos-
sibilities. First, we establish a general criterion, similar in spririt to Theorem 1.5, based
on the concept of return permutations. This will be used in the study of (permutative lifts
of) Toeplitz flows in Section 6. Since its formulation requires some additional notation
and technical preparations, we refer to Section 5 for the precise statement. For the special
case of primitive substitution subshifts, it turns out that one can alternatively show that
whenever a permutative lift is minimal, it is linearly recurrent (and hence uniquely ergodic
[Dur00][Bru22]). While a general proof of this fact will be given in [GJK], we provide a
short direct argument for the case of the noble means substitutions in Section 5.1.

In order to illustrate our findings and to demonstrate that the above minimality criteria
can be applied efficiently, we consider a natural two-parameter family of permutative block
codes, given by

hκ,ℓ : Aℓ
κ Ñ Aκ , x0 . . . xℓ´1 ÞÑ xℓ´1 ´ x0 mod κ ,

with integer parameters κ, ℓ ě 2. For simplicity, we write ηκ,ℓ instead of ηhκ,ℓ
. We then apply

these to obtain permutative lifts of some classical examples of substitution subshifts. Recall
that the noble means substitution with parameter p P N on the alphabet A2 “ t0, 1u is given
by the substitution rule 0 ÞÑ 0p1, 1 ÞÑ 0. It includes the Fibonacci substitution for p “ 1 and
is conjugate to the silver mean substitution for p “ 2 [BG13, Section 4.4].

Theorem 1.6. Let Xnm,p denote the subshift generated by the noble means substitution with
parameter p P N. Then η´1

κ,ℓpXFibq is strictly ergodic for all κ, ℓ ě 2.

The statement remains valid when the noble means substitution is replaced by the the
Tribonacci substitution (where κ ě 3 is required for Tribonacci). The details are given in
Sections 4.3 (for minimality) and 5.1 (for unique ergodicity). A very interesting case is the
period doubling substitution, induced by the substitution rule Γpd : A2 ÞÑ A˚

2 , 1 ÞÑ 10,
0 ÞÑ 11. In this case, the minimality of the lift depends on the values of κ and ℓ.

Theorem 1.7. Let Xpd denote the period doubling subshift. Then the lift X “ η´1
κ,ℓpXpdq is

strictly ergodic if ℓ ě 2 is even and if ℓ “ 3 and κ is odd. In all other cases, X is non-minimal.

We note that this statement covers a very classical example, which is the factor relation
between the period doubling subshift Xpd and the Thue-Morse subshift XTM. In fact, the
latter coincides with the lift of Xpd under the sliding block code η2,2. Moreover, lifts of
Toeplitz subshifts via η2,2 have been studied in the context of Z2-extensions and their spectral
theory (e.g. [Lem87, Lem88, FKL88]). We also note that η22,2 “ η2,3. Hence, the lift of the
Thue-Morse subshift under η2,2 conincides with η´1

2,3 pXpdq and is therefore not minimal by
Theorem 1.6. An easier example of a subshift with a non-minimal lift under η2,2 is given by
the fixed point 0Z, with preimages 0Z and 1Z.

The prefix permutations for h2,2 are particularly easy to determine: we have

Φh2,2
w : A2 Ñ A2 , a ÞÑ a `

|w|´1
ÿ

j“0

wj mod 2 .

This entails the following simplified minimality criterion for the special case of h2,2.

Corollary 1.8. Let Y Ď AZ
2 be a minimal subshift. Then X “ η´1

2,2pY q is minimal if and only
if there exists sequences of words wpnq, vpnq P WpY q such that |wpnq|

nÑ8
ÝÑ 8, wpnqvpnqwpnq P

WpY q and
ř|wpnqvpnq

|´1
j“0 pwpnqvpnqqj is odd for all n P N.
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A more detailed discussion is given in Section 4.2. Finally, we study the interplay between
permutative sliding block codes and Toeplitz subshifts in Section 6. The main results can be
summarised as follows.

Theorem 1.9. (a) For any permutative block code h, there exists a regular Toeplitz
subshift Y such that η´1

h pY q is strictly ergodic.
(b) For any permutative block code h, there exists a regular Toeplitz subshift Y such
that η´1

h pY q is not minimal.

(c) For any Toeplitz subshift Y , there exists a permutative block code h such that η´1
h pY q

is not minimal.
(d) There exists a regular Toeplitz subshift Y and a permutative block code h such that
η´1
h pY q is minimal, but not uniquely ergodic.

These assertions are restated and proven below as (a) Theorem 6.14, (b) Proposition 6.12,
(c) Theorem 6.11 and (d) Theorem 6.13. In all cases, the block code and the Toeplitz sub-
shift share the same alphabet. One question which we leave open here is the following:

Question 1.10. Given a minimal/strictly ergodic (Toeplitz) subshift Y Ď AZ
κ, does there ex-

ist a permutative sliding block code h P Fpκ, ℓq of length ℓ ě 2 such that X “ η´1
h pY q is

minimal/strictly ergodic?

The article is organised as follows: in Section 2, we provide the required background
knowledge on symbolic and topological dynamics and sliding block codes. In Section 3,
we consider inverse branches and induced prefix permutations of permutative sliding block
codes and provide a proof of the skew product representation in Theorem 1.3. In Section 4,
we prove the equivalence of the minimality criteria in Theorem 1.5 and apply these to the
lifts of substitution systems under the parameter family ηκ,ℓ introduced above. The question
of unique ergodicity is treated in Section 5. Finally, in Section 6 we take a look at Toeplitz
flows and their lifting properties in order to prove the assertions stated in Theorem 1.9.
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Philipp Gohlke for helpful discussions in general and the suggestion to consider linear recur-
rence in our context in particular. This work was supported by the DFG-project 552775134
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Council (Grant No.202308080192).

2. PRELIMINARIES

2.1. Shift spaces. As before, given κ P N we let Aκ “ t0, . . . , κ ´ 1u and A˚
κ “

Ť

nPN0
An

κ,
where A0

κ “ teu, where e is the empty word. We further define |w| as the length of the word
w P A˚

κ, so that w “ w0 . . . w|w|´1. Given two words w, v with |w| ď |v|, we write w Ÿ v if
there exists k P t0, . . . , |v| ´ |w|u such that wj “ vk`j for all j “ 0, . . . , |w| ´ 1 and say w is
contained in v in this case. The same notation and terminology is used when v is an infinite
(one- or two-sided) sequence. The concatenation of two words w, v P A˚

κ is written as wv,
and the same notation is used if v is an infinite one-sided sequence. The concatenation of
p copies of a finite word w will be denoted by wp. Given k ă m P Z and x P AZ

κ, we write
xrk,ms “ xk . . . xm. Analogous notation will be used for finite words in A˚

κ or one-sided
sequences in AN

κ . Given any subset Y Ď AZ
κ, we let

WpY q “ tw P A˚
κ | Dy P Y : w Ÿ yu .

and WnpY q “ WpY q X An
κ for n P N. If Y “ tξu, we write Wpξq instead of Wptξuq.

We equip the shift space AZ
κ with the metric dpx, yq “ e´ mint|n||nPZ, xn‰ynu, which makes

it a compact and totally disconnected metric space. Given a finite word w P At´n...nu
κ , we

define the corresponding cylinder set of level n as

rwsn “
␣

x P AZ
κ | xk “ wk for all k “ ´n, . . . , n

(

.
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Similarly, given x P AZ
κ, we let rxsn “ rx´n . . . xnsn. Note that thus rxsn “ Be´npxq, where

as usual Bδpxq denotes the open ball of radius δ around x. More generally, we also consider
finite sets M Ď Z of positions and ‘words’ w P AM , and then write

rwsM “
␣

x P AZ | xk “ wk for all k P M
(

.

Note that thus rwsn “ rwst´n,...,nu (and in particular rwsn ‰ rwstnu if n ‰ 0). Finally, given
w P An

κ, we will also use the notation

rws`
n “ rwst0,...,n´1u “

␣

x P AZ
κ | xk “ wk for all k “ 0, . . . , n ´ 1

(

.

By σ : AZ
κ Ñ AZ

κ, pxnqnPZ ÞÑ pxn`1qnPZ, we denote the (left) shift map on AZ
κ. For any

collection of words W Ď A˚
κ, we let

XW “
␣

x P AZ
κ | Wpxq Ď W

(

(2.1)

and also write Xξ instead of XW pξq. This obviously defines a (possibly empty) subshift in AZ
κ.

2.2. Shift endomorphisms as factor maps between subshifts. A continuous mapping η :
AZ

κ Ñ AZ
κ that satisfies σ ˝ η “ η ˝σ is called a shift endomorphism. For any ℓ P N, we denote

the set of block codes of length ℓ by

Fpκ, ℓq “
␣

h : Aℓ
κ Ñ Aκ

(

.

Given m ě 1, any h P Fpκ, ℓq induces mappings hm : Am`ℓ´1
κ Ñ Am

κ and a map ηh : AZ
κ Ñ

AZ
κ, which are given by

hmpwqj “ h
`

wrj,j`ℓ´1s

˘

for j “ 0, . . . ,m ´ 1 , (2.2)

ηhpxqj “ h
`

xrj,j`ℓ´1s

˘

for j P Z , (2.3)

where w P Am`ℓ´1
κ and x P AZ

κ, respectively. The map ηh will be referred to as the the
sliding block code induced by h.

A closed σ-invariant subset X Ď AZ
κ is called a subshift. Given ℓ P N, we denote the

collection of all maps h : WℓpXq Ñ A by FXpκ, ℓq. Then, similar to above, any h P FXpκ, ℓq
induces mappings

hm : Wm`ℓ´1pXq Ñ Am
κ and ηXh : X Ñ AZ

κ ,

which are again defined by (2.2) and (2.3), respectively. If we let Y “ ηXh pXq, then ηXh
is a factor map from pX,σq to pY, σq. Recall here that η : X Ñ Y is a factor map if η is
continuous and surjective and σ ˝ η “ η ˝ σ. Note also that any block code h P FXpκ, ℓq can
be extended to a block code in Fpκ, ℓq, since the images of any words in Aℓ

κzWℓpXq can be
chosen freely in such an extension.

The following proposition is a version of the classical Curtis-Hedlund-Lyndon Theorem
[Hed69] restricted to subshifts (and the original statement is recovered when X “ Y “ AZ).
The proof does not differ from [Hed69] in any essential way, but it is included for the
convenience of the reader.

Theorem 2.1 (Curtis-Hedlund-Lyndon). Suppose that X,Y Ď AZ
κ are subshifts and η : X Ñ

Y is a factor map. Then there exist k P Z, ℓ P N and h P FXpκ, ℓq such that η “ σ´k ˝ ηXh .

Note that if φ is a factor map between the subshifts pX,σq and pY, σq, then so is η “ σk˝φ.
Hence, we will always assume without loss of generality that k “ 0.

Proof. As φ is continuous, so is the map φ0 : X Ñ Aκ, x ÞÑ φpxq0. Since φ0 is finite-
valued, it must be locally constant. Due to compactness, this means that X can be written as
a finite union of cylinder sets C1, . . . , Cn such that φ0 is constant on each Ci. If k is the max-
imal level of these cylinder sets, then φ0pxq “ φpxq0 only depends on x´k, . . . , xk. Hence,
there exists a mapping h : A2k`1

κ Ñ Aκ such that φpxq0 “ h px´k . . . xkq “ h
`

σ´kpxqr0,2k`1s

˘

.
The fact that φ commutes with the shift σ now yields φpxqn “ h

`

σ´kpxqrn,n`2k`1s

˘

, which
means that φ “ ηh ˝ σ´k “ σ´k ˝ ηh as claimed. □

A subshift Y is called linearly recurrent or linearly repetitive if there exists some constant
L P N such that w Ÿ v holds for all w, v P WpY q whenever |v| ě L|w|.
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2.3. Topological dynamics. Throughout this article, a topological dynamical system (tds)
will be a pair pX,T q, where X is a compact metric space and T : X Ñ X a homeomorphism.
The orbit of a point x P X under T is given by OT pxq “ tTnpxq | n P Zu. Similarly,
the forward and backward orbits of x P X are defined as O`

T pxq “ tTnpxq | n ě 0u and
O´

T pxq “ tTnpxq | n ď 0u, respectively. The tds pX,T q is called minimal if all orbits are
dense, that is, OT pxq “ X for all x P X. In this case, all forward and backward orbits
are dense as well. In general, a point x P X is called almost periodic (with respect to T )
if
´

OT pxq, T
¯

is minimal. Note that when X is a subshift, then almost periodicity of a
sequence x P X is equivalent to the fact that every subword w Ÿ x occurs infinitely often in
x, with uniformly bounded gaps between successive occurrences.

A tds pX,T q is called uniquely ergodic if there exists a unique T -invariant probability
measure µ on X. This is equivalent to the fact that

lim
nÑ8

n´1
ÿ

j“0

f ˝ T jpxq “

ż

X

f dµ (2.4)

holds for all x P X. In this case, the convergence in (2.4) is uniform in x P X. A tds pX,T q

is called strictly ergodic if it is both minimal and uniquely ergodic. We note that this holds
for all linearly recurrent subshifts.

3. PERMUTATIVE BLOCK CODES: INVERSE BRANCHES AND SKEW PRODUCT FORM

As mentioned, a block code h P Fpκ, ℓq is called permutative if the two mappings

ρphq
u : Aκ Ñ Aκ , a ÞÑ hpuaq (3.1)

λphq
u : Aκ Ñ Aκ , a ÞÑ hpauq (3.2)

are both permutations of the alphabet Aκ for all u P Aℓ´1
κ . when no ambiguity can arise,

we will drop the reference to h and simply write ρu, λu . The block code h is called right
permutative if the ρu are permutations for all u P Aℓ´1

κ , and left permutative if this holds for
the λu. [Hed69, Section 17] shows that h P Fpκ, ℓq is permutative if and only if #η´1

h pyq “

κℓ´1. Non-permutative sliding block codes can be constant-to-one as well, but in this case
the fibre cardinality must be strictly smaller. An example is given in [Hed69, Section 6].

Now, suppose that h is permutative, w P Am
κ for some m ě 1, a P Aκ and v P h´1

m pwq. If
vrm,m`ℓ´2s “ u then vρ´1

u paq is the unique word of length m ` ℓ that is mapped to wa by
hm`1. Likewise, if vr0,ℓ´2s “ u, then λ´1

u paqv is the unique word of length m ` ℓ which is
mapped to aw. Using this fact, a straightforward induction shows that for every finite word
w P A˚

κ and u P Aℓ´1
κ there exist unique words ξupwq, ζupwq P A|w|`ℓ´1

κ such that

h|w|pξ
upwqq “ h|w|pζ

upwqq “ w

and ξupwq starts with u, whereas ζupwq ends with u. Similarly, for any sequence y P AZ
κ and

a prefix u P Aℓ´1
κ , there exists a unique sequence ξupyq P AZ

κ such that

ξupyqr0,ℓ´2s “ u and ηh pξupyqq “ y . (3.3)

Given a permutative block code h P Fpκ, ℓq and w P A˚
κ, this allows to define the prefix

permutation induced by w as

Φphq
w : Aℓ´1

κ Ñ Aℓ´1
κ , u ÞÑ ξupwqr|w|,|w|`ℓ´2s . (3.4)

In the same way, we define the suffix permutation induced by w as

Ψphq
w : Aℓ´1

κ Ñ Aℓ´1
κ , u ÞÑ ζupwqr0,ℓ´2s . (3.5)

As a direct consequence of the definitions, we obtain that ΦwpΨwpuqq “ u and ΨwpΦwpuqq “

u for all u P Aℓ´1
κ . Hence, these maps are inverse to each other and must therefore be

permutations of Aℓ´1
κ . We now prove Propositions 1.1 and 1.2 stated in the introduction.
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Proof of Proposition 1.2. The fact that the mappings Φw are permutations already follows
from the discussion above. It remains to show that

Φwv “ Φv ˝ Φw (3.6)

holds for all w, v P A˚
κ. To that end, note that for any u P Aℓ´1

κ , we have that

ξupwvq “ ξupwqr0,|w|´1sξ
Φwpuqpvq . (3.7)

Since ξupwqr0,|w|´1sξ
Φwpuqpvq ends with ΦvpΦwpuqq, this proves (3.6). □

As mentioned, the assertions of Proposition 1.1 follow from more general results in
[Hed69], but we include a short direct argument for the permutative case.

Proof of Proposition 1.1. The existence of the mappings ξu already follows from the dis-
cussion above. Continuity is a consequence of the fact that ξupyqr´n,n`ℓ´1s “ ξupyr´n,nsq

only depends on y´n, . . . , yn. Further, (1.1) follows directly from the existence and unique-
ness of the sequences ξupyq – each element x P η´1

h pyq coincides with ξupyq for u “ xr0,ℓ´2s.
In order to see that different elements of the same fibre are pℓ ´ 1q-separated, note that

similar to above, for each n P N there exists a unique sequence ξu,npyq P AZ
κ such that

ηh pξu,npyqq “ y and ξu,npyqrn,n`ℓ´2s “ u (for n “ 0, we have ξu,0pyq “ ξupyq). Now, if
x, x1 P η´1

h pyq agree on some interval rn, n` ℓ´ 2s with n P Z, say xrn,n`ℓ´2s “ x1
rn,n`ℓ´2s

“

u, this yields x “ ξu,npyq “ x1. Hence, different elements of the same fibre can never
coincide on any interval of length ℓ ´ 1. □

Remark 3.1. (a) In [Hed69] the question of the separation of fibre elements is considered
in the more general setting of surjective sliding block codes, where proofs are more
involved. The fact that different fibre elements of a permutative sliding block codes are
always pℓ ´ 1q-separated follows from [Hed69, Theorem 11.5], in combination with
the constant cardinality of the fibres.

(b) We note that with the notation of the previous proof, we have

ξu,npyq “

#

ξ
Ψyr0,n´1s

puq
pyq if n ě 0

ξ
Φyrn,´1s

puq
pyq if n ă 0

We can now establish the skew product representation stated in Theorem 1.3.

Proof of Theorem 1.3. Suppose that h P Fpκ, ℓq is a permutative block code, Y Ď AZ
κ is a

subshift and X “ η´1
h pY q. Let

γ : X Ñ Y ˆ Aℓ´1
κ , x ÞÑ

`

ηhpxq, xr0,ℓ´2s

˘

, (3.8)

T : Y ˆ Aℓ´1
κ Ñ Y ˆ Aℓ´1

κ , py, uq ÞÑ pσpyq,Φy0
puqq . (3.9)

We need to show that both γ and T are homeomorphisms and γ is a conjugacy between the
systems pX,σq and pY ˆ Aℓ´1

κ , T q.
The continuity of both mappings is obvious from the definitions. Due to Proposition 1.1,

the inverse of the map γ is explicitely given by

γ´1 : Y ˆ Aℓ´1
κ Ñ X , py, uq ÞÑ ξupyq .

The map T is bijective since both σ and the mappings Φy0 with y0 P Aκ are bijective. Hence,
both γ and T are continuous bijections between compact Hausdorff spaces, and therefore
homeomorphisms. The fact that γ is indeed a conjugacy follows from a direct computation:

γpσpxqq “
`

ηh ˝ σpxq, σpxqr0,n´2s

˘

“
`

σ ˝ ηhpxq,Φηhpxq0pxr0,n´2sq
˘

“ T
`

ηhpxq, xr0,n´2s

˘

“ T pγpxqq .

□

For later use, we also include the following

Lemma 3.2. Consider a permutative block code h P FpA, ℓq. Then for any w, v P A˚
κ and

u P Aℓ´1
κ , the mapping Aℓ´1

κ Ñ Aℓ´1
κ , u1 ÞÑ Φwu1vpuq is a bijection.
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Note that we include the cases where w or v equals the empty word e.

Proof. Fix w, v P A˚
κ and u P Aℓ´1

κ . Let ū P Aℓ´1
κ . Then the word ξupwqζ ūpvq, which starts

with u and ends in ū, is mapped by h|w|`|v|`ℓ´1 to a word wu1v, where u1 P Aℓ´1
κ is given by

u1 “ hℓ´1 pΦwpuqΨvpūqq. Hence, we have that

ξupwu1vq “ ξupwqζ ūpvq

ends with ū, so that Φwu1vpuq “ ū by definition of the induced prefix permutation Φwu1v.
This proves the surjectivity of the mapping u1 ÞÑ Φwu1vpuq, which must therefore be a per-
mutation of Aℓ´1

κ as claimed. □

4. MINIMALITY OF LIFTS UNDER PERMUTATIVE SLIDING BLOCK CODES

4.1. Minimality via return permutations. The main goal of this section is to provide a
proof of Theorem 1.5. However, we start with the observation that the lift of a minimal
subshift can always be decomposed into a finite number of minimal components. This is a
consequence of the following

Theorem 4.1 ([Hed69, Theorems 12.4]). Let h P Fpκ, ℓq be a permutative block code. If
y P AZ

κ is almost periodic, then any x P η´1
h pyq is almost periodic.

Corollary 4.2. Let h P Fpκ, ℓq be a permutative block code and Y Ď AZ
κ a minimal subshift.

Then X “ η´1
h pY q is the disjoint union of at most κℓ´1 minimal sets.

Proof. Due to Theorem 4.1, every point in X is almost periodic and therefore contained in
some minimal set. Consequently, X is a disjoint union of minimal sets. Since Y is minimal,
we must have ηhpMq “ Y for every shift-invariant closed subset M Ď X. Therefore every
minimal set must intersect each fibre η´1

h pyq, y P Y . However, as the fibres contain only
κℓ´1 points by Proposition 1.1, there can also be at most κℓ´1 minimal sets. □

Note that both these statments hold in the more general situaton that ηh is surjective (but
h is not necessarily permutative), see [Hed69].We can now turn to the

Proof of Theorem 1.5. We note that (ii)ñ(iv) is obvious and show the implications (i)ñ(ii),
(iv)ñ(iii) and (iii)ñ(i).

(i)ñ(ii). Let w P WpY q and u, u1 P Aℓ´1
κ . Then both ξupwq and ξu

1

pwq are contained in

WpXq “

ℓ´1
ď

k“0

Ak
κ Y

ď

uPAℓ´1
κ

ξupWpY qq .

Hence, by minimality, every x “ ξupyq P X contains both ξupwq and ξu
1

pwq infinitely often
as subwords. By shifting if necessary, we may assume xr0,|w|`ℓ´2s “ ξupwq, which implies
yr0,|w|´1s “ w. Further, if ξupyqrk,k`|w|`ℓ´2s “ ξu

1

pwq, then we must also have yrk,k`|w|´1s “

w and ξupyqrk`1,k`ℓ´1s “ u1. Consequently, we obtain Φwvpuq “ u1, where v “ yr|w|,ks. Since
u, u1 P Aℓ´1

κ were arbitrary, this shows that Rpwq acts transitively on Aℓ´1
κ .

(iv)ñ(iii). Suppose that (iv) holds, fix n P N and let k ě n. Let Φwpkqv be a return
permutation of wpkq, that is, wpkqvwpkq P WpY q. Since wpkq starts with wpnq, we have wpkq “

wpnqw1 for some w1 P A˚
κ. This means that wpnqw1vwpnq P WpY q, so that Φwpkqv “ Φwpnqw1v P

Rpwpnqq. As k ě n and Φwpkqv P Rpwpkqq were arbitrary, this shows that
Ť

kěn R
`

wpkq
˘

Ď

R
`

wpnq
˘

. Therefore R
`

wpnq
˘

acts transitively on Aℓ´1
κ , as required in (iii).

(iii)ñ(i). Suppose for a contradiction that (iii) holds, but there exist a minimal strict
subset M Ĺ X. Let M 1 “ XzM and note that M 1 is compact as a finite union of minimal
sets by Corallary 4.2. Then, since M and M 1 must have a positive distance to each other,
there exists n P N such that

W|wpnq|`ℓ´1pMq X W|wpnq|`ℓ´1pM 1q “ ∅ .

In order to simplify notation, we let w “ wpnq and m “ |wpnq `ℓ´1| for the remainder of this
proof. Now, let u, u1 P Aℓ´1

κ be such that ξupwq P WmpMq and ξu
1

pwq P WmpM 1q. Note that
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since M and M 1 intersect every fibre due to the minimality of pY, σq, such u, u1 must always
exist. Using the fact that Rpwq acts transitively on Aℓ´1

κ , we can choose a finite sequence
up0q “ u, up1q, . . . , upqq “ u1 in Aℓ´1

κ and a corresponding sequence of return permutations
Φwvpiq P Rpwq, i “ 0, . . . , q ´ 1, such that

Φwvpiq

´

upiq
¯

“ upi`1q

holds for i “ 0, . . . , q ´ 1. We now show, by finite induction on i, that

ξu
piq

pwq P WmpMq (4.1)

for i “ 0, . . . , q, contradicting the assumption that ξu
pqq

pwq “ ξu
1

pwq P WmpM 1q and
WmpMq X WmpM 1q “ H.

For i “ 0, condition (4.1) holds by choice of u “ up0q. For the induction step i Ñ

i ` 1, choose y P AZ
κ such that yr0,|wvpiqw|´1s “ wvpiqw. Then, since ξu

piq

pwq is contained

in WmpMq (and therefore not in WmpM 1q), we must have ξu
piq

pyq P M . However, we also
have Φwvpiq

`

upiq
˘

“ upi`1q, which implies ξu
piq

pyqr|wvpiq|,|wvpiq|`ℓ´2s “ upi`1q and therefore

ξu
piq

pyqr|wvpiq|,|wvpiq|`|w|`ℓ´2s “ ξu
pi`1q

pwq .

Hence, the word ξu
pi`1q

pwq appears in the sequence ξu
piq

pyq P M and thus lies in WmpMq,
as required. This completes the proof. □

4.2. An example family. As specific examples, we consider the family of block codes hℓ,κ P

Fpκ, ℓq, given by

hℓ,κ : Aℓ
κ Ñ Aκ , w0 . . . wℓ´1 ÞÑ wℓ´1 ´ w0 mod κ , (4.2)

with integer parameters κ, ℓ ě 2. Recall that we write ηℓ,κ instead of ηhℓ,κ
. In the further

discussion, it will be convient to identify the alphabet Aκ with the cyclic group Zκ “ Z{κZ
of order κ. Likewise, we consider An

κ as the direct product group Zn
κ, equipped with

the coordinate-wise addition as group structure. In this context, we will sometimes write
pw0, . . . , wn´1q instead of w0 . . . wn´1 for words in An

κ. Given w, v P A˚
κ such that v “ ξupwq

for some u P Aℓ´1
κ , we see from (4.2) that vn`ℓ´1 “ vn `wn mod κ and hence, by induction,

vn`kℓ´1 “ vn `

k´1
ÿ

j“0

wn`jpℓ´1q mod κ . (4.3)

This allows for a straightforward computation of the induced prefix permutations. For k “

0, . . . , ℓ ´ 2, we let

tkpwq “

tp|w|´k´1q{pℓ´1qu
ÿ

j“0

wk`jpℓ´1q mod κ , (4.4)

where tαu “ suptn P Z | n ď αu for all α P R. In other words, tkpwq is the sum of the entries
of w over all positions in the set pk ` pℓ ´ 1qZq X r0, |w| ´ 1s. Then, if |w| is a multiple of
ℓ ´ 1 (which is the simpler case) we have

Φwpu0, . . . , uℓ´2q “ pu0, . . . , uℓ´2q ` pt0pwq, . . . , tℓ´2pwqq , (4.5)

(with addition is carried out in Aℓ´1
κ » Zℓ´1

κ ). In general, we have

Φwpu0, . . . , uℓ´2q “ pu|w| mod pℓ´1q, . . . , uℓ´2, u0, . . . , u|w|´1 mod pℓ´1qq

` pt|w| mod pℓ´1qpwq, . . . , tℓ´2pwq, t0pwq, . . . , t|w|´1 mod pℓ´1qpwqq .
(4.6)

Remark 4.3. For the application of Theorem 1.5, we need to ensure that the family of return
permutations for a given word w acts transitively on Aℓ´1

κ . This is certainly true if it contains
the two permutations

π : pu0, u1, . . . , uℓ´2q ÞÑ pu1, . . . , uℓ´2, u0q and

π1 : pu0, u1, . . . , uℓ´2q ÞÑ pu0, . . . , uk´1, uk ` 1, uk`1, . . . , uℓ´2q
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for some k P t0, . . . , ℓ ´ 2u. When h “ hκ,ℓ for some κ, ℓ ě 2, so that the return permutations
are given by (4.5) and (4.6), this is always the case if there exist v, v1 P A˚

κ such that
‚ wvw,wv1w P WpY q,
‚ |wv| mod κ “ 1;
‚ pt0pwvq, t1pwvq, . . . , tℓ´2pwvqq “ p0, 0, . . . , 0q;
‚ |wv1| mod κ “ 0;
‚ D!k P t0, . . . , ℓ ´ 2u : tkpwv1q “ 1 and tjpwv1q “ 0 for all j ‰ k.

In this case, we have Φwv “ π and Φwv1 “ π1. This will be instrumental for the application to
substitution subshifts in Section 4.3 below.

In the special case ℓ “ 2, all induced prefix permutations are simply rotations on the
cyclic group Aκ » Zκ. More precisely, we have

Φwpaq “ a `

|w|´1
ÿ

j“0

wj mod κ .

This means, in particular, that all induced prefix permutations commute with each other.
Moreover, in this case the skew product map T in Theorem 1.3 is a group extension, since
all fibre maps Φy0

: a ÞÑ a`y0 mod κ are rotations on the cyclic group Aκ. If w P A˚
κ contains

a subword w̃Ÿw, say w “ w1w̃w2, and wvw P WpY q, then we also have w̃pw2vw1qw̃ P WpY q

(since this is a subword of wvw) and (3.6) together with the commutativity yields

Φw̃pw2vw1q “ Φw1 ˝ Φw̃pw2vw1q ˝ Φ´1
w1 “ Φwv .

As a consequence, we obtain Rpwq Ď Rpw̃q. Further, in the situation of Theorem 1.5(iii),
the minimality of Y together with the fact that |wpnq|

nÑ8
ÝÑ 8 imply that for each n P N there

exists N ě n such that wpnq Ÿwpkq holds for all k ě N . This leads to the following simplified
criterion for the minimality of lifts under the sliding block codes η2,κ, κ P N.

Proposition 4.4. Let Y Ď AZ
κ be a minimal subshift, κ ě 2 and X “ η´1

2,κpY q. Then X is
minimal if and only if there exists a sequence of words wpnq, vpnq P WpY q such that

(i) wpnqvpnqwpnq P WpY q for all n P N;
(ii) |wpnq|

nÑ8
ÝÑ 8;

(iii) the sequence ptnqnPN in Zκ given by

tn “ t0
´

wpnqvpnq
¯

“

|wpnqvpnq
|´1

ÿ

k“0

´

wpnqvpnq
¯

k
mod κ (4.7)

has the property that ttk | k ě Nu generates Zκ for all N P N.

Proof. Suppose that (i)–(iii) hold and fix n P N. By minimality, we can choose N ě n such
that wpnq Ÿ wpkq for all k ě N . Then, by the above, we have Rpwpkqq Ď Rpwpnqq for all
k ě N . Therefore RpwpNqq contains all the permutations

Φvpkqwpkq : Aκ Ñ Aκ , a ÞÑ a ` tk mod κ

with k ě N . Since ttk | k ě Nu generates Zk, this implies that Rpwpnqq acts transitively on
Aκ. Hence, Theorem 1.5(iii) yields the minimality of X.

Conversely, suppose that X is minimal. Choose some y P Y and let wpnq “ yr0,ns. Then
by minimality ξ1

`

wpnq
˘

occurs in ξ0pyq, say ξ1
`

wpnq
˘

“ ξ0pyqrk,k`ns, where we can assume
without loss of generality that k ą n. If we let vpnq “ yrn`1,k´1s, so that wpnqvpnq “ yr0,k´1s,
then we obtain that yr0,k`ns “ wpnqvpnqwpnq and

Φwpnqvpnq p0q “ Φyr0,k´1s
p0q “ 1 ,

which further implies tn “ t0
`

wpnqvpnq
˘

“ 1. Hence, properties (i)–(iii) are satisfied. □

Note that in the special case κ “ 2, Corollary 1.8 follows as a direct consequence.
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4.3. Applications to substitution systems. The aim of this section is to illustrate the above
minimality criteria by the application to some well-known substitution systems. More pre-
cisely, we will have a look at the the noble means substitution with parameter p P N (nm, p)
(which includes the Fibonacci and the silver mean substitution), the Tribonacci substitution
(Tri) and the period doubling substitution (pd). It will become clear from the proofs below
that there is considerable potential for further generalisations. However, our intention here
is not to perform a systematic study of the largest-possible classes of substitutions to which
our methods can be applied – this will be subject of subsequent work [GJK]. Instead, the
results presented below should rather be understood as a ‘proof of principle’.

In order to avoid redundancies, we fix some uniform notation for all examples. First, the
respective substitution rule will be denoted by Γα, where α P tpnm, pq,Tri,pdu. The n-th
substitution word is defined as

τ pnq “ Γn
αp0q , (4.8)

with the exception of period doubling, where we let τ pnq “ Γn
pdp1q (see Section 4.3.3 for an

explanation). Note that we keep the dependence of the substitution words on α implicit.
Each of these substitutions induces a subshift Xα, which is defined via (2.1) as Xα “ XW pαq,
where W pαq “

␣

w P A˚
κ | Dn P N : w Ÿ τ pnq

(

. By

rn “ |τ pnq| mod pℓ ´ 1q , (4.9)

we denote the length of the n-th substitution word modℓ´ 1. Together with the coefficients

tkn “ tk
´

τ pnq
¯

“

tp|wpnq
|´k´1q{pℓ´1qu
ÿ

j“0

τ
pnq

k`jpℓ´1q
mod κ , (4.10)

for n P N and k “ 0, . . . , ℓ´ 2, these parameters determine the prefix permutations Φτpnq , as
described by (4.5) and (4.6) above. When ℓ “ 2, we also write

tn “

|τpnq
|´1

ÿ

j“0

τ
pnq

j (4.11)

instead of t0n. We refer to [BG13, Bru22] for a general background on substitution systems,
as well as for further specific information about the examples discussed below.

4.3.1. Noble means substitutions. The noble means substitution with parameter p P N is given
by the substitution rule

Γnm,p : A2 Ñ A2
2 ,

"

0 ÞÑ 0p1

1 ÞÑ 0

*

. (4.12)

Note that for p “ 1, we obtain the Fibonacci substitution 0 ÞÑ 01, 1 ÞÑ 0. Moreover,
Γnm,2 is conjugate to the silver mean substitution Γsilver : A2 Ñ A2

2, 0 ÞÑ 010, 1 ÞÑ 0 by
the concatenation with 0 from the left, respectively the right, in the sense that Γn

nm,2p0q0 “

0Γn
silverp0q. Therefore, if Xsilver denotes the subshift induced by the silver means substitution,

then Xnm,2 “ Xsilver (see [BG13, Section 4.4] for details). Consequently, we do not have
to distinguish between these examples and only treat the general case of the noble means
substitutions. The substitution words satisfy the recursive equation

τ pn`1q “

´

τ pnq
¯p

τ pn´1q . (4.13)

Theorem 4.5. For all parameters p, κ, ℓ ě 2, the subshift X “ η´1
κ,ℓ pXnm,pq is minimal.

Proof. In order to apply Theorem 1.5(iv), we let wpnq “ τ pn´1q and vpnq “
`

τ pn´1q
˘p´2

τ pn´2q,
so that we obtain wpnqvpnq “ τ pnq. Note that in addition we have wpnqvpnqwpnq “ τ pnqτ pn´1q P

W pXnm,pq, which means that Φτpnq P R
`

wpnq
˘

.
For the length parameters rn, (4.13) yields rn`1 “ p ¨ rn ` rn´1 mod κ. Consequently, we

have
ˆ

rn
rn`1

˙

“

ˆ

0 1
1 p

˙

¨

ˆ

rn´1

rn

˙

.
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As the matrix
ˆ

0 1
1 p

˙

acting on the finite space Z2
ℓ´1 is invertible, the sequence prnqnPN

must be periodic. For the parameters tkn defined by (4.10), we obtain the recursive formulas

tkn`1 “

˜

p´1
ÿ

j“0

tk´jrn mod pℓ´1q
n

¸

` t
k´prn mod pℓ´1q

n´1 mod κ . (4.14)

If we define vectors Vn “
`

t0n´1, . . . , t
ℓ´2
n , t0n, . . . , t

ℓ´2
n

˘t
, then (4.14) translates to

Vn`1 “ Arn ¨ Vn ,

where the matrices Arn acting on Z2pℓ´1q
κ are again invertible. The latter comes from the

fact that the parameters tkn´1, k “ 0, . . . , ℓ ´ 2, only appear once in the equations (4.14),
and therefore Vn can be recovered from the data contained in Vn`1. Alternatively, one may
also compute the determinants of the Arn over the ring Zκ, which are non-vanishing.

As the matrices Arn form a periodic sequence acting on a finite space, the vectors Vn must
be periodic. This further yields the periodicity of the induced prefix permutations Φτpnq via
(4.6). Therefore, it suffices to show that the family of permutations tΦτpnq | n P Nu acts
transitively on Aℓ´1. However, this is already true for the two permutations

Φτp0q “ Φ0 : u0 . . . uℓ´2 ÞÑ u1 . . . uℓ´2u0 ,

Φτp1q “ Φ0p´11 : u0 . . . uℓ´2 ÞÑ up mod pℓ´1q . . . uℓ´2u0 . . . pup´1 mod ℓ´1 ` 1q .

Consequently, Theorem 1.5 implies the minimality of X “ η´1 pXnm,pq as required. □

4.3.2. Tribonacci substitution. The Tribonacci subsitution on three symbols is given by

ΓTri : A3 Ñ A2
3 ,

$

’

&

’

%

0 ÞÑ 01

1 ÞÑ 02

2 ÞÑ 0

,

/

.

/

-

. (4.15)

For the substitution words, we have the recursive formula

τ pn`1q “ τ pnqτ pn´1qτ pn´2q . (4.16)

The minimality of the lifts of the Tribonacci subshift XTrib follows by the same general pattern
as in the previous example. The decisive observation is that the substitution word with the
lowest index appears only once in the recursive rule (4.16), which ensures the invertibility
of the ‘transfer matrices’. Again, we provide some details in the proof below.

Theorem 4.6. For all integers κ ě 3 and ℓ ě 2, the subshifts X “ η´1
κ,ℓ pXTriq are minimal.

Proof. We let wpnq “ τ pn´1q and vpnq “ τ pn´2qτ pn´3q, so that we have wpnqvpnq “ τ pnq and
wpnqvpnqwpnq “ τ pnqτ pn´1q P W pXTribq. The latter yields Φτpnq P R

`

wpnq
˘

.
The lengths rn satisfy the recursive equation rn`1 “ rn ` rn´1 ` rn´2 mod κ, so that

¨

˝

rn´1

rn
rn`1

˛

‚ “

¨

˝

0 1 0
0 0 1
1 1 1

˛

‚¨

¨

˝

rn´2

rn´1

rn

˛

‚ .

Due to the bijectivity of the matrix, the sequence prnqnPN is periodic. For the parameters tkn
given by (4.10), we have the recursive equations

tkn`1 “ tkn ` t
k´rn mod pℓ´1q

n´1 ` t
k´rn´rn´1 mod pℓ´1q

n´2 mod κ . (4.17)

Hence, the vectors Vn “
`

t0n´2, . . . , t
ℓ´2
n´2, t

0
n´1, . . . , t

ℓ´2
n , t0n, . . . , t

ℓ´2
n

˘t
satisfy

Vn`1 “ Arn,rn´1 ¨ Vn ,

with invertible matrices Arn,rn´1
determined by (4.17). This yields the periodicity of pVnqnPN,

and hence of pΦτpnq qnPN. Consequently, it suffices again to show that the family of per-
mutations tΦτpnq | n P Nu acts transitively on Aℓ´1. This is true since it contains the two
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permutations

Φτp0q “ Φ0 : u0 . . . uℓ´2 ÞÑ u1 . . . uℓ´2u0 ,

Φτp1q “ Φ01 : u0 . . . uℓ´2 ÞÑ u2 . . . uℓ´2u0 . . . pu1 ` 1q .

As before, Theorem 1.5 now implies the minimality of X “ η´1
κ,ℓ pXTriq. □

4.3.3. Period doubling substitution. The period-doubling substitution is given by

Γpd : A2 Ñ A2
2 ,

"

0 ÞÑ 11

1 ÞÑ 10

*

. (4.18)

We note that in comparision with the usual representation of the period doubling substitu-
tion, we interchange the roles of the symbols 0 and 1. The reason is the fact that in this way,
the Thue-Morse subshift can be obtained as the lift of Xpd under η2,2. Otherwise, we would
have to replace h2,2 by the block code h̃2,2 : x0x1 ÞÑ x1 ´ x0 ` 1 mod 2 in order to obtain
the same result. If we let

τ pnq “ Γn
pdp1q and ϑpnq “ Γn

pdp0q , (4.19)

then it is straightforward to check that

τ pn`1q “ τ pnqϑpnq, ϑpn`1q “ τ pnqτ pnq. (4.20)

Alternatively, we can also represent τ pn`1q as

τ pn`1q “ τ pnqτ pn´1qτ pn´1q . (4.21)

Moreover, we have |τ pnq| “ |ϑpnq| “ 2n for every n P N. We define a mapping

˘̈ : A˚
κ Ñ A˚

κ , w ÞÑ w̆ “ wr0,|w|´2s , (4.22)

thus reducing the length of each finite word by omitting the last symbol. Using the recursive
relations (4.20), a straightforward induction shows that, for every n ě 1,

τ̆ pnq “ ϑ̆pnq, (4.23)

while
τ

pnq

2n´1 “ n ` 1 mod 2 “ 1 ´ ϑ
pnq

2n´1 . (4.24)

In order to prove Theorem 1.7, we distinguish four cases ((1) ℓ even; (2) ℓ “ 3, κ odd;
(3) ℓ ě 5 odd; (4) ℓ “ 3, κ even) and treat each of them separately.

Proposition 4.7. For any κ ě 2 and any even ℓ ě 2, the lift X “ η´1
ℓ,κpXpdq of the period

doubling subshift under ηℓ,κ is minimal.

Proof. Choose a strictly increasing sequence pknqnPN of integers with 2k0 ą ℓ ´ 1. We shall
apply Theorem 1.5(iii) with wpnq “ τ̆ pknq.

For each n P N, choose mn ą kn such that 2mn ą pℓ ´ 1q ¨ 2kn . Since τ
pnq

2n alternates
between 0 and 1, we may assume that

τ
pmnq

2mn´1 “ 0 and ϑ
pmnq

2mn´1 “ 1 (4.25)

by increasing mn if necessary. Recall that by the recursive relations in (4.20), we have

τ pmn`2q “ τ pmnqϑpmnqτ pmnqτ pmnq .

We may further decompose τ pmn`2q into words of length 2kn

τ pmn`2q “ vp0q . . . vp2mn´kn´1q
looooooooooomooooooooooon

τpmnq

vp2mn´kn q . . . vp2¨2mn´kn´1q
loooooooooooooooomoooooooooooooooon

ϑpmnq

vp2¨2mn´kn q . . . vp3¨2mn´kn´1q
looooooooooooooooomooooooooooooooooon

τpmnq

vp3¨2mn´kn q . . . vp4¨2mn´kn q´1
looooooooooooooooomooooooooooooooooon

τpmnq

,
(4.26)
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where vpiq P
␣

τ pknq, ϑpknq
(

for i P
␣

0, . . . , 4 ¨ 2mn´kn ´ 1
(

. Now fix i P 0, . . . , ℓ ´ 2 and
consider the subwords v and v1 of τ pmn`2q of length pℓ ´ 1q ¨ 2kn given by

v “ vp2mn´kn´i´1q . . . vp2mn´kn´i`ℓ´3q ,

v1 “ vp2¨2mn´kn´i´1q . . . vp2¨2mn´kn´i`ℓ´3q .

Note that v and v1 are exactly at distance 2mn´kn of each other and vp2mn´kn´1q P
␣

τ pknq, ϑpknq
(

.
Further, since τ̆ pmnq “ ϑ̆pmnq, we have vj “ v1

j if j ‰ pi` 1q ¨ 2kn ´ 1. Due to (4.25), we have

mn, vpi`1q¨2kn´1 “ τ
pmnq

2mn´1 “ 0 and v1
pi`1q¨2kn´1 “ ϑ

pmnq

2mn´1 “ 1. Moreover, it follows from the

decomposition (4.26) that Φv,Φv1 P R
`

τ̆ pknq
˘

. Since ℓ ´ 1 divides |v|, formula (4.5) yields

Φvpu0, . . . , uℓ´2q “ pu0, . . . , uℓ´2q ` pt0pvq, . . . , tℓ´2pvqq .

where the addition is taken coordinatewise modulo κ. Since |v| “ |v1|, the same formula
holds with v replaced by v1. As ℓ ´ 1 is odd, we have gcdp2kn , ℓ ´ 1q “ 1. Hence, the map

α : Zℓ´1 Ñ Zℓ´1 , j ÞÑ pj ` 1q2kn ´ 1 mod ℓ ´ 1

is a bijection. From the observations above, it follows that tkpvq “ tkpv1q whenever k ‰ αpiq,
while tαpiqpv1q “ tαpiq ` 1 mod κ. Therefore, for every u P Aℓ´1

κ and k ‰ αpiq.
`

Φκ´1
v ˝ Φv1 puq

˘

k
“ uk ` κ ¨ tkpvq mod κ “ uk ,

while at the same time
`

Φκ´1
v ˝ Φv1 puq

˘

αpiq
“ uαpiq ` κ ¨ tαpiqpvq ` 1 mod κ “ uαpiq ` 1 mod κ .

As Φv,Φv1 P R
`

τ̆ pknq
˘

and i P t0, . . . , ℓ ´ 2u was arbitrary, this shows that Rpτ̆ pknqq acts
transitively on Aℓ´1

κ and thus completes the proof. □

Next, we consider the case ℓ “ 3 and κ odd.

Proposition 4.8. Suppose that κ ě 2 is odd. Then X “ η´1
κ,3 pXpdq is minimal.

Proof. In this case, the proof is similar to that of Theorem 4.5 for the noble means subshifts.
We aim to apply Theorem 1.5(iv) with

wpnq “ τ pn´1q and vpnq “ τ pn´2qτ pn´2q .

Note that thus Φτpnq P Rpwpnqq. Since |τ pnq| “ 2n for all n P N and ℓ ´ 1 “ 2, we have
rn “ |τ pnq| mod pℓ ´ 1q “ 0 for all n ě 1. The recursive equation (4.21) therefore yields

t0n`1 “ t0n ` 2t0n´1 mod κ and t1n`1 “ t1n ` 2t1n´1 .

for all n ě 2. If we let Vn “
`

t0n, t
1
n, t

0
n´1, t

1
n´1

˘t
, then this means

Vn`1 “ A ¨ Vn

with

A “

¨

˚

˚

˝

1 0 2 0
0 1 0 2
1 0 0 0
0 1 0 0

˛

‹

‹

‚

.

Now, the matrix A is invertible over the ring Aκ “ Zκ (note that detpAq “ 4 and κ is
odd). Hence, similar as in the proof of Theorem 4.5, we obtain periodicity of the sequence
pΦτpnq qně1 is periodic. (The only difference to the noble means case is the fact that the
sequence starts at n “ 1 instead of n “ 0.). Thus, in the light of Theorem 1.5(iv), it remains
to show that the family of permutations tΦτpnq | n P Nu acts transitively on A2

κ. However,
this is already true for the pair

Φτp1q “ Φ10 : u0u1 ÞÑ pu0 ` 1qu1 ,

Φτp2q

“ Φ1011 : u0u1 ÞÑ pu0 ` 2qpu1 ` 1q .

This yields the minimality of X. □
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It remains to treat the cases where η´1
κ,ℓ pXpdq is non-minimal. We start with odd parame-

ters ℓ ě 5. To that end, we introduce two auxilliary mappings

πeven : AZ
κ Ñ AN0

κ , y ÞÑ py2nqnPN0
,

πodd : AZ
κ Ñ AN0

κ , y ÞÑ py2n`1qnPN0 .

Proposition 4.9. Suppose that κ ě 2 and ℓ ě 5 is odd. Then X “ η´1
κ,ℓ pXpdq is non-minimal.

Proof. Let y P Xpd be chosen such that its right side coincides with the period doubling
sequence, that is, yr0,|τpnq|´1s “ τ pnq for all n P N. We aim to show that ξ10...0pyq cannot be
contained in the forward orbit of ξ0...0pyq, thus excluding minimality.

To that end, note that since yk “ 1 holds for all n P 2N0 (a well-known and easy to prove
fact about the period doubling sequence), we have that

πeven

`

ξ0...0pyq
˘

“
`

0ℓ´11ℓ´1 . . . pκ ´ 1qℓ´1
˘8

, (4.27)

πeven

`

ξ10...0pyq
˘

“
`

10ℓ´221ℓ´2 . . . 0pκ ´ 1qℓ´2
˘8

. (4.28)

Now, let pnkqkPN be any sequence of positive integers such that nk Õ 8 and

x “ lim
kÑ8

σnk
`

ξ0...0pyq
˘

exists. By going over to a subsequence if necessary, we may assume that j “ nk mod pℓ´1qκ
is constant in k. If j is even, then we obtain

πevenpxq “ σj{2
`

πeven

`

ξ0...0pyq
˘˘

“ σj{2
`

0ℓ´11ℓ´1 . . . pκ ´ 1qℓ´1
˘8

.

This, however, implies that x ‰ ξ10...0pyq. If j is odd, then we obtain that

πoddpxq “ σpj`1q{2
`

πeven

`

ξ0...0pyq
˘˘

“ σpj`1q{2
`

0ℓ´11ℓ´1 . . . pκ ´ 1qℓ´1
˘8

.

If we had x “ ξ10...0pyq, then combinded with (4.28) this would imply that the sequence
ξ10...0pyqr0,`8q is periodic, contradicting the aperiodicity of yr0,`8q. Altogether, this shows
that ξ10...0pyq is not contained in the forward orbit of ξ0...0pyq, so that X is non-minimal. □

Finally, we treat the case ℓ “ 3 and κ ě 2 even.

Proposition 4.10. If κ ě 2 is even, then X “ η´1
κ,3 pXpdq is non-minimal.

Proof. As in the previous proof, we choose y to be the period doubling sequence and consider
the points ξ00pyq and ξ10pyq. Similar to above, we have

πeven

`

ξ00pyq
˘

“ p01 . . . pκ ´ 1qq8 , (4.29)

πeven

`

ξ10pyq
˘

“ p1 . . . pκ ´ 1q0q8 . (4.30)

Since yk “ 0 holds for all k P 4N0 ` 1, ξ00pyq is of the form

ξ00pyq “ 0a11a12a23a2 . . . aκpκ ´ 1qaκ0aκ`11aκ`1 . . . ,

with ai P Aκ (where we assume κ ě 6 for better illustration). At the same time,

ξ00pyq “ 1a12a13a24a2 . . . aκ´1pκ ´ 1qaκ0aκ1aκ`1 . . . .

Hence, if an odd number appears at an even position in ξ00pyq, then its left and right neigh-
bours coincide, and the same holds for even numbers at even positions in ξ10pyq. Together
with (4.29) and (4.30), this implies that ξ10pyq cannot belong to the forward orbit closure of
ξ00pyq. (A more formal argument can be given along the lines of the proof of Proposition 4.9;
we leave the details to the reader.) This yields that X is not minimal, as claimed. □
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4.4. Decomposition of non-minimal lifts into minimal components. When a permuta-
tive lift of a minimal subshift is not minimal, we have the following.

Lemma 4.11. Suppose that h P Fpκ, ℓq is permutative, Y Ď AZ
κ is a minimal subshift and

X “ η´1
h pY q is not minimal. Then for each minimal set M Ď X there exists an integer

rpMq P t1, . . . , κℓ´1 ´ 1u such that, for all y P Y , we have

#M X η´1
h pyq “ rpMq .

We will refer to rpMq as the rank of M over Y .

Proof. Let y, ŷ P Y and assume that #
`

η´1
h pyq X M

˘

“ m and η´1
h pyqXM “

␣

xp1q, . . . , xpmq
(

.
By minimality of Y , compactness of M and continuity of ηh, we can choose nk Õ 8 such
that limkÑ8 σnkpyq “ ŷ and limkÑ8 σnkpxpiqq “ x̂piq P η´1

h pŷq X M . Since the xpiq are
pairwise pℓ ´ 1q-separated by Proposition 1.1, so are the limits points x̂piq. This shows
#
`

η´1
h pŷq X M

˘

ě #
`

η´1
h pyq X M

˘

. As y, ŷ were arbitrary, we obtain that #
`

η´1
h pyq X M

˘

is independent of y P Y . □

However, it is important to note that the ranks of two distinct minimal subsets of the lift
may well be different. An easy example is given by the lift of the fixed point 0Z under η´1

2,3,
which is given by the two fixed points 0Z and 1Z and the two-periodic orbit

␣

p01qZ, p10qZ
(

.
It turns out that all a priori possible combinations of ranks may occur. In order to see this,
the following basic observation is needed.

Lemma 4.12. Let κ P N, and π be a permutation of Aκ. Then there exists a permutative block
code h P Fpκ, 2q such that Φphq

0 “ π.

Proof. It suffices to choose hpabq “ b ´ πpaq mod κ. □

Given a permutation π of Aκ, we denote by Ppπq the partition of Aκ into π-orbits. Note
that each element a P Aκ is periodic under π with some period ppaq ď κ and its orbit is
given by Oπpaq “ tπipaq | i “ 0, . . . , ppaq ´ 1u. Now, choose integers 1 ď r1, . . . , rn ď κ
such

řn
i“1 ri “ κ. Let π be a permutation of Aκ such that Ppπq can be written as Ppπq “

tP1, . . . , Pnu with #Pi “ ri for all i “ 1, . . . , κ. Note that thus ppaq “ ri for all a P Pi.
Now, choose h P Fpκ, 2q such that Φphq

0 “ π. Then for any a P Aκ, we have that

ξa
`

0Z
˘

“

´

aπpaq . . . πppaq´1paq

¯8

which is a periodic point of period ppaq. As a consequence, η´1
h

`

0Z
˘

partitions into n differ-
ent minimal sets (periodic orbits) M1, . . . ,Mn , each of cardinality #Mi “ rpMiq “ ri. This
provides an easy demonstration for the fact that in general there are no combinatorial re-
strictions on how a permutative lift of a minimal subshift is partitioned into minimal sets of
different rank. More sophisticated examples based on Toeplitz flows will be given in [Kan].
These will be based on the following generalisation of Theorem 1.5.

Theorem 4.13. Suppose that h P Fpκ, ℓq is permutative, Y Ď AZ
κ is a minimal subshift and

X “ η´1
h pY q. Further, let Q be a partition of Aℓ´1

κ and assume that there exists a sequence of
words pwpnqqnPN such that the following hold (for all n P N where applicable):

(i) |τ pnq| Õ `8 as n Ñ 8;
(ii) τ pn`1q starts with τ pnq;

(iii) R
`

τ pnq
˘

leaves each Q P Q invariant, that is, πpQq “ Q for all π P R
`

τ pnq
˘

;
(iv) R

`

τ pnq
˘

acts transitively on each Q P Q.

Then X “
Ţ

QPQ MQ, where each MQ is a minimal set given by

MQ “

!

x P X | v Ÿ x ñ Dn P N, u P Q : v Ÿ ξu
´

wpnq
¯)

. (4.31)

Moreover, we have rpMQq “ #Q for all Q P Q.
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Proof. Since wpn`1q starts with wpnq, there exists a sequence y P Y such that yr0,|wpnq|´1s “

wpnq for all n P N. Fix ũ P Aℓ´1
κ and let M Ď X be the minimal component that contains

ξũpyq, that is, M “ Oσpξũpyqq. Choose n P N such that

W|ωpnq|`ℓ´1pMq X W|ωpnq|`ℓ´1pM 1q “ H , (4.32)

where M 1 “ XzM . Now, suppose that u, ũ belong the the same partition element Q P Q
and there is v P A˚

κ such that wpnqvwpnq P WpY q and Φwpnqvpũq “ u. Then

ξũ
´

wpnqvwpnq
¯

r|wpnqv|,|wpnqvwpnq|´1s
“ ξu

´

wpnq
¯

.

Due to (4.32), this entails that ξupyq P M . Similar as in the proof of Theorem 1.5 in
Section 4.1, the fact that R

`

wpnq
˘

acts transitively on Q then yields that ξupyq P M for all
u P Q. Using minimality, we can conclude that M “ MQ.

It remains to prove that the sets MQ, Q P Q, are pairwise disjoint. To that end, it suffices
to show that ξu

1

pyq R MQ whenever u1 R Q. Assume for a contradiction that ξu
1

pyq P MQ,
so that in particular ξu

1 `

wpnq
˘

P W pMQq. By minimality, this yields ξu
1 `

wpnq
˘

Ÿ ξupyq for
u P Q. However, this is only possible if there exists some v P A˚

κ such that y starts with
wpnqvwpnq and Φwpnqvpuq “ u1. As Φwpnqv P R

`

wpnq
˘

in this case, this contradicts (iii). □

5. UNIQUE ERGODICITY

5.1. Unique ergodicity of substitution subshifts. Before we turn to discuss the unique
ergodicity for lifts of arbitrary strictly ergodic subshifts, we first want to point out in this
section that for all the substitution examples discussed in Section 4.3, unique ergodicity
is a more or less direct consequence of minimality. The reason is the fact that the linear
recurrence of primitive substitution subshifts is preserved by lifts under permutative sliding
block codes, in the sense that every minimal component of the lift is linearly recurrent (and
therefore uniquely ergodic). This is true in general for all primitive substitutions and will
be discussed in [GJK]. However, in order to demonstrate the underlying principle, we want
to provide a simplified argument for the case of the noble means substitutions. Recall that
all primitive substitution subshifts are linearly recurrent [DL06] and all linearly recurrent
subshifts are uniquely ergodic (see, for instance, [Dur00, Bru22]).

Now, for given parameters p P N and κ, ℓ ě 2, let X “ η´1
κ,ℓ pXnm,pq. Due to the minimality

of X by Theorem 4.5, there exists some k P N such that for all u, u1 P Aℓ´1
κ , the lift ξu

`

τ pkq
˘

of τ pkq contains ξu
1

p0q. Moreover, as shown in Section 4.3.1, the sequence of prefix permu-
tations pΦτpnq qnPN is periodic with some period q P N. In particular, we have Φτpn´1q “ Φ1

and Φτpnq “ Φ0 for all n P qZ. This immediately implies that

ΦΓn
nm,ppwq “ Φw (5.1)

holds for all w P A˚
κ. Further, we therefore obtain that

ξu
1
´

τ pnq
¯

Ÿ ξu
´

τ pn`kq
¯

holds for all u, u1 P Aℓ´1
κ and n P qZ . (5.2)

Note also that for any n P N, any y P Xnm,p can be written as an infinite concatenation of
substitutions words τ pnq and τ pn´1q. This implies that any w P W pXnm,pq with |w| ď |τ pn´2q|

is contained in τ pnq as a subword.
In order to see that X is linearly recurrent, let ŵ “ ξûpwq P WpXq, with û P Aℓ´1

κ and
w P W pXnm,pq. Let n P qZ be minimal with the property that |τ pn´2q| ě |w|, so that wŸτ pnq.
Since we choose n minimal, we have

|τ pnq| ď 2q`2 ¨ |w| . (5.3)

Now, suppose that v P W pXnm,pq satisfies |v| ě 2q`k`4 ¨ |w|. Then |v| ě 4|τ pn`kq|, which
implies τ pn`kq Ÿ v. By (5.2), we obtain that ξu

1 `

τ pnq
˘

Ÿ ξupvq holds for all u, u1 P Aℓ´1
κ .

Consequently, we also have ξu
1

pwqŸξupvq for all u, u1 P Aℓ´1, and in particular ξûpwqŸξupvq.
Since u P Aℓ´1

κ and v P W pXnm,pq with |v| ě 2q`k`4 were arbitrary, we obtain that ξûpwq is
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contained in any word of length ě 2q`k`4 ¨ |w| ` ℓ ´ 1 in WpXq. As |ξûpwq| “ |w| ` ℓ ´ 1,
the same holds in particular for any word of length ě pℓ ´ 1q ¨ 2q`k`4 ¨ |ξûpwq|. Therefore X
is linearly recurrent with constant L “ pℓ ´ 1q ¨ 2q`k`4, and hence uniquely ergodic.

Together with Theorem 4.5, this proves Theorem 1.6. For the Tribonacci and period
doubling substitutions, we refer to the mentioned result in [GJK].

5.2. Unique ergodicity via uniform frequencies of return permutations. We now turn
to the characterisation of unique ergodicity for general permutative lifts, without relying on
linear recurrence or any substitution structure. Thereby, the skew product representation
provided by Theorem 1.3 allows to see that there always exists a canonical invariant Borel
measure for the lift of a uniquely ergodic subshift by a permutative sliding block code. The
main task will then be to show the uniqueness of this particular invariant measure.

Proposition 5.1. Suppose that Y Ď AZ
κ is a subshift, µY is a shift-invariant Borel measure on

Y , h P Fpκ, ℓq is a permutative block code and X “ η´1
h pY q. Then there exists a shift-invariant

Borel measure µX on X which satisfies

µX

´

rξupwqs
`

|w|`ℓ´2

¯

“
1

κℓ´1
¨ µY

´

rws
`

|w|´1

¯

(5.4)

for all w P WpY q and u P Aℓ´1
κ and is uniquely determined by these equations.

Proof. First of all, we note that

WpXq “
␣

ξupwq | w P WpY q, u P Aℓ´1
κ

(

Y

ℓ´1
ď

n“1

An
κ .

Therefore, any Borel measure on X is determined by its values on the cylider sets of the
form rξupwqs

`

|w|`ℓ´1. In particular, µX is uniquely determined by (5.4).
In order to see that µX is indeed a shift-invariant Borel measure, note that the skew

product transformation T : Y ˆAℓ´1
κ Ñ Y ˆAℓ´1

κ defined in (1.3) has the invariant measure
µ̃Y “ µY ˆ θ, where θ denotes the equidistribution on Aℓ´1

κ . By definition, we have that

µ̃Y

´

rws
`

|w|
ˆ tuu

¯

“
1

κℓ´1
¨ µY

´

rws
`

|w|

¯

(5.5)

for any w P WpY q and u P Aℓ´1
κ . Moreover, if γ is the conjugacy between pX,σq and

pY ˆ Aℓ´1
κ , T q given by (1.2), then

γ
´

rws
`

|w|
ˆ tuu

¯

“ rξupwqs
`

|w|`ℓ´1 . (5.6)

Therefore, µX equals the measure pγ´1q˚µ̃Y “ µ̃Y ˝ γ on X. As γ is a conjugacy and µ̃Y is
T -invariant, µX is a shift-invariant Borel measure as claimed. □

We say x P AZ
κ has uniform word frequencies1 if, for all w P A˚

κ, there exist numbers
ν̄px,wq such that

lim
nÑ8

sup
kPZ

ˇ

ˇ

ˇ

ˇ

ˇ

1

n

n´1
ÿ

j“0

1
rws

`

|w|

˝ σk`jpxq ´ ν̄px,wq

ˇ

ˇ

ˇ

ˇ

ˇ

“ 0 . (5.7)

The following statement is well-known (see, for instance, [Oxt52, Sch00]).

Proposition 5.2. If Y Ď AZ
κ is a minimal subshift, then the following are equivalent.

(i) pY, σq is uniquely ergodic;
(ii) all y P Y have uniform word frequencies;
(iii) there exists some y P Y with uniform word frequencies.

1Oxtoby [Oxt52] calls this property strict transitivity, whereas in the context of aperiodic order and the study
of Delone sets it is usually referred to as uniform patch frequencies [Sch00].
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Remark 5.3. If the supremum in (5.7) is only taken over k P N (instead of k P Z), then this
still yields unique ergodicity on the ω-limit set of y. However, if y is almost periodic, then the
ω-limit set equals the orbit closure. Hence, the statement of Proposition 5.2 remains valid if the
supremum in (5.7) is only taken over k P N.

In order to adapt this statement to our situation, we need some more notation. Given a
permutative block code h P Fpκ, ℓq, a strictly ergodic subshift Y Ď AZ

κ, w, v P WpY q with
|w| ď |v| and u, u1 P Aℓ´1

κ , we define

Appw, vq “
␣

0 ď j ď |v| ´ |w| | vrj,j`|w|´1s “ w
(

and (5.8)

Apu ÞÑu1 pw, vq “
␣

j P Appw, vq | Φvr0,j´1s
puq “ u1

(

. (5.9)

Note that we keep the dependence of these quantities on h implicit. Let further

νappw, vq “
#Appw, vq

|v| ´ |w| ` 1
, (5.10)

νapuÑu1 pw, vq “
#Apu ÞÑu1 pw, vq

|v| ´ |w| ` 1
, (5.11)

as well as

Dap
u pw, vq “ max

u1,u2PAℓ´1
|νapuÞÑu1 pw, vq ´ νapuÞÑu2 pw, vq| , (5.12)

Dappw, vq “ max
uPAℓ´1

Dap
u pw, vq . (5.13)

Then we obtain the following.

Theorem 5.4. Suppose that Y Ď AZ
κ is a strictly ergodic subshift with unique invariant prob-

ability measure µY and h P Fpκ, ℓq is a permutative block code of length ℓ. Then X “ η´1
h pY q

is strictly ergodic if and only if there exists y P Y such that

lim
nÑ8

sup
kPN

Dap
`

w, yrk,k`ns

˘

“ 0 (5.14)

holds for all w P WpY q. Moreover, (5.14) is equivalent to

lim
nÑ8

sup
kPN

max
u,u1PAℓ´1

κ

¨

˝νapuÞÑu1

`

w, yrk,k`ns

˘

´
µY

´

rws
`

|w|

¯

κℓ´1

˛

‚ “ 0 . (5.15)

Proof. We first show that unique ergodicity is equivalent to (5.15). To that end, fix û P

Aℓ´1 and k P N and let u “ Φyr0,k´1s
pûq. Then, for any u1 P Aℓ´1, we have

1

n

n´1
ÿ

j“0

1
rξu1

pwqs
`

|w|`ℓ´1
˝ σk`j

`

ξûpyq
˘

“
1

n

n´1
ÿ

j“0

1
rξu1

pwqs
`

|w|´ℓ´1
˝ σj

`

ξu
`

σkpyq
˘˘

“ νapu ÞÑu1

`

w, yrk,k`n`|w|´2s

˘ nÑ8
ÝÑ

µY

´

rws
`

|w|

¯

κℓ´1
,

where (5.15) implies that the convergence is uniform in k P N. Hence, the sequence ξupyq

has uniform word frequencies and Proposition 5.2 yields the unique ergodicity of pX,σq.
Note that (5.15) in combination with the uniform ergodic theorem implies that unique in-
variant measure must be the measure µX defined by (5.4).

It remains to show the equivalence between (5.14) and (5.15). The fact that (5.15)
implies (5.14) is obvious. Conversely, in order to see that (5.14) implies (5.15), note that
the unique ergodicity of pY, σq yields

νap
`

w, yrk,k`ns

˘ nÑ8
ÝÑ µY

`

rws`
˘

,

and the convergence is uniform in k P N. However, we also have that

νap
`

w, yrk,k`ns

˘

“
ÿ

u1PAℓ´1

νapu ÞÑu1

`

w, yrk,k`ns

˘

,
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where u P Aℓ´1 is arbitrary. In combination with (5.14), this implies (5.15). □

In order to estimate the quantities Dappw, vq, the following statement can be useful.

Lemma 5.5. In the situation of Theorem 5.4, suppose that v, w P WpY q and v is a concatena-
tion of words v “ vp0q . . . vpMq and |w| ď |vpjq| for all j “ 0, . . . ,M . Then

Dappw, vq ď

M
ÿ

j“0

|vpjq| ´ |w| ` 1

|v| ´ |w| ` 1
Dap

´

w, vpjq
¯

`
M ¨ p|w| ´ 1q

|v| ´ |w| ` 1
. (5.16)

Proof. Let ki “
ři´1

j“0 |vpjq|, so that vrki,ki`t´1s “ vpiq. Then, since

Φvr0,ki`ks
“ Φ

v
piq

r0,ks

˝ Φvr0,ki´1s

for all k “ 0, . . . , |vpiq| ´ 1, we have

ApuÞÑu1 pw, vq X rki, ki`1 ´ |w|s “ ApΦvr0,ki´1s
puqÞÑu1

´

w, vpiq
¯

´ ki .

Combined with the definition of Dappv, wq, this yields (5.16). □

6. PERMUTATIVE SLIDING BLOCK CODES AND TOEPLITZ FLOWS

6.1. Basic notions for Toeplitz flows. A point ξ P AZ is called a Toeplitz sequence if it is not
periodic and has the property that

for all n P Z there exists p P N such that ξn “ ξn`pk holds for any k P Z. (6.1)

By ppξ, nq we denote the least integer p that satisfies (6.1). Given a point ξ P AZ
κ, a P Aκ

and any p P N, we let Perpξ, p, aq “ tn P Z | ξn`kp “ a for all k P Zu, and define the set of
p-periodic positions of ξ as

Perpξ, pq “
ď

aPAκ

Perpξ, p, aq .

The set of all periodic positions of ξ is then given as Perpξq “
Ť

pPN Perpξ, pq. We call p P N
an essential period of ξ if Perpξ, pq ‰ ∅ and there exists no q ă p such that Perpξ, p, aq Ď

Perpξ, q, aq holds for all a P Aκ.

Remark 6.1. Note that if Perpξ, p, aq Ď Perpξ, q, aq, then we actually have Perpξ, p, aq “

Perpξ, gcdpp, qq, aq, where gcd denotes the greatest common divisor. Hence, in order to see that
p is essential, it suffices that Perpξ, p, aq ‰ Perpξ, q, aq for all q ă p with q|p.

For any ξ P AZ
κ and p P N, we further define the p-skeleton ξ̂p P AZ

κ`1 of ξ by

ξ̂pn “

#

ξn if n P Perpξ, pq

κ if n R Perpξ, pq
, n P Z . (6.2)

Then ξ̂p is p-periodic and p is an essential period of ξ if it is the least period of ξ̂p. A strictly
increasing sequence of positive integers P “ ppkqkPN is called a scale if pk | pk`1 for all k P N.
It is called a period structure of a Toeplitz sequence ξ P AZ

κ if
‚ for all k P N, pk is an essential period of ξ;
‚
Ť

kPN Perpξ, pkq “ Z.
Given a Toeplitz sequence ξ P AZ

κ, we call Xξ a Toeplitz subshift. We have

Theorem 6.2 ([JK69]). Every Toeplitz subshift is minimal.

For a Toeplitz sequence ξ P AZ
κ and a period structure P “ ppkqkPN of ξ, we define the

density of periodic positions of ξ with respect to P as

Dpξ, P q “ lim
kÑ8

#Perpξ, pkq X r0, pk ´ 1s

pk
.

Note that #Perpξ,pkqXr0,pk´1s

pk
is non-decreasing in k and bounded from above by 1, so that

the limit always exists (and can be replaced by the supremum). Suppose Q “ pqkqkPN is
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another period structure of ξ. Then for any k P N, there exists N P N such that pk | qm
and qk | pm for m ě N . Hence Dpξ, P q “ Dpξ,Qq and we can define the density of ξ as
Dpξq “ Dpξ, P q, where P is any period structure of ξ. A Toeplitz sequence ξ P AZ

κ is called
regular if Dpξq “ 1 and irregular if Dpξq ă 1. A Toeplitz subshift X Ď AZ

κ is then called
regular if it contains a regular Toeplitz sequence and irregular otherwise.

Theorem 6.3 ([JK69]). A regular Toeplitz subshift is uniquely ergodic.

6.2. Toeplitz subshifts from one-sided Toeplitz sequences. Examples of Toeplitz sub-
shifts are often constructed via one-sided Toeplitz sequences. Since this is usually done
only implicitely in the literature, we provide some details for the convenience of the reader.
In analogy to (6.1), a point ξ P AN0

κ is called a one-sided Toeplitz sequence if it is not periodic
and has the property that

for all n P N0, there exists p P N such that ξn “ ξn`pk

holds for any n P Z with n ` pk ě 0.
(6.3)

By ppξ, nq, we denote the least integer p that satisfies (6.3) for a given n P N0 . Given
ξ P AN0

κ , we again define its associated subshift by Xξ. When ξ is almost periodic, we
alternatively can choose any z P AZ

κ with zr0,`8s “ ξ and define Xξ as the ω-limit of z.
Given a one-sided sequence ξ P AN0

κ and any p P N, we define the p-periodic positions of
ξ as Per`

pξ, pq “ tn P N0 | ppξ, nq|pu. Again, p is an essential period of ξ if Per`
pξ, pq ‰ ∅

and there exists no q ă p such that Per`
pξ, p, aq Ď Per`

pξ, q, aq for any a P Aκ. If we
define the p-skeleton ξ̂p of a one-sided Toeplitz sequence as in (6.2), with Perpξ, pq replaced
by Per`

pξ, pq, then this means that p is essential if and only if it is the least period of ξ̂p.
Similar to before, a scale P “ ppkqkPN is a period structure of a Toeplitz sequence ξ P AN0

κ if
‚ for all k P N, pk is an essential period of ξ;
‚
Ť

kPN Per`
pξ, pkq “ N0.

The density of the periodic positions of ξ can then be defined as above, with Perpξ, pkq

replaced by Per`
pξ, pkq, and will be denoted by D

`
pξ, P q and D

`
pξq, respectively. Then ξ is

called regular if D
`

pξq “ 1 and irregular otherwise.
We omit the proof of the following elementary statement.

Lemma 6.4. If X Ď AZ
κ is a minimal subshift and ξ, ζ P X. Then, for any p P N, there exists

q P t0, . . . , p ´ 1u such that Perpζ, p, aq “ Perpξ, p, aq ` q holds for all a P Aκ. In particular,
we have Perpζ, pq “ Perpξ, pq ` q. Moreover, if ξ, ζ are Toeplitz sequences, then any period
structure of ξ is also a period structure of ζ and vice versa.

As a consequence, we can speak of a period structure of a Toeplitz subshift.

Proposition 6.5. If ξ P AN
κ a one-sided Toeplitz sequence, then

‚ Xξ is a Toeplitz subshift;
‚ if P is a period structure of ξ, then P is a period structure of Xξ;
‚ Xξ is regular if and only if ξ is regular.

Proof. Let ξ P AN0
κ be a one-sided Toeplitz sequence with period structure P “ ppkqkPN. We

first note that since ξ is almost periodic, the subshift Xξ is minimal.
In order to see hat P is a period structure for Xξ, we have to show that it is a period

structure for some Toeplitz sequence x P Xξ. To that end, let pnjqjPN and prjqjPN be defined
by recursion on j as follows. For j “ 0 we let n0 “ 0 and r0 “ ppξ, 0q. If nj , rj are given for
some j ě 0, we let nj`1 “ nj ` rj and

rj`1 “ lcm trj , ppξ, nj`1 ´ j ´ 1q, ppξ, nj`1 ` j ` 1qu ,

where lcm denotes the least common multiple. By induction on j, one sees that all positions
in rnj ´ j, nj ` js are rj-periodic within ξ. Hence, we have that

ξrnj`1´j,nj`1`js “ ξrnj`rj´j,nj`rj`js “ ξrnj´j,nj`js .
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As a consequence, we obtain a well-defined sequence x P Xξ by setting

xr´j,js “ ξrnj´j,nj`js (6.4)

for all j P N. If we choose z P AZ
κ with zr0,8q “ ξ, then it follows by construction that

limjÑ8 σnj pzq “ x P Xξ. We claim that x is Toeplitz.
By going over to a subseqeuence if necessary, there exist ak P t0, . . . , pk ´ 1u, k P N, such

that nj mod pk ” ak for all but finitely many j. Consequently,

Per`
pξ, pkq ´ ak ` pkZ Ď Perpx, pkq .

Due to (6.4), the backwards iterates σ´nj pxq converge to a point that coincides with ξ on
N0 as j Ñ 8. Hence, we have

pPerpx, pkq ` akq X N0 Ď Per`
pξ, pkq .

As pk is an essential period of ξ, this implies that it is also an essential period of x. Since P
is a period structure of ξ, we have that for any j P N there exists k P N such that rj | pk.
Hence

Z “
ď

jPN
Perpx, rjq Ď

ď

kPpk

Perpx, pkq ,

so that x is indeed a two-sided Toeplitz sequence, with period structure P . As Xξ is minimal,
we have Xξ “ tσnpxq | n P Zu. Thus, we obtain that Xξ is a Toeplitz subshift. Moreover, it
follows from the above construction that

#Perpx, pkq X r0, pk ´ 1s “ #Per`
pξ, pkq X r0, pk ´ 1s

for all k P N. Therefore x is regular if and only if ξ is a regular. □

Remark 6.6. We note that while in the situation of Proposition 6.5, Xξ is a Toeplitz flow, the
sequence ξ may not necessarily extend to a two-sided Toeplitz sequence. This is the case, for
instance, for the period doubling sequence.

6.3. Construction of one-sided Toeplitz sequences. A standard method to construct a
one-sided Toeplitz sequence in AN0

κ is to enlarge the alphabet Aκ by an additional letter
(which in our case will be κ) and to approximate ξ with pk-periodic sequences ξpkq P AN0

κ`1

in such a way that ξpkq and ξpk`1q only differ at positions n P N0 with ξ
pkq
n “ κ. Thus, the

additional letter κ serves as a placeholder in the construction, which is successively replaced
by letters from the original alphabet. We refer to [Wil84] or [Dow05] and references within
for more background and the construction of a wide array of specific examples.

In our context, we will implement this idea in the following way. Given a scale P “

ppkqkPN with p1 ą 1, we choose a sequence of words vpkq P Apk

κ`1 of length pk and consider
the corresponding pk-periodic sequences ξpkq P AN0

κ`1 defined by ξ
pkq

r0,pk´1s
“ vpkq. Thereby,

we require that the following conditions hold:

(T1) ξ
pk`1q

j “ ξ
pkq

j whenever ξpkq

j ‰ κ;

(T2) for any k P N there exists k1 ą k such that ξpk1
q

r0,pkq
P Apk

κ ;

(T3) if ξpkq

j “ κ for some k P N and j P N0, then there exists k1 ą k and m P N such that

ξ
pk1

q

j , ξ
pk1

q

j`mpk
P Aκ and ξ

pk1
q

j ‰ ξ
pk1

q

j`mpk
;

(T4) for any k P N, pk is the least period of ξpkq.
The precise role of these conditions will become clear in the proof of

Proposition 6.7. Suppose that (T1)–(T4) hold. If we let

kpnq “ min
!

k P N | ξpkq
n ‰ κ

)

and define ξ P AN
κ by ξn “ ξ

pkpnqq
n , then ξ is a one-sided Toeplitz sequence. Further, the scale

P used in the construction is a period structure of ξ, the pk-skeletons ξ̂pk coincide with the
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sequences ξpkq for all k P N and we have

D
`

pξq “ lim
kÑ8

#t0 ď j ă pk ´ 1 | v
pkq

j ‰ κu

pk
.

Proof. Note that due to (T2), we have that kpnq is finite for all n P N0, and by pT1q we obtain
that ξpkq

n “ ξ
pkpnqq
n for all k ě kpnq. Further, we have n P Per`

pξ, pkpnqq by construction, while
(T3) yields n R Per`

pξ, pk1 q for any k1 ă kpnq. Consequently

Per`
pξ, pkq “

!

n P N0 | ξpkq
n ‰ κ

)

and therefore ξ̂pk “ ξpkq. Since pk is the least period of ξpkq by (T4), this implies that P
is a period structure of ξ. In particular, we obtain that ξ is Toeplitz, since every symbol is
repeated with some period pk and ξ is aperiodic since the pk are not uniformly bounded. □

Remark 6.8. We note that (T4) can be ensured by requiring the stonger condition
(T4’) for every k P N and q ă pk with q|pk, there exist n, n1 P N such that q|pn ´ n1q,

ξ
pkq
n , ξ

pkq

n1 ‰ κ and ξ
pkq
n ‰ ξ

pkq

n1 .
In this case, the fact that pk is the least period of ξpkq is already ensured by those positions with
ξ

pkq
n ‰ κ. We will use this observation in some constructions below.

6.4. Minimality of permutative lifts of Toeplitz flows. We now aim to explore the rela-
tions between Toeplitz constructions and the lifting procedure via permutative block codes.
Our first observation is the following.

Theorem 6.9. For any ℓ, κ P N there exists a Toeplitz flow Y Ď AZ
κ such that for any permuta-

tive block code h P Fpκ, ℓq the lift X “ η´1
h pY q is minimal.

Proof. Fix any permutative block code h P Fpκ, ℓq. Consider a scale P “ ppkqkPN0
with

p1 ą ℓ ´ 1, qk “
pk`1

pk
ą κℓ´1 for any k P N0. By recursion on k, we construct two sequences

of words wpkq and vpkq “ wpkqκℓ´1 of length pk ´ ℓ ` 1 and pk, respectively, so that the
pk-periodic sequences ξpkq with ξ

pkq

r0,pk´1s
“ vpkq, k P N, satisfy properties (T1)–(T4) above.

We first choose a word wp1q P Ap0´ℓ`1
κ such that (T4) is satisfied for vp1q “ wp1qκℓ´1.

Then, if vpkq “ wpkqκℓ´1 is already given for some k ě 1, we choose upk,0q, . . . , upk,qk´2q P

Aℓ´1
κ such that

!

upk,iq | i “ 0, . . . , κℓ´1 ´ 1
)

“ Aℓ´1
κ (6.5)

(and upk,κℓ´1
q, . . . , upk,qk´2q are arbitrary). Now, we define

wpk`1q “ wpkqupk,0q, . . . , wpkqupk,qk´2qwpkq and vpk`1q “ wpk`1qκℓ´1 .

Then (T1) and (T2) hold by construction. Further, ξpk`1q differs from ξpkq only on intervals
of the form rmpk ´ pℓ´1q,mpk ´1s for m P ZzqkZ. Since we insert all the different words in
Aℓ´1

κ into these intervals by (6.5), none of the newly filled positions can be pk-periodic. This
yields (T3). Since κ only appears in the last ℓ ´ 1 positions in vpkq, pk is the least period of
ξpkq. This shows (T4). As a consequence, Proposition 6.7 yields that the sequence ξ resulting
from this construction is a one-sided Toeplitz sequence with period structure P . If we let
Y “ Xξ, it remains to see that the lift of Y is minimal. However, it is a direct consequence of
(6.5) and Lemma 3.2 that Rpwpkqq acts transitively on Aℓ´1

κ for each k P N. Hence, η´1
h pXξq

is minimal by Theorem 1.5. □

Remark 6.10. The Toeplitz flows resulting from the above construction will be regular. How-
ever, with some straightforward modifications, it is also possible to obtain irregular examples.

As the above result shows, a Toeplitz flow may admit a minimal extension when lifted by
any permutative sliding block code of a fixed length. However, the situation changes when
the length of the permutative block code is allowed to vary. The following result shows that
no Toeplitz flow can have a minimal lift under all permutative sliding block codes on the
same alphabet.
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Theorem 6.11. Consider a Toeplitz flow Y Ď AZ
κ. Then there exist some ℓ P N and a permu-

tative block code h P Fpκ, ℓq such that η´1
h pY q is not minimal.

Proof. We fix a Toeplitz sequence y P Y , let ℓ “ mintppy, nq | n P Zu ` 1, choose n P

Perpy, ℓ ´ 1q, let c “ yn and consider the permutative block code h P Fpκ, ℓq given by

h : Aℓ
κ Ñ Aκ , w0 . . . wℓ´1 ÞÑ wℓ´1 ´ w0 ` c mod κ .

Note that given any lift ξupyq, u P Aℓ´1
κ , this implies ξupyqk`ℓ´1 “ ξupyqk ` yk ´ c for any

k P Z. Since ℓ ´ 1 is the least period that occurs for any symbol in y, we obtain that

Per pξupyq, ℓ ´ 1q “ Perpy, ℓ ´ 1, cq .

Further, given a P Aκ, we obtain

Per pξa...apyq, ℓ ´ 1q “ Per pξa...apyq, ℓ ´ 1, cq ,

and due to Lemma 6.4 we have Per px, ℓ ´ 1q “ Per px, ℓ ´ 1, cq for any x in the orbit closure
of ξa...apyq. However, this implies that the orbit closures of ξa...apyq and ξb...bpyq with a ‰ b
are disjoint, so that η´1

h pY q is not minimal. □

Finally, we show that for any fixed permutative sliding block code, there exists a Toeplitz
flow with non-minimal lift.

Proposition 6.12. Let h P Fpκ, ℓq be permutative. Then there exists a Toeplitz subshift Y Ď AZ
κ

such that X “ η´1
h pY q is non-minimal.

Proof. We again use the same construction scheme as before and choose a scale ppkqnPN0

with p1 ą ℓ and let qk “
pk`1

pk
. Further, we let

wp1q “ 12ℓ02ℓ and vp0q “ wp1qκℓ .

Note that our construction scheme then implies that the word wp1q appears in the resulting
sequence ξ (defined by ξr0,pk´1s “ vpkq) exactly at positions in p1N0. Fix some u P Aℓ´1

κ .
Then Lemma 3.2 implies that there exist two prefixes up0q, up1q P Aℓ´1

κ such that

Φwp1q0up0q puq “ Φwp1q1up1q puq “ u .

We now recursively define the words wpkq and vpkq of our construction scheme by

wpk`1q “

#

`

wpkq0up0q
˘qk´1

wpkqκℓ if k is odd
`

wpkq1up1q
˘qk´1

wpkqκℓ if k is even
.

Then the fact that conditions (T1)–(T4) hold is straightforward to chack. Hence, the con-
struction yields a Toeplitz subshift Y “ Xξ. Moreover, we obtain that Φwp1qvwp1q puq “ u

holds whenever wp1qvwp1q P WpY q. This implies that R
`

wp1q
˘

does not act transitively on
Aℓ´1

κ , so that Y is non-minimal by Theorem 1.5. □

6.5. Unique ergodicity of permutative lifts of Toeplitz flows. We first show that unique
ergodicity is not a direct consequence of minimality in our setting. This can already be
demonstrated by using the simple block code h2,2 from Section 4.2.

Theorem 6.13. There exists a strictly ergodic Toeplitz subshift Y Ď AZ
2 such that η´1

2,2pY q is
minimal, but not uniquely ergodic.

Proof. We use the construction theme introduced in Section 6.3 and first choose

wp1q “ 110p1´3 and vp1q “ wp1q2 .

with p1 ě 6, so that |wp1q| “ p1 ´ 1 and |vp1q| “ p1. Note that according procedure described
in Section 6.3 and due to the specific choice of vp1q, the word wp1q occurs exactly at positions
n P p1Z in the resulting sequence ξ P AZ

2 :

ξrn,n`p1´2s “ wp1q ô n P p1Z . (6.6)
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Further, we fix a sequence of integers pqkqkPN with qk ě 3 and recursively define

wpk`1q “

´

wpkq0
¯qk´3

wpkq1wpkq1wpkq and vpk`1q “ wpk`1q2 .

Then conditions (T1)–(T4) with scale ppkqkPN given by pk “ p1 ¨
śk´1

j“1 qk are straightforward
to check, so that Propositions 6.7 and 6.5 yields that Y “ Xξ is a regular Toeplitz subshift.
Moreover, the following statements hold:

(i) the words wpkq contain an even number of 1s (follows by induction on k);
(ii) consequently, we have

Φ
pwpkq0q

j “ IdA2
“ Φ

pwpkq0q
qk´3

wpkq1wpkq1
;

for all k P N and j “ 1, . . . , qk ´ 3;
(iii) at the same time

Φ
pwpkq0q

qk´3
wpkq1

“ ¯̈ ,

where ¯̈ : A2 Ñ A2, a ÞÑ 1 ´ a, and this permutation belongs to R
`

wpkq
˘

.

By construction, we have ξr0,|wpkq|´1s “ wpkq. In particular, any word w P WpY q is contained
in wpkq for some k P N. Therefore (iii), in combination with Theorem 1.5(iii), yields the
minimality of X “ η´1

2,2pY q.

In order to see that X is not uniquely ergodic, note that due (6.6) and properties (ii) and
(iii), we have

Dap
´

wp1q, wp2q
¯

“
q1 ´ 1

p1pq1 ´ 1q ` 1
(6.7)

as well as
´

#Ap0 ÞÑ0

´

wp1q, wpk`1q
¯

´ #Ap0ÞÑ1

´

wp1q, wpk`1q
¯¯

“ pqk ´ 1q ¨

´

#Ap0ÞÑ0

´

wp1q, wpkq
¯

´ #Ap0ÞÑ1

´

wp1q, wpkq
¯¯

´

´

#Ap0ÞÑ0

´

wp1q, wpkq
¯

´ #Ap0 ÞÑ1

´

wp1q, wpkq
¯¯

“ pqk ´ 2q ¨

´

#Ap0ÞÑ0

´

wp1q, wpkq
¯

´ #Ap0ÞÑ1

´

wp1q, wpkq
¯¯

.

This entails that

Dap
´

wp1q, wpk`1q
¯

“ pqk ´ 2q ¨
|wpkq| ´ |wp1q| ` 1

wpk`1q ´ wp1q ` 1
¨ Dap

´

wp1q, wpkq
¯

ě
pqk ´ 2q ¨ pqk´1 ´ 1q

qk ¨ qk´1
¨ Dap

´

wp1q, wpkq
¯

.

holds for all k ě 2. As a consequence, we obtain that for all k P N

Dap
´

wp1q, wpk`1q
¯

ě

˜

k
ź

j“2

pqj ´ 2q ¨ pqj´1 ´ 1q

qj ¨ qj´1

¸

¨
q1 ´ 2

p1pq1 ´ 1q ` 1
.

Clearly, we can now choose the parameters p1 and qk with k P N0 such that

inf
kPN

Dap
´

wp1q, wpkq
¯

ą 0 .

Due to Theorem 5.4, this shows that X “ η´1
2,2pY q cannot be uniquely ergodic. □

Our final aim is to modify the construction of the Toeplitz sequences in the proof of
Theorem 6.9 in order to obtain not only minimal, but strictly ergodic lifts.

Theorem 6.14. Let h P Fpκ, ℓq be permutative. Then there exists a Toeplitz subshift Y Ď AZ
κ

such that X “ η´1
h pY q is strictly ergodic.



ON LIFTS OF STRICTLY ERGODIC SUBSHIFTS BY PERMUTATIVE SLIDING BLOCK CODES 27

To prove this statement, we first recall a classical result from finite graph theory. A finite
directed graph is a pair D “ pV,Eq, where V is a finite set of vertices and E Ď V ˆ V
is a set of directed edges. It is called connected if for every v, w P V there are vertices
v “ v0, v1, . . . , vn “ w such that pvi, vi`1q P E for i P t0, . . . , n ´ 1u. For v P V , define the
indegree of v as deg´

pvq “ #tpu, vq P Eu, and the outdegree of v as deg`
pvq “ #tpv, uq P Eu.

The graph is balanced if deg´
pvq “ deg`

pvq for every v P V . An Euler circuit in D is a finite
sequence of edges pv0, v1q, . . . , pvn´1, vnq in which every edge of D appears exactly once. We
will use the following standard criterion for the existence of an Euler-circuit.

Theorem 6.15. [BJG09, Theorem 1.7.2]. A finite directed graph admits an Euler circuit if it
is connected and balanced.

For our construction, it will be useful to consider colored edges. An edge-colored directed
graph is a directed graph together with a finite set of colors C and a coloring map χ : E Ñ C.
An Euler circuit of an edge-colored case will be denoted as

v0, χpv0, v1q, v1, χpv1, v2q, . . . , vn´1, χpvn´1, vnq,

thus keeping track of the colors. Further, we will consider the case where G is a finite group
and S Ď G. The left Cayley graph of G induced by S has vertex set G and the set of edges
tpg, sgq | g P G, s P Su. Every vertex has indegree and outdegree |S|, so this graph is
balanced. If S generates G, then it is connected. Given a finite set A, we denote by PerpAq

the group of permutations of A.
Now we are ready to prove Theorem 6.14. As mentioned, we will use a refined version

of the construction in Theorem 6.9 and mainly concentrate on the required modifications.

Proof of Theorem 6.14. Fix a permutative block code h P Fpκ, ℓq. In order to start the
inductive construction, we first choose a word wp1q P A˚

κ and let vp1q “ wp1qκℓ´1 and p1 “

|vp1q|. Now, suppose that the words vp1q, . . . , vpkq with vpjq “ wpjqκℓ´1 and |vpjq| “ pj have
already been defined. Due to Lemma 3.2, the mapping

πk : Aℓ´1
κ Ñ Per

`

Aℓ´1
κ

˘

, u ÞÑ Φwpkqu

is injective. Consider the finite set of permutations

Spkq “
␣

Φwpkqu

ˇ

ˇ u P Aℓ´1
κ

(

.

Denote by Gk the group generated by Spkq. Consider the left Cayley graph pGk, Ekq of Gk

induced by Sk (so that Ek “ tpg, sgq | g P Gk, s P Spkqu), with the edge pg,Φwpkqu ˝ gq

colored by u. In other terms, we choose Aℓ´1
κ to be the set of colors and use the mapping

χpg, hq “ π´1
k phg´1q as the coloring map. We set

qk “
ÿ

gPGk

deg`
pgq “ κℓ´1 ¨ #Gk .

The graph pGk, Ekq is connected and balanced, so Theorem 6.15 gives an Euler circuit. We
assume without loss of generality that it starts at the identity and write it as

gpk,0q, upk,0q, . . . , gpk,qk´1q, upk,qk´1q (6.8)

where gpk,0q “ IdAℓ´1
κ

P Per
`

Aℓ´1
κ

˘

and χ
`

gpk,iq, gpk,i`1q
˘

“ upk,iq for i P t0, . . . , qk ´ 2u.
Now choose

wpk`1q “ wpkqupk,0q . . . wpkqupk,qk´2qwpkq , vpk`1q “ wpk`1qκℓ´1

and pk`1 “ pk ¨ qk. Note that here we did not use the last edge in the Euler circuit.
The verification of (T1)–(T4) is the same as in Theorem 6.9. We obtain a one-sided

Toeplitz sequence ξ with period structure P “ ppkqkPN and set Y “ Xξ. Since the density of
holes in the pk-skeleton is ℓ´1

pk
Ñ 0, the Toeplitz flow Y is regular and hence strictly ergodic.

Similar to the situation in Theorem 6.9, Spkq acts transtively on Aℓ´1
κ and Spkq Ď Rpwpkqq.

Since |wpkq| Ñ 8, Theorem 1.5(iii) shows that X “ η´1
h pY q is minimal.
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Now we show that X is uniquely ergodic. It follows by construction that

Φwpkqupk,0q...wpkqupk,iq “ gpk,i`1q

for i P t0, . . . , qk ´ 2u. Transitivity of Spkq acting on Aℓ´1
κ in combination with the orbit-

stabilizer theorem give that, for any v, v1 P Aℓ´1
κ ,

#
␣

g P Gk

ˇ

ˇ gpvq “ v1
(

“
#Gk

κℓ´1
.

Meanwhile, since every g P Gk occurs κℓ´1 times among the source vertices of the Euler
circuit (6.8), it follows that

#
!

i P t0, . . . , qk ´ 1u

ˇ

ˇ

ˇ
gpk,iqpvq “ v1

)

“ #Gk (6.9)

for any v, v1 P Aℓ´1
κ . Now, in order to apply Theorem 5.4, choose y P Y with yr0,8q “ ξ,

and fix w P WpY q. Take k such that |w| ď |wpkq|. Consider n,m P N. We aim to estimate
the quantity Dappw, yrn,n`m´1sq as defined in (5.13). First, we consider the aligned pk`1-
blocks. Let n1, n2 be the smallest and largest integers in rn, n`m´ 1s, respectively, that are
a multiple of pk`1. Then by construction

yrn1,n2´1s “ wpn`1qv1w
pn`1qv2 . . . w

pn`1qvt ,

where v1, . . . , vt P Aℓ´1
κ and t ď

Y

m
pk`1

]

. Suppose that w Ÿ wpkq, that is, wpkq

rj,j`|w|´1s
“ w for

some j ď |wpkq| ´ |w|. Consider any prefix u P Aℓ´1
κ . Then the prefixes ξupyqrk,k`ℓ´2s that

appear in ξupyq at positions k “ j, j ` pk, . . . , j ` pqk ´ 1qpk (over the the corresponding
pk-separated occurrences of w in wpk`1q) are

Φ
w

pkq

r0,j´1s

´

gpk,iqpuq

¯

, i “ 0, . . . , qk ´ 2,

where Φ
w

pkq

r0,j´1s

“ IdAℓ´1
κ

for j “ 0. Due to (6.9), these prefixes are uniformly distributed

over Aℓ´1
κ , independent of the prefix u. Thus, all occurrences of w contained entirely in one

copy of wpk`1q do not contribute to Dap
`

w, yrn,n`m´1s

˘

. While occurences of w at other
positions may contribute, the interval rn1, n2 ´ 1s contains only tqk ¨ p|w| ` ℓ ´ 2q ´ |w| such
positions. If we add the at most 2pk`1 remaining positions in rn, n`m´1szrn1, n2 ´1s, this
yields

Dappw, yrn,n`m´1sq ď
tqk ¨ p|w| ` ℓ ´ 2q ` 2pk`1 ´ |w|

m ´ |w|

ď
tqk ¨ p|w| ` ℓq ` 2pk`1

tpk`1
“

|w| ` ℓ

pk
`

2

t
mÑ8
ÝÑ 0 .

If follows from Theorem 5.4 that X is uniquely ergodic. □

Remark 6.16. The Toeplitz flow constructed above is actually linearly recurrent, but this is not
essential. Indeed, the numbers qk “ κℓ´1#Gk are uniformly bounded because Gk is a subgroup
of the finite group Per

`

Aℓ´1
κ

˘

. At the k-th stage, however, we may traverse the chosen Euler
circuit ck times before constructing wpk`1q. This would result in multipliers qk “ ckκ

ℓ´1#Gk

in the Toeplitz construction, without affecting the balance argument. By choosing ck to grow
sufficiently fast, one obtains similar examples that are not linearly recurrent.
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